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In his study of the Radon-Nikodym property of Banach spaces, Bourgain showed (among other
things) that in any closed, bounded, convex set A that is nondentable, one can find a separated,
weakly closed bush. In this note, we prove a generalization of Bourgain’s result: in any bounded,
nondentable set A (not necessarily closed or convex) one can find a separated, weakly closed
approximate bush. Similarly, we obtain as corollaries the existence of A-valued quasimartingales
with sharply divergent behavior.
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1. Introduction

We were motivated by the question of whether using the Kuratowski measure of
noncompactness in place of diameter leads to a different notion of dentability of
(not necessarily closed or convex) subsets of X. Proposition 3.1 shows that they
do not. This generalizes results from [1, Chap. 4] where A is assumed to be closed,
bounded, and convex. In Section 3, we obtain as corollaries A-valued quasimartin-
gales and ¢o (A)-valued martingales with sharply divergent behavior (Corollaries
3.3 and 3.4) whenever A is non-e-dentable. In Section 4, we improve the results
of Section 3 by showing that the range of the quasimartingale can be made weakly
closed. As a further corollary, we show that one can find a countable set F' with
limps 00 d(f, A) — 0 such that ¢ (F) N Ext (co”*(F)) = 0 (Corol. 4.9).
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2. Preliminaries

For any topological vector space V over R and E C V| let co (E) denote the convex
hull of F, and @ (E) the closure of co(E) in V. Henceforth, let (X, || - ||) be a
Banach space over R. For r > 0 and = € X, B,(x) denotes the open ball of radius
r centered at x. Bx denotes the closed unit ball of X.

Definition 2.1. For any A C X, let «(A) be the infimum over all ¢ > 0 so that
A can be covered by finitely many sets of diameter at most €. «(A) is called the
Kuratowksi measure of noncompactness of A.

Definition 2.2. For any bounded, nonempty A C X, f € By« (where Bx« denotes
the unit ball of X*), and § > 0, we define the slice S(f, A,J) to be the set {a € A :
f(a) >sup f(A) —6}. A slice of Ais aset S(f,A,d) for some f € By« and § > 0.

Remark 2.3. Geometrically, a slice of A is a nonempty intersection of A with an
open half-plane. Note that if S(f,co(A),d) is a slice of co (A), then

S(f,co(A),0)NA=S5(f AJ)
is a slice of A. This is due to the fact that
sup(f(c0 (4))) = sup (F(eo (4))) = sup(f(co (4))) = sup(co (£(A))) = sup(f(4).

Definition 2.4. A bounded set A C X is called e-dentable if there exists a slice of
A with diam(A) < e, and non-e-dentable otherwise. A is dentable if it is e-dentable
for every £ > 0, and nondentable otherwise.

Remark 2.5. By Remark 2.3, if ¢o (A) is e-dentable, A is e-dentable.

Definition 2.6. If V' is a topological vector space, £ C V and e € F, e is called a
denting point of E if e ¢ ¢6 (E \ U) for every neighborhood U of e. Special cases are
when V' is a Banach space equipped with the weak topology, or a dual Banach space
equipped with the weak™ topology, in which case we call e a weak denting point or
a weak™® denting point, respectively.

Definition 2.7. Let N<“ denote the set of finite length sequences of natural num-
bers. A tree is a nonempty set T such that if b € T and b = (V',4) for some b’ € N<“
and i € N, then ¢/ € T. In this case, b is called a child of b'. We say that T is finitely
branching if each b € T has only finitely many children. If b € T has k children, we
assume that they are (b,1),..., (b, k). Given a sequence b € N<“_ we let |b| denote
its length. For n € N, we let

Te,={beT:|b|<n}, T,={beT:|b=n},
and Ts,={beT: b >n}.
Given a positive sequence (6,,)n>0, finitely branching tree T, and subset (xp)per € X
indexed by T, we say that (zp)per is & (0n)n>0-approzimate bush if for each n € N and
b € T, with children (b,1),...(b,k), b € co(zp1),...Twx) + Bs,(0). If it always

holds that b € co (I(b,1)7 .. .x(b7k)), then (xp)per is @ bush. An approximate bush
(wp)ver is O-separated if for each n € N, b € T, and child (b,7), ||zs — 24| > 0.
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Definition 2.8. Given a filtration (A,),>o and a positive sequence (d,)n>0, We
say that a sequence of X-valued, (A, ),>0-adapted random variables (M,),>o is a
(0 )n>0-quasimartingale if

[E(Mp41]An) — Mulloo < 6

for all n > 0. If [|E(M,41]An) — My||eo = 0 always holds, (M,),>o is a martingale.
The following proposition can be found in [1, Lemme 4.2]. For the sake of self-
containment, we include our own proof here.

Proposition 2.9. Lete > 0 and d > 0. Suppose that C and C; are closed, bounded,
convez sets with Cy properly contained in C. If C' = to(C1UCY), where Cy is a convex
subset of C' and diam(Cy) < €, then there exists a slice S of C with S C Cy+ B;(0).
In particular, C is e-dentable.

Proof. We may assume that diam(C') < 1. Since C} is a proper convex subset of
C', by Hahn-Banach separation there exists f € By« such that

sup f(C1) < M = sup f(C).
Hence C; C C'\ S(f,C,«) for some a > 0. So
C:@((C\S(facaa))UCE)

For v > 0, let S, = S(f,C,~). Consider y € S,. Then there exist A € [0,1],
z1 € co(C'\ S(f,C,a)), and z9 € Cy such that ||y — Az; — (1 — X)z|| < . Hence
M=~ < fly) < fAa+ 1 =XNz) +[ly = Az — (1= A)z]
<AM(z) + (1= N)f(2) +7 S AMM —a) + (1 =AM+~
=M — da+1.

Hence A\ < 2v/a. So
ly — 2ol < Allzr = zof| + v < (29/a) diam(C) + v < v(2/a + 1)

So, setting v := 2‘1—%, we get S := S, C Cy + Bs(0). Note that
diam(S) < diam(Cs) + 29 < ¢
for 0 sufficiently small. So C' is e-dentable. [

We now derive a corollary of this proposition that will play a crucial role in the
proof of Lemma 4.3.

Corollary 2.10. For any closed, bounded, convex, non-c-dentable C' C X, any
closed, conver C' C C, and any D C C with a(D) < ¢, if C' = ¢ (C'"U D), then
C=cC".

Proof. Let C, C’, and D be as above. Assume C' = ¢6 (C" U D). Since a(D) < ¢,
D = BiUByU...B, for some B; C D with diam(B;) < e. Let C; = @ (B;).
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Then diam(C;) = diam(B;) < ¢, and C = ¢co (C'UC; UC, U ...C,). Since C is
closed, bounded, convex, and not e-dentable, and since C,, C C'is closed and convex
with diam(C,) < ¢, Proposition 2.9 (where we take Cy = (), and
C; =c(C"UCLUCyU...C,_1)) implies that C = ¢ (C'UC,UCU...Chq).
Since diam(C,_1) < e, we may apply Proposition 2.9 again to obtain finally
C=co(C'"UCLUCyU...C,_9). Iterating, we get C' = C". O

3. 0-Separated martingales and bushes

Proposition 3.1. Let A C X be bounded, and let € > 0. The following are equiva-
lent:

(i)  «a(S) > e for every slice S C A;

(ii)  diam(S) > e for every slice S of A (A is non-e-dentable);

(i) diam(S) > € for every slice S of co(A) (¢o(A) is non-c-dentable).

Proof. Let A, € be as above. (1) — (2) is clear from definition of a. (2) — (3)
follows from the fact that every slice of ¢ (A) contains a slice of A. We now show
(3) = (1) by contradiction. Let C' = ¢o(A), assume that C' is non-e-dentable and
that there exists a slice S = S(f, A,d) of A with a(S) < e. Set S¢ = S(f,C,9).
Then since C'\ S¢ is a closed convex subset of C'and C' =¢o ((C'\ S¢) U S). Then
Corollary 2.10 implies that C' = C'\ S¢, a contradiction since S¢ C C' and S¢ is
nonempty. [

As in [1, Chapitre 4], we obtain several corollaries.

Corollary 3.2. For any A C X bounded and ¢ > 0, if A is non-e-dentable, then
Jor all 6 < 5 and all ay,az,...a, € A,

e (A) =70 (A\ (Bs(a1) U Bs(ag) U...Bs(a,))).
Proof. Let A, ¢, 9, and ay,as,...a, be as above. Suppose that there exists
x€co(A)\co(A\ (Bs(a;) U Bs(az) U...Bs(ay))).

By Hahn-Banach separation, we can pick a slice S of €6 (A) containing x and disjoint
from ¢o(A\ (Bs(a1) U Bs(as) U. .. Bs(ay))).

Then SN A is a slice of A disjoint from A\ (Bs(a1) U Bs(az) U ... Bs(a,)), and thus
SNA C Bs(a)UBs(az)U. .. Bs(ay), which implies a(SNA) < 26 < ¢, contradicting
Proposition 3.1. [

We can use Corollary 3.2 to construct A-valued quasimartingales and ¢o (A)-valued
martingales that diverge in a sharp manner.

[

Corollary 3.3. For any nonempty, bounded, non-e-dentable A C X, any 0 < 3,
and any positive, summable sequence (0,,)n>0, there exists a filtration of finite o-
algebras (An)n>0 on [0, 1], each of whose atoms are intervals, and an (A,,),-adapted
sequence of random variables (My,),>0 such that, for all s,t € [0,1] and m # n > 0,

(i) M, takes values in A;
(i) [[Mn(s) = M ()]| > 0;
(ili) (Mn)n>0 5 a (0n)n>o-quasimartingale: ||[E(M,11]|An) — My|loo < 0p.
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Proof. Let A C X and § > 0 be as above. We construct the martingale in-
ductively. Let xg be any point of A, Ay the trivial o-algebra, and M, = x.
Suppose that, for some N € N, A, and M, have been constructed for all n < N
and satisfy the conclusion of the Corollary 3.3. Let J be an atom of Ay, and
let z; be the value of My on J. Let {aj,as,...ar} C A be the set of all
elements in the image of any one of the M,, n < N. By Corollary 3.2,
we have z; € ¢0(A\ (Bs(a;) U Bs(az)U...Bs(ag))). Thus, there exists some
zy € co(A\ (Bs(ar) U Bs(az) U...Bs(ag))) such that ||x; — z;]] < dn. Since
z7 € co(A\ (Bs(a1) U Bs(ag) U. .. Bs(ag))), 27 = Mzh + X254+ ... A2 for some
2 2% 2 e Aand A\, Mg, .. A € (0,1) with A+ o+ .. Ay, = Land ||25—a;]] > 6
for all : < m and 7 < k. Now we subdivide the interval J into m pairwise disjoint
subintervals, Ji, Jo, ... Jy,, with |J;| = \;|J| for each 1.

Repeating this process for each atom J € Ay gives us a collection of pairwise disjoint
intervals, and we define Ay, to be the o-algebra that they generate. On each J;,
we define My, to be z%. Then conclusions (1) and (2) hold, and (3) holds since
[E(My41|An) = Myl[oo = supy; |27 — 25 < on. O
Corollary 3.4. For any nonempty, bounded, non-e-dentable A C X, any § < 3,
and any positive, summable sequence (0y,)n>0, there exists a filtration of finite o-
algebras (A, )n>0 on [0,1], each of whose atoms are intervals, an (A,)n>0-adapted
quasimartingale (My,)n>0, and an (A, )n>o-adapted martingale (M,,)n>o such that,
for all s,t € 10,1 and m #n >0,

(i) M, takes values in A;

(ii) M, takes values in co(A);

(iii) [ My — Ml < 0

(iv) [[Ma(s) = M ()|, [Mn(s) = Mo (t)]| > 6.

Proof. Let A C X, and 0 > 0 be as above. Choose ¢’ € (6,5) and assume
> 5 0n < 0" — 4. Choose a positive sequence (7y)k>o such that Y 2 7, < d,, and

note that this implies

ZZO:() Tn < ZZOZO 0, < 0 — 9.

By Corollary 3.3, there is a filtration (A,),>0 and an A-valued, (A,),>0-adapted
quasimartingale (M,,),>o such that || M, (s) — M,,(t)|| > ¢ for all s,t € [0, 1], m # n,
and |E(Mp41]|An) — Myl|so < Y. This inequality, together with the fact that (9,,),>0
is summable (and thus convergent to 0), implies, for each n > 0, the sequence
(E(Mg|Ap))k>n is Cauchy in L>°(I; X). Indeed, for k > j > n,

k—1
IE(My — Myl An) (o) < Y IBE(Mrir = Ml An) |2y

r=j

k—1
<Y NEMygy = M| A | oo rix) = ZHE My1|Ay) = Myl o 1:x)
r=j

k—1
<Y W<y
r=j
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Thus we may set M, := limy_,o E(M|A,). Clearly, (M,),>o is adapted to (A, )0
and takes values in ¢ (A), showing (2). Let us check the martingale property:

E(MnHlAn) = E(kh_{goE(MHAn—H”An) = ]}LIQOE(E(MHAWHNA?I)
= klim E(M|A,) = M,
showing (1). Next,

HMH - Mn”oo < Z HE(Mk-I—l - Mk|“4n)Hoo < Z ”E(Mk-i-l - Mk|-f4k)”oo

k=n k=n
= IE(Mysa] Ar) = Milloo <k < 6
showing (3). We then ’flzsg (3) to show (4): o
[M(5) = M ()] > | Mi(s) = Min(8)]| = 0 — 0 > 6" — (0" = 8) = 0. O

Remark 3.5. The union over n of the image of M, forms a J-separated bush in
¢o (A). It is norm closed and lacks extreme points.

4. Weakly closed /-separated martingales and bushes

In this section, we sharpen our results from the previous section by constructing
an A-valued d-separated approximate bush that is weakly closed. The argument is
more involved than those of the previous section. This again extends results from
Bourgain in [1]. A is not assumed to be closed or convex in our case.

Definition 4.1. Let A C By and let C' = 6 (A). For any v € (0,1) and slice
S =S(f,C,9) of C, we define S7 = S (f, C, %‘S) S7 is called a y-shallow parallel of
S.

Lemma 4.2. For any C' C By closed and convez, any v € (0,1), and any slice S
of C, we have ST C S. For any E C C for which C =7%o((C'\ S)U E), we have
SY C e (E) + B,(0) C co(E) + By, (0).

Proof. Let v € (0,1) and S = S(f,C,d) a slice of C. Since v € (0, 1), %‘S <0
implying 57 = S(f, C’,%‘s) C S(f,C,0) = S. For the second part, let £ C C
such that C =co ((C\ S)UE). Let y € S7, ¢ > 0, and M := sup(f(C)). Since
yeC=co((C\S)UE), thereexist A € [0,1], 2y € (C\5), 2o € c0(F),andu € X
with ||u|| < e such that y = Az; + (1 — X\)2z2 + u. Then we have

M =22 < (y) = A1) + (1= N () + Fu) < A = 8) + (1= WM+

implying A < 3 + §. Hence,
[y — zofl < lly = (1 = A)zef[ + [[(1 = M)z2 — 2]

2
= Aer ol + Pzl <20 +e <yt e
)

Since ¢ > 0 was arbitrary, this shows y € B,(z2) C @ (E) + B,(0). The final
containment co (E£) + B,(0) C co (E) + Bs,(0) obviously holds. O



S. J. Dilworth et al. / Nondentable Sets ... 37

Lemma 4.3. Let A C X be bounded, nonempty, and non-c-dentable, and let C =
co(A) (by Remark 2.5, C' is non-e-dentable). For any slice Sy of C, D C C with
a(D) < e, and v € (0,1), let S(Sy, D) be the collection of all slices S of C' with
S C So\ D and §'(Sp, D) = {S"}ses(so,p)- Let A = A(Sy, D,v) C C denote the
union of all sets in S7(Sy, D). Then C' =70 ((C'\ So) U (AN A)).

Proof. Let Sy, D, 7, and A be as specified above. By Corollary 2.10 (where we take
C" = ©((C\Sy)U(ANA) and D = D), it suffices to prove that
C=2c(C\Sy)UDU(ANA)). Assume C # co ((C'\ Sp) U DU (AN A)). Then
by Hahn-Banach separation, there exists a slice S of C' such that we have
S C C\co((C\Sy)UDU(ANA)). This implies S C Sy, SN D = @, and
SN(ANA) =0. Then S C So\ D. Thus, S € S§(Sy, D), so S € S87(Sy, D),
and finally S” C A. But since we also have S7 C S and SN (AN A) = 0,
(STNA)=5"N(ANA) =10, a contradiction since S N A is a slice of A (since S7
is a slice of C' =¢06(A)) and slices of nonempty sets are nonempty. ]

4.1. The construction

Theorem 4.4. Let A C Bx be nonempty and non-e-dentable (not necessarily closed
or convex), and C' = co (A) so that C is also non-e-dentable. Fiz§ < 5, and assume
that A is separable. Then C' is separable as well, so C' = J;=, B; for some open
B; (relative to C') with diam(B;) < €. Let (8,)n>0 be a sequence of numbers in
(0,1). There ezist a finitely branching tree T C N<¥| a (20,,),>0-approzimate bush

Tp)ver € A, and slices (Sy)per of C such that, for alln € N,

1) ForallbeT,, z, € S"NACS,.

9)  Ifn>1, then for allb € Tn, SyN Buy = 0 and SyN (U|p|gn_1 Bg(xp)) — 0.
)

3) Ifn >1, then for all b € T, 1, if (b,1),...(b,q) are the children of b, then
Sw,iy € Sy and the approzimate bush property is satisfied:
Ty € co(T(p1), - - T(byg)) + Bas,_, (0).

(
(
(
(

Proof. The proof is by induction on n. For the base case, let Sy = C' and let
xp be any element of Sgo. For the inductive step, let n > 0 and assume that T,
(zp)ber.,, € A, and (Sp)eer., € C have been constructed, and satisfy (1)-(3).

Let b € T,. Let D := B, U<, Bs(x,), so that a(D) < e. As in Lemma

4.3, let S(Sp, D) be the collection of all slices S of C' such that S C S, \ D,
8%+1(8y, D) = {5+ }ges(s0.0), and A = | JS&+1(S,, D). By Lemma 4.3 we have

C =20 ((C\ Sy)U (AN A)). Then by Lemma 4.2, S{* C co (AN A) + By, (0).

Then since 2, € S, there exists z € co(AN A) such that ||z, — 2| < 26,. Let
21,...2¢ € AN Aand M, ...\ € [0,1] such that z = Az + ... \lz,. For each
i=1,...q,since z; € A, there are slices S,, € (S, D) of C with z; € ng“, by def-
inition of A. We now define the children of b to be (b,1),...(b,q), (4 to be z;, and
S, to be S.,. Repeating this process for each b € T,, gives us Ty 41, (Tp)per, ., € A,
and (Sb)beTn+1 g C.

(1) and (3) hold immediately by construction. It is also clear that (2) holds since
Swi) € S(Sp, D), and then using the definition of D and S(Sy, D). O
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Remark 4.5. The assumption that A is separable can be removed (at the penalty of
replacing € by €/2) because of the following result: under the hypothesis of Theorem
4.4, A contains a countable subset that is non-e¢/2-dentable. This is essentially
proved in [3, Lemma 2.2], but we’ll include the argument here. Since diam(.S) > ¢
for every slice S of A, it follows that no slice is contained in a closed ball B, 5(x).
Hence, if a € A, then a € ¢6(A \ B./2(a)). So there exists a countable set T'(a) C
A\ Bj(a) such that a € co(T'(a)). By applying this fact iteratively as in [3,
Lemma 2.2], we can construct a countable Ay C A such that for every a € Ay, we
have a € ¢0(Ag \ B./2(a)). Hence every slice S of Ay satisfied diam(S) > /2. Hence
Ay is not £/2-dentable.

Corollary 4.6. For any separable A C Byx nonempty and non-e-dentable, any
§ < 5, and any positive (0,)n>0, there exists a J-separated, (6,)5° o-approzimate
bush (zp)per in A such that any other set (yp)per € C = <o(A), which fulfills
supyer, ||Yo — ol < Yo for some v, — 0, is weakly closed and discrete. In particular,

(xp)per 1s weakly closed and discrete.

Proof. Let A, d, (§,)n>0 be as above. Applying the construction of Theorem 4.4,
with (0,,/2),>0 in place of (0,,),>0, yields a bush (x;)per. By Theorem 4.4(1), z, € A
for all b € T. Suppose by, by € T with |bs| > |by]|. Then by Theorem 4.4(1), xp, € Sh,,
and by Theorem 4.4(2), S;, N Bs(xp,) = 0, so ||zp, — xp,|| > 0. This means the bush
is d-separated. By Theorem 4.4(3),if b € T and (b, 1),... (b, q) are the children of b,
then z;, € co(w1),- - Tp,q)) + Bs,(0). This means the bush is (4,,),>o-approximate.

Finally, let (y3)per € C, with supyer, ||yp — 28] < 7 for some v, — 0, and let
z belong to the weak closure of (yp)per. Since C' is norm closed and convex, it is
weakly closed, and thus z € C. Then z € B; for some i. Consider S, for |b| =7+ 1.
Then S, = S(fy, C, ap) for some f;, € Bx- and «y, > 0. Hence

z€B, CO\S,={zeC: fy(x) <sup f(C) — a}

Since B; is open in the norm topology relative in C' and C' is convex, it follows that
B; C{x € C: fi(x) <sup fo(C) — ap}. Since v, — 0, we can find v > 0 and N
large enough so that B; C {z € C : fy(z) <sup fp,(C) —ap, — v}, N > i+ 1, and
Yn < 7 for all n > N. Then we set Uy, := {x € C': fy(x) < sup fo(C) — o, — 7} and
observe that it is a weak neighborhood of z in C. Hence U := Nj—+1U} is a weak
neighborhood of z in C'. Now we wish to show the set U N (yp)per is finite, which
will imply our desired conclusion that (y,)per is weakly closed and discrete. We will
show that U N (y,)per is finite by showing that U N (ys)per y, = 0.

Consider b € T with [b] > N. Then ||y, — 3] < s < 7. Let biy1 € T denote
the unique predecessor of b with |b;11| =i+ 1. Then z, € S, C Sj,,,, and hence
Joia () > sup fi,,,(C) — ap,,,. Since fi,,, € Bx+ and ||y» — x| < 7, this implies

foiia (yp) > sup fi,,, (C) — a,,, — . Thus, by definition of Uy,,,, y» ¢ Us,,,. By
definition of U this proves U N (ys)persy = 0. O
Corollary 4.7. For any A C Bx nonempty and non-e-dentable, any § < 5, and any

positive sequence (6,)n>0, there exists a filtration of finite o-algebras (A;)n>0, an A-
valued, (Ay)n>0-adapted (8,)n>0-quasimartingale (M,,)n>o with || M, (s)—M,,(t)|| > 6
for allm > m >0 and s,t € [0,1], and the range of this quasimartingale is weakly
closed and discrete.
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Proof. Let A, 0, (0,)n>0 be as above, and apply Corollary 4.6 to obtain a (d,)n>0-
approximate bush (z})per which is weakly closed and discrete. We define the fil-
tration (A,)n>0 on [0, 1] recursively: Let Ay be the trivial o-algebra. Suppose
A, has been defined as a finite o-algebra whose atoms are intervals, the atoms
are in bijection with T, via b — I, and for any b € T, _; and child (b,7) € T,,
‘C(](b,i)) = L(Ip)\.

Then for any o' € T,, with children (¥',1),...(¥,q), we pick any subdivision of Iy
into intervals Iy 1y,... w g so that L(Iy ) = L(Iy)N\. Take A, to be the o-
algebra generated by these intervals. Then we define M,, to be Z|b|:n TpXr1,- We
then have

”E(Mn+1|“4n) - Mn||L°° = SUPpeT,, ||=Tb - )‘155(5:1) e Aqx(b»Q)” < Op.

The range of this quasimartingale is exactly the bush, and thus weakly closed and
discrete. [

Corollary 4.8. Forany A C Bx nonempty and non-e-dentable, 6 < 5, and positive,
summable sequence (6,)n>0, there exist a filtration of finite o-algebras (An)n>o0,
an A-valued, (A,)n>o-adapted (0,,)n>0-quasimartingale (My,),>0 and o (A)-valued,

(A,)n>0-adapted martingale (M ,)n>0 with, for alln #m >0 and s,t € [0,1],
(1) [[Mals) = Mu(t)]| > 6;

(2) My — Myllos < 0n;

(3)  The range of (M,)n>0 is weakly closed and discrete.

Proof. Let A, §, (0,)n>0 be as above, and apply Corollary 4.7 to obtain the o-
algebra (A,),>0 and A-valued, @)nzo—quasimartingale (M,,)n>0 with weakly closed

and discrete range. Construct (M,,),>o from (M, ),>o just as in the proof of Corol-

lary 3.4, so that (M,,),>o is ¢ (A)-valued and (1) and (2) hold. To see (3), again

note that the range of (M, )0 is exactly (zp)per, from Corollary 4.6. Since (My,)n>0
is adapted to the same finite filtration as (M,,),>0, (2) implies that the range of M,
equals (ys)ver, for some y;, € €6 (A) and supyer, ||yp — 25| < 05, Then Corollary 4.6

implies (3). O

Corollary 4.9. For any A C Bx nonempty and nondentable, there exists a count-
able set F' C ¢o(A) such that

(1) lmpssyed(f, A) =0;

(2) F is weakly closed and discrete and Ext(F) = ;
(3) ©o(F) has no weak denting point;

(4) co(F)N Ext(co”*(F)) = 0.

Proof. Let A be as above. Let € > 0 such that A is non-e-dentable and let § < %

Let 4, be any positive, summable sequence, and let (A,,),>0, (My)n>0, and (M ,,)n>0
be the filtration, (d,),>0-quasimartingale, and martingale afforded to us by Corol-
lary 4.8. Let F' C o (A) be the range of the martingale. Since (M,,),>¢ is A-valued
and || M,, — Moo < 6n, limps o0 d(f, A) = 0, showing (1).

By Corollary 4.8, F' is weakly closed and discrete and clearly has no extreme point
since it is a d-separated bush, showing (2).
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Since weak denting points of ¢o (F') are extreme points, and since F' has no extreme
points, the set of weak denting points of co (F') is contained in ¢o (F) \ F'. But since
Co (F) \ F is weakly open in ¢o (F), it follows that €o (F') \ F' contains no weak
denting point. This shows (3).

For (4), we first observe that the converse of the Krein-Milman theorem (]2, Lemma
8.5]) implies that every extreme point of ¢o**(F') is a weak™ denting point of co"*(F).
To see this, let x be an extreme point of ¢o"*(F) and assume z is not a weak™®
denting point. Then there is an open neighborhood U C X** of z such that
x € co* (co”* (F)\ U). Then since co”*(F') \ U is weak™ compact, the converse
to Krein-Milman implies every extreme point of ¢o”* (¢o**(F') \ U), in particular z,
is contained in ¢o"*(F') \ U, a contradiction. Then (4) follows from (3) since weak™
denting points of ¢o (F') Nco™*(F) C X** are the same as weak denting points of
co(F)Nneo“*(F) C X. O
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