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1. Introduction

It is well-known that the pseudomonotonicity property of excess demand functions
guarantees at least a convex equilibrium set (see [13]). John [12] showed that a
demand function which yields a pseudomonotone excess demand if it is combined
with an arbitrary supply function (in particular, a constant function) is necessarily
monotone.

There arises a question: What kind of a demand function is it if the assumption
“arbitrary supply function” is replaced by the assumption “supply function with
sufficiently small norm”? In this case, this demand function is called stable.

It was shown that well-known kinds of generalized convex functions and generalized
monotone maps in R” are often not stable with respect to the property they have
to keep during the generalization. Then the so-called s-quasiconvex functions, s-
quasimonotone maps, and strictly s-quasiconvex functions, were introduced in Phu
and An [20], An [2], [3] in R™ respectively. This leads to the following questions: Is
the set of strictly generalized convex functions (strictly generalized monotone maps,
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respectively) dense in the set of generalized convex functions (generalized monotone
maps, respectively)? Do the properties of these generalized convex functions and
generalized monotone maps still hold true in normed spaces?

As an aplication of this type of generalized monotonicity, we introduced in [4] the
strong version (SWA) of Wald’s Axiom in the theory of general economic equilibrium
(see [17]) and showed that an excess demand function Z satisfies (SWA) iff —Z is
stable with respect to the pseudomonotonicity property

In this paper, we consider generalized monotone maps in normed spaces and in-
troduce a subclass of s-quasimonotone maps that are stable, namely strictly s-
quasimonotone maps. In the case of a differentiable map, strict s-quasimonotonicity
of the gradient is equivalent to strict s-quasiconvexity of the underlying function
(Theorem 3.5). The density of the subclass of strictly s-quasiconvex functions
(strictly s-quasimonotone maps) in the class of s-quasiconvex functions (s-quasi-
monotone maps) is presented in Theorem 3.7 (Theorem 3.9, respectively). We then
investigate excess demand maps F satisfying (SWA) in R™. Some properties of ex-
cess demand maps satisfying (SWA) are shown. In addition, a weaker condition
than that of (SWA) is introduced in Sect. 4 (i.e., formula (13)) and we show that
an excess demand map Z on a convex cone satisfies this condition iff —Z is s-
quasimonotone (Theorem 4.11). Thus, there exists a new stronger version of Wald’s
axiom being equivalent to strict s-quasimonotonicity, that is dense in our version of
Wald’s axiom.

Let us start with some terminology. Let (X, || - ||) be a normed space with dual X*.
Let D be a nonempty convex subset of X. The following concepts are similar to
ones in finite dimensions ([14], [15], and [21]). A map F: D — X* is said to be
monotone if for all xq,x1 € D,

<F(l’1) - F(ZL‘o),ZEl - I'0> Z 0. (]_)

F is said to be strictly monotone if inequality (1) is strict for every distinct g, x1 € D.

F'is called pseudomonotone if for every xq,x1 € D,
<F(x0),1:1 — JZ'0> >0 = <F($1), Tl — $0> > 0. (2)

F is called strictly pseudomonotone if the second inequality in (2) is strict for every
distinct xg, x1 € D. The function f: D — R is said to be convex if, for all zg, 2, € D
and A\ € (0,1),
f(zx) < (1 =A)f(xo) + Af(z1), (3)

where ) := (1= X)xo+ Az;. [ issaid to be strictly convez if (3) is a strict inequality
for every distinct xg,x1 € D. f is said to be quasiconvez if, for all x¢,x1 € D and
A e (0,1),

f(zo) < f(a1) implies f(zy) < f(z1). (4)
f is said to be strictly quasiconvez if the second inequality in (4) is strict, for every
distinct zg, 21 € D, X\ € (0,1).

A Fréchet differentiable function f is said to be pseudoconvez if, for all z¢, x1 € D,

fxo) < f(zq) implies (f'(x1),20 —21) <0, (5)

A differentiable function f is said to be strictly pseudoconvex if the first inequality
in (5) is not strict, for every distinct xg, x; € D.
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Note that a Fréchet differentiable function f: D C X — R is convex (respec-
tively, quasiconvex, strictly quasiconvex, pseudoconvex, strictly pseudoconvex) iff
f’ is monotone (respectively, quasimonotone, strictly quasimonotone, pseudomono-
tone, strictly pseudomonotone). Proofs of these facts are similar to ones of Theorem
2.3 [5], Theorem 3.1 [14], Propositions 4.1 and 5.2 [15].

We recall the definition of s-quasimonotone maps (s stands for “stable”) (see [3]).

Definition 1.1. F: D — X* is said to be s-quasimonotone w.r.t. o > 0 if for all
xo, 1 € D, x9 # 71, and || < o, we have

L1 — Xo T — Zo
Flz, —>25 — <Fx1,—>25. 6

(Pl =2 ey ] R
F' is said to be s-quasimonotone if it is s-quasimonotone w.r.t.some o > 0.

Obviously, every monotone map is s-quasimonotone and every s-quasimonotone map
is pseudomonotone. In other words, s-quasimonotonicity is an intermediate concept
between monotonicity and pseudomonotonicity.

Throughout this paper we denote by F + &, where £ € X*, the map defined by
(F+¢&)(x)=F(x)+ & forall z € D.

The following theorem states some properties of s-quasimonotonicity. Their proofs
are similar to ones given in [3].
Theorem 1.2. Let F': D — X*.

(a)  F is s-quasimonotone iff there exists € > 0 such that F' 4§ is pseudomonotone
for each & € X* satisfying ||£]] < e.

(b)  F is s-quasimonotone iff there exists € > 0 such that F +¢& is s-quasimonotone
for each & € X* satisfying ||£]| < e.

What happens if one (or both) of the inequalities in (6) is strict? This question is
answered partly by the following proposition:

Proposition 1.3. Let F': D — X*. The following statements are equivalent:
(a) F is s-quasimonotone.
(b)  There exists o > 0 such that

<F<xo> ;> S N <F<xl> ;> -

ey — 2ol [z — o
forall |0| < o, xg,x1 € D, x9 # 271.

(c)  There exists 0 > 0 such that

<F(:c0) M> S5 = <F(:v1) u> > 6

[z — o [z — ol
forall |0| < o, xg,x1 € D, x9 # 271.

Thus Propositions 1.3 shows that in (6), replacing both inequalities by strict in-
equalities or the first inequality by a strict inequality will not rise to new types of
generalized monotonicity. In the next sections, we replace the second inequality by
a strict one and obtain a new type of generalized monotonicity.
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2. Strictly s-quasimonotone maps

Let D be a nonempty convex set in a normed space X.

Definition 2.1. A map F: D — X* is said to be strictly s-quasimonotone w.r.t.
o > 0 if for all g, 1 € D, 2y # z1, and || < o,

T1 — o T — o
F — > F - .
< (o), Hxl—xou>—5 = < (“)’Hxl—xou>>‘5 @)

F'is strictly s-quasimonotone if it is strictly s-quasimonotone w.r.t. some o > 0.

By setting 6 = 0 in Definition 2.1, we see at once that every strictly s-quasimonotone
map is strictly pseudomonotone. The following example shows that s-quasimonoto-
nicity does not imply strictly s-quasimonotonicity with the same o > 0.

Example 2.2. Let [ be an interval in R. Every constant function F': I — R,
F(z) = ¢, is s-quasimonotone w.r.t. all o > 0. However, F is strictly s-quasimono-
tone w.r.t. o > 0 iff o < c|. O

Indeed, since F(x1) = F(xg), condition F'(xg)- |§1:i8\ > 0 implies F'(z1)- ﬁ > 0.
Thus F' is s-quasimonotone w.r.t. all & > 0.

Suppose now that 0 < o < |¢|, || < o, and

Flzg) - 2 > 5 (8)

|21 — 20|
If ¢ > 0, then (8) combined with condition ¢ > § implies x; > zy and so we have
F(z) 2= = ¢ > 4. If ¢ <0, then (8) gives z1 < zg and so F'(z1) 2= = |c¢| > 4.

|21 —o] lz1—zo|

Thus F is strictly s-quasimonotone w.r.t. o.

Next, consider the case ¢ > |¢[. Set 6 = ¢. Then || < ¢ and for z; > o,
F(zg)2=% > § but F(z;)2=2 = §. Thus F is not strictly s-quasimonotone

|z1—20] = |1 =0l

w.r.t. o > |c|. Note also that if ¢ = 0, i.e., F'(z) = 0, then F' is s-quasimonotone
(w.r.t.all ¢ > 0) but not strictly s-quasimonotone. It should be noted that every
constant function F': I — R, F(x) = ¢ # 0, is always strictly s-quasimonotone
because we can choose o = |c|.

We now state a relationship between (strict) s-quasimonotonicity and (strict) mono-
tonicity.

Proposition 2.3. Let F': D — X*.

(a) If F is strictly monotone, then it is strictly s-quasimonotone w.r.t. all o > 0.
Conversely, if there is g > 0 such that F is strictly s-quasimonotone w.r.t.
all o > o, then F' is strictly monotone.

(b) If F is monotone, then it is s-quasimonotone w.r.t. all o > 0. Conversely, if
there is og > 0 such that F' is s-quasimonotone w.r.t. all o > og, then F is
monotone.

Proof. (a) Suppose that F is strictly monotone. For zg,zy € D, xy # x1, we
have (F(z1) — F(zo), x1 — x9) > 0, which implies (F(z1),v) > (F(),v), where
v = (21— 20)/||1 — wol|.
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It follows that (F(zg),v) > ¢ implies (F(z1),v) > 6.
Thus F' is strictly s-quasimonotone w.r.t. all o > 0.

Conversely, suppose that F' is strictly s-quasimonotone w.r.t.all ¢ > 0y. Assume
x1, 20 €D, 11 # x0, and set v = (z1 — o) /||z1 — 2o||. Choose o > max{||F(xo)||, o0}
and 6 := (F(z0),v). Then |6] < ||[F(zo)|| < 0. Since F is strictly s-quasimonotone
w.r.t. o and (F(zo),v) > &, we have (F(z1),v) > 4. It then follows immediately
that (F(z1) — F(20),v) > 0 and hence, F is strictly monotone.

Part (b) is proved similarly. O
A version of Theorem 1.2 holds too for strictly s-quasimonotone maps.

Theorem 2.4. For a map F: D — X* the following statements are equivalent.

(a) F is strictly s-quasimonotone.

(b)  There exists € > 0 such that F + & is strictly s-quasimonotone for each £ € X*
with ||€]] < e.

(¢)  There exists € > 0 such that F + & is strictly pseudomonotone for each § € X*
with ||€]| < e.

Proof. (a)=-(b): Let F be strictly s-quasimonotone w.r.t. ¢ > 0. Set € := o/2.
We show that F'+ ¢ is strictly s-pseudomonotone w.r.t. € whenever ||£|| < e.

Let € € X*, ||€]] <€, xo,21 € D, 29 # x1, and |§] < € satisfy

(F(zo0) +&v) > where v:= H.
Then (F(z0),v) >0 — (& v) = 4.

As || < |8]+|€]] < e+e = o, strict s-quasimonotonicity of F implies (F(z1),v) > &,
giving (F(z1) +&,v) > 4. Thus F + £ is strictly s-pseudomonotone w.r.t. e.

(b)=-(c): This is obviou since a strictly s-quasimonotone map is always strictly
pseudomonotone.

(c)=(a): Suppose that there exists € > 0 such that F'+¢ is strictly pseudomonotone
for each £ € X* satisfying ||£]| < e. We show that F' is strictly s-quasimonotone
w.r.t. €. Assume that

xT1 — Zo

F(zy),7— ) >0 forsome xzp,2; € D, |0] <e. 9)
l1 = ol

Set v = (x1 — x0)/||x1 — x0||. By the Hahn-Banach theorem, there is £ € X* such
that (see the Appendix) [|€| = |6] and (§,v) = —6.

Then, by (9), we have (F(z),v) > —(&v), giving (F(zo) + & 21 — z9) > 0.

Since ||€]| = |d] < €, by assumption, F' + £ is strictly pseudomonotone. Hence
<F(x1) +& a1 — x0> > 0, which is equivalent to <F(x1), v> > —<§, v> = §. Therefore
F'is strictly s-quasimonotone. [

We now present another characterization of s-quasimonotone maps via their deriva-
tives. Let F': D — X* be differentiable. Consider the following two conditions:
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There exists o > 0 such that z € D,v € X, ||v]| =1, and

(F(z),0)| <o imply F'(x)[v,0] >0 (10)
and: There exists o > 0 such that z € D,v € X, ||v[| =1, and
|(F(z),v)| < oimply F'(z)[v,v] > 0. (11)

Theorem 2.5. Let F: D — X* be differentiable on an open convexr set D in a
normed space X .

(a) F is s-quasimonotone iff (10) holds.
(b) If (11) holds, then F' is strictly s-quasimonotone.

Proof. (a) Necessity. Suppose that F is s-quasimonotone w.r.t. ¢ > 0. Let z € D
and v € X, ||v]| = 1 satisfy |(F(z),v)| < 0. Set § := (F(x),v). As D is open, there
is t* > 0 such that z; := o +tv € D for all t € (0,t*]. Then for these t,

<F(w) ﬂ> — (F(x),0) = 6.

w2
Since |§| < o we can apply (6) to x; = x; to obtain
(F(zy),v) > 6 forall te(0,t7],

which is equivalent to (F(z,) — F(z),v) > 0 for all t € (0,¢*]. Dividing both sides
of this inequality by ¢ and letting t | 0 gives F"(x)[v,v] > 0, i.e., (10) holds.

Sufficiency. Let F satisfy (10). Suppose that there exist xq, x1 € D, |n| < o such that

(F(x0),v) >n> (F(z1),v) where v= U (12)
|1 — o]
Set to=||lz1 — wol|, wyt=x0+tv, and ()= <F(yt),v>.

Then yo = xo, Yy, = x1, and ¢ is defined on an open interval I containing [0, ¢o]
since D is open and convex. Moreover, by the change rule,

O'(t) = F'(y,)[v,v] forall tel.

Since ¢ is continuous on [0,to] and ¢(0) > n > ¢(ty), there is t € (0, %) such that
o(t) =n. Set

T={te[0,t]:p(t)=n} and 7=infT.
Then T is nonempty and it follows from continuity of ¢ that 7 € T". Since 0 < 7 < t,
and |¢(7)| = |n| < o, there is € > 0 such that e < 7 < 7+ € < ty and |p(t)| < o for
allt € (T —e,7+€).
As F satisfies (10), ¢'(t) = F'(y¢)[v,v] > 0 for all t € (T — €, 7 + €).
It follows that ¢ is nondecreasing on [T — €, 7 + €. In particular, p(7 —€) < (1) =
n < ¢(0). Again, continuity of ¢ forces that there is a point 0 < 7/ < 7 — € with
o(1') =n, i.e., 7" € T. This contradicts the fact that 7 = inf 7. Thus (12) does not
hold and hence, F' is s-quasimonotone.

(b) Suppose that F' satisfies (11) but F' is not strictly s-quasimonotone. For o > 0
n (11), there exist xg, ;1 € D, x¢ # z1, and |§| < o such that

(F(z0),v) >0 and (F(z1),v) <§ where v=

Ty — X
|21 — 2ol
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If (F(x),v) > (F(z1),v), then (12) would hold. By part (a), this is impossible
since F satisfies (10). Thus (F(xzo),v) = (F(z1),v) = 6. Let to, %, %, and I be
defined as in part (a). If p(t) = § for all ¢ € [0, o], then (11) would imply that

O'(t) = F'(y)|v,0] >0 forall ¢ e (0,t),

i.e., ¢ would be strictly increasing on [0, ¢y, a contradiction. Thus there is ¢, € (0,%)
with ¢(t,) # 0, say ¢(t.) > §. We now replaced z¢ by y;, to obtain a contradiction
as before. []

Example 2.6. Let o(z) := max{0,cosz} and set F(z) = [*_efo(t)dt for z < 0
and F(x) = o9 + ze™* for x > 0, where 09 = F(0). We show that F' is s-
quasimonotone but not strictly s-quasimonotone.

Since e(t) is continuous and 0 < efp(t) < ef, 0 < F(x) < [7_eldt = e” for all
x < 0. In particular, 0 < g < 1. We have

Fla) = {e‘”ap(m) if x <0,

(I1—z)e ™ ifx>0,

so that F is increasing on (—00,0] and 0 < F(x) < F(0) = 09 < F(y) for z < 0 < y.
If |F(x)| < 09, then 2 < 0, and hence, F'(z) = e"p(x) > 0. Thus by Theorem 2.5, F’
is s-quasimonotone w.r.t. gyg. Now let ¢ > 0 be arbitrary. Since lim,_, ., F(z) =0,
there is M < 0 such that |F'(z)| < o for all z < M. Choose a natural number k such

that z; := —% — 2km < M and set zo := —2F — 2km, § := F(20). Then 0 <0 < o

and as F'(x) = 0 on [zg, z1], F(x¢) = F(x1) = 0, i.e., (7) does not holds. Thus F is
not strictly s-quasimonotone. Note also that F' is decreasing on [1, 00).

In this paper, the norm || - || on R™ is always assumed to be the Euclidean norm.

Example 2.7. Consider the following map

F:R" - R", F(z) = [1 —e¢sin (||z]]?)], c=0.2.

We have F'(z) = —2ccos (||z|?)za” + [1 — ¢sin (||z|?)]1, © € R, where I is the
n X n identity matrix. We show that F'is strictly s-quasimonotone w.r.t. o = 1.
Suppose z,v € R™, ||[v|| = 1, and

|(F(z),v)| = [1 = esin (Jz]]*)] - |2"v| < 1.

Then v F'(z)v = —2ccos (||z]|*)v"za"v + [1 — csin (||z]*)]

- csijc(uxw)]z + [1 - esin (J21)].

v

Since 1 — csin (||z]|?) > 2, it follows that v"F’(z)v > 0. Therefore, Theorem 2.5

says that F'is strictly s-quasimonotone.

Note that F'(z) is not positive semidefinite in general. If cos (||z[|*) = 1, sin (||z|?) =
0, then F'(x) = —2czx” + I, which may be indefinite.
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For instance, in R?, the matrix

F,(\/%\/g):_;{zm 5w}+[1 O]:{l—ZW —2m

57 bm 01 =27 1-—27m

is indefinite.

Corollary 2.8. Let F': D — X* be differentiable on an open conver set D in a
normed space X. Then F is s-quasimonotone iff there is some positive € such that
F + & satisfies (10) with [|£]| < e.

Proof. It follows from Theorems 1.2 that F' is s-quasimonotone iff there exists € > 0
such that F' + £ is s-quasimonotone for all £ € X* satisfying ||£]| < e. By Theorem
2.5(a), for each £ € X* satisfying [|£]| < €, the map F' + ¢ has property (10). O

3. S-quasiconvex and strictly s-quasiconvex functions

In this section, as usual, we assume that D is a nonempty convex set in a normed
space X.

We know that a differentiable function f: D — X* is convex iff f" is monotone (the
proof of this conclusion is similar to that of Theorem 2.3 [5]). Corresponding to
s-quasimonotone and strictly s-quasimonotone maps are s-quasiconvex and strictly
s-quasiconvex functions, respectively.

Definition 3.1. ([20]) A function f: D — R is said to be s-quasiconver w.r.t.
o> 0if
fa1) — flxo) >5 = flar) — f(zn)
l1 = o] 1 = @l

for all zg,z1 € D, xyg # x1, A € (0,1), zy = (1 — N)xg + Azq, and 0| < 0. f is said
to be s-quasiconver if it is s-quasiconvex w.r.t. some o > 0.

>0

Definition 3.2. ([2]) A function f: D — Ris said to be strictly s-quasiconver w.r.t.
>0 f(z1) = f(xo) f(z) = f(x)

>§ = LUV
|21 — ol| |21 — 2|

for all zg, 21 € D, 2y # 1, A € (0,1), zx = (1 — N)xzg + A\xq, and || < 0. f is said

to be strictly s-quasiconvex if it is strictly s-quasiconvex w.r.t. some o > 0.

In [20] and [2] s-quasiconvexity and strict s-quasiconvexity of functions defined on
R™ were introduced. Similar to Theorem 2.1 [2], we have the following property of
strictly s-quasiconvex functions in normed spaces.

Theorem 3.3. A function f: D — R is strictly s-quasiconvex iff there exists € > 0
such that f + & is strictly quasiconvex for each linear functional & on X satisfying

€I < e.

In normed spaces, the following relationship between s-quasimonotonicity and s-
quasiconvexity holds true.

Theorem 3.4. Suppose that f: D — R is differentiable on the open and convex set
D. Then f is s-quasiconvez iff [’ is s-quasimonotone.

The proof of this theorem is similar to that of Theorem 4.1 [3].
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Consider the function f: R — R defined by

i) e” cos® & + =e*(sin 2z — Tcos2z) if x <0,
€Tr) =
gx—%cosx if x > 0.
Then f(2) = ix C0182:'L‘ + %e‘r(sin 2x — 2 cos 2x) ?f x <0,
£+ zsnw ifx>0
and () = ?‘” cos’ x %f x <0,
£ COST if x > 0.

If [f'(z)| < 2, then < 0, so f"(x) = e"cos’x > 0. Thus by Theorem 2.5, f' is

s-quasimonotone w.r.t. o = % According to Theorem 3.4, f is s-quasiconvex.
We now establish a relationship between strict s-quasimonotonicity and strict s-
quasiconvexity.

Theorem 3.5. Suppose that f: D — R is differentiable on the open and convex set
D. Then f is strictly s-quasiconvex iff [’ is strictly s-quasimonotone.

Proof Let f be strictly s-quasiconvex. By Theorem 3.3, there exists ¢ > 0 such
that f+ (¢, ) is strictly pseudoconvex for each & € X* satisfying [|£|| < e. It follows
that f’ + ¢ is strictly pseudomonotone with [|£]| < e. According to Theorem 2.4, f’
is strictly s-quasimonotone.

Conversely, suppose that f’ is strictly s-quasimonotone. It follows from Theorem
2.4(c) that there exists € > 0 such that f’ 4 £ is strictly pseudomonotone for all
¢ € X~ satisfying [|€]| < e. It follows that f + (¢, -) is strictly s-quasiconvex for all
¢ € X* satistying ||€|| < e (for a direct proof, see the Appendix). Hence, f is strictly
s-quasiconvex. Il

Consider the function f: R™ — R defined by
f(z) =0.1cos (||z[|*) + 0.5]|z|>.
Then Vf(z)=F(x) and V*f(x)=F'(v),

where F' and F’ were given in Example 2.7. Since V f(z) = F(x) is strictly s
quasimonotone, Theorem 3.5 says that f is strictly s-quasiconvex. However, as its
Hessian V2f(z) = F'(x) is not positive semidefinite, f is not convex.

The next part of this section is devoted to the problem of approximating an s
quasiconvex function by strictly s-quasiconvex functions and an s-quasimonotone
map by strictly s-quasimonotone maps.

Recall that a function f: D — R is said to be Lipschitz provided there is a constant
L > 0 for which |f(z) — f(y)| < L||x — y|| for all z,y € D.

Lemma 3.6. Let f,g: D — R. If f is strictly convex and Lipschitz on D and g is
s-quasiconvex, then there is a constant ¢ > 0 such that cf + g is strictly s-quasiconvez
forall0 <c<ec.

Proof. Suppose that g is s-quasiconvex w.r.t.op > 0 and |f(z) — f(y)| < L]z — y||
for all z,y € D. Set ¢ = o9/2L. We show that cf + ¢ is strictly s-quasiconvex
w.r.t.og/2 for all 0 < ¢ < é.
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Assume that |§] < 0(/2 and
(cf +9)(x1) = (cf + 9)(x0)

|21 — o]

9(x1) — g(o) >5—c. f(z1) — f(xo).

Z 5, Xo, L1 € D.

Then =
|21 — 20| |71 — 2ol|
Since |§] < 0¢/2 and 0 < ¢ < 0¢/2L,
||.’L’1—ZL’0” 2 2

As g is s-quasiconvex w.r.t. gg, we have for all A € (0,1),

g(z1) — g(xy) >5—c- f(z1) = f(@o)

Y

Tor— o] ]
- (ef)(2) — (ef)wn) _ . gler) — glan)
implying [ I PN I

Since cf is strictly convex, it follows that

(ef)(@1) = (ef)(@r) _ (ef)(ar) = (ef)(@o)

[EZREN| [l = ol
R (eH@) — (ehles) _ _ gln) —glan)
21 — 2] 21 — 2]
Therefore (cf +9)(z1) = (c] + 9)(x2) >0 forall Xe(0,1),
1 — @]
ie., cf + g is strictly s-quasiconvex. O
A normed linear space (X, || - ) is strictly convex if |z + y|| = ||=|| + ||y|| implies

that « = ty for some t > 0 or else y is the zero vector. Equivalent conditions are
given in the Appendix.

Theorem 3.7. Let g: D — R be an s-quasiconvez function. If there is a function
f on D that is strictly convex, bounded, and Lipschitz, then for every e > 0, there
is a strictly s-quasiconvez function h on D such that sup,cp |h(z) — g(z)| < e

In particular, if D is bounded and there is an equivalent and strictly convex norm
| - llo on X, such a function h ezists.

Proof. Let ¢ > 0. According to Lemma 3.6, there is ¢ > 0 such that c¢f+ g is strictly
s-quasiconvex for all 0 < ¢ < ¢. As f is bounded on D, we can choose 0 < ¢ < ¢
with ¢ - sup,cp |f(z)] < e. Then the function h = cf + g satisfies the requirements.

Since any norm is Lipschitz, if the equivalent norm || - ||y is strictly convex and D
is bounded, we can choose f(z) = ||z||2, see [6]. The proof of boundedness and
Lipschitz continuity of f is given in the Appendix. [

In particular, if D is an interval in R and D # R, then any s-quasimonotone
function ¢ defined on D can be approximated as closely as desired by a strictly
s-quasimonotone function.
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Indeed, if D = (—o0,a) or (—oo,a], we can choose f(z) = e*, which is strictly
convex, bounded, and Lipschitz on D; if D = [a,00) or D = (a,00), we choose
flz) =e€e".

Finally we consider a similar problem for s-quasimonotone maps. The proof of the
following lemma is similar to that of Lemma 3.6.

Lemma 3.8. Given two maps F,G: D — X*. If F 1is strictly monotone and
bounded on D and G is s-quasimonotone, then there is a constant ¢ > 0 such that
cF + G is strictly s-quasimonotone for all 0 < ¢ < c.

A proof of this lemma is given in the Appendix.

Theorem 3.9. Let G: D — X* be s-quasimonotone. If there is a strictly mono-
tone and bounded map F: D — X*, then for each ¢ > 0, there is a strictly s-
quasimonotone map H on D such that sup,cp ||H(x) — G(x)|| < e.

In particular, if D is bounded and there is an equivalent and strictly convex morm
| - llo on X, such a map H exists.

Proof. The first part can be proved in a manner similar to that of Theorem 3.7.
Suppose next that || -||o is an equivalent and strictly convex norm on X. The duality
map of (X, |- ||o) is the set-valued map J: X — 2%" defined by

J(z) ={€ € X" (&) = |l=llg = lI€]5}
where |[¢]lo = sup {(¢,z) : ||z]o < 1}. By the Hahn-Banach theorem, J(z) % ) for

all z € X (see [19], p.27: J(z) = Of(z), where f(z) = 3||lz[|2). For each = € D,

take an element F(x) € J(x). As || - ||o is strictly convex, F' is strictly monotone.
Furthermore, D is bounded and so is F' (for more details, see the proof in the
Appendix). ]

4. Two versions of Wald’s Axiom
In this section we use RY; := {x =(x1,...,2,) ER":2; >0foralli=1,... ,n}.
Let P be a cone in R", i.e., Ax € P whenever x € P and A > 0.

In an n-good competitive economy, F': P C RY; — R" is said to be an excess
demand function if it is homogeneous in p € P, i.e., F(p) = F(Ap), A > 0, and
satisfies Walras’ Law, p* F(p) = 0. According to [9] and [10] the following property
is called Wald’s Axziom:

p.q € P, p'F(g) < 0and ¢" F(p) < 0 imply F(q) = F(p).
Some strong versions of Wald’s Axiom were given in [8], [11], [18], etc.
Let D be a nonempty subset of R” and Z: D — R". A strong version of Wald’s
Axiom introduced in [4] is as follows.
p,q€D, 0] <o, Z(q)# Z(p)

(SWA) 3Jo > 0 such that ¢
¢ Z(p)—9d<0

} = p' Z(q) + 6 > 0.

Example 4.1. Any map Z from a subset D of RZ, into RZ satisfies (SWA). [
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Indeed, for all p,q € D, we have p,q, Z(p), Z(q) € R%, so p" Z(q) > 0 and ¢* Z(p) >
0. If ¢*Z(p) — 6 <0, then § > 0, implying p* Z(q) + § > 0.

Example 4.2. Let P = {(pl,...,pn) eRY:p, = \/p% —i—---—l—pfl,l}.

Consider the map Z: P — R" defined by Z(p1,...,pn) = (=p1, . ‘i _“p”_l’p”)

p
Then Z is an excess demand function and satisfies (SWA). 0]
Indeed, P isacone, Z is homogeneous and p? Z(p)= HT}H (—p% — D2 +p,21) = 0.

Hence Z is an excess demand function. Furthermore, by the Cauchy-Schwarz in-
equality, we have for all p,q € P

1
' Z(q) = m(—plql—m—pnlqn1+\/pf+-~+pil-\/q%+~-+qi1) > 0.

If there is § such that ¢”Z(p) —§ < 0 and p’Z(q) + & < 0, then adding these
inequalities gives p? Z(q) + ¢ Z(p) < 0. Since ¢* Z(p) > 0 and p” Z(q) > 0, we have
p'Z(q) = ¢" F(p) = 0 and the Cauchy-Schwarz inequality again implies p = Aq for
some A > 0. As Z is homogeneous, Z(p) = Z(q). Therefore Z satisfies (SWA) for
arbitrary o > 0.

We now introduce a weaker condition than (SWA):
There exists o > 0 such that,
if |6] <o, p.ge D, Z(q) # Z(p), ¢"Z(p) =6 <0 then p'Z(q)+6>0. (13)
Remark 4.3. In fact, (13) is equivalent to each of the following conditions:
There exists o > 0 such that,
if 6€[0,0), p,g€D, Z(q) # Z(p), ¢* Z(p) —§ <0, then p" Z(q) +06>0. (14)
There exists o > 0 such that,
if 6€(—0,0], p,geD, Z(q) # Z(p), ¢ Z(p) — 6 <0, then p"Z(q) +6 > 0. (15)

Proof. (15) = (13): Indeed, suppose that Z satisfies (15) but not (13). For o in
(15), there are § € (0,0), p,q € D such that

Z(q) # Z(p), q"Z(p)—56<0 and p"Z(q)+3<0. (16)
Set 6; = —0 € (—0,0). Since p'Z(q) — 6; < 0 and Z satisfies (15), ¢* Z(p) + 61 =
q*Z(p) — & > 0. This and the second inequality in (16) force ¢7 Z(p) = § = —d;.
Since p?' Z(q) — 61 < 0, we can choose —o < &, < §; such that p?Z(q) — dy < 0.
Again (15) implies ¢7 Z(p) + d2 > 0, i.e., —0; + d2 > 0, a contradiction. Thus (15)
implies (13).
(14) = (13): Indeed, suppose that Z satisfies (14) but not (13). For ¢ in (14), there
are § € (—0,0), p,q € D such that

Z(q)# Z(p), ¢"Z(p)—6<0 and p"Z(q)+4<O0. (17)

Set 6, = —d € (0,0). Since p’Z(q) — &1 < 0 and Z satisfies (14), ¢* Z(p) + 6, =
q'Z(p) — 6 > 0. This and the second inequality in (17) force ¢ Z(p) = 6 = —4;.
Since p?' Z(q) — 8, < 0, we can choose 0 < §y < §; such that p”' Z(q) — 6 < 0. Again
(14) implies ¢7 Z(p) + 65 > 0, i.e., —0; + d2 > 0, a contradiction. Thus (14) implies
(13). O
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Clearly (SWA) implies condition (13). The next example shows that the converse

is not true.

Example 4.4. Let n > 2,1 < k <n,
D={z=(v1,...,2,) €ER":2z; >0foralli, z; =0, k+1<j <n},

and S={x=(v1,...,2,) €R":2x; > 0foralli, z; =0, 1 <i <k}
If Z: D\ {0} — S satisfies Z(x) = Z(” H) then Z is an excess demand function
and satisfies (13) but it does not satisfy Wald’s axiom and (SWA). O

It is easily seen that Z is homeogeneous and since ¢7u = 0 for all ¢ € D and u € S,
it followss that ¢ Z(p) = 0 for all p,q € D, i.e., Z is an excess demand function
and does not satisfy Wald’s axiom. Since (SWA) implies Wald’s axiom, Z does not
satisfy (SWA). Finally if ¢ Z(p) — § < 0, then § > 0 so that p? Z(q) + >0, i.e., Z
satisfies (13).

Next we present several conditions that are sufficient or necessary for (SWA) or (13).

Proposition 4.5. Let Z: D C R" — R".

(a) If for all p,q € D with Z(p) # Z(q) we have p* Z(q) > 0, ¢* Z(p) > 0, and
p'Z(q) + q* Z(p) > 0, then Z satisfies (SWA).

(b) If D is a cone, Z is homogeneous and satisfies (SWA), then for all p,q € D
with Z(p) # Z(q) we have p* Z(q) > 0, ¢* Z(p) > 0, and p* Z(q)+q* Z(p) > 0.

>0, ¢"Z(p) > 0, and p"Z(q) + ¢*Z(p) > 0
q). If for o > 0, there are 0| < o and p,q € D
) — 8§ <0 and pTZ( )+ 8 <0, then adding these
+q"Z(p) <0, a contradiction. Thus Z satisfies

Proof. (a) Suppose that pTZ( )
whenever p,q € D and Z(p) # Z(
with Z(p) # Z(q) such that ¢* Z(p
inequalities we would have p'Z(q)

property (SWA).

(b) Let Z have property (SWA) and let o be the positive number given in the
condition (SWA). Suppose p,q € D, Z(p) # Z(q). For any ¢ € (0,0), thereis A > 0
small enough such that A\¢” Z(p) —§ < 0. Note that the function ¢(\) = A\¢g" Z(p) —
is continuous and ¢(0) = —9 < 0. Hence there is Ay > 0 such that p(\) < 0 for all
A € (=X, o).

As Aq € D and Z is homogeneous, Z(Aq) = Z(q) # Z(p). Since Z satisfies (SWA),
we have p Z(A\q) +0 = p" Z(q) +6 > 0. Letting § — 0 we get p’ Z(q) > 0. Likewise,
q'Z(p) > 0. Furthermore, if ¢ Z(p) = 0, then taking § = 0 in the assumption of
(SWA) we get p”'Z(q) > 0. O

The above results can be easily modified to obtain the following proposition:

Proposition 4.6. Let P be a cone in R™ and let Z: P — R™ be homogeneous.
Then Z satisfies (13) iff for all p,q € P with Z(p) # Z(q) we have p* Z(q) > 0,
¢"Z(p) = 0.

Proof. Necessity. Let Z have property (13) and let o be the positive number given
in the condition (13). Suppose p,q € P, Z(p) # Z(q). For any § € (0,0), there is
A > 0 small enough such that \¢” Z(p) —§ < 0. As A\g € D and Z is homogeneous,
Z(M\q) = Z(q) # Z(p). Since Z satisfies (13), we have p’ Z(\q)+6 = p' Z(q)+6 > 0.
Letting 6 — 0 we get p Z(q) > 0. Likewise, ¢* Z(p) > 0.
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Sufficiency. Suppose pT' Z(q) > 0 and ¢ Z(p) > 0 whenever p,q€ P, Z(p) # Z(q). If
for o > 0, there are |§| < ¢ and p, g€ D with Z(p) # Z(q) such that ¢ Z(p) =5 <0
and p” Z(q)+d < 0, then adding these inequalities we would have p* Z(q)+q¢* Z(p) <
0, a contradicting to p” Z(q) + ¢* Z(p) > 0. Thus Z satisfies property (13). ]

Corollary 4.7. Let by, ..., by be nonzero vectors in R™ such that
P={3F Xbi:X\>0,i=1,...k}\{0} CRZ,.

Then a homogeneous function Z: P — R"™ satisfies both Walras’ law and (13) iff
q*Z(p) =0 for all p,q € P.

Proof. Suppose that Z satisfies Walras’ law and equation (13). Fix any p € P,
p = Zle Aib; with A\; > 0, ¢ = 1,..., k. By Walras’ law and Proposition 4.6,
0=p"Z(p) = S5, NI Z(p) > 0, it follows that b7 Z(p) = 0 for all i = 1,..., k.
Thus ¢*Z(p) = 0 for all ¢ € P. The converse is clear. O

Example 4.8. Let ¢: (0,00) — R be an arbitrary function that is always positive
or always negative. Let P C R?, be a cone and Z: P — R? be defined by

P1 P (D1
2 = (o(2).~22o(22))
D2 P2 \D2
Then Z is an excess demand function and satisfies Wald’s Axiom. However, Z does
not satisfies (13) unless it is constant. O

It is easily seen that Z is homogeneous and for for all p € P we have

b1 P1 (P
7200 = o (22) = pa- () =
D2 P2 \p2
Thus Z is an excess demand function. Suppose now that
a1 @1 (41 P1 P11 (D1
pTZ(q)=p1s0(—> —p2 - —go(—) <0 and qTZ(p):q1¢(_) gy _¢<_> <0.
qz g2 \q2 P2 P2 \P2

Since ¢ takes on only one sign, these inequalities yield p1gs — pagy = 0, i.e., p = A\q
for A =2 = Z—z > 0. Thus Z(p) = Z(q), i.e., Z satisfies Wald’s Axiom.

q1

Suppose Z satisfies (13) and is not constant, say, Z(p) # Z(q). Since Z is homoge-
neous, there is no loss of generality in assuming p = (s,1) and ¢ = (¢,1). According
to Proposition 4.6, we have

q" Z(p) = to(s) — sp(s) = (t — s)(s) = 0,
and P'Z(q) = sp(t) — to(t) = (s — t)e(t) > 0.
It follows that ¢ = s, and so p = ¢, and hence, Z(p) = Z(q), a contradiction. ]
In [4] we considered ¢(t) = —t* (2+sinl) < 0 for ¢ > 0.
Corollary 4.9. Let by, ..., by be nonzero vectors in R™ such that

P={F Nbi:X\>0,i=1,...k}\{0} CRZ,.

The unique excess demand function defined on P and satisfies (SWA) is the constant
map Z(p) = 0.
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Proof. Suppose Z is an excess demand function on P and satisfies (SWA).
By Corollary 4.7, ¢* Z(p) = 0 for all p,q € P. If there were p,q € P with Z(p)

7&
Z(q), then for § = 0 we would get ¢* Z(p) —d = 0 and (SWA) would imply ¢* Z(p) +
d =0 > 0, a contradiction. (An alternative proof is given in the Appendix.) O

Corollary 4.10. Let Z be a continuous excess demand function defined on a convex
cone P C RZ,.

(a) If Z satisfies (13), then p*Z(q) =0 for all p,q € P.

(b) If Z satisfies (SWA), then it is a constant map.

Proof. (a) Assume that Z satisfies (13) and that p,q € D, Z(p) # Z(q). Set
= (1 —t)p+tq, t € [0,1], so xg = p, 1 = q. According to Proposition 4.6,
p"Z(x;) > 0and ¢"Z(z;) > 0. Thus 0 = a] Z(z) = (1 — t)p" Z () + tq" Z(xy) > 0,
whence p? Z(z;) = ¢" Z(x;) = 0. Letting ¢ — 1 we obtain p” Z(q) = 0. Likewise
¢ Z(p) = 0.

(b) Suppose that Z is not constant, say Z(p) # Z(q). If Z satisfies (SWA), then it
satisfies (13) and by part (a), p’ Z(¢q) = ¢* Z(p) = 0. This contradicts Proposition
4.5(b). Therefore Z must be constant. O

Finally we state a relationship between the concept s-quasimonotonicity and condi-
tion (13).

Theorem 4.11. Let Z be an excess demand function on a conver cone P C RY,.
Then Z satisfies (13) iff —Z is s-quasimonotone.

Proof. Assume that Z satisfies (13). Let 0 > 0 be given in (13). Suppose that

o (g—p)"
Then (¢ —p)"Z(p) +dllg —pll 0. (19)
Choose 0 < A < 1/||g — p|| and let p' = Ap, ¢ = A\g, and &' = —\d||qg — p|| =

—0|l¢" — p'l]. Then |&'| = Adlllg — p|| <[] < o. Multiplying both sides of (19) by
A gives (¢ — )T Z(p) — & = ¢TZ(p') —§ < 0. Note that Z is homogeneous and
satisfies Walras’ Law! As Z satisfies (13), we get p'7 Z(q') + ¢’ > 0. This implies

(@ —=p)"Z(q) =0 = (¢ —p)"Z(q) -0 <0.

Thus (¢ —p)"Z(q) + 6|lg — p|| <0, i.e., (¢ —p)"/llg —pll(— Z(q)) > 6. Hence —Z
is s-quasimonotone.

Suppose now that —Z is s-quasimonotone w.r.t. ¢ > 0, 0 € [0,0), and p,q € P,
Z(p) # Z(q) such that

q' Z(p) -4 < 0. (20)
Choose A>1 such that |[g—Ap|| > 1. Note that pe RZ, so |[g—Ap|| > Al|p||—]l¢]] = o0

as A — 00. Inequality (20) is equivalent to ¢* Z(p')—6 < 0 where p’ := \p. Z satisfies
Walras’ Law, so we have (¢ — p’)T( — Z(p’)) + ¢ > 0, which can be rewritten as

, )
(=20)) + 7 =

(g—p)"

g — 7'l
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Since 0 < —2- <§ <o and —Z is s-quasimonotone w.r.t. o > 0,

lla—p'll
(¢ =)' J
(= Z@) + ———7 20,
IIq—p’II( ) la —p'|l
or, equivalently, P Z(q)+6=Mp"Z(q)+6>0.
It follows that p”Z(q) + & > p"Z(q) + /X > 0. Finally Remark 4.3 completes the
proof. [

A. Appendix
The Hahn-Banach theorem

A1l. First formulation: [7], p.3: Let X be a normed vector space and denote by X*
the dual space of X. For every vy € X there exists § € X* such that

18oll = llwoll - and (o, v0) = fluoll*. (21)

A2. Second formulation: [1], p.76: Let X be a normed vector space and vy € X,
vo # 0. Then there is an element & € X* such that ||&|| = 1 and (£o, vo) = ||vo]|-

A3. Details of the proof of Theorem 2.4: Applying (21) with vy := (x1—x)/||z1—20||
we find that there is £ € X* satisfying

1€l =1 and (&, vo) = [lvo]| = 1.
Setting { = —d&o we get [|€]| = [0] - [[Soll = |6] and (£, vo) = —6{&o, vo) = —0. O

The Mean Value Theorem

A4. [1], p.92: It can also be easily shown that the formula f(b)— f(a) = f'(c)(b—a)
remains valid for scalar functions f(z) whose argument belongs to an arbitrary
topological linear space.

In this case [a,b] ={x:z=a+t(b—a), 0 <t <1}, and the open interval (a,b)
is defined analogously; the differentiability may be understood in Gateaux’ sense.
Putting ¢(t) = f(a+t(b— a)), we reduce the proof to the case of one real variable.

For vector-valued functions the situation is quite different (a counterexample is given
in [1]).

A5. (The Mean Value Theorem) Let X and Y be normed linear spaces, and let
an open set U C X contain a closed interval [a,b]. If f: U — Y is a Gateaux
differentiable function at each point x € |a,b], then

1£(b) = fla)[l < sup_ [[f()]l - b= all.

c€la,b]
A6. Proof of Theorem 3.5. Conversely, suppose that f’is strictly s-quasimonotone.
It follows from Theorem 2.4 that there exists € > 0 such that f’+ £ is strictly pseu-
domonotone for all £ € X* satisfying [|£|| < €. Assume that f is not strictly
s-quasiconvex w.r.t.c = €. Then there are zg,z7 € D, xyg # x1, A € (0,1),
xzy = (1 = XN)zog + A\xy, and |[0] < € such that

f(x1) — f(xo) >§ and f(x1) — f(xy)

1 = o] [ = @]

<. (22)
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Let z;:=(1—t)zo + tzy, ¥(t) = L8 and v = £=20_ Then (22) is equivalent to

] llz1—zoll”
w(1) — () > 9> YUV

These inequalities imply (1) —(0) > Ao+ (1 — X)d > A0 + (1) — 1p(N), whence

Applying the Mean Value Theorem to 1) we obtain a € (0,\) and 5 € (A, 1) such
that ¢/(a) = [¢(A) — ¥(0)] /A and ¢/(8) = [¢(1) — ¥(N)] /(1 — A). We then have
V() > 6> (), ie.,

(f'(za),v) > 0> (f'(x5),0). (23)

The Hahn-Banach theorem guarantees the existence of £ € X* satisfying

€]l = 16] and (&,v) = —6.

Hence (23) can be rewritten as (f'(z4) +&,v) > 0 > (f'(z5)+&,v), or, equivalently,

(f'(xa) +& 15 —20) > 0> (f'(xp) + & 25 — T0)

since v = (x5 — x4)/||Ts — 24|/ This is impossible because condition ||£|| = || < €
implies that f’ + & is is strictly pseudomonotone. O

AT7. Details of the proof of Theorem 3.7: If D is bounded, ||z|| < K for all z € D,
and ||z|lo < B||z|| for all z € X, then f(x) = ||z||2 < 8?||z||* < 82K, so f is bounded
on D. Furthermore, for z,y € D, we have

@) = F@)] = =15 = 1915] = [llzllo = lwllo[Cllzllo + llyllo)
< llz = ylo(llzllo + lyllo) < Bllz — yll(Bllzll + Bllyll) < 268°K |z — y|.

Thus f is Lipschitz on D. [

Equivalent conditions for a norm to be strictly convex

AS8. [6], p.35: If a linear normed space enjoys the property “Any nonidentically zero
continuous linear functional takes a maximum value on the closed unit ball at most
at one point”, it is called astrictly convex space. In terms of supporting hyperplanes,
this property may be expressed as: distinct boundary points of the closed unit ball
have distinct supporting hyperplanes.

A linear normed space is strictly convex if and only if one of the following equivalent
properties holds:

(a) If |z + y|| = ||z]| + |ly]| and @ # 0, there is t > 0 such that y = tz.

(b) If [|z|| = ||y]| = 1 and = # y, then [|Az + (1 — N)y|| < 1 for all A € (0, 1).
(¢) If lz] = [yl = 1 and = # y, then |[(z +y)/2| < 1.

(d) The function x — ||z||?, = € X, is strictly convex.
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A9. (Asplund) Let X be a reflexive Banach space. Then there exists an equivalent
norm on X, such that, under this new norm, X and X* are strictly convex, that is,
X and X* are simultaneously smooth and strictly convez.

A10. Proof of Lemma 3.8. Suppose that G is s-quasimonotone w.r.t.cqg > 0
and |F(z)| < L for all x € D. Set ¢ = 0¢/2L. We show that c¢F' + G is strictly
s-quasimonotone w.r.t. og/2 for all 0 < ¢ < ¢ Assume that zg, 21 € D, xy # 1,
|0] < 00/2 and

1 — 2o

cF 4+ G)(xg),v) >0 here v = ———.
<( )( 0) > w HIL’1—$0H

Then (G(zo),v) > — c(F(x),v). Since |d| < 00/2 and 0 < ¢ < 70/2L,

|6 — c(F(z0),v)| < 6] +cL < %—I—% = 0y.

As G is s-quasimonotone w.r.t.oq, we have <G(x1), v> >0 — c<F(x0), v> implying
c(F(zo),v) > 6 — (G(z1),v).

Since cF is strictly monotone, it follows that c¢(F(z1),v) > ¢(F(z¢),v) and hence,
o(F(z1),v) > 6 — (G(x1),v). Therefore ((cF + G)(z1),v) > 6, ie., cF + G is
strictly s-quasimonotone. Il

A11. Proof of Theorem 3.9. Suppose ||[F(x)|| < L for all x € D. Let ¢ > 0.
According to Lemma 3.8, there is ¢ > 0 such that cF'+ G is strictly s-quasimonotone
for all 0 < ¢ < é. Choose 0 < ¢ < ¢ with ¢L < €. Then the function H = cF' + G is
strictly s-quasimonotone and

|H(x) — G(x)|| =c||F(x)|]| <cL <e forall x e D.

Suppose now that F(z) € J(x) for all x € D and F is not strictly monotone, then
there are x,y € D, x # y, such that

(F(z) = Fy),x —y) 0. (24)

Set £ = F(z), n = F(y). If x =0, then & = 0 (since ||€|| = ||=]lo) and (24) reduces
to <77,y> < 0, which contradicts the fact that <77,y> = |ly|lo > 0 since y # = = 0.
Likewise y # 0 and 1 # 0. According to (24),
0> —na—y)=(z)—(&y)—(nz)+(ny)
> [lz)15 = I€lollyllo — lInllollzllo + [Iy115

= llzlI§ = 2ll=llollyllo + Ills = (=]l = llyllo)*.

It follows that [|zlo = [lyllo and (&, y) = (n,z) = ||z[lo[|y]lo-

Hence flzllo - |+ yllo > (€. +4) = (€2 + (€5) = I3 + llelollyllo, whenee,
I+ yllo > llzllo + lyllo and so [}z + yllo = allo + lyllo- Strict convexity of |l - [l
implies that x = ty for some ¢ > 0. This combined with ||z|o = ||y||o implies ¢ = 1,
i.e., x = y. This is impossible since z # y. ]



P.T.An, V. T.T. Binh, N.N. Hai / Strictly Stable Generalized ... 141

Versions of Wald’s Axiom

A12. Alternative proof of Corollary 4.9. Suppose that Z: RZ, — R" is
an excess demand function and satisfies (SWA). Fix an arbitrary p € RZ; and
set Z(p) = (z1,...,2). If Z(p) has a negative component, say z; < 0, then for
¢ = (t,1,...,1) € R, we have ¢/ Z(p) =tz1 + 22+ -+ + 2, = —00 as t — oo.

By Proposition 4.5, we must have Z(p) = Z(q;) for all ¢ large enough. But then by
Walras’ law, t21 + 29 + -+ + 2, = ¢ Z(p) = q! Z(q;) = 0 for all ¢ large enough, a
contradiction. Thus z, > 0 for all k = 1,...,n. This and Walras’ Law p’ Z(p) =

p121+ -+ pPpzn = 0 imply p121 = --- = pp2z, = 0so that z; = --- = 2, = 0. Thus
Z is the constant map 0 and it is easy to see that this map is an excess demand
function and satisfies (SWA). O

A13. Second proof of Corollary 4.10 (b): Let F: P — R™ be a continu-
ous excess demand function satisfying (SWA). Suppose that F is not constant, say
F(p) # F(q). By Proposition 4.5 we can assume p’ F'(¢) > 0. Let x; = (1 —t)p+tq,
t €[0,1], so kg = p, x1 = q. Set

a=sup{t€[0,1]: F(z:) = F(p)}.

Such an « exists and by continuity of F' we have F(z,) = F(p). Hence a < 1.
Likewise, set

B=inf{t € [a,1]: F(x)) = F(q)}.
Then F(z3) = F(¢q) and 8 > a. For all v € (a, ) we have F(z,) # F(p) and
F(z,) # F(q). So, we can assume, by replacing p with z, and ¢ with x4 if neces-
sary, that F'(z;) # F(p) and F(x;) # F(q) for all t € (0,1). Again, according to
Proposition 4.5, p" F(z;) > 0 and ¢" F'(z;) > 0. Thus
0=alF(x;) = (1 —t)p" F(x;) + tq" F(x;) >

0,
whence p? F(z;) = ¢" F(x;) = 0. Letting t — 1 we obtain p” F(¢) = 0, contradicting
assumption p? F(q) > 0. Therefore F' must be constant. [

A14. Example. Let F': R — R be defined by

Fl) g—ktan*lm if x <0,
T g
ngsinx if x > 0.

L ifr<0
We have F'(z) = { +*° 1 r="
cosx if x> 0.

It is clear that |F(z)| < g—l — 1 <0 = F'(z) > 0. Thus F satisfies

condition (11) and by Theorem 2.5, F' is strictly s-quasimonotone w.r.t. o = —147.
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