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1. Introduction

In this paper, we give conditions guaranteeing that a weak solution to a nonlinear
elliptic system of second order

—> Do (A¢(Du))=0 in Q i=1...,N (1)
a=1

belongs to CL7(Q, RY) space. For the history and detailed information concerning

the problem, see [4], [11], [14], [19], [22] and [24].
By the weak solution to the system (1) we understand u € W12(Q, RY) such that

> A (Du)Dog' dz =0, Ve Wy?(Q,RY).
Q i,Q
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Here €2 C R" is a bounded open set, n > 3 and continuously differentiable coefficients
(A?)iz1.. N.a=1,..n have the linear controlled growth and satisfy the strong uniform
ellipticity condition. More precisely, denoting

AP (p) = =% (p)

and supposing A%(0) = 0, we require the following assumptions:

(i) There exists a constant M > 0 such that for every p € RV

Z|Aq( )| <M (1+[p]).
(ii) S )Aaﬂ ‘

i,5,0,
(iii) The strong ellipticity: there exists v > 0 such that for every p, £ € R™Y

> A (p)ig) = vigl

1,5,0,8

(iv) There exists a real function w continuous on [0, 00), which is bounded, nonde-
creasing, increasing on a neighbourhood of zero, w(0) = 0 and such that for all
p, g € R

> AT m) - A (@) <w (p—dl)-
7]? 7ﬁ
We set wo, = linmy o w(t) < 2M .
It is worth to point out (see [11], p.169) that for uniformly continuous coefficients

Aiajﬂ there exists a real function w satisfying the assumption (iv) and, vice versa, (iv)
implies the uniform continuity of coefficients and absolute continuity of w on [0, c0).

Here we will consider the continuous functions w given by the formula

wo(t) for 0<t<t, t,>0
(2)

w(t) =
w1 (t) < Weo, for t, <t < o0

where wy is arbitrary continuous, concave, nondecreasing function, increasing on a
neighbourhood of zero such that wy(0) = 0 and point ¢, and the function w; are
chosen in such a way that w preserves its continuity and concavity on [0, 00).

It is well known that with the above assumptions the Dirichlet problem

—> Do (A¥(Du)) =0in Q, i=1,...,N, u—geWy*Q,R") (3)

has for any function g € WH2(2,RY) the unique solution u in the same space.
Moreover, we have

/|Du— (Du)o/? dx<( ) /|Dg— (Dg)ol® dx, (4)

where (v)g means the integral mean value of a function v over Q. The foregoing
estimate can be proved by a standard technique (see [8], Appendix).
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Much effort has been devoted to understanding of the regularity of solutions to
nonlinear elliptic systems. If n > 3, it was shown in [21] (n large, N = n?), [12]
(n>5, N =n?),[23] (n >3, N=n?), [24] (n =3, N =5) that, even in the case
of analytic coefficients A%, weak solutions to (1) may be not of class C*. The weak
solutions constructed in the mentioned papers are Lipschitz continuous and so there
was still the possibility to establish the lower order C%“-regularity for weak solutions
to (1) (under the assumptions (i), (ii) and (iii) only). Later on the authors of [25]
showed that there exist Non-Lipschitz solutions to (1) forn >3, N =n(n+1)/2—1
and for n = 4, N = 3 that can be even locally unbounded when n > 5. So,
in general, neither the standard C“-everywhere regularity nor (for n > 5 ) the
lower order C%®-everywhere regularity of weak solutions to (1) are possible without
some additional structural assumptions about (1). There are a lot of papers dealing
with the so-called partial regularity (i.e. the regularity properties are preserved at
least on large subsets) of weak solutions to (1) under the assumptions (i), (ii) and
(iii). Because we study the interior everywhere C!®-regularity and not the partial
regularity of weak solutions to (1), we refer here the interested reader to the excellent
survey papers [19], [20] and references therein.

An important role for our nonlinear elliptic systems play higher integrability and dif-
ferentiability. It is proved in the paper [15] that the weak solutions to the system (1)
belong to W/liere(Q, RY) under the strong monotonicity and the Lipschitz continuity
of the coefficients A$. The constant € > 0 depends only on an absolute constant
dp > 1/50 and on the ratio of the strong monotonicity and the Lipschitz continuity
constants. Moreover, one can immediately see, using the embedding theorem, that
for n = 3,4 the weak solutions to the system (1) possess the C*“%regularity. Re-
garding the lower order everywhere interior regularity for general n, we can refer the
reader to recent papers [2] and [3] where the authors show the interior everywhere
Holder continuity of weak solutions to some class of the systems (1) under (besides
others) a splitting condition on the coefficients. As it is mentioned above, the eve-
rywhere interior C'1*-regularity of weak solutions to the system (1) is impossible
without any additional structural assumptions. So, the everywhere interior C1:“-
regularity is known for the diagonal systems (see [13], [1]), for the systems where
the coefficients A (Du) = A®(|Du|) (see [27]), for systems with a small dispersion
of eigenvalues of matrices AZB (see [14], [17]) and for the systems with sufficiently
small ratio we, /v where the parameter w., is defined in (iv) above (see [8] or, for
the reader’s convenience, Proposition 2.6 below).

Here we also mention the papers [6] (see Th.2.2 there) and [10] where the authors
study a class of second order nonlinear elliptic systems, with coefficients split into
linear part and the nonlinear one which grows sub-linearly, whose weak solutions
have the gradients belonging to the space EZQO’Z(Q, RY) (known as BMO-space, see
Definition 3.1 below). The papers [7], [9] and the present one offer conditions gua-
ranteeing the interior everywhere Ct*-regularity expressed in terms of the continuity
modulus w of the first derivatives of the coefficients of (1). More precisely, it is proved
in [7] that if the modulus of continuity is of the type square root of logarithm, then
there exists vy > 0 such that for every ellipticity constant v > 1 with the ratio
M/v < P, where P > 1 is a given constant, the gradients of weak solutions to (1)
are locally Holder continuous in € (see [7], Th.9).
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The paper [9] deals with the modulus of continuity that is of the logarithmic type
as well, but only for big arguments. Near zero it can be almost arbitrary. The main
result of [9] is, comparing it to that one from [7], that for the mentioned type of
modulus of continuity the interior regularity of solutions to (1) is reached for any
ellipticity constant, but in a case of small ellipticity constant the growth of continuity
modulus should be adequately slow for big argument. Moreover, the bigger is the
ellipticity constant, the faster can be the growth of continuity modulus. In most
partial regularity results for the system (1) the regular points z €  of a solution
u are characterized in such a way that for some r, > 0 the quantity U, (x) (for its
definition see beginning of the next paragraph) has to be sufficiently small. In the
paper [9] the condition of regularity of solutions to (1) on an open subset Q, CC Q
allows U,.(z) not to be necessarily small in almost all points of €,. Our condition of
regularity (5) is formally similar to that from [9] (see [9], Th.2.1) however, while the
condition for regularity in [9] possesses local character, the condition (5) possesses
the global one.

The crucial role in the regularity condition there is played by a constant M (see
(28) below), estimate of which is a bit complicated in a case of general w. In this
paper we focus ourselves to the modulus of continuity described by (8) and (10).
This restriction enables us estimate the constant M (see Appendix below) and so
we get the regularity condition (5) below. The main advantage of this condition is
that the relationship between the regularity of solutions to (1) and the parameters of
the continuity modulus is clearly visible (see Th.2.1 below). For example, it is easily
seen how the relation between t, and ¢; influences the smallness of the constant M.
On the other hand, it is visible from (9), (11) and (7) below that the smaller the
ratio M /v and we /v, the smaller the parameter M and the better the condition
(5). Here it is useful to remind that the condition of regularity (5) is especially
effective in the case of the Dirichlet problem (3) as it is obvious from (4) and the
global condition (5) is very significant in the case when the ratio of the measure
of domain 2 and the measure of the ball, whose radius equals to the distance of
subdomain 2, €  from boundary 02, is small (see right hand side of (7)). It is
good visible in the case when Q and €, are concentrated balls (see Example 5.1).

In Example 5.2 below we construct a class of systems (1) with the property that the
gradients of weak solutions u € WH?(£2, R") are locally Hélder continuous in 2 and
for better understanding we provide some numerical results.

The method for proving the main result of this paper follows the standard procedures
used in the direct proofs of the partial regularity. The novelty is an employment of
special complementary Young functions and a modification of the Natanson’s lemma
which allows us to get some key estimates. The essentially improved regularity
criterium (5) (comparing it to the main result of the paper [9]) was achieved thanks
to a peculiar choice (by far not elementary) of parameters in (30) and (31) below.

2. Main results

By (2, € 2 we will understand any bounded subdomain (2, with smooth boundary
which is compactly embedded into Q (i.e. ©, C Q). We set d, = dist(2,, 92)/2 and
d, = dist(z,0Q)/2 for x € Q (here dist(A4, B) = infycayeplr —y|, A, B C R").
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For z € Q, r > 0 such that B.(z) = {y e R": |y — x| <r} C Q we set

Un@) = ro(@,r),  éla,r) = / \Duy) — (Du)a, | dy
B, ()

where (Du),, means the integral mean value of Du over B,(z). By k, we denote
the n-dimensional Lebesgue measure of the unit ball.

We formulate our results in several steps. The main result is given in Theorem 2.1
below. The further results are consequences of this theorem.

Theorem 2.1. Let Q, CC Q and n < ¥ < n+ 2 be given. Then there exists
a constant M such that if w € WY2(Q,RY) is a weak solution to the system (1)
satisfying the condition

1
][]Du — (Dupol* dy < (5)
Q

then Du € COU=m/2(Q, R"™) in the case ¥ > n and Du € BMO(S,, R"™™) for
Y =n. Here

M = sup {I}<@>_i}<@> < 00, \TJ(M)SS. (6)

to<t<00 t - tO 6

Remark 2.2. In the foregoing formula the function W(u) = ue®/2vM¥ ™V = For
further properties of ¥ see (14). Moreover, we assume that ¢, > 0 (f, is from the
definition w, see (2)), ¢ = w3, /Cq, C, = ((n — 2)p/2e)* and the constants p > 6,
a > 1 —2/n have to be such that

. Mwo\>" 19|
(a=1n+2 5 [ [ats=s o0
CH > +2-9 [ 5Cg 2 (2d0)" (7)

where K = 22t0B+45)9/(n+2=9)ln " T i5 the constant from Lemma 3.11 below, Cyg is
the Sobolev embedding constant defined in Lemma 3.4 below and the symbol | - |
stands for the n-dimensional Lebesgue measure. [

The regularity theorem we formulated above can be illustrated by two examples of
the function w, defined by (2), for which we give estimates of the parameter M.
Broadly speaking, if coefficients of a nonlinear system satisfy (iv) with some w given
below and (5) is fulfilled, we have the regularity.

Example 2.3. For

wo(t) for 0<t<t,,
_ /w30 —1
w(t) = woo\/ln(l—i—Tt“f), for t,<t<t;, 0<~vy<1 (8)
Woo for t>1t

where wy is an arbitrary continuous, concave, nondecreasing function such that
wo(0) = 0 and points t,, t; are selected in such a way that w is continuous and
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concave on [0,00). The constant occurred in (5), can be chosen as follows (see the
Appendix for more information).

2
_ —14+1/v)a ,v—241

L e min ¢ 1 3@8 T (9)

M N U e |

here t, > 1, 1 >6,a>1-2/n,0<v <09, C, > 1

Example 2.4. If

2 t
w(t) = weoy | — arctan —z, 0<t<oo (10)
™ Cl

then the constant from (5) can be chosen in the form (in this case t, = 0, for more

information see the Appendix as well)
2

1 che
T (Ci)m% : (11)
e\2ve

Here 8 > o > 1—2/n and p > 6 satisfy (7).

Remark 2.5. We would like to point out that, in the case of the Dirichlet problem
(3), the left-hand side of (5) could be substituted with (M/v)? | Dg—(Dg)al? dy (we
remind that we employ the estimate (4)). We note that the last mentioned condition
involves the data of the problem (3) only (see Example 5.1 below as well). O

It is useful to point out that in the case when the ratio w,, /v is small enough, the
regularity of solution to the problem (3) is guaranteed by the following Proposition.

Proposition 2.6. (see [8], Th.2.1) Let n <9 < n+ 2 and 2, € Q be given. Let
u be a weak solution to the Dirichlet problem (3) where g € WH2(Q,RY) and the
hypotheses (i), (ii), (iil), (iv) be satisfied with M, v and the function w for which

w 1
=< \/ z€0 = Cor 12
I 260 ( )

where the constant €y is from Theorem 2.1. Then
||Du||£2,ﬂ(QO7RTbN) S Cd5§||Dg||L2(Q,R"N) (13)

for some 0 < dy < 2d,. The norm ||Dul| 200, e~y is given in Definition 3.1 below.

3. Preliminaries

Besides the standard space C$°(2,RY), the Holder spaces C%*(Q,RY) and the
Sobolev spaces WH5P(Q, RY), W(;C’p(Q, RY) we use the Campanato spaces £9(Q, RY)
(see Definition 3.1 below). By Xj,.(2, RY) we denote the space of functions which
belong to X (§~2, RY) for every smoothly bounded subdomain Qe .
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Definition 3.1. (see, e.g., [16]) Let A € [0,n+¢], ¢ € [1, 00). The Campanato space
L£92(, RY) is the subspace of all functions u € L4(Q, RY) for which the seminorm

1

[t = s o [ ) ety < o0

where Q,(z) = QN B, (z) and uy, =, (,yu(y) dy. The norm in the space LPAQ,RN)

is defined by |u||zor@ryy = Ul Logryy + [U] 2or @ rY)-

Proposition 3.2. (see [4], [11], [16])  For a bounded domain Q@ C R" with a
Lipschitz boundary, for ¢ € [1,00) and 0 < A < p < oo, we have the relation
LEH(Q, RN C L2 Q,RN). Moreover, L9*(Q, RY) is isomorphic to C%*—m/a(Q RN,
forn<A<n+gq.
Now let @, ¥ be a pair of complementary Young functions
o 1 (L)W(Zufl) 1~
O(u) = uln! (au), VU(u) < ¥(u) = —ue\>» =-U(u) foru>0 (14)
a a

where a > 0 and p > 2 are constants,

0 for 0<u< é,
. (au) = { In(au)  for u>1. (15)
Then the Young inequality for ®, ¥ reads
w < &(u) + ¥(v), wu,v>0. (16)

Lemma 3.3. ([28], p.37)Let ¢: [0,00) — [0,00) be a nondecreasing function which
is absolutely continuous on every closed interval of finite length, ¢(0) = 0. Ifw >0
is measurable and E(t) = {y € R" : w(y) >t} then

[oowdy- 7 E®)]6/(¢) dt.

Lemma 3.4. (Sobolev embedding, see [16]) Assume n > 2, 1 < r, s < 00, such
that s7t —r=1 <n=!, R >0, x € R". Then for u € W*(Bg(z),RY) we have

1/r
( | wtwr dy> gcsR1+"M/s<Rs [ wwrdg+ [ Dty dy>

Br(z) Br(z) Br(x)

1/s

where Cs = Cg(n, N,r,s) is a constant independent of x, R and u.

We will employ the next lemma in the proof of Theorem 2.1.

Lemma 3.5. Letv>0,b>0, u>0 and g > 1 be arbitrary. Then

olnt (bv) < ((q_ﬂl)e)“ b1 1, (17)

lni (bv) .

Proof. Hint: calculate sup{ L= v € (0, oo)} O
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The following Lemma is proved in [8] (see Lemma 3.5 there).

Lemma 3.6. Let A, Ry < Ry be positive numbers, n < 9 <n+ 2, n a nonnegative
and nondecreasing function on (0,00). Then there exist €y, ¢ positive so that for
any nonnegative, nondecreasing function ¢ defined on [0,2R;] and satisfying with
(B1 + Ban(Uag,)) € [0, €] the inequality

41 (1 +A (z)n+2) (B, + BQU(UzR)]} $(2R) (18)

7) a4

< el
o) = {4 (5
for all o, R such that 0 < o < R < Ry, it holds

o(0) < co’¢(2R,), Yo : 0< o < Ry. (19)
Remark 3.7. Note that we can take

9
1 (2”+3A)W1—19
€ = , c=|—st0——1 .
0 2(2n+3A) n+g—19 2R0

In the proof of Theorem 2.1 we will use a modification of the Natanson’s Lemma
(for a proof see [8]). It can be read as follows.

Lemma 3.8. Let f: [a,00) — R be a nonnegative function which is integrable on

la,b] for all a < b < oo and
a+h

1
N = sup —/ f(t)dt < oo
O<h<ooh

is satisfied. Let g : [a,00) — R be an arbitrary nonnegative, non-increasing and

integrable function. Then /f(t)g(t) dt exists and /f(t)g(t) dt < N/g(t) dt holds.

Remark 3.9. The foregoing estimate is optimal because if we put f(¢) = 1, where
t € [a,00), then an equality will be achieved. O

The following form of the Cacciopoli’s inequality can be derived by the difference
quotient method (see [11], p. 43-46). For a weak solution to the system (1) it holds

16 M\
/ | D?ul? dy < o2 (_) / | Du — (Du>w7g|2 dy (20)
Bo(z

(0—0)2 \ v
) By(2)

where z € , 0 < 0 < p < dist(z,09)).

In the proof of Theorem 2.1 we use an inequality which can be read as follows.

Proposition 3.10. Let u € W12(Q,RY) be a weak solution to (1) satisfying (i),
(ii) and (iii). Then for every ball Bog(x) C 2 and arbitrary constants pn > 2, b > 0,
1<qg<n/(n—2) and c € R™ we have
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/ Du — (Du)y zf* 1o (b D — (D)o ) dy (21)
Br(=)

-1

M\ uw N[ b !
< 9nlg—1) o 12 12
<2 (505 V) ((q—l)e) ((QR)" /|Du ‘| dy) / |Du — c|* dy

Bar(x) Bar(x)

where Cg s the constant from Lemma 3.4.

Proof. Let z € Qand 0 < R < 1dist(x, 0Q). We denote Br = Bg(z) for simplicity.
From the standard regularity theory it follows that Du — ¢ € W,2*(Q, RY). Lemma

loc

3.4 implies W12(Bg,RY) — L[?4(Bp,RY) where By C Q is an arbitrary and 1 <
¢ <n/(n—2). Now Lemma 3.5, the fact that

IBR |Du — (Du)g|* dy = mingeg fBR |Du — ¢ dy

and (20) give the following sequence of estimates.

I
/|Du—(Du)R|21nﬁ‘r (b|Du—(Du)R|2) dy < ( a ) bq_l/ | Du—(Du)g|** dy
Br Br

(g—1)e
p Y 1 '
<% bMWHMMq_/D_2d(/y2d
<t (L) i [ 1D [0y
R R

B2 2\qng—1 a
" O (1 + 16(M/v)?)ibs
S((q—1>e) R [Du—cf*dy | - =
Bar

The claim of the next lemma is well known (see, e.g., [4], [11], [22]).

Lemma 3.11. Let v € WH(Q,RY) be a weak solution to the linear system with
constant coefficients of the type (1) satisfying (i) and (iii). Then there ezists a
constant L > 1 such that for every z € Q and 0 < 0 < R < dist(z, 002) the following
estimate holds:

[ 100 = 0o dy < (2 [ 1D0) = (Do)

Bo(x) Br(z)

Remark 3.12. The constant L from the previous Lemma can be stated as

A7 2@ HR/2)
L =c¢(n,N) (—)

14

and choosing n = 3, N = 2 we can compute L < 2.1-10%(M/v)S. O

4. Proof of the result

Proof of Theorem 2.1. We recall that we set ¢(z,r) fB |Du (Du),.|* dz

and U,(z) = ¢(z,r)/r™ for B.(z) C Q. Let x € Q and R < d /2 be such that the
assumption (5) is satisfied. Where no confusion can result, we will use the notation
Bg, Ur, ¢(R) and (Du)pg instead of Br(z), Ur(x), ¢(z, R) and (Du), g.
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Denoting Amo A?jﬁ((DU)R)7

Aot = / A% ((Du)g + t (Du — (Du)g)) dt,

we can rewrite system (1),7=1,..., N, as
-3 (S aso ) == 0 (S (a5 ) (0 (00 )
o a J.B

Split u as v + w where v is the solution of the Dirichlet problem
- D, (Z Aj;%mﬂ) =0 inBg, i=1,...,N, v—ueWy*BgRY),
[ed .j7

and w € Wy*(Bg),RY) is the weak solution of the system
-3 D. (Z A:;%Dﬁwj) --Y"b. (Z (45— &) (Dsw - <Dﬁuf>R>) ,

e} j, « .])18
where 1 =1,..., N. For every 0 < ¢ < R it follows from Lemma 3.11 that

/\Dv — (Dv),|*dy < L( /\Dv — (Dv)g|*dy,

and so / |Du — (Du),|* dy

§4L< /yDu— (Du)g|* dy + 2 (1+2L )/|Dw|2dy (22)

Now w € Wy?(Bg,RN) satisfies

/ > AN Dsw Do’ dy < / > ’Afﬁo AP

By BB By 008

}D/guj — (D/guj)R’ |Dag01| dy

1/2

< /w2(|Du—(Du)R|)|Du—(Du)R]2dy /|D<p!2dy

R

for any ¢ € W,*(Bg, RY). Hence, choosing ¢ = w, we get

1
/ |Dw|2 dy < ) /w2 (|Du — (Du)g]) |Du — (Du)R|2 dy.
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The previous estimate and (22) give us

/|Du— (Du),|? y<4L /|Du— (Du)g|? dy

2 o\ "2 9 9
+5 1+2L(E> W2 (|Du — (Du)g|) |Du — (Du)pdy.  (23)
Br
In order to estimate the last integral in the foregoing inequality we use the Young

inequality (16) (here complementary functions are defined through (14)) and for any
0 < & < w2, we obtain

/ W (|Du — (Du)g|) |Du — (Du)nl? dy (24)
( /]Du (Du)g|* In* (ac [Du — (Du)g| ) dy+/\I/ (%%) dy> =: (el + I»)

Br

where w%(y) = w? (|Du(y) — (Du)g|). The term I; can be estimated by means of
Proposition 3.10 (here ¢ = n/(n — 2)) and we get

I, < CC, (acUsg)* ™ $(2R) (25)

9\ A7 20/ (0=2)
where C, = (n26 u) , C = (5057)

Applying Lemma 3.3 to the second integral I, we have

o [5(5) ot ()il

Bgr

where mg(t) = |{y € Br(x) : |Du— (Du)g| > t}|. Using mg(t) < k,R", K, is the
Lebesgue measure of the unit ball, we have (we use Lemma 3.8)

to [e%e]
~ d ~ (w(t) d ~ (w(t)
I, < —v dt g t) dt
2_/dt (5 ) r() +/dzf (5 )mR()
0 ) ) " o 1 t
~ (W2t _
< n —U —VU
= ot /dt ( e ) e t—to/ ds (
0

o (Z9) v (= )t (

fin g, (w2(t )) 6(2R) + /\;12 1/2(2R)n/2¢1/2(2R)

2)0) oo

to

) /\Du— (Du)g| dy

®(2R), where (27)




190 J. Danécek, J. Stard, E. Viszus / Interior Regularity ...

§(22) 8 ()
M _ 3 3

sup

to<t<oo t—1,
1 wz(t) 2/(2p—1) 1 w2(to) 2/(2p—1)
wZ(t) e 2/p € - wQ(tO) e 2/ €
= sup —< £ : (28)
to<t<oo t—1,

If for some R > 0 the average Ug = 0 then it is clear that z is the regular point.
So in the next formula we can suppose that Ug is positive for all R > 0. Inserting
(24)—(27) into (23) yields

é(o) < 4L (%>"+2 &(R) + 2 (1 4oL (%)"”) X

e, L)y
Usp)® " 4+ — - 2R). (29
X | = E (agUsp) + e Usm + Ton P(2R) (29)
2 191Q[1/2
In (27) we can choose g =22 = i for Usr >0 (30)

) a = n
& v (2d,)"* Ung

where 6 = 2 + Iney/Inv, ¢¢ = 1/(4(2"°L)%/"+2=9)) and o, p € R are suitable
constants. Then we obtain for Usp > 0

é(o) < 4L (%)M &(R) + % (1 1oL (%)M) x

4C' P? 12P§ 27691/2 % 2do n/2 . 2to
(CEE) " it ( (2

Ca1 \ " (2d,) Ca 12]Q[1/2,2-0

<ar(f) o g (e (F)7) »

1
22(n+2)Cm—2p2(5+n—2)wgé2—5) |Q| =2 g ( n/2
all : i 0+ M o

(Qdo)n O;(La 1)n+2

where P = wy/v. In the last term of the foregoing inequality we employed the
estimate from (5). The constants & > 1 —2/n and p > 2 can be always chosen in
such a way that

(22 (n+2) cm—2 p2(6+n-2) ,, 2 5) |Q|>

l\:)lr—l
8
[en}

(Qdo)n CL(LO( 1 n+2
23n+20n72p2n|9| Y

€

- (2d,)" 0

1)n+2

= C (31)

and we get for every 0 <0 < R < d,

n n 2d n/2
(o) < AL (R) +2¢(R)+% (1+2L (%) +2) {%er(mf/g M/Usr| e0d(2R).

11 1
We put A = 4L, B; = oAl By = 560 Now for R = d, we get from (5)

that (2d,)"/2M /Usq, (z)/|0|*/? < 1 and using Lemma 3.6 we can conclude that
(o) < co’¢p(2R), V0O<o<R.
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5. Illustrating examples and comments

Example 5.1. Let us consider the weak solution u € W1H2(Q, RY) of the system (1)
in Q = Br(0) C R™ (the fact, that the ball By is centered at zero, has no importance
for the next conclusions). Let us put Q, = B,(0), 0 <r < Rand d, = (R —1)/2.
Taking into account (5), we get

1

Ve (32)

][|Du— (Du)g|* dy < —
Br(0)

(for more information about the constant M see the right-hand side of (9) or (11)).
The validity of the foregoing estimate guarantees regularity in B,(0). If, moreover,
we consider the Dirichlet problem (3) where g € VVI1 2(R",RY) and we assume that
for 0 < A <n+ 2 and every ¢ > 0 the estimate o~ fBU(O) |Dg — (Dg)oo|” dy < e,

with ¢, > 0 holds, then, as a result of Remark 2.5, we get the sufficient condition
for validity of (32) in the form

2 = R« —

Kn ( v ) M?2

where £, is the Lebesgue measure of the unit ball. We have to remark that for all
R > 0and all 0 < r < R/2 the constant |Q2|/(2d,)" from right hand side of (7)
is less or equal to 2"k,,. It follows that neither M depends on R. If, for instance,
r < R/2, the previous inequality takes the following forms.

2
. C) M 1
. For \ = d R arbit = =) < —=
or T arn arpitrary /{n<y> ,/\/l27

2
. for)\>nandR§1. /ﬁ_n(j)R <W,

2

. for A < dR>1: —=|— | R""< —.

or n an . ( ” ) IYE

We only notice that the second inequality is automatically satisfied for sufficiently
small R and the same holds for the third one in the case of sufficiently large R.

Example 5.2. Here we give a sample of the system under consideration which can
illustrate some advantages of our main result. We construct the elliptic system of
the type (1) in the following way. Let us put n >3, N =n, A%(p) = afj’gpj’g + g2(p)
where a?ﬁ aﬂ is a constant matrix and let us suppose that there exists a constant
v1 > 0 such that Zijaﬁalj f&fﬂ > v|€)? for all £ € R™, g¢ € CY(R™), there exist
constants ¢; > 0, co > 0 such that [¢%*(p) — ¢7(q)| < ¢1 + ca|p — ¢| for all p,q € R™,
there exists a constant v, > 0 such that

Z ’679% ‘ <y and 0< Z Ggl fzfﬂ, Vp, & eRY. (33)

1,,0, 15,0,
HA° g
We set A (p) = == (p) = a?f + =L (p) (34)
J ap? J apf
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and moreover we suppose that Z ‘A%’B(p) - A?‘j’g(q) <w(lp—¢q|) (wis defined
4,008

above by the expression (8) or (10)).

It is easy to construct constant matrices (d*?) and (b;;) such that aa'8 d*Fb;;,

d® = dP* by = bb,, by # 0,7 = 1,..,N, det(b;) # 0 and there exist constants

1 ]7
v3, vy > 0 for which

valn|* < Zdaﬂﬁaﬂ,@ < wglnl?, VneR"
a?ﬂ

holds. For instance, if the matrix (d*?) is positively definite with smallest eigen-
value greater than or equal to v5 > 0 and the matrix (b;;) has positive diagonal

components, then the matrix (afj’g ) has the required properties. Now we can write

& 1o Ja o 1 Og% 9g;
bzg 8p]
0
We have Z A p)E. 55 = Z (aij agﬂ( )) g fﬂ > v |¢]%,
’.7’ 76 7]’7a76 p]

~ 10
; daﬁ (p)ﬁaﬁﬁ = Z (daﬁ Z sz agz ) NaTlp

i,j

_Z<d°‘5+z :

)m%>%w

~ o 1 89 ny
and Zdﬁ(p)nama:z:(d“zbb aﬁ )nanﬁé (Vﬁﬁ) In[?

a75

where b = min; |b;|. Now, putting H = D ijes |aij | and taking into account (33)
the constant L, mentioned in Lemma 3.11, can be exactly computed as

va+22N\" 1 g 2
oo (MY (2 "
V3 41

The foregoing computation was allowed due to the arguments from [18]. In this case
the constant ey defined in Theorem 2.1 has the form

1
€0 = n<dv<n+2  (36)

v nu: n 19/(71%’2719) ’
2 (24n+11 ( 4—i_(b';) <H+V2>2>
v3 V1

We would like to point out that the constant L (and consequently the constant
€9) can be calculated in general case as well but, its computation is a bit more
complicated and the obtained estimate is bigger than the one in (35), as it is visible
in Remark 3.12.
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Now, because of simplicity, we will consider the above system in 2 = Bg(0) and put
Q, = Bgr/2(0) (we use the same denotation as in the previous example). Choosing
n =3, Weo = 11, (14 +3v2/(b)2)/13)? = 102, (H +15)/11)? = 10%, P = wyo /vy = 1,
Cs = 10 and €y = 1072Y (the choice of the value €y seems to be realistic with respect
to (36), and the same we can say about the constant C's according to the paper [26])
we can get as follows.

(a) The case when the function w is defined by Example 2.3:

Wao = 102 10% 10% 1050 1060
to = 108 10° 107 10® 10°
w(t,) ~ 10° 10 10% 1036 10%

1011 1024 1037 1050 1060
1044 1046 1048 1049 1051
105 10'° 10 10 10'®

1 10* 10 10'2 10'2

w(weo)
131
real value ﬁ
estimate &z by means of (9)

QX

o = 22 219 225 234 235
0 = 0.77 0777 0.76 0.76 0.79
I = 229 23 225 218 218

(b) The case when the function w is defined by Example 2.4:
1020 1030 1040 1050 1060

Woo =
i’ ~ 1043 1046 1047 1049 1050
w(Wao) ~ 108 102 1037 10%0 109

1

real value 7 107 102 101 10'® 10%

106 10 10'% 10'7 10%

Q

Q

estimate iz by means of (11)

o} = 144 145 149 149 1.49
B = 178 19 2 21 217
I = 315 31.3 30.6 30.6 30.6

Here t is the point for which w(#) = 0.95 - ws. It is necessary to remember that the
condition (7) from the main Theorem is satisfied for the above-mentioned parame-
ters.

6. Appendix

Here we give an estimate of the constant M defined by (6). We remind that p > 6,
a>1-2/nand C, > (0.18- (n — 2)pu)* > 1.

(a) Estimate M related to the function w given by (8), t, < <t < t;:

() (=) (43 (29 1

t—t, dt £

= 20w ()

3

L2 (1 @@\ (2e)TT
€ .
2u—1\2\fi ¢
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Here we consider t, > 1 and 0 < v < 0.9

() (2
M = sup

to<t<t: t— to

2

w2(t>) -1

— sup (§w<t>w'<t>)e(25ﬁ :

to<t<t1

v ()|

2
1/co cg 1/Ch _ 2p—T
= sup <fyCﬁ‘ ) © Mg _11) tV] t71> e<2f <1+ fo lﬂ)) X

to<t<ty

to<t<ty to<t<t1

9 ce /o _ ST
1+ ( 2 1n(1+e—ﬂ)>
2p—1 t0<t<t1 2\/1 to

2
= 5,5, (1 t o 153) . (37)

The estimates of S-S5 are as follows:

1/C% cy JMCH 4 ))7%71

e’/tun —1 _ (—ln(lJr 2

< sup (703 ) sup |7 te\*V¥ fo X
o

1/Cg _ _ ( 1t t
e 1 e—1 e\ vito
oL 2o vy cicn, Si< s S
lo lo to<t<ty =

S < 703

(=)™
If we denote f(t) = — s t € (ty,0),

the standard method of differential calculus gives us the estimate

L\ T (209 ZT
e\vito ! e\ V"

Se < max{f(t,), f(t1)} < max

o (Coty) T
20y ﬁ
<t 3 %)
- té—'y max ) C£—1+1/7)a tz—?-‘rl/’y
C’;" 2H2—1
Finally, Sy < ( ) Vi, <t<t.
= 2\//7 ST
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Inserting the above estimates into (37), we get

2
20;} 2p—1
1 9 o \ ZT (f)
M<M<1—l— ( “) >max 3, ©

> g_»y 2u 1 2\/ﬁ C}S—H—l/‘y)a t;y—2+1/’y
CT) CQE—(iI
100" z
< 2—7“7 max } 1 ° : (38)

) 3 C£—1+1/7)a t3—2+1/7

€

The term ¥ <w2(t°)) from the definition of M can be estimated as

_ 2 2 W2(t) \ /PP /0o O a1 %
@(w@a):waagaw) :qﬂnc+e}tl)44a(utywﬁ

£ £ ti=

1/0,1 oo / 371 2pn—1 1 2pn—1
ae Ho— 1 (C# 17,\/) e — ]. T—
SO e AT S qpmel Tl <5 V21

(b) The estimate M for w is given by (10):

e\?VH

S W, B >a>1-— %, and \AI//((A)Q(tO)/ﬁ) = 0. (39)
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