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We define first the spherical convexity of sets and functions on general curved surfaces by an analytic
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1. Introduction

The convexity of sets in linear spaces is a very important concept as well as a
very useful tool in the study on properties of convex functions defined on linear
spaces. Fruitful results on convexity have been obtained and numerous applications
of convexity have been found in different branches of mathematics, in particular
in the optimization theory. In the light of the great significance of convexity of
sets in linear spaces, It is natural to extend the concepts of convexity of sets and
functions from the linear space to the curved surface or more generally in manifolds.
Since the (n — 1)-dimensional unit sphere S*~! in Euclidean n-space R™ is a typical
Riemannian manifold, mathematicians started to study the sets in S"~! first (see
[12, 18, 19]).

Since the 1940’s several different definitions of convex sets in S"~! have been pro-
posed, e.g. a set C C S* ! is called strongly convex if it doesn’t contain antipodal
points (z1,79 € S"! are called (a pair of) antipodal points if x; = —x,) and it
contains, with each pair of its points, the short arc of the great circle determined
by them (see [1, 2]); weakly convez if it contains, with each pair of its points, the
short arc or a semicircular arc of a great circle determined by them (see [1, 2]);
Robinson-convex if it contains, with each of its non-antipodal points, the short arc
of the great circle determined by them ([18]); Horn-convez if it contains, with each
pair of its non-antipodal points, at least one of the great circle arcs determined by
them ([12]). All these convexities and the like were often called spherical convezity
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(or curved-surface convezity). Several equivalent definitions or necessary and suffi-
cient conditions of these spherical convexities were given later (see [4, 8, 21], etc).
Among all these equivalent definitions, the one given by Shao and Guo [21] is of its
own feature: it is given in a pure analytic approach.

Clearly, every strongly convex set is weakly convex; weak convexity implies Robin-
son-convexity and the latter implies Horn-convexity (see [5] and the references
therein). Also, simple examples show that all the inclusion relations here are proper.

From the 1940’s to the 1980’s, the main research topics on this stream were the
combinatorial properties of convex sets in S"~! (with different definitions), in par-
ticular, the Helly type theorems (see [1, 2, 5, 7, 12, 14, 17, 18, 22, 23|, etc. and
the references therein). Then, the studies on other properties and applications of
spherical convexity emerged gradually, e.g., Lassak [15, 16] gave the definition of
width of a strongly convex body in S"! and investigated the properties of the
so-called spherically reduced bodies. Ferreira, Tusem and Németh [8] defined and
studied the projections onto weakly convex sets on the sphere; Besau and Schuster
[3] discussed meaningful and possible compositions between spherically convex sets
on S"7'. Gao, Hug and Schneider [10] presented the spherical counterpart of two
Euclidean inequalities: the Urysohn inequality connecting mean width and volume,
and the Blaschke-Santal6 inequality for the volumes of polar convex bodies. Of
course, much work was done on applications of spherical convexity, in particular, in
optimization theory. E.g., Ferreira, Iusem and Németh [9] introduced the concept of
(spherically) convex function on strongly convex sets in S"~! and, as an application,
necessary and sufficient optimality conditions for constrained convex optimization
problems on the sphere were derived; the spherical minimax location problem was
studied by Das, Chakraborti and Chaudhuri [6] and in principle the problem stud-
ied by Tusem and Seeger [13] was an optimization problem for functions defined on
spherically convex sets on S"~!.

Some progresses have been made in the study on spherically convex sets and func-
tions on S"7!, however, the attempt to establish a systematic spherical convexity
theory is far from being completed. One of the main obstacles in establishing such
a systematic theory is that most concepts, definitions we already have are given in
geometric forms, which make it hard to formulate/prove useful conclusions. There-
fore, the purpose of this paper is to have a try in developing a calculus for spherical
convexity similar to the corresponding one for convexity in Euclidean spaces. For
generality, we are going to work with general spheres rather than S~ (it is sim-
ply due to the fact that some conclusions for spherically convex sets/functions on
general spheres cannot be derived directly from the corresponding ones for spher-
ically convex sets/functions on S™™'). Concretely, we first formulate the spherical
convexity of sets and functions by an analytic approach on general spheres, then
we study the basic properties of spherically convex sets and functions. It turns out
that such an analytic approach works well, for instance, in these spherical spaces,
the Radon-type, Helly-type and Carathéodory-type theorems, and the structural
theorem of Minkowski type are established. Also, with the help of these theorems,
some analogies of results for convex functions are obtained for spherically convex
functions on general spheres.
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2. Notation and definitions

As already mentioned above, R" denotes the n-dimensional Euclidean space with
the classical inner product (-,-) and the induced norm || - ||, or the n-dimensional
affine space (so we don’t distinguish points and vectors in R" intentionally). S"~!
denotes the unit sphere of R®. We use u,v,x,y,--- to denote vectors or points in
R™, in particular, o stands for the zero vector or the origin. For any non-zero u € R"
and o € R, H,, denotes the hyperplane {z € R" | (u,z) = a} ({{(u,) = a} for

brevity) and H;, := {{u,-) > a} (resp. ﬁ:,a = {{u,) = a}) is called the open
(resp. the closed) half-space determined by (u, «). If a = 0, we write simply H,, H."
and ﬁ: instead of H,, HJ o and H:;O. The open (resp. the closed) half-space H,,
(resp. H,,) is defined in same manners (simply replacing “>” (resp. “>7) by “<”
(resp. “<”) in the above notation).

For non-empty A C R", coA, coneA, coneA and linA denote the convex hull, the
convex conical hull, the closed convex conical hull and the linear hull of A respec-
tively, and clA, bdA denote respectively the closure and the boundary of A. For
a convex set A, intA, riA and rbdA denote the interior, relative interior and the
relative boundary of A respectively.

In this article, we will work with more general spheres in Euclidean spaces, including
the Euclidean unit sphere S"~! as a particular case. So we have the following
definition.

Definition 2.1. (i) A continuous function ® : R" — [0, +00) is called sphere-
generating (s-generating for brevity) if it satisfies ®(z) = 0 iff = 0 and ®(tx) =
t®(x) for every x € R™ and t > 0.

(ii) If @ is an s-generating function, then the set S = Sg := {z € R" | &(x) = 1} is
called the ®-sphere. Sg is called convex if ® is convex, and Sg is called symmetric
if ® is symmetric, i.e. () = &(—x) for all x € R™.

Remark 2.2. (i) Clearly, if ® is a norm on R”, then Sg is just the unit sphere
determined by the norm, in particular, Sj.; = S*~!. One may work with the curved
surface S;, := {x € R" | ®(z) = r} (r > 0) as well. However, since S§ = rSe for any
r > 0, it is sufficient to work with Sg.

(ii) Observe that, for each s-generating function ®, there is a bijection p : S¢ —
S"~1 defined by p(z) = £, = € S, with (p)~! defined as (p)~'(z) = &=, v € S" .

[l ®(x)’

Given a ®-sphere S. A subset of the form H NS (resp. F;r NS) is called an open
(resp. a closed) ®-hemisphere; a set of the form H, NS is called a ®-hypercircle.
If V C R" is a 2-dimensional subspace, then V NS is called a ®-greatcircle. For
x € S, the (unique) intersection z° of {—tx | t > 0} and S is called the antipodal
(or opposite) point of x (when ® is symmetric, x° = —x). More general, for a set
S C S, the set S° := {z° | x € S} is called the antipodal set of S. If a ®-greatcircle
G passes through a pair of antipodal points x, x°, then x, x° partition G into two
non-overlapping connected components with x, z° as ends, each of which is called a

®-semi-greatcircle. If ® is convex, a subset of the form Hf, NS (resp. ﬁ: o NS),
0 < a < sup,g(u, x), is called an open (resp. a closed) ®-cap.
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To define meaningful compositions on S, we modify slightly the definition of radial
projection in the following way: for a given ®-sphere S, the radial projection p =
pa : R" — SU {o} is defined by

p(z) ::{ ‘I’:(Dx)’ TFo

0, T =o0.

Observe that pop =p, p(Ax) = p(x) for all z € R” and A > 0, and p(x) = x iff
reESorz=o.

Definition 2.3. Let S be a ®-sphere. For z1, 9, ..., €S, k > 1, and A\, Ao, ..., \p €
[0, 1] with Zf:1)‘i = 1, we define their ®-spherical convexr combination (s-convex
combination for brevity) by

(3<I>)Zf:1>‘i$i = P (Zf:l)\ixi)'
When k = 2, we write Az 4+, (1 — \)y instead of (s¢)(Az + (1 — N)y).

For brevity, when ® is clear, we always write (S)Zle/\ia:i, Az +, (1 — \)y instead of
(%)Zle)\ixi, AT +5, (1 — A)y respectively.

Remark 2.4. (i) For z,y € S, x,y are non-antipodal iff \x +, (1 — \)y # 0 for any
A e 0,1].

(ii) For non-antipodal (distinct) points x,y € S, the set { \x+,(1—-N)y |0 <A < 1}
is called the short arc of the ®-greatcircle determined by z,y (when & = || - ||, this
definition coincides with the usual one).

In terms of Definition 2.3, we give the following definition.

Definition 2.5. Let S be a ®-sphere. A set C' C S is called ®-spherically convex
(sg-convez or s-convex simply for brevity) if Ax +; (1 — Ay € C for any z,y € C
and 0 < A < 1.

Remark 2.6. (i) By (i) in Remark 2.4, an s-convex set contains no antipodal
points. By (ii) in Remark 2.4, an s-convex set contains the short arc of the -
greatcircle determined by its two non-antipodal points. Thus, the s-convexity goes
back to the strong convexity defined on S*~1 if () = || - ||.

(i) Let p : S¢ — S™! be the bijection mentioned in ii) of Remark 2.2. Then,
for each C' C Sg, cone C' = conep(C') clearly. So, by the following Proposition 2.7,
it is easy to check that C' C Sg is (closed) sg-convex iff p(C) C S"~! is (closed)
S||-|-convex.

Therefore, we mention that most notation here are essentially the same as those
known for S"~! and some of the conclusions obtained here, e.g. the following The-
orem 4.3, Corollary 4.6 and 4.7 etc., can be derived from those known for S"!
directly. However, as ﬁ((&p) Zf:l )\Z-xi) = (s1) Zle Aip(z;) does not hold in gen-
eral, i.e. pis not s-convex combination-preserving (readers can find counterexamples
easily even in the case k = 2), other conclusions, such as Theorem 4.8 and Theorem
6.4 etc., need arguments for general Sg.

It is easy to check that if C;, i € I, are s-convex, then the nonempty intersection
Nic1C; is s-convex, and that if C' is s-convex, then its antipodal set C is s-convex.
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The following proposition shows that the s-convex sets are closely related to the
pointed convex cones, which is known and proved repeatedly in the case S = S"~L.
A convex cone K C R" is called pointed if K N (—K) = {o}.

Proposition 2.7. Let ) # C C Sg. Then, the following statements are equivalent:
(i) C is s-convex;

(il) 1,29 € K imples 1 + x9 € K, where K :=PC and P := (0,00);

(iii) K is convex;

(iv) R,C, the cone generated by C, is a pointed convex cone, where R, := [0, 00).
Proof. (i)=-(ii): Suppose C' is s-convex. Then for any z; = t12), 2 = te2), € K,

where 2,25, € C and t;,t; > 0, writing u = 1 + 2-), we have by the
property of radial projection,

T+ Ty = (I)(Il + xg)p(ml + LUQ) = (I)($1 + xz)p((tl + tQ)U)

15}
=®(x; +x L2+ zy) € K
B T
since - 4, 2wy € C and () + @) > 0 (for 21 + 25 = 0 would imply
x) = —f—fa:’z, i.e. ) = (24)°, a contradiction to i) in Remark 2.6).

(ii)=(iii): For any z,y € K and A € (0,1), Az + (1 — A\)y € K by (ii) since
Az, (1 =Ny € K. So K is convex.

(iii)=-(iv): Suppose K is convex, then R,C is clearly a convex cone since R, C =
KU{o}. fo# ze R,CN(-R.C), then z = tyx; = —taxy for some x1, 29 € C
and t; > 0,19 > 0. Thus t121 + taxs = 0 ¢ K while tyx1, tzy € K, a contradiction
to (iii). So, R C is pointed.

(iv)=-(i): Observe first that C' = R,C' N Sg obviously. If z1,25 € C and A € (0, 1),
then z1, 25 € R, C naturally, and so Az; + (1 — N)zy € Ry C, Az + (1 — N)xy # o
since R, C' is a pointed convex cone. Thus, Az +, (1 —N)za = pe(Az1+ (1 —N)xg) €
R, CNSg = C. Therefore C' is s-convex. O

One may also check that C'is closed s-convex iff R, C'is a pointed closed convex cone.

Thanks to Proposition 2.7, we may introduce some more notation for s-convex sets.
For an s-convex set C, its boundary bdC', relative boundary rbdC, interior intC' and
relative interior riC' are defined respectively as the set bd (cone C ) ns, rbd(cone C’) N
S, int (cone C) NS and ri(cone C) NS. It is easy to show that if C' C S is s-convex,
then so is ri(C) and that if C' is closed and s-convex, then C' = rbd(C') Uri(C).

3. Basic properties of s-convex sets and s-convex hulls

In this section, we study the basic properties of s-convex set and s-convex hull of
sets on S, starting with an analogue of that for convex sets in R".

Theorem 3.1. Let S be a ®-sphere and C' C S be an s-convex set. Then for any
1, o,k € Cand A, Ag, - -+, \g € [0, 1] wichle/\i =1,k=1,2,---, we have
(s) 8 N € C. In particular, o ¢ coC.
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Proof. The conclusion holds for £ = 1,2 by the definition. Suppose the con-
clusion holds for all 1 < j < k — 1 (in particular, o ¢ co{xy,zs,---,2;} for
any 1,2, - ,r; € C and py,pe, -+ ,p; € (0,1) with >7_ p; = 1). Then,
for x1, 29, -+, € C and py, 9, -, € (0,1) with Zle)\i = 1, denoting

z = Zf;ll ﬁ‘—;kxi, we have z # 0 and p(z) = 3 € C by the induction hypothesis,

which together with the properties of p leads to

A Ak Ak
() " Niwi = p( D> i) = p( D> v . /\kxk) =p(z+ T )\kxk)
i=1 i=1 i=1
z )\k Z(l—)\k) )\k Z(I)(Z)(l—)\k>
= = = A
(3 o q><z)(1_xk)x’f) 4 () @(z)xk) 4 o(2) k)
i ( (I)(Z)(l — )\k) Z + >\k )
om0 = )+ v @z) | )0 — M)+ A
= +s eC 1
B(2)(1— M) + M B(2) D)1 — )+ A" (1)
where we used the fact that @, xr € C and @é)((zl)g;,;%k + q’(z)(lilj\k)+)\k = 1. The
fact that o ¢ co(C) is trivial. O

It is easy to check that an open ®-hemisphere is an s-convex set while a closed
®-hemisphere is not. Also ®-caps are s-convex. For general s-convex sets, we have
the following conclusion.

Theorem 3.2. Let S be a ®-sphere and C C S be s-convex. Then

(i) there is ug € S" ! such that C' C ﬁ:o NS, i.e. C is contained in a closed
d-hemisphere.

(ii) if further C is closed, there are ug € S"™' and o > 0 such that C C ﬁ:w ns,
i.e. C'is contained in a closed ®-cap. In particular, C is contained in an open
d-hemisphere.

In order to prove Theorem 3.2, we need the following lemma, stated as a theorem
for its own significance.

Theorem 3.3. Let C* C S™! be a compact set. Then, the following statements
are equivalent:

(i)  For each u € S*, there is v € C* such that (v,u) < 0;

(ii) o € ri(co{vo,v1, -+ ,v}), i.e. there are positive oy such that 22:0 agv, = 0,
for some affinely independent vo, vy, -+ ,up € C*, 1 <1 < ny

(iii) cone{wg, v1,...,v} = lin{vg, v1,...,u} for some affinely independent points
Vg, V1, ..., € C*, 1<l < n.

Proof. (i)=-(ii): Consider the linear space V' := cone C* N (—cone C*). If V' = {o},
then by the separation theorem for closed cones (cone C* is closed since C* is com-
pact), there is w € R™ such that C* C {z | (u,z) > 0}, which contradicts (i). So
dimV > 1. Now, it’s easy to see that V' = lin{v], v}, - ,v.} = cone{vy, v, -, V!

» Vs r Vs
for some vj, vy, -+, v € C* (1 < s < n).
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. / . ro "o ro / ro
Thus, since —v;, € lin{v, v}, - ,v.} = cone{vy, vy, -, v.}, we have —vj = o], +
s / . / . _ s / L /
> 1 vy, With of, a > 0, which leads to o = ), _, a,v}, where o := 14 o > 0.

We now let [ be the smallest positive integer such that

l
0= Yl (2)
k=0

for some vy, vy,...,vy; € C* with all 7, > 0 and then claim that vy, vy,...,v; are
affinely independent: Suppose vy, vy,...,v; are affinely dependent, then we have

Zi::o Brvr = o for some not all zero fy, f1, ..., 5 with 22:0 Br = 0. Let
—n

By
then o = Zig:o YUk + Z;:O ABvg = ZZ:O(% + ABy)vx, = ig_:lo(”yk + ABk) vk, where
Y+ ABk =0 (0 <k <Il—1)and at least one of them is positive, a contradiction to
the choice of [. It follows from (2) that

l

Yk .
0= ViU = —— € rl(co{vo, vy, ,vl})
ZJ 07 ; kzo Z =07j

A= min{_ﬁ—zk | B < 0} = (say)

since all Uk > 0, 1 <k <. Clearly I < n since vg,vq,- -+ ,v; are affinely
=07

independent.

(ii)=-(iii): Suppose that vy, vy, -+, v € C* (1 <1 < n) are affinely independent and
o € ri(co{vg, vy, - ,u}), e, 0= Z;ZO oV, with ai > 0. Then we have for each
0 <k < that —v, = Z#k z—ivj € cone{vg, v, -+ ,v}. In consequence we obtain
lin{wvg, vy, -+, v} = cone{wvg, vy, -+, v}

(iii)=(i): Suppose that cone{wvg, vy, -, v} = lin{vg,vq,- -, v} for some affinely
independent vy, vy, -+ ,v; € C*, 1 < | < n. If there exists u € R™ such that
(v,u)y > 0 for all v € C*, in particular (vj,u) > 0 for 0 < j < . Observing, since
lin{wvg, vq, -+ ,u} = cone{vy, vy, , v}, —vyg = Z;:o ajv; for some a; > 0 with at
least one o, >0, we have (—vg, u) =—(vp,u) < 0 and (—vp, u) :Zézo a;(vj,u) >0,
a contradiction. O

Proof of Theorem 3.2 (i) Since coneC' # R" (for C' containing no antipodal
points), coneC' # R". Hence coneC has at least one support hyperplane H and
o € H by Theorem 1.3.9 in [20]. We may choose a suitable normal ug € S"~! such

that H = H,,,, coneC C F:O and in turn C' C ﬁ;fo NS.

(ii) Observe first that, as a closed subset of the compact set S, C' is compact. Then
we claim that there is ug € S"~! such that (v, ug) > 0 for all v € C. Indeed, denoting
Cr={pgplezel}(c S"1), we have that (v,uy) > 0 for all v € C iff (v,uy) >0

for all v € C*. So, we need only to confirm our claim for C* (observe that C* is
compact as well).

Suppose for each v € S"™!, there is v € C* satisfying (v,u) < 0, then by Theo-
rem 3.3, there are affinely independent vy, vy, -+, v, € C*, 1 < | < n, such that
cone{vg, vy, -+, v} = lin{wvg, vy, -+ , v}
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So, we have p(cone{vo,v1,--- v} \ {o}) = p(lin{ve, v1, -, v} \ {0}).

Thus, since o ¢ co{vg, vy, -+ ,v;} by Theorem 3.1, we have further on one hand
o¢ p(co{vo,vl, e ,Ul}) = p(cone{vo, v, ut\ {0})
(observe cone{vg, vy, , v} \ {0} = Upotco{vo, v1, -+ ,v;}) and on the other hand

o € p(linfvg, v1, -+, 0} NS"") = p(lin{vo, v1,- -+, v} \ {0})
= p(cone{vg, v, -+, v} \ {o})

(observe that there are clearly antipodal points in lin{vg, v1, -+ ,v;} NS 1), a con-
tradiction. The claim is confirmed.

Now, let v := inf,cc(v, ug). Then we have o > 0 by the compactness of C' and the
continuity of inner product, C' C ﬁ;a and in turn C C ﬁ:oya NS. ]

In order to investigate other properties of s-convex sets, we introduce, as counter-
parts of support hyperplanes and support half-spaces for convex sets in R", the
concepts of support ®-hypercircles and support ®-hemispheres for s-convex sets.

Definition 3.4. Let S be a ®-sphere, C' C S be s-convex and x € C. A closed
®-hemisphere S := H ;r NS (resp. a ®-hypercircle S, := H, NS) is called a support
®-hemisphere (resp. a support ®-hypercircle) of C at z if C C S} and x € S,,.

It is worth observing that if there is a supporting ®-hemisphere of C' at z, then
x € bdC. We say simply that S} (resp. S,) supports C' if it supports C at some
point. The following result is natural.

Proposition 3.5. Let S be a ®-sphere and C' C S be s-convex. Then for each
x € bdCNC, there is a closed ®-hemisphere S, (resp. a ®-hypercircle S,,) supporting
C atx.

Proof. Consider the closed convex cone coneC'. By the definition of bdC, x €
bd(coneC'). By Theorem 1.3.9 in [20] there is a hyperplane H,, supporting coneC' at

x with coneC' C ﬁ: and o € H,. So, S} (resp. S,,) supports C at z. O

In fact, we have the following theorem.
Theorem 3.6. Let C' be closed and s-convex. Then C' = N{S} | S} supports C'}.

Proof. Denote the set in the right-handed side of the equality by D. Then C' C D
obviously.

Conversely, let € S and z ¢ C. We claim that x ¢ D: first we immediately have
x ¢ coneC' N S(= coneC N S); then if z € (coneC)* NS, where (cone C')* denotes
the polar cone of coneC, then z ¢ D clearly since (y,z) < 0 for all y € coneC,
z € (cone C)%; if x ¢ (coneC)* N'S, then let nonzero z* := P(x), where P denotes

the project from R” to cone C', and further u* := £=%.. By Proposition 3.2.3 in

o =2l
[11], H,~ supports cone C' at x*, which implies that S}. := H ;r NS supports C' at
p(z*). Since x € H,., x ¢ S!. and so z ¢ D. O
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Next, we consider the ®-spherically convex hull of a set in S, i.e. the smallest s-
convex set containing a set. Observe first that not every subset has its spherically
convex hull: by Theorem 3.1, if C' C S is s-convex, then o ¢ coC', which implies that
0 ¢ coS is necessary for S C S to have its spherically convex hull.

We call a nonempty set S C S hull-addible if o ¢ coS and give the following
definition.

Definition 3.7. Given a hull-addible S C Sg, we define its ®-spherically conver
hull (s-convex hull for brevity) scoS by

k k
scoS = p(coS) = {(S)ZA,L |z, €5, A\ > Z =1,2,--- }.
i=1 i=1

Theorem 3.8. Let S C S be hull-addible. Then

(i) scoS is s-conver.

(ii) scoS=nN{C CS|C DS and C is s-convex}, i.e. scoS is the smallest s-convex
set containing S.

(iii) scoS = coneS NSS.
Proof. (i) Let z := (s)F  \izi, v := (s )Zézluiyj € scoS and 0 < A < 1. Then,
writing a := (I>( Zle ) b:= @(Zj 1uzyj) we have by the properties of p

zyj)

A s (L= Ay = p(Az + (1= A)y) =p<2ZAm+L

>
M-
=

b l
AbA; (1 Nap,
;. ( M+ (d-na T ; m%) € scoS

where we used the fact that 31, ,\b+)2b1/\ Na +ZJ 1 /\b1++a/‘( =1, /\bﬁ(ﬁ—)‘_/\)a > 0, and,

finally, 3—42%% > 0.

(ii) Denote D := N{C C S| C D S and C is s-convex}. Then, D C scoS clearly
since the s-convex set scoS D S. Conversely, by Theorem 3.1 scoS C C' for each
s-convex C' D S5, and so we have scoS C D. Therefore scoS = D.

(iii) If 2 € scoS, then & = (B(3F, N\a;)) P o8| Ay for some @y, 29, , 2, € S
and Ap, Mg, -+, A, € [0,1] with 3% A, = 1. So, # € (U tcoS) NS = coneS N'S.
Hence scoS C coneS N'S. Conversely, if z € coneS NS, then x = Zle Aix; with
x; € S, A =2 0and ®(z) =1 (so Zle Ai #0). Thus, we have

z = p(z) = P(ﬁ) = (s) Zf 1 Z’“ N Ti € 5C0.5.
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Hence coneS NS C scoS and in turn scoS = coneS N S. O

Remark 3.9. From Theorem 3.8, we see that there is a smallest s-convex set con-
taining S C S iff S is hull-addible, and that S C S is s-convex iff S = scoS.

In the following, we consider the closed s-convex hull of a set in S, i.e. the smallest
closed s-convex set containing a set. Observing that an open ®-hemisphere is s-
convex but its closure, a closed ®-hemisphere, is not s-convex, we see that the
condition "hull-addible” does not suffice for the existence of closed s-convex hull of
a set. In fact, we have the following proposition.

Proposition 3.10. Let ® be convex, S be the ®-sphere and S C'S. Then there is a
closed s-convex set containing S iff S is contained in a ®-cap.

Proof. Suppose there is a closed s-convex set C' contamlng S. Then by Theorem
3.2 there are U € S" ! and a > 0 such that C C H . NS and so S is contained in
the ®-cap H o NS.

Conversely, if S C H o NS for some u € S ' and a > 0, then S is hull- addlble
since coS C H clearly and so scoS exists by Theorem 3.8 and scoS C H o NS.
Clearly S C cl(scoS) Now, we show that cl(scoS) is s-convex.

Notice that cl (scoS) C H, o MN'S since the later is closed. Let z,y € cl(scoS), then
x = limaxy,y = limy for SoIme sequences {zt}, {yx} C scoS. Observing that for any
A€ 10,1, limy oo ( Az + (1 — Nyi) = Az + (1 — Ny # o by the closednes of H
we have by the continuity of p at nonzero points,

Az 45 (1= Ny =p(Az+ (1 = N)y) =limp(Azy, + (1 — N)yy)
= lim (Azy 45 (1 — A)yx) € cl(scoS).
Thus we showed that cl (scoS) is a closed s-convex set containing S. ]
Remark 3.11. With a little more complicated argument, one may show that Propo-
81t10n 3.10 still holds for general s-generating function ® if "®-cap” is replaced by

“H o NS” for some u € S" ! and a > 0 (noticing that ®-cap is defined only when
® is convex and H o N'S may not be s-convex if ¢ is not convex).

From the argument for Proposition 3.10, we see that if ® is convex and S C Hiaﬂ&p
for some u € S and a > 0, then cl (scoS) is a closed and s-convex set. We denote
5coS = cl (scoS), called the closed s-convex hull of S. The following theorem shows
that 5coS is indeed the smallest closed s-convex set containing S.

Theorem 3.12. Let ® be conver and S C H:;a NS¢ for some u € S™' and
0 < a < sup,eg{w,u). Then

scoS =nN{C CSe | C DS and C is closed and s-convez}.
Proof. The argument is similar to that for i) of Theorem 3.8. ]

4. Combinatorial properties of S-convex Sets

In this section we discuss the combinatorial properties of s-convex sets, more pre-
cisely, we will show that the Radon-type, Helly-type and the Carathéodory-type
theorems hold for s-convex sets.
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Theorem 4.1. (Radon-type Theorem) Let S be a ®-sphere and S C S with at least
n+1 points and o ¢ coS. Then there are Sy, Sy C S such that S{USs = S, S1NSs = ()
and scoS; N scoSy # 0.

Proof We point out first that, by Theorem 3.8, for any S* C S, scoS™* exists and
scoS* = coneS* N'S = cone(coS*) N'S.

Then, since there are at least n+2 points in SU{o}, by the classical Radon’s Theorem,
there are two disjoint subsets Sp, Sy C S such that S;US,; =5, S1N(S2U{o}) =0
(so naturally S; NS, = @) and coSyNco(S2U{o}) # 0 (where Sy # 0 since o ¢ coSy).

Finally, observing that scoS; = cone (COSl) ns,
sc0Ss = cone(coS;) N'S = cone(co(S, U {o})) N'S
and coS; N coS, contains nonzero element (for o ¢ coS;), we have
sc0S) N'scoS; = cone(coSy) Ncone(co(S2 U {o})) NS
> cone(coS; N (co(Sz U {o})) NS # 0.

Remark 4.2. One may easily find examples to show that the number n + 1 in
Theorem 4.1 is sharp in general. Also the condition o ¢ coS can not be omitted in
general as shown by the example: on R3, let ®(-) = || - || and consider the ®-sphere
S2. It is easy to check that the conclusion of Theorem 4.1 is not valid for the set
S ={(-1,0,0),(1,0,0), (0,—1,0),(0,1,0)} C S* (observing o € coS).

The following theorem is already known for S*~! (with so many different proofs,
see, e.g., [2, 5, 12, 14, 17, 18, 19], etc.) and can be derived from the one for S*~!
(cf. ii) in Remark 2.6). However, we prefer to give an argument for the general case
S¢ with the help of Theorem 4.1 since the argument here might have some further
applications.

Theorem 4.3. (Helly-type theorem) Let S be a ®-sphere and Cy,Cy, -+ ,C,, CS,
m = n+ 1, be a family of s-convex sets. If
Ci,NCyyN---NC;, #0 for any {iy, g, iyt C {1,2,--- ,m}
Cip,UC,U---UC;,, S forany {ji,jo, s jns1} C {1,2,--+ ,m}

In+1 =
then NI, C; # (.

In order to prove Theorem 4.3, we present first the following lemma.

Lemma 4.4. LetS be a ®-sphere and C,Cy,--- ,C,, CS, m = n+1, be a family of
s-convex sets. If C;, NCy,N---NC; ., # 0 for any {i1, 42, ,iny1} C {1,2,--- ,m},
then NI, C; # (.

Proof. We will argue by induction on m (> n+1) with a “standard trick” — applying
a Radon-type theorem on a suitable set (see page 4 in [20]):

The conclusion holds for m = n + 1 trivially. Suppose that the conclusion holds
for m (= n + 1). Then for s-convex sets Cy,Cy, -+ ,Cyyp C S with the desired
properties as in the lemma, by the induction hypothesis, we have m nonempty sets

C(i) :zClﬂ---ﬂOiﬂ---ﬂCm+1, i=1,2,---,m
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where C; means “omiting C; in ﬂ;”:ﬁle”. Choose x; € Cyy, 1 =1,2,--- ,m. Clearly
all z; € Cpq1. If 2, = z; for some ¢ # j, then it is done. If xy, 29, -, 2y,
are distinct, then by Theorem 4.1 (observing m > n + 1 and o ¢ co{x;}", since
{z;}", C Cyy11), there are two disjoint nonempty sets, say, S := {x1, 2, - , Tk}
and Sy := {ZTk11, Tpa2, ..., Ty } such that scoS1NscoSy # (). Choose z* € s¢0S1MNscoSs.
Then, since z* € scoS; implies z* € O?Z;LCZ- (for zy, -,z € I’WZZIHC}) and
x* € scoSy implies z* € Cpig NE, C; (for zpy1, -+ T € Cryr NE_, C;), we have

Proof of Theorem 4.3. By Lemma 4.4, we need only to show that the conclusion
holds for m =n + 1.

For n+1 s-convex sets C', Cy, - - -, C,, 41 with the desired properties as in the theorem,
we choose 7; € Cyy == CiN---NC;N---NCpyq, @ =1,2,--- ,n. Then all z; are
in Cp41 and so o ¢ co{z;},. If x; = x; for some i # j, then it is done. So, we
suppose that z,x,,--- , x, are distinct.

Now, let H := lin{z;}*,. If dimH < n, then applying Theorem 4.1 to the set
{x;}7_, in the ®-sphere H NS, we may find some z* € N?1'C; by the “standard
trick” used in the proof of Lemma 4.4.

If dimH = n, then co{o,x1,- - ,z,} is an n-dimensional simplex. Now define A; =
{z1, -+ , &, ,x,} for each 1 < i < n, where &; means “without z;”, then linA4;

is a hyperplane passing through the origin o. Thus linA4; = H,, for some u; € S**
where u; is chosen so that x; € H; (and so {z1, 22, ,2,} C ﬂ?zlﬁ;ri).

Now, we choose x,,+1 € NI ;C; and claim that z,; € HIZO for some 1 < 75 < n as
well. Suppose not, then x,.; € ﬂ?zlﬁ;i. However, z,41 ¢ H,, for each 1 <i < n
since otherwise we would have z,,, € (SCOAZ')O C C?, a contradiction.

Therefore we have x,,1 € N7 H, and so z,41 € int(sco{z;}7_;)” which implies

xrp,q € Int (sco{xi}?zl). Thus, for any hemi-greatcircle L joining x,1; and z; .,
since L intersects scoA; at y; € S for some 1 < i < n, we would have

L = sco{xy |, yi} Usco{yi, Tpi1} C C; U Crp

since x5, € Chi1,Tnt1 € C; and y; € Chqq Nscod; C Cpyq N G, which implies
S = U C; by the obvious fact that for any = € S there is a hemi-greatcircle joining

Tt aznd 7y 1, and passing through z, a contradiction too. The claim is confirmed.
Again, applying Theorem 4.1 to the set {z;}"* (observing that o ¢ co{z;}* since
o ¢ co{x;}, C FZZ_O and z,41 € H;:_O), we may find z* € N7F'C; by the “standard
trick” used in the proof of Lemma 4.4. O

Remark 4.5. One may easily find examples to show that the finiteness of the family
of s-convex sets cannot be omitted in general.

As for the condition "Upt1C;, € S”, it is compulsive: for any x € Ni_,C;, its
antipodal point z° ¢ Ul_,C; since each C; contains no antipodal points.

As a consequence of Theorem 4.3, we present the following corollary which is equiv-
alent to Molndr’s result for S™™! ([17]) in the light of (ii) of Remark 2.6.
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Corollary 4.6. LetS be a (I)—sphere and {C;}ier be a (not necessarily finite) family of
closed s-conver sets in'S. Ifi_,C;, # 0, UtICy CS, for any {ix}7_,, {jx}it1 C
then ﬂieICZ- 7é (Z)

Proof. By Theorem 4.3, we have N7',C; # () for any positive integer m and
i1,19,+ ,im € I. Thus, observing that all C; are compact, we have N;c;C; # ()
by the finite-intersection property of families of compact sets. [

The next corollary is obvious since for any I, Nl_,C; # @ implies U._,C; C S when
each C; contains no antipodal points.

Corollary 4.7. Let S be a ®-sphere and {C;}icr, where I = {1,2,--- ,m} and
m = n+1, be a family of s-convex sets with the property that Np_,C;. # 0 for any
{igyr_, C 1. IfUMLC,, €S for any {jx}iE] C I, then U™, C; C S. Moreover, if
all C; are closed, then I can be any index set.

At the end of this section, we present a Carathéodory-type theorem for s-convex
hulls.

Theorem 4.8. (Carathéodory-type Theorem) Let S be a ®-sphere and S C S
be hull-addible. Then for each x € scoS, there exist xy,x9,---,x, € S and
Ay Aoy A € (0,1 with Y700 N = 1, such that x = (s) Y., Nix;, d.e. x can
be expressed as an s-convexr combination of at most n points in S.

Proof. Let € scoS. Then x = (s)>.", Ma; for some 1,29, ,x, € S and
Ny Ay, - AL € [0,1] with Y07 A = 1. If m < n, there is nothing to prove. So we
assume m > n.

Since co{x;}*, is compact and cone{xz;}!", is closed and pointed, there is a hyper-
plane H, , (a > 0) such that co{z;}, Hu,a' Denote S* := cone{z;}I*; N H, 4.
Then S* is closed and convex. Moreover, S* is a polytope:

S* = co{y; = tiz; | t; > 0 such that t,x; € H, o} =: P.
Indeed, P C S* is clear since S* is convex and all y; € S*. Conversely, if z € S*,

then (u,2) = a and z = 3" sz (= >°, Fy;) for some nonnegative s;. Thus,
since (u,y;) = « for each i, we obtain

m m
=3t =a 3
g, () f

i=1 i=1

which leads to "

Choose (the unique) z* € S* such that x = p(z*). By the classical Carathéodory’s
theorem and Minkowski’s structure theorem for closed convex sets, 2* =" | 1;y;,
for some y; € [0,1] with >°"  p4; = 1 (noticing dimH,, = n — 1). Thus, since
yj, = t;,x;, for some x;, € {z;}I", and t;, > 0, we have by the homogeneity of p

w=pa*) =p( > miys) = p( D wtiz) =p( D Niwj) = (s) D> Nz,
=1 =1 =1 =1

where \; : Mli >0 and Y°, < =1, O

D Yy 1/” =1 370 ptyy,

" 1iz—1andintumzzzz 1ty’€P



116 Q. Guo, Y. Peng / Spherically Convez Sets ...

5. Structural properties of S-convex sets

In this section, we explore the structure of a s-convex set. More precisely, we es-
tablish a theorem of Minkowski type which states that a closed s-convex set can be
expressed as the s-convex hull of its s-extreme points (see below for definition). We
start with some necessary notation and terms.

For an s-convex C' C §"!, we denote dimC' := dim(cone(C')) (notice that cone(C)
is convex), called the dimension of C'.

Definition 5.1. Let S be a ®-sphere and C' C S be a closed and s-convex set. A
point x € C'is called an s-extreme point of C' if x = %xl + %xz for some x1, x5 € C,
then x1 = x5. The set of s-extreme points of C' is denoted by sextC'.

Remark 5.2. (i) It is easy to check that if x is an s-extreme point of C, then
x € rbdC.

(ii) In Definition 5.1, the condition “x = %xl +5 %l’z
Azy +5 (1 — Ao for some 0 < A < 17

7

can be replaced by “x =

Proposition 5.3. Let S be a ®-sphere and C' C S be closed and s-convex. Then
x € C is an s-extreme point of C iff {x} = LNC for some extreme ray L of cone C.
Consequently, if L is an extreme ray of coneC, then L = {tx | t = 0} for some
s-extreme point x of C.

Proof. Observe first that cone C' is closed by Proposition 2.1.
Suppose {z}=LNC for some extreme ray L of cone C, then L={tx | t>0}. Now, if

%xﬁréxz
@(%Ilﬁ-%xz)
So 1, x9 € L (since L is an extreme ray) and in turn x1,x, € L N C which leads to
r1 = x9 = x clearly. Thus, x is an s-extreme point.

T = %xl +, %xg = for some x1, zo € C, then %:cl—i—%:cg = @(%xl—i—%xg)xeL.

Conversely, let x be an s-extreme point of C. Denote L := {txz | ¢ > 0}, which is
aray and L N C = {z}. Now, we show that L is an extreme ray of cone C: since
L>0= %931 + %:)32 for some x1, x5 € coneC leads to x1 = x9 = o € L obviously,
we consider only nonzero tx € L. If tx = %xl + %xz for some x1, x5 € cone C, then
we have (here we assume that both z; and x5 are nonzero for x;(or z3) = 0 € L
implying z5(or z1) = 2tz € L).

1 1
w = p(tr) = p(G1 + S12) = p(21 + 22)

2 2
_ O (xq) Ty O (x9) To
O(z1) + P(x2) P(x1)  P(21) + P(22) D(2)
_ O(xq) T N O (x9) T
P(x) + O(22) ®(z1)  ° (1) + P(a2) D(22)
which leads to 375 = 3/ = ¢ (notice that ) B € (). Thus we have

x1 = ®(21)x, 29 = ®(x9)x € L. So L is an extreme ray of cone C'.

Now, if L is an extreme ray of cone C, then letting {z} = L N C, we have that x is
an s-extreme point of C' by what just proved above and L = {rz | r > 0}. O
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Corollary 5.4. If C C Sg is a closed and s-convez set, then sextC # ().

Proof. This follows from Proposition 5.3 and the known fact that a pointed closed
convex cone has at least one extreme ray (Theorem 1.3.9 in [20]). [

Corollary 5.5. Let C' C S be a closed s-convex set and v € sextC. If we have
x = (s) Zle Niz; for some xy,x9,- - ,xp € C and A, Ay, -+, A € (0,1) with

Zle)\izl, then x1 = T9g = ++- =T, = T.

Proof. By Proposition 5.3, L := {tx | t > 0} is an extreme ray of coneC. Ob-
serving that x = (s) Zle \iz; is equivalent to Zle Ny = @(Zle \iz;)x, we have
Zle Aix; € L. Therefore xq, x5, ,xr € L since L is an extreme ray and further
xy =Ty =--- =1z = x since C'N L is the singleton {z}. O

The following is a theorem of Minkowski type for closed s-convex sets in S.

Theorem 5.6. Let C' C Sg be a closed and s-convex set. Then C' = sco (sextC).
Proof. Since cone C is closed and line-free by Proposition 2.7, we have coneC' =
co(extr(cone C')) by Theorem 1.4.3 in [20], where extr(cone C') denotes the union of
extreme rays of cone C'. Thus, if x € C' C cone C, then z = Y| A\;x; with non-zero
x; € L; for some extreme rays L; and \; > 0. Hence, we have,

L

r=p(r)= P(Z i) = P(Z )\ZCI)(JZZ)(I)(%))
= p(i:1 S () ()
= O T 3 e 30

)

m

) € sco (sext()

where we used the fact that {J;)} = L; N C which leads to 575 € sext(C') by

Proposition 5.3, and )", % =1. []
i

6. S-convex Functions on S-convex Sets

As an application of s-convexity of sets in Sg, in this section, we study the &-
spherically convex functions on s-convex sets.

Definition 6.1. Let C' C Sg be an s-convex set. A function f : C' — R is called
®-spherically convex (s-convex for brevity) if f(Az+,(1=N)y) < Af(z)+(1=X)f(y)
hold for any z,y € C"'and 0 < A < 1. A function f : C' — R is called ®-spherically
concave (s-concave for brevity) if — f is s-convex.

Example 6.2. Let ® be convex and S be the ®-sphere. For v € S" !, assume

C, C ﬁ; NS and Cy C ﬁz NS to be s-convex sets. We define a function f: S — R
by f(x) := a(u,z) + b, x € S, where a,b € R. Then f is s-convex on C} if a > 0
and s-convex on (5 if a < 0: We only check the case a > 0 since the argument for
the case a < 0 is the same. The conclusion is trivial if a = 0.
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Suppose a > 0, then for x,y € C; and 0 < A < 1, we have

FO 4, (1= A)y) = 200t ((11 7 (u, At + (1 — \)y) + b

Aa(u, x) (1 —Nalu,y)

a0+ (1-\y) " O(A\z + (1= N)y) w

<Aalu,z) + (1 = Na(u,y) + Ab+ (1= X)b=Af(z)+ (1 =N f(y)

since ®(Az + (1 — N)y) < 1 by the convexity of ®, and a{u,z) < 0,a{u,y) < 0.
Similarly, the function f is s-concave if a > 0 (resp. a < 0) on C5 (resp. on C).

Also, one may see that the function exp{a(u,z) + b} is s-convex on C;. Generally,
one may easily check that the following proposition holds.

Proposition 6.3. Let g : R — R be a increasing convex (resp. concave) function.
If f is s-convex (resp. s-concave) on an s-convex set C, then the function go f is
s-convez (resp. s-concave) on C.

As expected, s-convex functions share many nice properties with convex functions
on Fuclidean spaces. Here we present few illustrations, starting with a theorem of
Jensen’s type. From now on, we always assume that ® is convex.

Theorem 6.4. (Inequality of Jensen) Let C' C S¢ be an s-conver set and f :
C — R be an s-convex function. Then, for any xi,xq,--- 2, € C (k > 1) and
A1y Az, oy Ak €10, 1] with Zle Xi = 1, we have

f((5> Zf:l )‘imi) < Zf:l Aif ().

To prove Theorem 6.4, the following elementary lemma is needed.

Lemma 6.5. Let f(t) = qoypA + gD, 0 <t < 1, where A,B,0 <b <1

are constants. Then f(t) < max{A+ bB, B}.

Proof. An elementary calculation shows that f/(¢) = W

ing if A+ (b—1)B > 0 or decreasing if A+ (b —1)B < 0, which together with the
fact that f(0) = B and f(1) = A+ bB leads to the inequality desired. ]

. So f(t) is increas-

Proof of Theorem 6.4. We will argue by induction on k. The inequality holds
when k£ = 2 by definition. Suppose it holds for positive integers less than k. Then

for x1, 9, -+ ,xx € C and Ay, Ay, - -+, Ax € (0,1) with Zle Ai = 1, letting f(zg) =

min{ f(z;)}%_, (renumbering if necessary) and denoting z = S2¢ ] 1:\—)%301 (noticing
2 # o since p(z) = (s) S li\—j\kxl € (), we have by (1) in Section 3 and by the
hypothesis of induction (observing 3 = (8) Zi.:ll : :\g\k x;)

k
B (1= Xp)®(2) z A
FE2 N =1 ((1 )+ 3B T A T Akx'“)

(1= Xp)®(2) z
S (1 — Ak)@(z) + )\kf (@(z)) + (1 — )\k)q)(2> + A
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(1-wee) \
S Tn0() 3w 2 1o O+ T )
D(z2) gt A
e+ =@ e n/ o 6O

Now, applying Lemma 6.5 to (3) with A = Zi.:ll Nif(z), B = f(x), b = A,
t = ®(z) (noticing 0 < ¢t < 1 by the convexity of ®), we obtain

£ () oy Aves) < miax { 0570 A () + Aef (), fla) } = 00y Aof (),
where we used the fact that f(zz) = S0 Nif(zx) < o0 Aif (). O

Next, we will show that all s-convex functions are lower bounded. To do this, for a
given s-convex function defined on an s-convex set C', we construct first a (unique)
convex function defined on coC.

Let C' C S be an s-convex set and f : C' — R be an s-convex function. Define
C :=co{(z, f(z)) | = € C}, a convex set in R" x R.

Then for each z € coC, define I5(2) :=inf{r | (z,7) € CY.

Proposition 6.6. Let C, f,l5 be as above, then

(i) la(2) > —o0 for each z € coC;

(ii) la(x) = f(x) for each x € C.

Therefore g is a conver function defined on coC'.

Proof. (i) Suppose [5(z) = —oo for some zy € coC. Then by the definition of /5
and by the classical Carathéodory Theorem, for each positive integer k, there are

AR AW ,/\7(1]21 € [0,1], S0t AP =1 and 2P 2 .. n+1 € C, such that
20 =Y APl and Y (k)f(xik)) < —k.

Observing that p(z) = p(317 )\Z(» )xgk)) = (s) 20! /\Ek)mgk) € C by Theorem 3.1,
we have by Theorem 6.4

f(p(z0)) < SN k)f( (k) < —k — —o0 as k — oo,
a contradiction.
(i) Let « € C. Then lz(x) < f(x) is clear by the definition. Conversely, for

(x,7) € C, by the definition of C' and the classical Carathéodory theorem, there
are Ty, Ta, -+ ,Tpio € C and A, Ag, -+, Apyo € [0, 1] with Z”+2/\ = 1, such that
= "2 N and 7 = SN f(x). Observing z = p(z) = (s) Z"H)\ Ty, We
have by Theorem 6.4, f(x) < 3742\ f(x;) = r, which leads to f(z) < lz(2) by the

arbitrariness of applicable r.

By (i) above, we see that 5 is nothing else but the lower bound function of C (cf.
p.85 in [11]) and therefore is convex on coC' by Theorem 1.3.1 of [11]. O
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Definition 6.7. The convex function l@ constructed above is called the convex ez-
pansion of the s-convex function f, denoted by cof.

As a consequence of Proposition 6.6, we have the following corollary, which is the
analogy of a result about affine functions for convex functions on R"..

Corollary 6.8. Let C C S¢ be an s-convexr set and f : C — R be an s-convex
function. Then, for each xo € ricoC there is (u,b) € R™ x R such that

f(x) = (u,x —x0) + b for all x € C.
Therefore f is lower bounded, i.e. inf,cc f(x) > —00.

Proof. By Proposition 6.6, the convex expansion cof is convex on coC. So, by
Proposition 1.2.1 in [11], for any zy € ricoC, there is u € R" such that we have
cof(x) = cof(xg) + (u,z — xo) for all x € coC, in particular, for any x € C,
f(z) =cof(x) = cof(xo) + (u,x — xp). Letting b = cof(xg), we obtain the required
inequality.

Now, by the continuity of affine functions and the compactness of S, (u,z — zo) + b
is lower bounded on S and further f is lower bounded on C. O
Remark 6.9. Since an s-convex function f on C' is certainly lower bounded, when
® is convex, one may find an s-convex affine function minorizing f: by Theorem 3.2

there is v € R™ (vg = —ug in (i) of Theorem 3.2) such that C' C H, N'S. Choosing
b such that b < inf,co f(2) — sup,ee(vo, ), we have f(x) = (vy,z) + b for z € C.
By Example 6.2, (vg, ) + b is s-convex on C.

At the end, we give another two analog results to convex functions on R".

Theorem 6.10. Let C C Sg¢ be an s-convez set and function f : C — R be s-convex
on C. If f(xg) is a local minimal value of f, i.e. f(x) = f(xo) for x € CNU(xp),
where U(xg) is a neighbourhood of xy in R™, then f(xq) is the global minimum of f
on C.

Proof. Suppose there is z; € C such that f(z1) < f(zo). Then, for 0 < A < 1, we
would have

Fzy 4 (1= A)zo) < Af(21) + (1= A)f(xo) < f(o)-
However, A\x; 4+ (1 — X\)zg € C NU(xp) for A smaller enough, a contradiction. [J

Theorem 6.11. Let C' C S¢ be a closed s-convez set and f: C' — R be an s-convex
function on C. If max,cc f(x) exists, then

Rep ) = g T

i.e. f attains its maximum (if applicable) at some s-extreme points of C.

Proof. Let f(xy) = max,cc f(z) for some xy € C. By Theorem 5.6 there are
Ty, @9, -+, 1y, € sextC such that 29 = (s) 325, A with \; € (0,1) and 32F Ay = 1.
Thus we have

Fan) = £ M) <30 M) <30 Mflwo) = flxo)

leading directly to f(z1) = f(x2) = -+ = f(z) = f(x0) = max,ec f(2). O
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Final Remark. In this article, trying to establish a systematic spherical convexity
theory for sets and functions with the aim of achieving meaningful results, we define
and study the spherical (i.e. strong) convexity of sets and functions on general
spheres by an analytic approach. The results show that such an approach does give
some meaningful results. However, the study of s-convex functions in this paper is
just an approach to the general theory. We mention here that the discussion for
continuity and differentiation of s-convex functions already leads to complications,
which we leave to another paper.
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