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The classical Sard theorem (in a special case) states that the set of critical values of a C1-map
from an open set of Rn to Rn has Lebesgue measure zero. Motivated by a recent work of Bar-
bet, Dambrine, Daniilidis and Rifford [Sard theorems for Lipschitz functions and applications in
optimization, Israel J. Math. 212(2) (2016) 757-–790], we obtain in this paper versions of this
theorem for a finite family of essentially smooth Lipschitz maps and for a locally Lipschitz con-
tinuous selection of this family. Here, a locally Lipschitz map is essentially smooth if its Clarke’s
subdifferential reduces to a singleton almost everywhere. As applications, we establish the generi-
city of Karush-Kuhn-Tucker type necessary condition for scalar/vector parametrized constrained
optimization problems, Lebesgue zero measure of the set of Pareto optimal values of a map and
the genericity of the finiteness of the solution set for a nonsmooth equation.
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1. Introduction

The classical Sard theorem states that the set of critical values of a Ck-map from an
open set of Rn to Rp (we restrict ourselves to the case n ≥ p) has Lebesgue measure
zero provided k ≥ n − p + 1, see [28]. Recall that a point x is critical point of f if
rankf ′(x) < p and y is a critical value of f if it is an image of some critical point.
The case p = 1, known as the Morse-Sard theorem, has been considered earlier in
[20]. The Sard theorem has been extended to d.c. functions (d.c. means “difference
of convex functions”) defined on R2 in [18]. Mentioning that the hypothesis in [28] is
based solely on the differentiability of f , Sard relaxed it and imposed other conditions
on the set of critical points [29]. Later, it was shown that the Ck smoothness
assumption can be weakened to Ck−1,1, see [4] and its refinement [22] for the case
n > p and [15, 16, 26] for the case n = p. Here, Ck−1,1 (k > 1) means that f is
Ck−1 and its (k−1)th derivative is locally Lipschitz and C0,1 means that f is locally
Lipschitz. There is a rich literature on important applications of the Sard theorem
in the theories of differentiable manifolds and of degrees of maps, in optimization,
ect..., and extensions of this result to other classes of maps. We cannot mention all
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of the works in this area and therefore restrict ourselves to the survey [1] and the
references therein.
We would like to look longer at the case when f is a map between spaces of the
same dimension. In the classical versions of the Sard theorem, the differentiability
condition is that f is a C1-map (i.e., f is continuously differentiable) [28] or at
least f is differentiable at considered points [29]. However, the map f is dictated
by a problem at hand, and certainly may fail to satisfy the above conditions. Since
nonsmooth phenomena in mathematics occur naturally and frequently, several ap-
proaches have been used for defining the notion of criticality in such situations and
we would like to recall three of them:
The approach taken by Rader [26] is to work with the classical derivative and he adds
points at which the derivative does not exist to the set of (classical) critical points.
The second approach, stemming from the work of Clarke [11] for locally Lipschitz
maps, seeks to replace the classical derivative with the Clarke subdifferential, which
is a set of generalized derivative and is nonempty at every point in the domain of a
considered map. In Jofre’s approach [17], the critical point notion is associated to a
“Fréchet style” approximation of a so called Fréchet-stable map.
Locally Lipschitz maps appear nearly everywhere in mathematics see for instance
[12] and, as it was remarked in [3], endeavoring to generalize the Sard theorem for
these maps is a huge challenge even in the simplest nontrivial case n = p. In fact,
the set of the Clarke critical values may have the positive Lebesgue measure [19] and
the set of the Clarke critical points may be equal to the whole space R for a generic
(with respect to the uniform topology) map f when n = 1 [3] (for the general case
n > 1, see [10]). To obtain the Sard theorem for the Clarke critical values, an extra
assumption is needed. In [15], such an assumption is that f is essentially smooth
Lipschitz, i.e., f is locally Lipschitz and the Clarke subdifferential of f reduces to a
singleton almost everywhere (a.e.). Here, “almost everywhere” means “except for a
set of Lebesgue measure zero”.
Recently, Barbet, Dambrine, Daniilidis and Rifford established in [3] the so called
“preparatory Sard theorem” for a compact countable set I of Ck maps from an open
subset of Rn to Rp with k ≥ n − p + 1 and a Sard theorem for a locally Lipschitz
continuous selection of this family. Since essentially smooth Lipschitz maps form
a significant subclass of the class of locally Lipschitz maps (see Section 2), further
research on the Sard theorem for such maps is of interest.
In this paper, we prove that the C1 assumption in the mentioned above results of [3]
can be weakened to “essential smooth Lipschitz” one in the special case n = p and the
indexed family I is finite. As applications, we show that the following assertions hold
true under an essential smooth Lipschitz hypothesis: (i) for almost all parameters,
any optimal solution/weak Pareto optimal solution to scalar/vector parametrized
constrained optimization problems satisfies Karush-Kuhn-Tucker necessary condi-
tion; (ii) the set of Pareto optimal values of a map has Lebesgues measure zero; (iii)
for almost all y, a nonsmooth equation f(x) = y has at most a finite number of
solutions. Our techniques are based on results about the Clark subdifferential from
[11, 12] and some arguments of [2, 3, 15].
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The paper is organized as follows. Section 2 contains preliminaries. Sections 3 and
4 concern with the “preparatory Sard theorem” and the Sard theorem for Lipschitz
selections, respectively. Section 5 is devoted to applications in optimization and
nonsmooth equations.

2. Preliminaries

Notations: Let be given an Euclidean space X. In what follows B and B(x, r) are
the closed unit ball and the closed ball centered at x ∈ X with radius r, respectively,
and for a set U ⊂ X, Ū , ∂U and clconvU stand for the closure, the boundary and
the closed convex hull of U . From now on unless otherwise stated, let

f = (f1, ..., fp) : Ω ⊆ Rn → Rp

be a map and Ω be a nonempty open set.
The map under our consideration is assumed to be locally Lipschitz and it is known
that such a map enjoys remarkable properties. For instance, it satisfies the so called
Condition (N) about the image of a null set, which was introduced by Lusin, see
[21] (a null set means a set with Lebesgue measure zero). We state this property in
the following.
Proposition 2.1. If f is locally Lipschitz on Ω, then it satisfies Condition (N),
i.e., the image of any null subset of Ω by f is a null set.

Proposition 2.1 can be proved, for instance, by using [23, Lemma 4.1], which states
a similar property for the case f is globally Lipschitz on Ω, see also [14].
Another remarkable property of a locally Lipschitz map (formulated in the Rade-
macher theorem) is that f is Fréchet differentiable (each fi is Fréchet differentiable)
a.e. on any neighborhood of x in Ω. Let us recall the Clarke subdifferential based
on this property of locally Lipschitz maps.
Definition 2.2. Assume that f is locally Lipschitz on Ω. The Clarke subdifferential
of f at x∈Ω, denoted by ∂f(x), is the closed convex hull of all n×p-matrices ob-
tained as the limit of a sequence of derivatives f ′(xi), wherexi → x and f ′(xi) is defined:

∂f(x) := clconv {v ∈ Rn×p : v = lim
xi→x,f ′(xi) exists

f ′(xi)}.

Note that if f is Fréchet differentiable at x, its derivative f ′(x) coincides with the
n× p - matrix of partial derivatives of f at x. Basic properties of the Clarke subdif-
ferential are collected in the following proposition, see [12, Propositions 2.2.1, 2.2.2,
2.2.4. and 2.6.2].
Proposition 2.3. Assume that f is locally Lipschitz on Ω. Let x ∈ Ω. Then the
following assertions hold:
(a) ∂f(x) is a nonempty compact convex subset of Rn×p.
(b) ∂f is upper semicontinuous at x: for any ϵ > 0 there is δ > 0 such that, for

all u in x+ δB: ∂f(u) ⊂ ∂f(x) + ϵBn×p.

(c) If f admits Fréchet derivative f ′(x), then f ′(x) ∈ ∂f(x).
(d) If f is continuously differentiable at x, then ∂f(x) = {f ′(x)}.
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(e) If ∂f(x) reduces to a singleton {ξ}, then ξ = f ′(x) and for each v ∈ Rn one
has

lim
u→x,t→0+

1
t
[f(u+ tv)− f(u)]− f ′(x)(v)∥ = 0. (1)

Remark 2.4. Borwein used the expression f is “Fréchet-type strictly differentiable”
(in short, strictly differentiable) at x in [8, p.323], which means, in the finite dimen-
sional setting, that the convergence in (1) is uniform with respect to v in compact
sets [12, p. 30-31] and which is equivalent to “∂f(x) reduces to a singleton”, see
[12, Proposition 2.2.4].

Next, we state a result relating the equality (1) and the strong differentiability,
which is one of key tools in the proof of our version of the Sard theorem. Recall [23,
p.324]) that f is strongly differentiable at x if for any ϵ > 0 there is exists δx > 0
such that B(x, δx) ⊂ Ω and for any pair x1, x2 ∈ B(x, δx), one has

∥f(x1)− f(x2)− f ′(x)(x1 − x2)∥ ≤ ϵ∥x1 − x2∥.

Lemma 2.5. If f satisfies the equality (1) at x, then f is strongly differentiable at x.
Proof. Let ϵ > 0. Then the equality (1) implies the existence of δx > 0 such that
B(x, δx) ⊂ Ω and for all x′ ∈ B(x, δx) and t ∈]0, 2δx], the inequality

∥1
t
[f(x′ + tv)− f(x′)]− f ′(x)(v))∥ ≤ ϵ (2)

holds for all v ∈ B. Let x1, x2 ∈ B(x, δx) with x1 ̸= x2. Observe that

1

∥x1−x2∥
[f(x2)− f(x1)]− f ′(x)

x2 − x1

∥x1−x2∥
=

1

t
[f(x1 + tv)− f(x1)]− f ′(x)(v),

with t = ∥x1 − x2∥, v = (x2 − x1)/∥x1 − x2∥. Since 0 < t ≤ 2δx, v ∈ B and
x2 = x1 + tv, the inequality (2) implies

∥ 1

∥x1 − x2∥
[f(x2)− f(x1)]− f ′(x)(

x2 − x1

∥x1 − x2∥
)∥ ≤ ϵ

or ∥f(x1)− f(x2)− f ′(x)(x1 − x2)∥ ≤ ϵ∥x1 − x2∥.

Now, we explain the name of the main object of our study, the so called essentially
smooth Lipschitz maps. Note that Lebourg’s concept of smoothness for a real-valued
function [19, Definition (2.9)] extended to the vector-valued map f states that f is
smooth at x ∈ Ω if it is locally Lipschitz on some neighborhood of x in Ω and ∂f(x)
reduces to a singleton. On the other hand, Borwein’s concept of essential smoothness
[6, p.68] (as it was recalled in [8, p.323]) for the locally Lipschitz map f restricted
to a finite dimensional space setting and in terms of the Clarke subdifferential leads
to the following definition.
Definition 2.6. Assume that f is locally Lipschitz on Ω. We say that f is essen-
tially smooth on Ω if ∂f(x) reduces to a singleton a.e. on Ω.

As noted in Remark 2.4, a locally Lipschitz map is essentially smooth if and only if it
is strictly differentiable a.e. Essentially smooth Lipschit maps have been considered
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in a finite dimensional space setting in [15, 24, 25] and in a separable Banach space
setting in [6, 7], see also Borwein-Woors papers in late 1990s [8, 9]. In [24, 25], the
author used the name a primal function for a locally Lipschitz map f : Rn → R the
Clarke subdifferential of which is single-valued a.e. (this name is due to the fact that
a primal map defined on a connected open set can be recovered by its subdifferential).
Essentially smooth Lipschitz maps on an open subset of Rn form a broad linear space
containing, for instance, d.c. functions [25, Theorem 7, p. 1008]. It was shown that
demand functions of some economies are essentially smooth Lipschitz [5]. Below are
some illustrating examples.
Example 2.7. (i) See [19, Proposition (1.9)]. Let M be a measurable subset of R,
which intersects every nonempty open interval I ⊂ R in a set of positive measure
0 < mes(M ∩ I), and let g be the indicator function of M . Let f : R → R be the
continuous function defined on R by

f(x) :=

∫ x

0

g(t)dt.

The function f is well-defined, strictly increasing, and locally Lipschitz on R. The
derivative of f is a.e. 0 or 1 and each value is achieved on a dense subset of R. Thus,
∂f(x) = [0, 1] for all x ∈ R and f is nowhere smooth.
(ii) See [23, p.324] Let f : R → R be the function defined by

f(x) =

{
x2 sin(1/x) if x ̸= 0

0 if x = 0

This function is locally Lipschitz on R and

∂f(x) =

{
{2x sin(1/x)− cos(1/x)} if x ̸= 0

[−1, 1] if x = 0

Thus, f is smooth everywhere except at x = 0 (it has the Fréchet derivative f ′(0) =
0) and hence, it is essentially smooth on R.
(iii) Let C ⊂ R be the Cantor (uncountable) set with positive Lebesgue measure.
The function f : R → R given by f(x) = d(x,C) is essentially smooth Lipschitz on
R [8, Example 4.1]. For each i = 1, ..., n, we define the set Ci

Ci := {(x1, ..., xi, ..., xn) ∈ Rn : xi ∈ C, xj = 0 for j ̸= i}

and a function fi : Rn → R by fi(x) = d(x, Ci). Let f : Rn → Rn be the map defined
by f(x) = (f1(x), ..., fn(x)). This map is essentially smooth Lipschitz on Rn.

Next, we recall some concepts of critical points/values in the case n = p.
Definition 2.8. Let f : Ω ⊆ Rn → Rn.
(i) The set Crif of critical points in the classical sense [29] is given by

Crif := {x ∈ Ω : f ′(x) exists and detf ′(x) = 0}.
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(ii) The set CriRf of critical points in the sense of Rader [26] is given by

CriRf := {x ∈ Ω : f ′(x) does not exist or f ′(x) exists and detf ′(x) = 0}.

(iii) (f is assumed to be locally Lipschitz) The set CriCf of critical points in the
sense of Clarke [12] is given by

CriCf := {x ∈ Ω : ∃A ∈ ∂f(x), detA = 0}.

(iv) x ∈ Ω is a regular point in some sense if it is not a critical point in this sense.
(v) y ∈ f(Ω) is a critical value in some sense if it is an image of a critical point in

this sense and y is a regular value in some sense if all points in its preimage
f−1(y) are regular in this sense.

Note that Clarke used an equivalent definition for regularity in [12]: x is non-singular
if any A ∈ ∂f(x) has maximal rank n. In what follows we omit the term “classical”
and will use also the terms “the Rader/Clarke critical/regular point/value” for the
concepts in Definition 2.8.
The classical Sard theorem [28] states that the set of critical values of a Ck map
from Ω ⊆ Rn to Rp has the Lebesgues measure zero provided k ≥ n− p+ 1. Some
extensions of the Sard theorem for the particular case n = p are collected in the
following.
Theorem 2.9. Let f be a map from an open set Ω of Rn into Rn.
(i) ([26, Lemma 2]) If f is Fréchet differentiable a.e. and satisfies Condition (N),

then mesf(CriRf) = 0.

(ii) ([15, Theorem 3.2]) If f is essentially smooth Lipschitz, then mesf(CriCf) = 0.

Remark 2.10. (i) Let f be the function in Example 2.7 (i). Theorem 2.9 (i)
yields mesf(CriRf) = 0. Note that for this map one has mes(CriCf \ CriRf) > 0,
i.e., CriRf is a proper subset of CriCf . This example also shows that one can not
drop the assumption on the essential smoothness in Theorem 2.9 (ii). Indeed, since
CriCf = R and f is strictly increasing continuous, we have mesf(CriCf) > 0.
(ii) Theorem 2.9 (ii) can be applied for instance to the map in Example 2.7 (iii).
(iii) It has been established that if A ⊆ Crif is a countable union of sets each of
which has a finite outer n-dimensional Hausdorff measure, then mesf(A) = 0 [29,
Theorem 1]. The assertions of Theorem 2.9 can be proved with the help of this
result and Proposition 2.1 (see also [16, Theorem 3.1] for a detailed proof of the
assertion (i) in the case of locally Lipschitz maps). Note that by the Rademacher
theorem and Proposition 2.1, a locally Lipschitz map satisfies all conditions of the
assertion (i).

3. A version of the preparatory Sard theorem for essentially smooth
Lipschitz maps

In this section, we establish a version of the so called preparatory Sard theorem [2]
in the case n = p for essentially smooth Lipschitz maps. As before, Ω is an open
subset of Rn.
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Let ∆m and inn∆m be the m-dimensional simplex in Rm+1 and its algebraic interior

∆m := {λ = (λ0, λ1, ..., λm) ∈ Rm+1 : λi ≥ 0,
m∑
i=0

λi = 1}

and inn∆m := {λ = (λ0, λ1, ..., λm) ∈ Rm+1 : λi > 0,
m∑
i=0

λi = 1}.

Let ϕi : Ω ⊆ Rn → Rn, i = 0, 1, ...,m be locally Lipschitz maps and

Ψ(λ, x) :=
m∑
i=0

λiϕi(x), (λ, x) ∈ inn∆m × Ω.

Clearly, Ψ is a locally Lipschitz map on inn∆m × Ω. The following concept is
motivated by the one of strongly critical points for a C1-map Ψ given in [2].

Definition 3.1. The set ĈriΨ of strongly critical points of Ψ is defined by

(λ, x) ∈ ĈriΨ ⇐⇒

{
ϕi(x) = ϕ0(x), ∀ i ∈ {1, ...,m}
∃A ∈

∑m
i=0 λi∂ϕi(x), rankA < n.

A scalar t ∈ R is called strongly critical value of Ψ if we have Ψ(λ, x) = t for some
(λ, x) ∈ ĈriΨ.

Our main result reads as follows.
Theorem 3.2. Given m+ 1 maps ϕi : Ω → Rn, i = 0, 1, ...,m, we set{

Ψ : inn∆m × Ω → Rn

Ψ(λ, x) :=
∑m

i=0 λiϕi(x)

for all λ = (λ0, λ1, ..., λm) ∈ inn∆m and x ∈ Ω. Assume that the maps ϕi, where
i = 0, 1, ...,m, are essentially smooth Lipschitz on Ω. Then mesΨ(ĈriΨ) = 0.

Note that Theorem 3.2 reduces to the assertion (ii) in Theorem 2.9 when m = 0.
Let us establish an auxiliary result.

Lemma 3.3. The set ĈriΨ is closed in inn∆m × Ω.
Proof. Let {(λj, xj)}∞j=1 be a sequence and (λ, x) ∈ inn∆m × Ω be a vector such
that (λj, xj) ∈ ĈriΨ for j = 1, 2, ... and limj→∞(λj, xj) = (λ, x). We have to show
that (λ, x) ∈ ĈriΨ.
Define λ = (λ0, λ1, ..., λm) and λj = (λj

0, λ
j
1, ..., λ

j
m). Observe that λ ∈ inn∆m. Since

(λj, xj) ∈ ĈriΨ, for all i ∈ {1, ...,m} we have ϕi(x
j) = ϕ0(x

j) and the continuity of
the functions ϕi implies ϕi(x) = ϕ0(x) for all i.
Let M := sup{∥v∥ : v ∈ ∂ϕi(x), i = 0, ...,m}. Proposition 2.3 (a) implies M < +∞.
If M = 0, then (λ, x) ∈ ĈriΨ and the assertion follows. Assume that M > 0. For
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j = 1, 2, ..., set ϵj := 1/2j. Taking a subsequence if necessary, we may assume that

|λj
i − λi| ≤

ϵj
3M(m+ 1)

and since the subdifferential map is upper semicontinuous (Proposition 2.3 (b)), we
may assume that

∂ϕi(x
j) ⊂ ∂ϕi(x) +

ϵj
3
B

for j = 1, 2, ... and i = 0, ...,m. Therefore, we have
m∑
i=0

λj
i∂ϕi(x

j) ⊂
m∑
i=0

λj
i∂ϕi(x) +

ϵj
3

m∑
i=0

λj
iB

⊂
m∑
i=0

λi∂ϕi(x) +
m∑
i=0

(λj
i − λi)∂ϕi(x) +

ϵj
3
B

⊂
m∑
i=0

λi∂ϕi(x) +
m∑
i=0

ϵj
3M(m+ 1)

MB+
ϵj
3
B ⊂

m∑
i=0

λi∂ϕi(x) +
2ϵj
3
B. (3)

Since (λj, xj) ∈ ĈriΨ, for each j = 1, 2, ... one can find Aj ∈
∑m

i=0 λ
j
i∂ϕi(x

j) such
that rankAj < n. By (3), for each j = 1, 2, ... one can find Ãj ∈

∑m
i=0 λi∂ϕi(x) such

that ∥Aj − Ãj∥ ≤ 2ϵj
3
. Proposition 2.3 (a) implies that the set

∑m
i=0 λi∂ϕi(x) is com-

pact. Without lost of generality we may assume that there exists A ∈
∑m

i=0 λi∂ϕi(x)

such that ∥A− Ãj∥ ≤ ϵj
3
.Then ∥Aj −A∥ ≤ ϵj and the lower semicontinuity property

of the rank function implies

rankA ≤ lim inf
j→∞

rankAj < n.

Thus, (λ, x) ∈ ĈriΨ.

We are ready now for the proof of Theorem 3.2.

Proof. Without loss of generality, we may assume that Ω is bounded. Denote

D := {x ∈ Ω : ϕi is smooth at x for all i = 0, 1, ...,m}.

Since ϕi is smooth a.e. on Ω for all i = 0, 1, ...,m, the set Ω\D has Lebesgue measure
zero and so is the set inn∆m× (Ω\D). Therefore, the set ĈriΨ∩ (inn∆m× (Ω\D))
also has Lebesgue measure zero. Observe that the map Ψ is locally Lipschitz on
inn∆m × Ω. Therefore, Proposition 2.1 implies that

mes Ψ(ĈriΨ ∩ (inn∆m × (Ω \D))) = 0.

Hence, it remains to prove that

mes Ψ(ĈriΨ ∩ (inn∆m ×D)) = 0.

For simplicity, we write K := ĈriΨ ∩ (inn∆m ×D).
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By Lemma 3.3, the set ĈriΨ is measurable, and hence, so is the set K. Moreover,
since K is bounded, there exists an increasing sequence of compacts subsets of K,
say {Γi} (i = 1, 2, ..) such that mes(K \∪∞

i=1Γi) = 0. Again, Proposition 2.1 implies
that mes Ψ((K \ ∪∞

i=1Γi)) = 0. Hence, our proof will be achieved if we prove that
for any nonempty compact subset Γ of K we have mes Ψ(Γ) = 0.

Let ϵ > 0 be an arbitrary scalar. To any λ := (λ0, ..., λm) ∈ inn∆m we associate a
map Φλ defined by

Φλ : u ∈ Ω → Φλ(u) =
m∑
j=0

λiϕi(u).

It is clear that the map Φλ is essentially smoth Lipschitz on Ω.
Now, let (λ, x) ∈ Γ ⊂ K. Then x ∈ D and ϕi is smooth at x for all i = 0, 1, ...,m
and so is the map Φλ. Thus, ∂Φλ(x) = {Ax,λ}, where

Ax,λ =
m∑
i=0

λiϕ
′
i(x) (4)

and ϕ′
i(x) (i = 0, 1, ...,m) is the strict derivative of ϕi at x. Since the map Φλ is

strictly differentiable at x, Lemma 2.5 implies that for the given ϵ > 0, there exists
δx,λ > 0 such that B(x, δx,λ) ⊂ Ω and

∥Φλ(u1)− Φλ(u2)− Ax,λ(u1 − u2)∥ ≤ ϵ∥u1 − u2∥, ∀ u1, u2 ∈ B(x, δx,λ). (5)

Note that λ ∈ inn∆m, we can choose δx,λ such that B(λ, δx,λ) ⊂ inn∆m.
Thus, for any (λ, x) ∈ Γ ⊂ K and any ϵ > 0 there exists δx,λ > 0 such that

(λ, x) ∈ B(λ, δx,λ)× B(x, δx,λ) ⊂ inn∆m × Ω

and (5) holds. Since Γ is a compact set, there exist a finite number l of pairs denoted
by (λi, xi), i = 1, ..., l in Γ such that

Γ ⊂ ∪l
i=1B(λi, δxi,λi)× B(xi,

1

2
δxi,λi). (6)

Let C ⊂ Rn be a cube with side of length a such that Γ ⊂ inn ∆m × C and N be a
positive integer satisfying

N >
3a

√
n

min{δx1,λ1 , ..., δxl,λl}
.

Divide C into Nn small cubes with side of length a
N

. Assume that C is one of these
small cubes such that

(inn ∆m × C) ∩ Γ ̸= ∅
and b is the center of C. We claim that there exists λi ∈ {λ1, ..., λl}) such that for
any (β, y) ∈ (inn ∆m × C) ∩ Γ, Ψ(β, y) is contained in the closed parallelepiped P
with the center Φλi(b) and

mesP ≤ 2n(α + ϵ)n−1ϵ
√
nn

an

Nn
, (7)

where α is positive scalar depending on Γ. Indeed, suppose that there is a pair
(λ̄, x̄) ∈ Γ such that (λ̄, x̄) ∈ inn ∆m × C.
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By (6), one can find an index i ∈ {1, ..., l} and the corresponding pair (λi, xi) such
that x̄ ∈ B(xi,

1
2
δxi,λi). Observe that for any pair (z1, z2) ∈ C × C we have

∥z1 − z2∥ ≤
√
n
a

N
≤ 1

3
min{δx1,λ1 , ..., δxl,λl}.

Let (β, y) be an arbitrary pair satisfying (β, y) ∈ (inn ∆m × C) ∩ Γ. Then we have

∥y − xi∥ ≤ ∥y − x̄∥+ ∥x̄− xi∥ ≤ 1

3
min{δx1,λ1 , ..., δxl,λl}+ 1

2
δxi,λi < δxi,λi

which means that C ⊂ B(xi, δxi,λi). Since y, b ∈ C, we have ∥y − b∥ ≤
√
n a

N
and

y, b ∈ B(xi, δxi,λi). Then we deduce from (5) that

∥Φλi(y)− Φλi(b)− Axi,λi(y − b)∥ ≤ ϵ∥y − b∥ ≤ ϵ
√
n
a

N
,

where Axi,λi is defined by (4). Since (β, y) ∈ (inn ∆m × C) ∩ Γ, we have ϕj(y) =
ϕ0(y) for j = 0, ...,m and

∑m
k=0 βk = 1. Further, since λi ∈ inn ∆m, we have

λi = (λi
0, ..., λ

i
m), where λi

k > 0 for k = 0, ...,m and with
∑m

k=0 λ
i
k = 1. Therefore,

Ψ(β, y) =
m∑
k=0

βkϕk(y) =
m∑
k=0

βkϕ0(y) =
m∑
k=0

λi
kϕ0(y) =

m∑
k=0

λi
kϕk(y) = Φλi(y).

Hence, ∥Ψ(β, y)− Φλi(b)− Axi,λi(y − b)∥ ≤ ϵ∥y − b∥ ≤ ϵ
√
n
a

N
. (8)

To simplify the notations, put r(xi, y, b) = Ψ(β, y)− Φλi(b)− Axi,λi(y − b).

Since (λi, xi) ∈ Γ ⊂ K ⊂ ĈriΨ, we have rankAxi,λi < n. Let e1, ..., en be an or-
thonormal basis of Rn such that Axi,λi(Rn) is contained in the vector space generated
by e1, ..., en−1. We have

Axi,λi(y − b) =
n−1∑
k=1

ρkek

with |ρk| = |⟨Axi,λi(y − b), ek⟩| ≤ ∥Axi,λi(y − b)∥ ≤ α∥y − b∥ ≤ α
√
n
a

N
,

where α := max{∥v∥Rn×n : v ∈
m∑
j=0

ξj∂ϕj(u), ((ξ0, ..., ξm), u) ∈ Γ)}.

Since ∂ϕj (j=0, ...,m) is upper semicontinuous from Ω with nonempty convex com-
pact values in Rn×n, one can prove that α is finite and depends only on Γ. Let ηk
(k = 1, ..., n) be the coordinate of r(xi, y, b) in the orthonormal basis e1, ..., en, i.e.,

r(xi, y, b) :=
n∑

k=1

ηkek.

It follows from (8) that we have for all k = 1, 2, ...n

|ηk| = |⟨r(xi, y, b), ek⟩| ≤ ∥r(xi, y, b)∥ ≤ ϵ∥y − b∥ ≤ ϵ
√
n
a

N
.

Further, let Ψ(β, y)− Φλi(b) :=
∑n

k=1 νkek.
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Since Ψ(β, y)− Φλi(b) = Axi,λi(y − b) + r(xi, y, b), we get

Ψ(β, y)− Φλi(b) =
n∑

k=1

νkek =
n−1∑
k=1

ρkek +
n∑

k=1

ηkek.

Then the following estimates hold

νk = ρk + ηk, k = 1, 2, ..., n− 1

νn = ηn

|νk| ≤ |ρk|+ |ηk| ≤ (α + ϵ)
√
n a

N
, k = 1, 2, ..., n− 1

|νn| = |ηn| ≤ ϵ
√
n a

N
.

The above inequalities show that Ψ(β, y) is contained in the closed parallelepiped
P with the center Φλi(b) and with sides of length ck, where

ck ≤ 2(α + ϵ)
√
n a

N
, k = 1, 2, ..., n− 1

cn ≤ 2ϵ
√
n a

N
.

Observe that the measure in Rn does not depend on the choice of the orthonormal
bases. The inequality (7) follows.
Since the number of sets of the form inn∆m×C, which has a nonempty intersection
with the set Γ, is less than or equal to Nn, the inequality (7) implies

mes∗Ψ(Γ)) ≤ Nn2n(α + ϵ)n−1(
√
n
a

N
)nϵ = [2n(α + ϵ)n−1an

√
nn]ϵ.

As ϵ > 0 is arbitrary, it follows that mes Ψ(Γ) = 0.

Example 3.4. Theorem 4.1 can be applied to the maps ϕ0, ϕ1 : R2 → R2 given
by ϕ0 = f , where f is the map in Example 2.7(iii), and ϕ1(x, y) = (|x|, |y|). Note
that these maps are essentially smooth Lipschitz but are not C1 on R2 and hence,
Theorem 3 of [3] cannot be applied to this case.

4. A version of the Sard theorem for a continuous selection

In this section, we establish a version of the Sard theorem for a continuous selection
of a finite number of essentially smooth Lipschitz maps. Throughout this section,
I is a finite set of indexes and Ω is a nonempty open subset of Rn. We say that a
map h : Ω → Rn is a selection of maps fi : Ω → Rn (i ∈ I) on Ω if

h(x) ∈ {fi(x) : i ∈ I} x ∈ Ω.

The main result of this section reads as follows.
Theorem 4.1. Let fi : Ω → Rn (i ∈ I) be essentially smooth Lipschitz maps. As-
sume that h : Ω → Rn is a continuous selection of the maps fi (i ∈ I) on Ω. Then
h is locally Lipschitz on Ω and mes h(CriC h) = 0.

To prove Theorem 4.1, we need some auxiliary results.
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Proposition 4.2. Let fi : Ω → R (i ∈ I) be locally Lipschitz map and h : Ω → R be
a selection of these maps on Ω. If h is continuous on Ω, then it is locally Lipschitz
on this set.
Proof. For any x ∈ Ω, let I(x) be the set of active index at x, i.e.,

I(x) := {i ∈ I : fi(x) = h(x)}.

Note that I(x) ̸= ∅ for all x ∈ Ω. Let x̄ ∈ Ω. Let L be a positive scalar and
U := B(x̄, r) ⊂ Ω be a ball centered of x̄ such that

|fi(z)− fi(y)| ≤ L∥z − y∥, ∀y, z ∈ U, ∀i ∈ I.

Our aim is to show that for any ȳ, z̄ ∈ U it holds

|h(z̄)− h(ȳ)| ≤ L∥z̄ − ȳ∥.

Let S := [ȳ, z̄] := {ȳ + t(z̄ − ȳ) : t ∈ [0, 1]}. Note that S ⊂ U . Let x ∈ S be an
arbitrary point. For any j /∈ I(x), we have |fj(x) − h(x)| > 0. Since the functions
h and fi (i ∈ I) are continuous and I is finite, we can find δx > 0 such that for any
u ∈ B(x, δx) ∩ S =: BS(x, δx) one has |fj(u)− h(u)| > 0 for all j /∈ I(x). Therefore

I(u) ⊆ I(x), ∀u ∈ BS(x, δx). (9)

Since S ⊂ ∪x∈SBS(x, δx), we can choose x1, ..., xk ∈ S with the properties:
(i) ȳ = x1 < x2 < ... < xk = z̄,
(ii) S ⊂ ∪k

i=1BS(xi, δxi
),

(iii) BS(xi, δxi
)∩BS(xi+1, δxi+1

) ≠ ∅ for k = 1, ..., k−1, where u1 < u2 for u1, u1 ∈ S
mean u2 − u1 = t(z̄ − ȳ) with t > 0.
By (9) and (iii), one can find ij ∈ I(xj) ∩ I(xj+1) for j = 1, ..., k − 1. By the
definition of the active set I(x), we get h(xj) = fij(xj) and h(xj+1) = fij(xj+1) for
j = 1, ..., k − 1. Hence,

|h(ȳ)− h(z̄)| ≤ |h(x1)− h(x2)|+ |h(x2)− h(x3)|+ ...+ |h(xk−1)− h(xk)|
= |fi1(x1)− fi1(x2)|+ |fi2(x2)− fi2(x3)|+ ...+ |fik−1

(xk−1)− fik−1
(xk)|

≤ L∥x1 − x2∥+ L∥x2 − x3∥+ ...+ L∥xk−1 − xk∥ = L∥x1 − xk∥ = L∥ȳ − z̄∥

(recall that x1, ..., xk ∈ S = [ȳ, z̄]).

Remark that Proposition 4.2 is a special case of [2, Proposition 2], which has been
established for the general case with I being a countable compact set. We presented
here another simple proof based on the finite character of I. Moreover, the inclusion
(9) in this proof will be used to prove the following proposition.
Proposition 4.3. Let fi : Ω → R (i ∈ I) be essentially smooth Lipschitz maps and
h : Ω → R be a continuous selections of these maps. Then (h is a locally Lipschitz
map and ) for every point x ∈ D one has

h′(x) ∈ co{f ′
i(x) : i ∈ I(x)}.

Here, D := {x ∈ Ω : h is Fréchet differentiable and fi is smooth, ∀i ∈ I} and
I(x) := {i ∈ I : h(x) = fi(x)}.
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Proof. Proposition 4.3 is an extension of [2, Proposition 4] (the C1-differentiability
is relaxed to essential smoothness) in the special case when the family of parameter
I is finite and the proof of the former is similar to the one of the latter.
Let us begin with the case n = 1. Suppose to the contrary that for some x̄ ∈ D one
has h′(x̄) /∈ co{f ′

i(x̄) : i ∈ I(x̄)}. Without loss of generality, we may assume that
x̄ = 0, h(0) = h′(0) = 0 and f ′

i(0) > 1 for all i ∈ I(0). Applying the argument used
to prove (9), we find δ > 0 such that

I(x) ⊆ I(0) ∀x ∈ [0, δ]. (10)

Let ϵ ∈]0, 0.3[ be an arbitrary scalar. Since the functions fi (i ∈ I(0)) are smooth
at x̄ = 0, we may assume that

|fi(z + ty)− fi(z)

t
− f ′

i(0)(y)| ≤ ϵ

for all i ∈ I(0), t ∈]0, δ], z ∈ [0, δ] and y ∈ {1,−1}. Taking y = 1 and z = 0, we get

|fi(t)− fi(0)

t
− f ′

i(0)| ≤ ϵ, ∀t ∈]0, δ], ∀i ∈ I(0).

Since fi(0) = h(0) = 0 and f ′
i(0) > 1 for any i ∈ I(0) by assumptions, we get

1− ϵ < −ϵ+ f ′
i(0) ≤

fi(t)

t
, ∀t ∈]0, δ], ∀i ∈ I(0),

which together with (10) implies

1− ϵ <
fi(t)

t
, ∀t ∈]0, δ], ∀i ∈ I(t). (11)

On the other hand, since h is Fréchet differentiable at x̄ = 0, we may assume that

|h(t)− h(0)

t
− h′(0)| ≤ ϵ, ∀t ∈]0, δ].

Let t̄ ∈]0, δ]. Since h(0) = 0 and h′(0) = 0, it follows that h(t̄)
t̄

≤ ϵ. Take i ∈ I(t̄).
Then, we have h(t̄) = fī(t̄) and by (11), we get

1− ϵ <
fī(t̄)

t̄
=

h(t̄)

t̄
≤ ϵ,

which is a contradiction because ϵ < 0.3.

Next, we consider the case n > 1. Define

A(x) := co{f ′
i(x) : i ∈ I(x)}.

Suppose to contrary that for some x̄ ∈ D, we have h′(x̄) /∈ A(x̄). We may assume
that h′(x̄) = 0 because otherwise we could replace h(x) by h(x)−⟨h′(x̄), x⟩ and fi(x)
by fi(x) − ⟨h′(x̄), x⟩. The Hahn-Banach theorem implies the existence of v ∈ Rn

such that
0 = ⟨h′(x̄), v⟩ < 1 < min

i∈I(x̄)
⟨f ′

i(x̄), v⟩. (12)
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Let g and gi (i ∈ I(x̄)) be functions from R to R given by g(t) := h(x̄ + tv) and
gi(t) := fi(x̄ + tv). Observe that g′(0) = ⟨h′(x̄), v⟩ and g′i(0) = ⟨f ′

i(x̄), v⟩. Being
in the case n = 1 with the maps g and gi, we get g′(0) ∈ co{g′i(0) : i ∈ I(x̄)},
contradicting (12).

We are ready to prove Theorem 4.1.

Proof. We will use the following notations. Let h = (h1, ..., hn) and fi = (f 1
i , ..., f

n
i )

for i ∈ I, where h1, ..., hn, f 1
i , ..., f

n
i (i ∈ I) are maps from Ω to R. The maps

f j
i : Ω → R (j = 1, ..., n, i ∈ I) are essentially smooth Lipschitz. For each j, one has

hj(x) ∈ {f j
i (x) : i ∈ I}, ∀x ∈ Ω.

By Proposition 4.3, h is locally Lipschitz on Ω. Let x̄ ∈ CriCh ∩ D be an arbitrary
point, where D is the set defined in Proposition 4.3. Then the Fréchet derivative
Dh(x̄) exists and

rankDh(x̄) < n. (13)
Clearly, Dh(x̄) = (Dh1(x̄), ..., Dhn(x̄)). Let j ∈ {1, .., n} be an arbitrary index.
Proposition 4.3 implies that

Dhj(x̄) = co{Df j
i (x̄), i ∈ Ij(x̄)},

where Ij(x̄) := {i ∈ I : hj(x̄) = f j
i (x̄)}. Then we can find a subset Ĩj(x̄) of Ij(x̄)

and scalars λ̄j
i ∈]0, 1[, i ∈ Ĩj(x̄) such that

Dhj(x̄) =
∑

i∈Ĩj(x̄)

λ̄j
iDf j

i (x̄) (14)

and
∑

i∈Ĩj(x̄)

λ̄j
i = 1. (15)

Since x̄ is a Clarke critical point of h, the relations (13) and (14) imply

rank{
∑

i∈Ĩ1(x̄)

λ1
iDf 1

i (x̄), ...,
∑

i∈Ĩn(x̄)

λn
i Dfn

i (x̄)} < n. (16)

Set Ĩ(x̄) := Ĩ1(x̄) × ... × Ĩn(x̄). Let ĩ := (i1, ..., in) ∈ Ĩ(x̄) be an arbitrary n-tuple.
Let ϕĩ : Rn → Rn be a map given by

ϕĩ(x) = (f 1
i1
(x), ..., fn

in(x)) and let λ̄ĩ := λ̄1
i1
...λ̄n

in .

Note that the map ϕĩ is essentially smooth Lipschitz. Moreover, since the equality
(15) holds for all j = 1, ..., n, we have∑

ĩ∈Ĩ(x̄)

λ̄ĩ =
∑

i1∈Ĩ1(x̄),...,in∈Ĩn(x̄)

λ̄1
i1
...λ̄n

in =
∑

i2∈Ĩ2(x̄),...,in∈Ĩn(x̄)

( ∑
i∈Ĩ1(x̄)

λ̄1
i

)
λ̄2
i2
...λ̄n

in

=
∑

i2∈Ĩ2(x̄),...,in∈Ĩn(x̄)

λ̄2
i2
...λ̄n

in =
∑

i3∈Ĩ3(x̄),...,in∈Ĩn(x̄)

( ∑
i∈Ĩ2(x̄)

λ̄2
i

)
λ̄3
i3
...λ̄n

in

=
∑

i3∈Ĩ3(x̄),...,in∈Ĩn(x̄)

λ̄3
i3
...λ̄n

in = ... =
∑

i∈Ĩn(x̄)

λ̄n
i = 1. (17)
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Further, since ĩ = (i1, ..., in) ∈ Ĩ(x̄) = Ĩ1(x̄)× ...× Ĩn(x̄), we have f j
ij
(x̄) = hj(x̄) for

all j = 1, ..., n. Therefore,

ϕĩ(x̄) = (f 1
i1
(x̄), ..., fn

in(x̄)) = (h1(x̄), ..., hn(x̄)) = h(x̄). (18)

Set m := |Ĩ1(x̄)|×|Ĩ2(x̄)|× ...×|Ĩn(x̄)|−1, where |Ĩj(x̄)| is the cardinality of the set
Ĩj(x̄) for any j = 1, 2, ..., n. Then |Ĩ(x̄)|=m+1 and there are m+1 such maps ϕĩ.
Consider now a map Ψ : inn∆m × Rn → Rn of the form

Ψ(λ, x) :=
∑
ĩ∈Ĩ(x̄)

λĩϕĩ(x), (λ, x) ∈ inn∆m × Rn, λ := (λĩ)ĩ∈Ĩ(x̄) ∈ Rm+1 (19)

(without lost of generality, we may assume that the maps ϕĩ are ordered by an one-
to-one map from Ĩ(x̄) to {0, 1, ...m}). Theorem 3.2 applied to Ψ implies that the
set of strongly critical values of Ψ has Lebesgue measure zero

mesΨ(ĈriΨ) = 0. (20)

Let λ̄ := (λ̄ĩ)ĩ∈Ĩ(x̄)∈Rm+1. Then (17) implies λ̄∈ inn∆m. Hence, (λ̄, x̄)∈ inn∆m×Rn.
We will show that (λ̄, x̄) ∈ ĈriΨ. Recall that (18) is already established. Further,
since x̄ ∈ D, Dϕĩ(x̄) exists and Dϕĩ(x̄) = (Df 1

i1
(x̄), ..., Dfn

in(x̄)) for all ĩ ∈ Ĩ(x̄). It
remains to show that rankA < n, where

A :=
∑
ĩ∈Ĩ(x̄)

λ̄ĩDϕĩ(x̄) =
∑
ĩ∈Ĩ(x̄)

(λ̄ĩDf 1
i1
(x̄), ..., λ̄ĩDfn

in(x̄)).

Recall that λ̄ĩ = λ̄1
i1
...λ̄n

in . Then one can use the argument of the proof of (17) to
check that

A =
{ ∑

i∈Ĩ1(x̄)

λ1
iDf 1

i (x̄), ...,
∑

i∈Ĩn(x̄)

λn
i Dfn

i (x̄)
}
.

The desired inequality rankA < n now follows from (16). Thus, (λ̄, x̄) ∈ ĈriΨ.
On the other hand, taking (17) and (18) into account, we obtain

Ψ(λ̄, x̄) =
∑
ĩ∈Ĩ(x̄)

λ̄ĩϕĩ(x̄) =
∑
ĩ∈Ĩ(x̄)

λ̄ĩh(x̄) = (
∑
ĩ∈Ĩ(x̄)

λ̄ĩ)h(x̄) = h(x̄),

which yields h(x̄) ∈ Ψ(ĈriΨ). (21)

Observe that the number of maps of the form (19) is finite. Therefore, (20) and (21)
imply mes h(CriCh) = 0.

We illustrate Theorem 4.1 by an example.
Example 4.4. Let f1, f2, f3 : R2 → R2 be maps given by

f1(x, y) = (|x|+ y, 2x+ |y|), and f2(x, y) = (|x|+ 2y, x+ |y|)
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(the first map is given from [12, Remarks 7.1.2. (iii)]) and

f3(x, y) = (x+ yd(x,C) + y + xd(y, C), x+ 2yd(x,C) + y + 2xd(y, C)),

where C ⊂ R is the Cantor set. These maps are essentially smooth Lipschitz but
are not C1. Theorem 4.1 yields that the set of the Clarke critical values of any
continuous selection of the family {f1, f2, f3} has Lebesgue measure zero. Note that
Theorem 2 of [3] cannot be applied to them.

5. Some applications in optimization and nonsmooth equations

5.1. Applications in optimization

It is known that the Sard theorem plays an important role in the study of generic
optimality conditions in nonlinear programming. We would like to mention the ini-
tiating work in this domain of research by Saigal and Simon [27] and generalizations
in the works by Spingarn and Rockafellar [33], Spingarn [31, 32], Jofre [17] and
Barbet, Dambrine, Daniilidis and Rifford [3]. In this subsection, we apply Theorem
4.1 to study the set of parameters for which all optimal solutions of the correspon-
ding scalar/vector parametrized constrained optimization problems satisfy Karush-
Kuhn-Tucker type necessary conditions and the set of Pareto optimal values of a
continuous (vector-valued) selection. Note that in contrast to the work [3], Theo-
rem 6.1.3 in [12] allows us to consider here also the vector parametrized constrained
optimization problems. We provide examples illustrating obtained results.
Firstly, we consider the following (scalar) parametrized optimization problem with
constraints given by equalities and inequalities

(Pr,s) min f(x) s.t. x ∈ Rn, gi(x) ≤ r, i=1, ...,m; hj(x)=sj, j=1, ..., n− 1

Here, f, gi, hj :Rn → R (i=1, ...,m, j=1, ..., n − 1) are functions, (r, s)∈R × Rn−1,
s = (s1, ..., sn−1) ∈ Rn−1. Denote by Ωr,s the feasible set of (Pr,s)

Ωr,s := {x ∈ Rn : gi(x) ≤ r, i = 1, ...,m, hj(x) = sj, j = 1, ..., n− 1}.

We will assume that Ωr,s is nonempty. We say that a feasible point x̄ ∈ Ωr,s is a
local optimal solution of (Pr,s) (or simply, x̄ solves (Pr,s)) if there exists δ > 0 such
that f(x) ≥ f(x̄) for all x ∈ Ωr,s ∩ B(x̄, δ.
Theorem 6.1.1 in [12] applied to this problem gives the following necessary condi-
tions.
Proposition 5.1. Assume that f, gi, hj : Rn → R (i = 1, ...,m, j = 1, ..., n − 1)
are locally Lipschitz functions. Let x̄ solve (Pr,s). Then there exist λ ≥ 0, αi ≥ 0
(i = 1, ...,m) and βj (j = 1, ..., n− 1), not all zero, such that

m∑
i=1

αi(gi(x̄)− r) = 0 (22)

and 0 ∈ λ∂f(x̄) +
m∑
i=1

αi∂gi(x̄) +
n−1∑
j=1

βj∂hj(x̄). (23)
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The case when (23) holds with λ = 1 is of interest. We will need the following
hypotheses:
(H1) The functions gi : Rn → R (i = 1, ...,m) are essentially smooth Lipschitz.

Let D := {x : gi is smooth at x, ∀i = 1, ...,m}.
(H2) The functions gi : Rn → R (i = 1, ...,m) are either smooth on Rn or convex.
(H3) The functions hj : Rn → R (j = 1, ..., n− 1) are essentially smooth Lipschitz.

Proposition 5.2. Assume that f is a locally Lipschitz function. Assume further
that (H1) (respectively, (H2)) and (H3) are satisfied.
Then for almost all parameter (r, s)∈R×Rn−1, every optimal solution x̄∈D (respec-
tively, every optimal solution x̄ ∈ Rn) of (Pr,s) satisfies a necessary Karush-Kuhn-
Tucker type condition, i.e., there exist αi ≥ 0 (i = 1, ...,m) and βj (j = 1, ..., n− 1)
such that

0 ∈ ∂f(x̄) +
m∑
i=1

αi∂gi(x̄) +
n−1∑
j=1

βj∂hj(x̄). (24)

Here, ∂gi(x̄) = {g′i(x̄)} when gi is smooth at x̄ and ∂gi(x̄) is the subdifferential of
convex analysis when gi is convex.

To prove this proposition, we need the following fact.
Proposition 5.3. [12, Propositions 2.3.6, 2.3.12] Let Ω ⊂ Rn a nonempty open set,
gi : Ω → R, i = 1, ...,m be locally Lipschitz functions and g : Rn → R a function
defined by g(x) = max{gi(x), i = 1, ...,m}. Let x ∈ Ω and denote by I(x) the set
of active indexes, i.e., I(x) := {i ∈ {1, ...,m}, gi(x) = g(x)}. Assume that each
function gi (i = 1, ...,m) is either strictly differentiable at x or convex. Then

∂g(x) = co{∂gi(x), i ∈ I(x)}.

Let us return to the proof of Proposition 5.2.
Proof. Let g : Rn → R be a function defined by g(x) = max{gi(x), i = 1, ...,m}
and denote by I(x) the set of active indexes at x, i.e., I(x) := {i ∈ {1, ...,m}, gi(x) =
g(x)}. Clearly, g is locally Lipschitz. Further, let Φ : Rn → Rn and Φi : Rn → Rn,
i = 1, ...,m be maps defined by

Φ(x) = (g(x), h1(x), ..., gn−1(x)), and Φi(x) = (gi(x), h1(x), ..., gn−1(x)).

Observe that the map Φ is locally Lipschitz and hence, it is continuous. Clearly, the
maps Φi are essentially smooth Lipschitz. Therefore, Φ is a continuous selection of
a finite family of essentially smooth Lipschitz maps. Theorem 4.1 implies that the
set of the Clarke critical values (r, s) ∈ R×Rn−1 of Φ has Lebesgues measure zero.
Let (r, s) be a Clarke regular value of Φ. Then for any x ∈ Rn with Φ(x) = (r, s)
and any v ∈ ∂g(x), uj ∈ ∂hj(x) (j = 1, ..., n− 1), one has

rank{v, u1, ..., un−1} = n, (25)

or, in other words, the vectors v, u1, ..., un−1 are linearly independent. Assume that
x̄ solve (Pr,s). Proposition 5.3 gives

∂g(x̄) = co{∂gi(x̄), i ∈ I(x̄)}. (26)
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By Proposition 5.1, there exists λ ≥ 0, αi ≥ 0 (i = 1, ...,m) and βj (j = 1, ..., n−1),
not all zero, such that (22) and (23) are satisfied. Our aim is to show that λ ̸= 0.
Suppose to the contrary that λ = 0. Then the scalars αi ≥ 0 (i = 1, ...,m) and βj

(j = 1, ..., n − 1) are not all zero. Let vi ∈ ∂gi(x̄) (i = 1, ...,m) and uj ∈ ∂hj(x̄)
(j = 1, ..., n− 1) such that

0 =
m∑
i=1

αivi +
n−1∑
j=1

βjuj. (27)

It follows from (22) that αi = 0 if gi(x̄) < r. Then (27) becomes

0 =
∑
i∈I(x̄)

αivi +
n−1∑
j=1

βjuj. (28)

If αi = 0 for all i ∈ I(x̄), then (28) implies that 0 =
∑n−1

j=1 βjuj, which together
with the fact that not all scalars βj are zero yields that uj (j = 1, ..., n− 1) are not
linearly independent, a contradiction to (25). Hence, at least one scalar αi, i ∈ I(x̄)
must be nonzero. Without lost of generality, we may assume that αi ∈ [0, 1] for
i ∈ I(x̄) and

∑
i∈I(x̄) αi = 1. It follows from (26) that

v :=
∑
i∈I(x̄)

αivi ∈
∑
i∈I(x̄)

αi∂gi(x̄) = ∂g(x̄).

Then (28) becomes 0 = v+
∑n−1

j=1 βjuj, where v∈∂g(x̄), uj∈∂hj(x̄) (j = 1, ..., n−1),
which is a contradiction to (25). Thus, (23) holds with λ ̸= 0. Dividing both sides
of (23) by λ, we get (24).

Similarly, we consider the following parametrized vector optimization problem

(VPr,s) min f(x) s.t. x! ∈Rn, gi(x) ≤ r, i=1, ...,m; hj(x) = sj, j = 1, ..., n−1.

Here, f = (f1, ..., fq), fk : Rn → R (k = 1, ..., q) are functions. We say that a feasible
point x̄ ∈ Ωr,s is a local weak Pareto optimal solution of (VPr,s) if there exists δ > 0
such that there is no x ∈ Ωr,s ∩ B(x̄, δ) such that fk(x) < fk(x̄) for all k = 1, ..., q.
Applying Theorem 4.1 and Theorem 6.1.3 in [12], and the arguments used in the
proof of Proposition 5.2, one obtains the following result for the problem (VPr,s).

Proposition 5.4. Assume that fk, k = 1, ..., q, are locally Lipschitz functions. As-
sume further that (H1) (respectively, (H2)) and (H3) are satisfied. Then for almost
all parameter (r, s) ∈ R× Rn−1, every weak Pareto optimal solution x̄ ∈ D (respec-
tively, every weak Pareto optimal solution x̄ ∈ Rn) of (VPr,s) satisfies a necessary
Karush-Kuhn-Tucker type condition, i.e., there exist λk ≥ 0 (k = 1, ..., q), not all
zero, αi ≥ 0 (i = 1, ...,m) and βj (j = 1, ..., n− 1) such that

0 ∈
q∑

i=1

λk∂fk(x̄) +
m∑
i=1

αi∂gi(x̄) +
n−1∑
j=1

βj∂hj(x̄).

Here, ∂gi(x̄) = {g′i(x̄)} when gi is smooth at x̄ and ∂gi(x̄) is the subdifferential of
convex analysis when gi is convex.
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Next, we show that the Pareto optimal values of a continuous selection has measure
zero. Let K ⊂ Rp be a nontrivial pointed closed convex cone (pointedness means
K ∩ (−K) = {0}) and f : Rn → Rp. Recall that the value ȳ = f(x̄) of f at some
x̄ ∈ Rn is said to be a Pareto optimal value for the map f if there exists δ > 0 such
that

f(B(x̄, δ)) ∩ (ȳ −K) = {ȳ}. (29)
Proposition 5.5. Let fi : Rn → Rn (i ∈ I) be essentially smooth Lipschitz func-
tions. Then for any continuous selection f of the family {fi : i ∈ I}, the set of its
Pareto optimal values has Lebesgue measure zero.

Proof. Let ȳ = f(x̄) be a Pareto optimal value of f . Then (29) holds for some
δ > 0, which means that f is not surjective on B(x̄, δ). Theorem 7.1.1 from [12]
yields that ȳ is a Clarke critical point. The assertion follows from Theorem 4.1.

We give an illustrating example for Proposition 5.5.
Example 5.6. Let I and f1, f2, f3 : R2 → R2 be as in Example 4.4. Let K = R2

+

and f : R2 → R2 be a map given by

f(x, y) =

{
(|x|+ y, x+ |y|) if(x, y) /∈ R2

+

(x+yd(x,C)+y+xd(y, C), x+2yd(x,C)+y+2xd(y, C) otherwise

This map is a continuous selection of the family {f1, f2, f3} and Proposition 5.5
yields that the set of Pareto optimal values of f has Lebesgue measure zero. In fact,
one can check that f(R2

+) ⊂ R2
+, f(R2 \ R2

+) ⊂ {(u, v) ∈ R2 : u+ v ≥ 0} (because
|x| + y + x + |y| ≥ 0) and the set of Pareto optimal values of f is {(u, v) ∈ R2 :
u + v = 0}. Note that Proposition 13 of [3] cannot be applied to this case because
the maps under consideration are not C1.

5.2. An application in the study of Nonsmooth Equations

Many problems in economic equilibrium sensitivity analysis are based on solving
and analyzing solutions to an equation f(x) = y. A mathematical model which
attempts to explain economic equilibrium must have a nonempty set of solutions.
One would also wish the solution to be unique or the equation to have at least a
finite set of solutions. In his seminal paper [13], Debreu established the genericity
of economies with a finite set of equilibria in the C1 case. Continuing the research
carried out in the works [13, 26], Shannon studied economies, which are regular in
the sense of Rader. She established in [30, Corollary 2] the finiteness for the solution
set when y is a Rader regular value of f and applied the Rader version of the Sard
theorem to obtain the genericity of such property of this equation. Afterward, she
established the finiteness of equilibrium of a regular economy (a “regular economy”
is defined through the Rader concept of regular value).
Motivated by Shannon’s work, we will show that Theorem 4.1 gives information
about how “big” is the set of y for which the equation f(x) = y has at most a finite
number of solutions on a given compact set. Firstly, we show that if f is locally
Lipschitz and y is a Clarke regular value of f , the above equation has at most a finite
number of solutions on any compact set (we make a convention that this number is
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zero when the equation has no solution). We will need the following inverse function
theorem due to Clarke.
Proposition 5.7. [12, Theorem 7.1.1] Let Ω be an open subset of Rn, f : Ω → Rp

be a locally Lipschit and x ∈ Ω. If ∂f(x) is of maximal rank (this means that every
A ∈ ∂f(x) is of maximal rank), then there exist neighborhoods U in Ω and V in Rp

of x and f(x), respectively, and a Lipschitz map g : V → Rn such that
(a) g(f(u)) = u for all u ∈ U .
(b) f(g(v)) = v for all v ∈ V .

Our results read as follows.

Proposition 5.8. Let Ω ⊆ Rn be an open set and f : Ω → Rn be a locally Lipschitz
map. Assume that U is a nonempty compact subset of Ω. Then for any Clarke
regular value y of f , the equation f(x) = y has at most a finite number of solutions
on U .

Proof. Let SU := f−1(y) ∩ U. The assertion is automatically true when SU = ∅,
so we assume that SU ̸= ∅. The compactness of U and the continuity of f imply
that SU is compact. For any solution x ∈ SU , the Clarke subdifferential ∂f(x) is
of maximal rank because y is a Clarke regular value of f . Proposition 5.7 then
implies that f is an one-to-one map between some two neighborhoods of x and y,
which means that x is an isolated point of SU . Thus, SU is a discrete set and being
compact, it has a finite number of points.

Proposition 5.9. Let fi : Ω → Rn (i ∈ I) be essentially smooth Lipschitz maps,
f : Ω → Rn a continuous selection of these maps and U ⊂ Ω a nonempty compact
set. Then the equation f(x) = y has at most a finite number of solutions on U for
all y outside a set of Lebesgue measure zero.

Proof. Observe first that f is locally Lipschitz by Theorem 4.1. If the equation
f(x) = y has infinite number of solutions on U , Proposition 5.8 implies that y
cannot be a Clarke regular value. The assertion follows from Theorem 4.1.

Example 5.10. Let f : R2 → R2 be the map f(x1, x2) = (|x1| + x2, 2x1 + |x2|).
We have

∂f(0, 0) =

{[
s 1
2 t

]
: |s| ≤ 1, |t| ≤ 1

}
,

see [12, Remarks 7.1.2.(iii)]). Since f−1(0, 0) = {(0, 0)} and for any A ∈ ∂f(0, 0), we
have detA ≤ −1, it follows that (0, 0) is a Clarke regular value of f . Proposition 5.8
implies that the equation f(x1, x2) = (0, 0) has at most a finite number of solutions
in any compact set (in fact, it has an unique solution (x1, x2) = (0, 0)). It is clear
that Proposition 5.9 is applicable to this map. Note that (0, 0) is not a Rader regular
value because f is not differentiable at (0, 0) and some results of [26, 30] are not
applicable to this map.

In conclusion, we would like to mention that demand functions of some economies
are proved to be continuously differentiable on an open set of full Lebesgue measure,
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in other words, they are essentially smooth Lipschitz, see the work [5] by Bonnisseau
and Rivera-Cayupi. Therefore, similar to [30], results of this subsection could be
used to study these economies the regularity of which will be defined by means of
the Clarke regularity of a locally Lipschitz map.
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