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In his study of the Radon-Nikodým property of Banach spaces, Bourgain showed (among other
things) that in any closed, bounded, convex set A that is nondentable, one can find a separated,
weakly closed bush. In this note, we prove a generalization of Bourgain’s result: in any bounded,
nondentable set A (not necessarily closed or convex) one can find a separated, weakly closed
approximate bush. Similarly, we obtain as corollaries the existence of A-valued quasimartingales
with sharply divergent behavior.
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1. Introduction
We were motivated by the question of whether using the Kuratowski measure of
noncompactness in place of diameter leads to a different notion of dentability of
(not necessarily closed or convex) subsets of X. Proposition 3.1 shows that they
do not. This generalizes results from [1, Chap. 4] where A is assumed to be closed,
bounded, and convex. In Section 3, we obtain as corollaries A-valued quasimartin-
gales and co (A)-valued martingales with sharply divergent behavior (Corollaries
3.3 and 3.4) whenever A is non-ε-dentable. In Section 4, we improve the results
of Section 3 by showing that the range of the quasimartingale can be made weakly
closed. As a further corollary, we show that one can find a countable set F with
limF∋f→∞ d(f,A) → 0 such that co (F ) ∩ Ext (cow∗(F )) = ∅ (Corol. 4.9).
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2. Preliminaries

For any topological vector space V over R and E ⊆ V , let co (E) denote the convex
hull of E, and co (E) the closure of co (E) in V . Henceforth, let (X, ‖ · ‖) be a
Banach space over R. For r > 0 and x ∈ X, Br(x) denotes the open ball of radius
r centered at x. BX denotes the closed unit ball of X.

Definition 2.1. For any A ⊆ X, let α(A) be the infimum over all ε > 0 so that
A can be covered by finitely many sets of diameter at most ε. α(A) is called the
Kuratowksi measure of noncompactness of A.

Definition 2.2. For any bounded, nonempty A ⊆ X, f ∈ BX∗ (where BX∗ denotes
the unit ball of X∗), and δ > 0, we define the slice S(f, A, δ) to be the set {a ∈ A :
f(a) > sup f(A)− δ}. A slice of A is a set S(f, A, δ) for some f ∈ BX∗ and δ > 0.

Remark 2.3. Geometrically, a slice of A is a nonempty intersection of A with an
open half-plane. Note that if S(f, co (A) , δ) is a slice of co (A), then

S(f, co (A) , δ) ∩ A = S(f, A, δ)

is a slice of A. This is due to the fact that
sup(f(co (A))) = sup

(
f(co (A))

)
= sup(f(co (A))) = sup(co (f(A))) = sup(f(A)).

Definition 2.4. A bounded set A ⊆ X is called ε-dentable if there exists a slice of
A with diam(A) ≤ ε, and non-ε-dentable otherwise. A is dentable if it is ε-dentable
for every ε > 0, and nondentable otherwise.

Remark 2.5. By Remark 2.3, if co (A) is ε-dentable, A is ε-dentable.

Definition 2.6. If V is a topological vector space, E ⊆ V and e ∈ E, e is called a
denting point of E if e /∈ co (E \ U) for every neighborhood U of e. Special cases are
when V is a Banach space equipped with the weak topology, or a dual Banach space
equipped with the weak* topology, in which case we call e a weak denting point or
a weak* denting point, respectively.

Definition 2.7. Let N<ω denote the set of finite length sequences of natural num-
bers. A tree is a nonempty set T such that if b ∈ T and b = (b′, i) for some b′ ∈ N<ω

and i ∈ N, then b′ ∈ T. In this case, b is called a child of b′. We say that T is finitely
branching if each b ∈ T has only finitely many children. If b ∈ T has k children, we
assume that they are (b, 1), . . . , (b, k). Given a sequence b ∈ N<ω, we let |b| denote
its length. For n ∈ N, we let

T≤n = {b ∈ T : |b| ≤ n}, Tn = {b ∈ T : |b| = n},

and T≥n = {b ∈ T : |b| ≥ n}.

Given a positive sequence (δn)n≥0, finitely branching tree T, and subset (xb)b∈T ⊆ X
indexed by T, we say that (xb)b∈T is a (δn)n≥0-approximate bush if for each n ∈ N and
b ∈ Tn with children (b, 1), . . . (b, k), b ∈ co

(
x(b,1), . . . x(b,k)

)
+ Bδn(0). If it always

holds that b ∈ co
(
x(b,1), . . . x(b,k)

)
, then (xb)b∈T is a bush. An approximate bush

(xb)b∈T is δ-separated if for each n ∈ N, b ∈ Tn and child (b, i), ‖xb − x(b,i)‖ > δ.
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Definition 2.8. Given a filtration (An)n≥0 and a positive sequence (δn)n≥0, we
say that a sequence of X-valued, (An)n≥0-adapted random variables (Mn)n≥0 is a
(δn)n≥0-quasimartingale if

‖E(Mn+1|An)−Mn‖∞ ≤ δn

for all n ≥ 0. If ‖E(Mn+1|An)−Mn‖∞ = 0 always holds, (Mn)n≥0 is a martingale.

The following proposition can be found in [1, Lemme 4.2]. For the sake of self-
containment, we include our own proof here.

Proposition 2.9. Let ε > 0 and δ > 0. Suppose that C and C1 are closed, bounded,
convex sets with C1 properly contained in C. If C = co(C1∪C2), where C2 is a convex
subset of C and diam(C2) < ε, then there exists a slice S of C with S ⊆ C2+Bδ(0).
In particular, C is ε-dentable.

Proof. We may assume that diam(C) ≤ 1. Since C1 is a proper convex subset of
C, by Hahn-Banach separation there exists f ∈ BX∗ such that

sup f(C1) < M := sup f(C).

Hence C1 ⊆ C \ S(f, C, α) for some α > 0. So

C = co((C \ S(f, C, α)) ∪ C2).

For γ > 0, let Sγ = S(f, C, γ). Consider y ∈ Sγ. Then there exist λ ∈ [0, 1],
z1 ∈ co(C \ S(f, C, α)), and z2 ∈ C2 such that ‖y − λz1 − (1− λ)z2‖ < γ. Hence

M − γ < f(y) ≤ f(λz1 + (1− λ)z2) + ‖y − λz1 − (1− λ)z2‖
< λf(z1) + (1− λ)f(z2) + γ ≤ λ(M − α) + (1− λ)M + γ

= M − λα + γ.

Hence λ < 2γ/α. So

‖y − z2‖ < λ‖z1 − z2‖+ γ ≤ (2γ/α) diam(C) + γ ≤ γ(2/α + 1)

So, setting γ := δα
2+α

, we get S := Sγ ⊆ C2 +Bδ(0). Note that
diam(S) ≤ diam(C2) + 2δ < ε

for δ sufficiently small. So C is ε-dentable.

We now derive a corollary of this proposition that will play a crucial role in the
proof of Lemma 4.3.

Corollary 2.10. For any closed, bounded, convex, non-ε-dentable C ⊆ X, any
closed, convex C ′ ⊆ C, and any D ⊆ C with α(D) < ε, if C = co (C ′ ∪D), then
C = C ′.

Proof. Let C, C ′, and D be as above. Assume C = co (C ′ ∪D). Since α(D) < ε,
D = B1 ∪ B2 ∪ . . . Bn for some Bi ⊆ D with diam(Bi) < ε. Let Ci = co (Bi).
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Then diam(Ci) = diam(Bi) < ε, and C = co (C ′ ∪ C1 ∪ C2 ∪ . . . Cn). Since C is
closed, bounded, convex, and not ε-dentable, and since Cn ⊆ C is closed and convex
with diam(Cn) < ε, Proposition 2.9 (where we take C2 = Cn and
C1 = co (C ′ ∪ C1 ∪ C2 ∪ . . . Cn−1)) implies that C = co (C ′ ∪ C1 ∪ C2 ∪ . . . Cn−1).
Since diam(Cn−1) < ε, we may apply Proposition 2.9 again to obtain finally
C = co (C ′ ∪ C1 ∪ C2 ∪ . . . Cn−2). Iterating, we get C = C ′.

3. δ-Separated martingales and bushes

Proposition 3.1. Let A ⊆ X be bounded, and let ε > 0. The following are equiva-
lent:
(i) α(S) ≥ ε for every slice S ⊆ A;
(ii) diam(S) ≥ ε for every slice S of A (A is non-ε-dentable);
(iii) diam(S) ≥ ε for every slice S of co (A) (co (A) is non-ε-dentable).

Proof. Let A, ε be as above. (1) → (2) is clear from definition of α. (2) → (3)
follows from the fact that every slice of co (A) contains a slice of A. We now show
(3) → (1) by contradiction. Let C = co (A), assume that C is non-ε-dentable and
that there exists a slice S = S(f, A, δ) of A with α(S) < ε. Set SC = S(f, C, δ).
Then since C \ SC is a closed convex subset of C and C = co ((C \ SC) ∪ S). Then
Corollary 2.10 implies that C = C \ SC , a contradiction since SC ⊆ C and SC is
nonempty.

As in [1, Chapitre 4], we obtain several corollaries.

Corollary 3.2. For any A ⊆ X bounded and ε > 0, if A is non-ε-dentable, then
for all δ < ε

2
and all a1, a2, . . . an ∈ A,

co (A) = co (A \ (Bδ(a1) ∪Bδ(a2) ∪ . . . Bδ(an))).

Proof. Let A, ε, δ, and a1, a2, . . . an be as above. Suppose that there exists
x ∈ co (A) \ co (A \ (Bδ(a1) ∪Bδ(a2) ∪ . . . Bδ(an))).

By Hahn-Banach separation, we can pick a slice S of co (A) containing x and disjoint
from co (A \ (Bδ(a1) ∪Bδ(a2) ∪ . . . Bδ(an))).
Then S ∩A is a slice of A disjoint from A \ (Bδ(a1)∪Bδ(a2)∪ . . . Bδ(an)), and thus
S∩A ⊆ Bδ(a1)∪Bδ(a2)∪ . . . Bδ(an), which implies α(S∩A) ≤ 2δ < ε, contradicting
Proposition 3.1.

We can use Corollary 3.2 to construct A-valued quasimartingales and co (A)-valued
martingales that diverge in a sharp manner.

Corollary 3.3. For any nonempty, bounded, non-ε-dentable A ⊆ X, any δ < ε
2
,

and any positive, summable sequence (δn)n≥0, there exists a filtration of finite σ-
algebras (An)n≥0 on [0, 1], each of whose atoms are intervals, and an (An)n-adapted
sequence of random variables (Mn)n≥0 such that, for all s, t ∈ [0, 1] and m 6= n ≥ 0,
(i) Mn takes values in A;
(ii) ‖Mn(s)−Mm(t)‖ > δ;
(iii) (Mn)n≥0 is a (δn)n≥0-quasimartingale: ‖E(Mn+1|An)−Mn‖∞ < δn.
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Proof. Let A ⊆ X and δ > 0 be as above. We construct the martingale in-
ductively. Let x0 be any point of A, A0 the trivial σ-algebra, and M0 ≡ x0.
Suppose that, for some N ∈ N, An and Mn have been constructed for all n ≤ N
and satisfy the conclusion of the Corollary 3.3. Let J be an atom of AN , and
let xJ be the value of MN on J . Let {a1, a2, . . . ak} ⊆ A be the set of all
elements in the image of any one of the Mn, n ≤ N . By Corollary 3.2,
we have xJ ∈ co (A \ (Bδ(a1) ∪Bδ(a2) ∪ . . . Bδ(ak))). Thus, there exists some
zJ ∈ co (A \ (Bδ(a1) ∪Bδ(a2) ∪ . . . Bδ(ak))) such that ‖xJ − zJ‖ < δN . Since
zJ ∈ co (A \ (Bδ(a1) ∪Bδ(a2) ∪ . . . Bδ(ak))), zJ = λ1z

1
J + λ2z

2
J + . . . λmz

m
J for some

z1J , z
2
J , . . . z

m
J ∈ A and λ1, λ2, . . . λm ∈ (0, 1) with λ1+λ2+. . . λm = 1 and ‖ziJ−aj‖ > δ

for all i ≤ m and j ≤ k. Now we subdivide the interval J into m pairwise disjoint
subintervals, J1, J2, . . . Jm, with |Ji| = λi|J | for each i.
Repeating this process for each atom J ∈ AN gives us a collection of pairwise disjoint
intervals, and we define AN+1 to be the σ-algebra that they generate. On each Ji,
we define MN+1 to be ziJ . Then conclusions (1) and (2) hold, and (3) holds since
‖E(MN+1|AN)−MN‖∞ = supJ,i ‖zJ − ziJ‖ < δN .

Corollary 3.4. For any nonempty, bounded, non-ε-dentable A ⊆ X, any δ < ε
2
,

and any positive, summable sequence (δn)n≥0, there exists a filtration of finite σ-
algebras (An)n≥0 on [0, 1], each of whose atoms are intervals, an (An)n≥0-adapted
quasimartingale (Mn)n≥0, and an (An)n≥0-adapted martingale (Mn)n≥0 such that,
for all s, t ∈ [0, 1] and m 6= n ≥ 0,
(i) Mn takes values in A;
(ii) Mn takes values in co (A);
(iii) ‖Mn −Mn‖∞ < δn;
(iv) ‖Mn(s)−Mm(t)‖, ‖Mn(s)−Mm(t)‖ > δ.

Proof. Let A ⊆ X, and δ > 0 be as above. Choose δ′ ∈ (δ, ε
2
) and assume∑∞

n=0 δn < δ′ − δ. Choose a positive sequence (γk)k≥0 such that
∑∞

k=n γk < δn, and
note that this implies ∑∞

n=0 γn <
∑∞

n=0 δn < δ′ − δ.

By Corollary 3.3, there is a filtration (An)n≥0 and an A-valued, (An)n≥0-adapted
quasimartingale (Mn)n≥0 such that ‖Mn(s)−Mm(t)‖ > δ′ for all s, t ∈ [0, 1], m 6= n,
and ‖E(Mn+1|An)−Mn‖∞ < γn. This inequality, together with the fact that (δn)n≥0

is summable (and thus convergent to 0), implies, for each n ≥ 0, the sequence
(E(Mk|An))k≥n is Cauchy in L∞(I;X). Indeed, for k > j ≥ n,

‖E(Mk −Mj|An)‖L∞(I;X) ≤
k−1∑
r=j

‖E(Mr+1 −Mr|An)‖L∞(I;X)

≤
k−1∑
r=j

‖E(Mr+1 −Mr|Ar)‖L∞(I;X) =
k−1∑
r=j

‖E(Mr+1|Ar)−Mr‖L∞(I;X)

≤
k−1∑
r=j

γr ≤ δj
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Thus we may set Mn := limk→∞ E(Mk|An). Clearly, (Mn)n≥0 is adapted to (An)n≥0

and takes values in co (A), showing (2). Let us check the martingale property:

E(Mn+1|An) = E( lim
k→∞

E(Mk|An+1)|An) = lim
k→∞

E(E(Mk|An+1)|An)

= lim
k→∞

E(Mk|An) = Mn

showing (1). Next,

‖Mn −Mn‖∞ ≤
∞∑
k=n

‖E(Mk+1 −Mk|An)‖∞ ≤
∞∑
k=n

‖E(Mk+1 −Mk|Ak)‖∞

=
∞∑
k=n

‖E(Mk+1|Ak)−Mk‖∞ ≤
∞∑
k=n

γk < δn

showing (3). We then use (3) to show (4):

‖Mn(s)−Mm(t)‖ ≥ ‖Mn(s)−Mm(t)‖ − δn − δm > δ′ − (δ′ − δ) = δ.

Remark 3.5. The union over n of the image of Mn forms a δ-separated bush in
co (A). It is norm closed and lacks extreme points.

4. Weakly closed δ-separated martingales and bushes

In this section, we sharpen our results from the previous section by constructing
an A-valued δ-separated approximate bush that is weakly closed. The argument is
more involved than those of the previous section. This again extends results from
Bourgain in [1]. A is not assumed to be closed or convex in our case.

Definition 4.1. Let A ⊆ BX and let C = co (A). For any γ ∈ (0, 1) and slice
S = S(f, C, δ) of C, we define Sγ = S

(
f, C, γδ

2

)
. Sγ is called a γ-shallow parallel of

S.

Lemma 4.2. For any C ⊆ BX closed and convex, any γ ∈ (0, 1), and any slice S
of C, we have Sγ ⊆ S. For any E ⊆ C for which C = co ((C \ S) ∪ E), we have

Sγ ⊆ co (E) +Bγ(0) ⊆ co (E) +B2γ(0).

Proof. Let γ ∈ (0, 1) and S = S(f, C, δ) a slice of C. Since γ ∈ (0, 1), γδ
2

< δ

implying Sγ = S
(
f, C, γδ

2

)
⊆ S(f, C, δ) = S. For the second part, let E ⊆ C

such that C = co ((C \ S) ∪ E). Let y ∈ Sγ, ε > 0, and M := sup(f(C)). Since
y ∈ C = co ((C \ S) ∪ E), there exist λ ∈ [0, 1], z1 ∈ (C \S), z2 ∈ co (E), and u ∈ X
with ‖u‖ < ε such that y = λz1 + (1− λ)z2 + u. Then we have

M − γδ

2
< f(y) = λf(z1) + (1− λ)f(z2) + f(u) < λ(M − δ) + (1− λ)M + ε

implying λ < γ
2
+ ε

δ
. Hence,

‖y − z2‖ ≤ ‖y − (1− λ)z2‖+ ‖(1− λ)z2 − z2‖

= ‖λz1 + u‖+ ‖λz2‖ ≤ 2λ+ ε ≤ γ +
2ε

δ
+ ε.

Since ε > 0 was arbitrary, this shows y ∈ Bγ(z2) ⊆ co (E) + Bγ(0). The final
containment co (E) +Bγ(0) ⊆ co (E) +B2γ(0) obviously holds.
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Lemma 4.3. Let A ⊆ X be bounded, nonempty, and non-ε-dentable, and let C =
co (A) (by Remark 2.5, C is non-ε-dentable). For any slice S0 of C, D ⊆ C with
α(D) < ε, and γ ∈ (0, 1), let S(S0, D) be the collection of all slices S of C with
S ⊆ S0 \ D and Sγ(S0, D) = {Sγ}S∈S(S0,D). Let Λ = Λ(S0, D, γ) ⊆ C denote the
union of all sets in Sγ(S0, D). Then C = co ((C \ S0) ∪ (Λ ∩ A)).

Proof. Let S0, D, γ, and Λ be as specified above. By Corollary 2.10 (where we take
C ′ = co ((C \ S0) ∪ (Λ ∩ A)) and D = D), it suffices to prove that
C = co ((C \ S0) ∪D ∪ (Λ ∩ A)). Assume C 6= co ((C \ S0) ∪D ∪ (Λ ∩ A)). Then
by Hahn-Banach separation, there exists a slice S of C such that we have
S ⊆ C \ co ((C \ S0) ∪D ∪ (Λ ∩ A)). This implies S ⊆ S0, S ∩ D = ∅, and
S ∩ (Λ ∩ A) = ∅. Then S ⊆ S0 \ D. Thus, S ∈ S(S0, D), so Sγ ∈ Sγ(S0, D),
and finally Sγ ⊆ Λ. But since we also have Sγ ⊆ S and S ∩ (Λ ∩ A) = ∅,
(Sγ ∩ A) = Sγ ∩ (Λ ∩ A) = ∅, a contradiction since Sγ ∩ A is a slice of A (since Sγ

is a slice of C = co (A)) and slices of nonempty sets are nonempty.

4.1. The construction

Theorem 4.4. Let A ⊆ BX be nonempty and non-ε-dentable (not necessarily closed
or convex), and C = co (A) so that C is also non-ε-dentable. Fix δ < ε

2
, and assume

that A is separable. Then C is separable as well, so C =
∪∞

i=0Bi for some open
Bi (relative to C) with diam(Bi) < ε. Let (δn)n≥0 be a sequence of numbers in
(0, 1). There exist a finitely branching tree T ⊆ N<ω, a (2δn)n≥0-approximate bush
(xb)b∈T ⊆ A, and slices (Sb)b∈T of C such that, for all n ∈ N,
(1) For all b ∈ Tn, xb ∈ Sδn

b ∩ A ⊆ Sb.
(2) If n ≥ 1, then for all b ∈ Tn, Sb ∩Bn−1 = ∅ and Sb ∩

(∪
|p|≤n−1Bδ(xp)

)
= ∅.

(3) If n ≥ 1, then for all b ∈ Tn−1, if (b, 1), . . . (b, q) are the children of b, then
S(b,i) ⊆ Sb and the approximate bush property is satisfied:
xb ∈ co(x(b,1), . . . x(b,q)) +B2δn−1(0).

Proof. The proof is by induction on n. For the base case, let S∅ = C and let
x∅ be any element of Sδ0

∅ . For the inductive step, let n ≥ 0 and assume that T≤n,
(xb)b∈T≤n

⊆ A, and (Sb)b∈T≤n
⊆ C have been constructed, and satisfy (1)–(3).

Let b ∈ Tn. Let D := Bn ∪
∪

|p|≤n Bδ(xp), so that α(D) < ε. As in Lemma
4.3, let S(Sb, D) be the collection of all slices S of C such that S ⊆ Sb \ D,
Sδn+1(Sb, D) = {Sδn+1}S∈S(S0,D), and Λ =

∪
Sδn+1(Sb, D). By Lemma 4.3 we have

C = co ((C \ Sb) ∪ (Λ ∩ A)). Then by Lemma 4.2, Sδn
b ⊆ co (Λ ∩ A) +B2δn(0).

Then since xb ∈ Sδn
b , there exists z ∈ co (Λ ∩ A) such that ‖xb − z‖ < 2δn. Let

z1, . . . zq ∈ Λ ∩ A and λb
1, . . . λ

b
q ∈ [0, 1] such that z = λb

1z1 + . . . λb
qzq. For each

i = 1, . . . q, since zi ∈ Λ, there are slices Szi ∈ S(Sb, D) of C with zi ∈ Sδn+1
zi

, by def-
inition of Λ. We now define the children of b to be (b, 1), . . . (b, q), x(b,i) to be zi, and
S(b,i) to be Szi . Repeating this process for each b ∈ Tn gives us Tn+1, (xb)b∈Tn+1 ⊆ A,
and (Sb)b∈Tn+1 ⊆ C.
(1) and (3) hold immediately by construction. It is also clear that (2) holds since
S(b,i) ∈ S(Sb, D), and then using the definition of D and S(Sb, D).
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Remark 4.5. The assumption that A is separable can be removed (at the penalty of
replacing ε by ε/2) because of the following result: under the hypothesis of Theorem
4.4, A contains a countable subset that is non-ε/2-dentable. This is essentially
proved in [3, Lemma 2.2], but we’ll include the argument here. Since diam(S) > ε
for every slice S of A, it follows that no slice is contained in a closed ball Bε/2(x).
Hence, if a ∈ A, then a ∈ co(A \ Bε/2(a)). So there exists a countable set T (a) ⊆
A \ Bε/2(a) such that a ∈ co(T (a)). By applying this fact iteratively as in [3,
Lemma 2.2], we can construct a countable A0 ⊆ A such that for every a ∈ A0, we
have a ∈ co(A0 \Bε/2(a)). Hence every slice S of A0 satisfied diam(S) > ε/2. Hence
A0 is not ε/2-dentable.

Corollary 4.6. For any separable A ⊆ BX nonempty and non-ε-dentable, any
δ < ε

2
, and any positive (δn)n≥0, there exists a δ-separated, (δn)

∞
n−0-approximate

bush (xb)b∈T in A such that any other set (yb)b∈T ⊆ C = co (A), which fulfills
supb∈Tn

‖yb−xb‖ < γn for some γn → 0, is weakly closed and discrete. In particular,
(xb)b∈T is weakly closed and discrete.

Proof. Let A, δ, (δn)n≥0 be as above. Applying the construction of Theorem 4.4,
with (δn/2)n≥0 in place of (δn)n≥0, yields a bush (xb)b∈T. By Theorem 4.4(1), xb ∈ A
for all b ∈ T. Suppose b1, b2 ∈ T with |b2| > |b1|. Then by Theorem 4.4(1), xb2 ∈ Sb2 ,
and by Theorem 4.4(2), Sb2 ∩Bδ(xb1) = ∅, so ‖xb2 − xb1‖ > δ. This means the bush
is δ-separated. By Theorem 4.4(3), if b ∈ T and (b, 1), . . . (b, q) are the children of b,
then xb ∈ co(x(b,1), . . . x(b,q)) +Bδn(0). This means the bush is (δn)n≥0-approximate.
Finally, let (yb)b∈T ⊆ C, with supb∈Tn

‖yb − xb‖ < γn for some γn → 0, and let
z belong to the weak closure of (yb)b∈T. Since C is norm closed and convex, it is
weakly closed, and thus z ∈ C. Then z ∈ Bi for some i. Consider Sb for |b| = i+ 1.
Then Sb = S(fb, C, αb) for some fb ∈ BX∗ and αb > 0. Hence

z ∈ Bi ⊆ C \ Sb = {x ∈ C : fb(x) ≤ sup f(C)− αb}

Since Bi is open in the norm topology relative in C and C is convex, it follows that
Bi ⊆ {x ∈ C : fb(x) < sup fb(C) − αb}. Since γn → 0, we can find γ > 0 and N
large enough so that Bi ⊆ {x ∈ C : fb(x) < sup fb(C) − αb − γ}, N ≥ i + 1, and
γn < γ for all n ≥ N . Then we set Ub := {x ∈ C : fb(x) < sup fb(C)− αb − γ} and
observe that it is a weak neighborhood of z in C. Hence U := ∩|b|=i+1Ub is a weak
neighborhood of z in C. Now we wish to show the set U ∩ (yb)b∈T is finite, which
will imply our desired conclusion that (yb)b∈T is weakly closed and discrete. We will
show that U ∩ (yb)b∈T is finite by showing that U ∩ (yb)b∈T≥N

= ∅.
Consider b ∈ T with |b| ≥ N . Then ‖yb − xb‖ < γ|b| < γ. Let bi+1 ∈ T denote
the unique predecessor of b with |bi+1| = i + 1. Then xb ∈ Sb ⊆ Sbi+1

, and hence
fbi+1

(xb) > sup fbi+1
(C) − αbi+1

. Since fbi+1
∈ BX∗ and ‖yb − xb‖ < γ, this implies

fbi+1
(yb) > sup fbi+1

(C) − αbi+1
− γ. Thus, by definition of Ubi+1

, yb /∈ Ubi+1
. By

definition of U this proves U ∩ (yb)b∈T≥N
= ∅.

Corollary 4.7. For any A ⊆ BX nonempty and non-ε-dentable, any δ < ε
2
, and any

positive sequence (δn)n≥0, there exists a filtration of finite σ-algebras (An)n≥0, an A-
valued, (An)n≥0-adapted (δn)n≥0-quasimartingale (Mn)n≥0 with ‖Mn(s)−Mm(t)‖ > δ
for all n ≥ m ≥ 0 and s, t ∈ [0, 1], and the range of this quasimartingale is weakly
closed and discrete.
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Proof. Let A, δ, (δn)n≥0 be as above, and apply Corollary 4.6 to obtain a (δn)n≥0-
approximate bush (xb)b∈T which is weakly closed and discrete. We define the fil-
tration (An)n≥0 on [0, 1] recursively: Let A0 be the trivial σ-algebra. Suppose
An has been defined as a finite σ-algebra whose atoms are intervals, the atoms
are in bijection with Tn via b 7→ Ib, and for any b ∈ Tn−1 and child (b, i) ∈ Tn,
L(I(b,i)) = L(Ib)λb

i .
Then for any b′ ∈ Tn with children (b′, 1), . . . (b′, q), we pick any subdivision of Ib′
into intervals I(b′,1), . . . I(b′,q) so that L(I(b′,i)) = L(Ib′)λb′

i . Take An to be the σ-
algebra generated by these intervals. Then we define Mn to be

∑
|b|=n xbχIb . We

then have
‖E(Mn+1|An)−Mn‖L∞ = supb∈Tn

‖xb − λ1x(b,1) − . . . λqx(b,q)‖ < δn.

The range of this quasimartingale is exactly the bush, and thus weakly closed and
discrete.

Corollary 4.8. For any A ⊆ BX nonempty and non-ε-dentable, δ < ε
2
, and positive,

summable sequence (δn)n≥0, there exist a filtration of finite σ-algebras (An)n≥0,
an A-valued, (An)n≥0-adapted (δn)n≥0-quasimartingale (Mn)n≥0 and co (A)-valued,
(An)n≥0-adapted martingale (Mn)n≥0 with, for all n 6= m ≥ 0 and s, t ∈ [0, 1],
(1) ‖Mn(s)−Mm(t)‖ > δ;
(2) ‖Mn −Mn‖∞ < δn;
(3) The range of (Mn)n≥0 is weakly closed and discrete.

Proof. Let A, δ, (δn)n≥0 be as above, and apply Corollary 4.7 to obtain the σ-
algebra (An)n≥0 and A-valued, (δn)n≥0-quasimartingale (Mn)n≥0 with weakly closed
and discrete range. Construct (Mn)n≥0 from (Mn)n≥0 just as in the proof of Corol-
lary 3.4, so that (Mn)n≥0 is co (A)-valued and (1) and (2) hold. To see (3), again
note that the range of (Mn)n≥0 is exactly (xb)b∈Tn from Corollary 4.6. Since (Mn)n≥0

is adapted to the same finite filtration as (Mn)n≥0, (2) implies that the range of Mn

equals (yb)b∈Tn for some yb ∈ co (A) and supb∈Tn
‖yb − xb‖ < δn. Then Corollary 4.6

implies (3).

Corollary 4.9. For any A ⊆ BX nonempty and nondentable, there exists a count-
able set F ⊆ co (A) such that
(1) limF∋f→∞ d(f, A) = 0;
(2) F is weakly closed and discrete and Ext (F ) = ∅;
(3) co (F ) has no weak denting point;
(4) co (F ) ∩ Ext (cow∗(F )) = ∅.

Proof. Let A be as above. Let ε > 0 such that A is non-ε-dentable and let δ < ε
2
.

Let δn be any positive, summable sequence, and let (An)n≥0, (Mn)n≥0, and (Mn)n≥0

be the filtration, (δn)n≥0-quasimartingale, and martingale afforded to us by Corol-
lary 4.8. Let F ⊆ co (A) be the range of the martingale. Since (Mn)n≥0 is A-valued
and ‖Mn −Mn‖∞ < δn, limF∋f→∞ d(f, A) = 0, showing (1).
By Corollary 4.8, F is weakly closed and discrete and clearly has no extreme point
since it is a δ-separated bush, showing (2).
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Since weak denting points of co (F ) are extreme points, and since F has no extreme
points, the set of weak denting points of co (F ) is contained in co (F ) \F . But since
co (F ) \ F is weakly open in co (F ), it follows that co (F ) \ F contains no weak
denting point. This shows (3).
For (4), we first observe that the converse of the Krein-Milman theorem ([2, Lemma
8.5]) implies that every extreme point of cow∗(F ) is a weak* denting point of cow∗(F ).
To see this, let x be an extreme point of cow∗(F ) and assume x is not a weak*
denting point. Then there is an open neighborhood U ⊆ X∗∗ of x such that
x ∈ cow∗ (cow∗(F ) \ U). Then since cow∗(F ) \ U is weak* compact, the converse
to Krein-Milman implies every extreme point of cow∗ (cow∗(F ) \ U), in particular x,
is contained in cow∗(F ) \ U , a contradiction. Then (4) follows from (3) since weak*
denting points of co (F ) ∩ cow∗(F ) ⊆ X∗∗ are the same as weak denting points of
co (F ) ∩ cow∗(F ) ⊆ X.
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