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The interior C1,γ-regularity is proved for weak solutions to a class of nonlinear second-order elliptic
systems. It is typical for the system belonging to the class that the continuity moduli of the
gradients of its coefficients become slow growing sufficiently far from zero. This property guarantees
the regularity of the gradients of solutions to such system in a case when the ellipticity constant is
big enough. Some characteristic features of the obtained result are illustrated by examples at the
end of the paper.
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1. Introduction

In this paper, we give conditions guaranteeing that a weak solution to a nonlinear
elliptic system of second order

−
n∑

α=1

Dα (A
α
i (Du)) = 0 in Ω, i = 1, . . . , N (1)

belongs to C1,γ
loc (Ω,RN) space. For the history and detailed information concerning

the problem, see [4], [11], [14], [19], [22] and [24].
By the weak solution to the system (1) we understand u ∈ W 1,2(Ω,RN) such that∫

Ω

∑
i,α

Aα
i (Du)Dαϕ

i dx = 0, ∀ϕ ∈ W 1,2
0 (Ω,RN).

∗Supported by the research projects Slovak Grant Agency No.1/0078/17 and No.1/0358/20.

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag



180 J. Daněček, J. Stará, E. Viszus / Interior Regularity ...

Here Ω ⊂ Rn is a bounded open set, n ≥ 3 and continuously differentiable coefficients
(Aα

i )i=1,...,N,α=1,...,n have the linear controlled growth and satisfy the strong uniform
ellipticity condition. More precisely, denoting

Aαβ
ij (p) =

∂Aα
i

∂pβj
(p)

and supposing Aα
i (0) = 0, we require the following assumptions:

(i) There exists a constant M > 0 such that for every p ∈ RnN∑
i,α

|Aα
i (p)| ≤ M (1 + |p|) .

(ii)
∑
i,j,α,β

∣∣∣Aαβ
ij (p)

∣∣∣ ≤ M .

(iii) The strong ellipticity: there exists ν > 0 such that for every p, ξ ∈ RnN∑
i,j,α,β

Aαβ
ij (p)ξ

i
αξ

j
β ≥ ν|ξ|2 .

(iv) There exists a real function ω continuous on [0,∞), which is bounded, nonde-
creasing, increasing on a neighbourhood of zero, ω(0) = 0 and such that for all
p, q ∈ RnN ∑

i,j,α,β

∣∣∣Aαβ
ij (p)− Aαβ

ij (q)
∣∣∣ ≤ ω (|p− q|) .

We set ω∞ = limt→∞ ω(t) ≤ 2M .
It is worth to point out (see [11], p. 169) that for uniformly continuous coefficients
Aαβ

ij there exists a real function ω satisfying the assumption (iv) and, vice versa, (iv)
implies the uniform continuity of coefficients and absolute continuity of ω on [0,∞).
Here we will consider the continuous functions ω given by the formula

ω(t) =

{
ω0(t) for 0 ≤ t < to, to ≥ 0

ω1(t) ≤ ω∞, for to ≤ t < ∞
(2)

where ω0 is arbitrary continuous, concave, nondecreasing function, increasing on a
neighbourhood of zero such that ω0(0) = 0 and point t0 and the function ω1 are
chosen in such a way that ω preserves its continuity and concavity on [0,∞).
It is well known that with the above assumptions the Dirichlet problem

−
∑
α

Dα (A
α
i (Du)) = 0 in Ω, i = 1, . . . , N, u− g ∈ W 1,2

0 (Ω,RN) (3)

has for any function g ∈ W 1,2(Ω,RN) the unique solution u in the same space.
Moreover, we have∫

Ω

|Du− (Du)Ω|2 dx ≤
(
M

ν

)2 ∫
Ω

|Dg − (Dg)Ω|2 dx, (4)

where (v)Ω means the integral mean value of a function v over Ω. The foregoing
estimate can be proved by a standard technique (see [8], Appendix).
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Much effort has been devoted to understanding of the regularity of solutions to
nonlinear elliptic systems. If n ≥ 3, it was shown in [21] (n large, N = n2), [12]
(n ≥ 5, N = n2), [23] (n ≥ 3, N = n2), [24] (n = 3, N = 5) that, even in the case
of analytic coefficients Aα

i , weak solutions to (1) may be not of class C1. The weak
solutions constructed in the mentioned papers are Lipschitz continuous and so there
was still the possibility to establish the lower order C0,α-regularity for weak solutions
to (1) (under the assumptions (i), (ii) and (iii) only). Later on the authors of [25]
showed that there exist Non-Lipschitz solutions to (1) for n ≥ 3, N = n(n+1)/2−1
and for n = 4, N = 3 that can be even locally unbounded when n ≥ 5. So,
in general, neither the standard C1,α-everywhere regularity nor (for n ≥ 5 ) the
lower order C0,α-everywhere regularity of weak solutions to (1) are possible without
some additional structural assumptions about (1). There are a lot of papers dealing
with the so-called partial regularity (i.e. the regularity properties are preserved at
least on large subsets) of weak solutions to (1) under the assumptions (i), (ii) and
(iii). Because we study the interior everywhere C1,α-regularity and not the partial
regularity of weak solutions to (1), we refer here the interested reader to the excellent
survey papers [19], [20] and references therein.
An important role for our nonlinear elliptic systems play higher integrability and dif-
ferentiability. It is proved in the paper [15] that the weak solutions to the system (1)
belong to W 2,2+ϵ

loc (Ω,RN) under the strong monotonicity and the Lipschitz continuity
of the coefficients Aα

i . The constant ε > 0 depends only on an absolute constant
δ0 > 1/50 and on the ratio of the strong monotonicity and the Lipschitz continuity
constants. Moreover, one can immediately see, using the embedding theorem, that
for n = 3, 4 the weak solutions to the system (1) possess the C0,α-regularity. Re-
garding the lower order everywhere interior regularity for general n, we can refer the
reader to recent papers [2] and [3] where the authors show the interior everywhere
Hőlder continuity of weak solutions to some class of the systems (1) under (besides
others) a splitting condition on the coefficients. As it is mentioned above, the eve-
rywhere interior C1,α-regularity of weak solutions to the system (1) is impossible
without any additional structural assumptions. So, the everywhere interior C1,α-
regularity is known for the diagonal systems (see [13], [1]), for the systems where
the coefficients Aα

i (Du) = Aα
i (|Du|) (see [27]), for systems with a small dispersion

of eigenvalues of matrices Aαβ
ij (see [14], [17]) and for the systems with sufficiently

small ratio ω∞/ν where the parameter ω∞ is defined in (iv) above (see [8] or, for
the reader’s convenience, Proposition 2.6 below).
Here we also mention the papers [6] (see Th.2.2 there) and [10] where the authors
study a class of second order nonlinear elliptic systems, with coefficients split into
linear part and the nonlinear one which grows sub-linearly, whose weak solutions
have the gradients belonging to the space L2,n

loc (Ω,RN) (known as BMO - space, see
Definition 3.1 below). The papers [7], [9] and the present one offer conditions gua-
ranteeing the interior everywhere C1,α-regularity expressed in terms of the continuity
modulus ω of the first derivatives of the coefficients of (1). More precisely, it is proved
in [7] that if the modulus of continuity is of the type square root of logarithm, then
there exists ν0 > 0 such that for every ellipticity constant ν ≥ ν0 with the ratio
M/ν ≤ P , where P > 1 is a given constant, the gradients of weak solutions to (1)
are locally Hölder continuous in Ω (see [7], Th.9).
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The paper [9] deals with the modulus of continuity that is of the logarithmic type
as well, but only for big arguments. Near zero it can be almost arbitrary. The main
result of [9] is, comparing it to that one from [7], that for the mentioned type of
modulus of continuity the interior regularity of solutions to (1) is reached for any
ellipticity constant, but in a case of small ellipticity constant the growth of continuity
modulus should be adequately slow for big argument. Moreover, the bigger is the
ellipticity constant, the faster can be the growth of continuity modulus. In most
partial regularity results for the system (1) the regular points x ∈ Ω of a solution
u are characterized in such a way that for some rx > 0 the quantity Urx(x) (for its
definition see beginning of the next paragraph) has to be sufficiently small. In the
paper [9] the condition of regularity of solutions to (1) on an open subset Ωo ⊂⊂ Ω
allows Ur(x) not to be necessarily small in almost all points of Ωo. Our condition of
regularity (5) is formally similar to that from [9] (see [9], Th.2.1) however, while the
condition for regularity in [9] possesses local character, the condition (5) possesses
the global one.
The crucial role in the regularity condition there is played by a constant M (see
(28) below), estimate of which is a bit complicated in a case of general ω. In this
paper we focus ourselves to the modulus of continuity described by (8) and (10).
This restriction enables us estimate the constant M (see Appendix below) and so
we get the regularity condition (5) below. The main advantage of this condition is
that the relationship between the regularity of solutions to (1) and the parameters of
the continuity modulus is clearly visible (see Th.2.1 below). For example, it is easily
seen how the relation between to and t1 influences the smallness of the constant M.
On the other hand, it is visible from (9), (11) and (7) below that the smaller the
ratio M/ν and ω∞/ν, the smaller the parameter M and the better the condition
(5). Here it is useful to remind that the condition of regularity (5) is especially
effective in the case of the Dirichlet problem (3) as it is obvious from (4) and the
global condition (5) is very significant in the case when the ratio of the measure
of domain Ω and the measure of the ball, whose radius equals to the distance of
subdomain Ωo b Ω from boundary ∂Ω, is small (see right hand side of (7)). It is
good visible in the case when Ω and Ωo are concentrated balls (see Example 5.1).
In Example 5.2 below we construct a class of systems (1) with the property that the
gradients of weak solutions u ∈ W 1,2(Ω,Rn) are locally Hölder continuous in Ω and
for better understanding we provide some numerical results.
The method for proving the main result of this paper follows the standard procedures
used in the direct proofs of the partial regularity. The novelty is an employment of
special complementary Young functions and a modification of the Natanson’s lemma
which allows us to get some key estimates. The essentially improved regularity
criterium (5) (comparing it to the main result of the paper [9]) was achieved thanks
to a peculiar choice (by far not elementary) of parameters in (30) and (31) below.

2. Main results

By Ωo b Ω we will understand any bounded subdomain Ωo with smooth boundary
which is compactly embedded into Ω (i.e. Ωo ⊂ Ω). We set do = dist(Ωo, ∂Ω)/2 and
dx = dist(x, ∂Ω)/2 for x ∈ Ω (here dist(A,B) = infx∈A,y∈B|x− y|, A,B ⊂ Rn).
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For x ∈ Ω, r > 0 such that Br(x) = {y ∈ Rn : |y − x| < r} ⊂ Ω we set

Ur(x) = r−nφ(x, r), φ(x, r) =

∫
Br(x)

|Du(y)− (Du)x,r|2 dy

where (Du)x,r means the integral mean value of Du over Br(x). By κn we denote
the n-dimensional Lebesgue measure of the unit ball.
We formulate our results in several steps. The main result is given in Theorem 2.1
below. The further results are consequences of this theorem.

Theorem 2.1. Let Ωo ⊂⊂ Ω and n ≤ ϑ < n + 2 be given. Then there exists
a constant M such that if u ∈ W 1,2(Ω,RN) is a weak solution to the system (1)
satisfying the condition ∫

Ω

− |Du− (Du)Ω|2 dy <
1

M2
, (5)

then Du ∈ C0,(ϑ−n)/2(Ωo,RnN) in the case ϑ > n and Du ∈ BMO(Ωo,RnN) for
ϑ = n. Here

M = sup
to<t<∞

Ψ̃
(

ω2(t)
ε

)
− Ψ̃

(
ω2(to)

ε

)
t− to

< ∞, Ψ̃

(
ω2(to)

ε

)
≤ 5 . (6)

Remark 2.2. In the foregoing formula the function Ψ̃(u) = ue(u/2
√
µ)2/(2µ−1) . For

further properties of Ψ̃ see (14). Moreover, we assume that to ≥ 0 (to is from the
definition ω, see (2)), ε = ω2

∞/Cα
µ , Cµ = ((n − 2)µ/2e)µ and the constants µ ≥ 6,

α > 1− 2/n have to be such that

C(α−1)n+2
µ ≥ KL

nϑ
n+2−ϑ

(
5CS

Mω∞

ν2

)2n |Ω|
(2do)n

(7)

where K = 22+[5+(n+5)ϑ/(n+2−ϑ)]n, L is the constant from Lemma 3.11 below, CS is
the Sobolev embedding constant defined in Lemma 3.4 below and the symbol | · |
stands for the n-dimensional Lebesgue measure.

The regularity theorem we formulated above can be illustrated by two examples of
the function ω, defined by (2), for which we give estimates of the parameter M.
Broadly speaking, if coefficients of a nonlinear system satisfy (iv) with some ω given
below and (5) is fulfilled, we have the regularity.
Example 2.3. For

ω(t) =


ω0(t) for 0 ≤ t < to,

ω∞

√
ln
(
1 + eε/ω

2∞−1
to

tγ
)
, for to ≤ t ≤ t1, 0 < γ ≤ 1

ω∞ for t > t1

(8)

where ω0 is an arbitrary continuous, concave, nondecreasing function such that
ω0(0) = 0 and points to, t1 are selected in such a way that ω is continuous and
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concave on [0,∞). The constant occurred in (5), can be chosen as follows (see the
Appendix for more information).

1

M2
=

 t2−γ
o

10C
2α

2µ−1
µ

min

{
1,

3C
(−1+1/γ)α
µ t

γ−2+1/γ
o

eC
2α

2µ−1
µ

}2

, (9)

here to ≥ 1, µ ≥ 6, α > 1− 2/n, 0 < γ < 0.9, Cµ > 1.

Example 2.4. If

ω(t) = ω∞

√
2

π
arctan

t

Cβ
µ

, 0 ≤ t < ∞ (10)

then the constant from (5) can be chosen in the form (in this case to = 0, for more
information see the Appendix as well)

1

M2
=

 Cβ−α
µ

e

(
Cµ
2
√
µ

) 2
2µ−1

2

. (11)

Here β > α > 1− 2/n and µ ≥ 6 satisfy (7).

Remark 2.5. We would like to point out that, in the case of the Dirichlet problem
(3), the left-hand side of (5) could be substituted with (M/ν)2

∫
Ω

− |Dg−(Dg)Ω|2 dy (we
remind that we employ the estimate (4)). We note that the last mentioned condition
involves the data of the problem (3) only (see Example 5.1 below as well).

It is useful to point out that in the case when the ratio ω∞/ν is small enough, the
regularity of solution to the problem (3) is guaranteed by the following Proposition.

Proposition 2.6. (see [8], Th.2.1) Let n ≤ ϑ < n + 2 and Ωo b Ω be given. Let
u be a weak solution to the Dirichlet problem (3) where g ∈ W 1,2(Ω,RN) and the
hypotheses (i), (ii), (iii), (iv) be satisfied with M , ν and the function ω for which

ω∞

ν
≤
√

1

2
ε0 := Ccr (12)

where the constant ε0 is from Theorem 2.1. Then

∥Du∥L2,ϑ(Ωo,RnN ) ≤ cd−ϑ
ϑ ∥Dg∥L2(Ω,RnN ) (13)

for some 0 < dϑ ≤ 2do. The norm ∥Du∥L2,ϑ(Ωo,RnN ) is given in Definition 3.1 below.

3. Preliminaries

Besides the standard space C∞
0 (Ω,RN), the Hölder spaces C0,α(Ω,RN) and the

Sobolev spaces W k,p(Ω,RN), W k,p
0 (Ω,RN) we use the Campanato spaces Lq,λ(Ω,RN)

(see Definition 3.1 below). By Xloc(Ω,RN) we denote the space of functions which
belong to X(Ω̃,RN) for every smoothly bounded subdomain Ω̃ b Ω.
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Definition 3.1. (see, e.g., [16]) Let λ ∈ [0, n+q], q ∈ [1,∞). The Campanato space
Lq,λ(Ω,RN) is the subspace of all functions u ∈ Lq(Ω,RN) for which the seminorm

[u]qLq,λ(Ω,RN )
= sup

r>0,x∈Ω

1

rλ

∫
Ωr(x)

|u(y)− ux,r|q dy < ∞

where Ωr(x) = Ω∩Br(x) and ux,r =
∫
Ωr(x)

− u(y) dy. The norm in the space Lq,λ(Ω,RN)

is defined by ∥u∥Lq,λ(Ω,RN ) = ∥u∥Lq(Ω,RN ) + [u]Lq,λ(Ω,RN ).

Proposition 3.2. (see [4], [11], [16]) For a bounded domain Ω ⊂ Rn with a
Lipschitz boundary, for q ∈ [1,∞) and 0 < λ < µ < ∞, we have the relation
Lq,µ(Ω,RN)⊂Lq,λ(Ω,RN). Moreover, Lq,λ(Ω,RN) is isomorphic to C0,(λ−n)/q(Ω,RN),
for n < λ ≤ n+ q.

Now let Φ, Ψ be a pair of complementary Young functions

Φ(u) = u lnµ
+(au), Ψ(u) ≤ Ψ(u) =

1

a
ue

(
u

2
√
µ

)2/(2µ−1)

=
1

a
Ψ̃(u) for u ≥ 0 (14)

where a > 0 and µ ≥ 2 are constants,

ln+(au) =

{
0 for 0 ≤ u < 1

a
,

ln(au) for u ≥ 1
a
.

(15)

Then the Young inequality for Φ, Ψ reads

uv ≤ Φ(u) + Ψ(v), u, v ≥ 0. (16)

Lemma 3.3. ([28], p. 37)Let φ : [0,∞) → [0,∞) be a nondecreasing function which
is absolutely continuous on every closed interval of finite length, φ(0) = 0. If w ≥ 0
is measurable and E(t) = {y ∈ Rn : w(y) > t} then∫

Rn

φ ◦ w dy =

∞∫
0

|E(t)|φ′(t) dt.

Lemma 3.4. (Sobolev embedding, see [16]) Assume n ≥ 2, 1 ≤ r, s < ∞, such
that s−1 − r−1 ≤ n−1, R > 0, x ∈ Rn. Then for u ∈ W 1,s(BR(x),RN) we have( ∫

BR(x)

|u(y)|r dy

)1/r

≤ CSR
1+n/r−n/s

(
R−s

∫
BR(x)

|u(y)|s dy +
∫

BR(x)

|Du(y)|s dy

)1/s

where CS = CS(n,N, r, s) is a constant independent of x, R and u.

We will employ the next lemma in the proof of Theorem 2.1.

Lemma 3.5. Let v ≥ 0, b > 0, µ > 0 and q > 1 be arbitrary. Then

v lnµ
+(bv) ≤

(
µ

(q − 1)e

)µ

bq−1 vq. (17)

Proof. Hint: calculate sup
{

lnµ+(bv)

vq−1 ; v ∈ (0,∞)
}

.
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The following Lemma is proved in [8] (see Lemma 3.5 there).

Lemma 3.6. Let A, R0 ≤ R1 be positive numbers, n ≤ ϑ < n+ 2, η a nonnegative
and nondecreasing function on (0,∞). Then there exist ε0, c positive so that for
any nonnegative, nondecreasing function φ defined on [0, 2R1] and satisfying with
(B1 +B2η(U2R0)) ∈ [0, ε0] the inequality

φ(σ) ≤
{
A
( σ
R

)n+2

+
1

2

(
1 + A

( σ
R

)n+2
)
[B1 +B2η(U2R)]

}
φ(2R) (18)

for all σ, R such that 0 < σ < R ≤ R0, it holds

φ(σ) ≤ cσϑφ(2R0), ∀σ : 0 < σ ≤ R0. (19)

Remark 3.7. Note that we can take

ε0 =
1

2(2n+3A)
ϑ

n+2−ϑ

, c =

(
(2n+3A)

1
n+2−ϑ

2R0

)ϑ

.

In the proof of Theorem 2.1 we will use a modification of the Natanson’s Lemma
(for a proof see [8]). It can be read as follows.

Lemma 3.8. Let f : [a,∞) → R be a nonnegative function which is integrable on
[a, b] for all a < b < ∞ and

N = sup
0<h<∞

1

h

a+h∫
a

f(t) dt < ∞

is satisfied. Let g : [a,∞) → R be an arbitrary nonnegative, non-increasing and

integrable function. Then
∞∫
a

f(t)g(t) dt exists and
∞∫
a

f(t)g(t) dt ≤ N
∞∫
a

g(t) dt holds.

Remark 3.9. The foregoing estimate is optimal because if we put f(t) = 1, where
t ∈ [a,∞), then an equality will be achieved.

The following form of the Cacciopoli’s inequality can be derived by the difference
quotient method (see [11], p. 43-46). For a weak solution to the system (1) it holds∫

Bσ(x)

|D2u|2 dy ≤ 16

(%− σ)2

(
M

ν

)2 ∫
Bϱ(x)

|Du− (Du)x,ϱ|2 dy (20)

where x ∈ Ω, 0 < σ < % ≤ dist(x, ∂Ω)).
In the proof of Theorem 2.1 we use an inequality which can be read as follows.

Proposition 3.10. Let u ∈ W 1,2(Ω,RN) be a weak solution to (1) satisfying (i),
(ii) and (iii). Then for every ball B2R(x) ⊂ Ω and arbitrary constants µ ≥ 2, b > 0,
1 < q ≤ n/(n− 2) and c ∈ RnN we have
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BR(x)

|Du− (Du)x,R|2 lnµ
+

(
b|Du− (Du)x,R|2

)
dy (21)

≤ 2n(q−1)

(
5CS

M

ν

)2q(
µ

(q−1)e

)µ
(

b

(2R)n

∫
B2R(x)

|Du− c|2 dy

)q−1∫
B2R(x)

|Du− c|2 dy

where CS is the constant from Lemma 3.4.

Proof. Let x ∈ Ω and 0 ≤ R ≤ 1
4
dist(x, ∂Ω). We denote BR = BR(x) for simplicity.

From the standard regularity theory it follows that Du− c ∈ W 1,2
loc (Ω,RN). Lemma

3.4 implies W 1,2(BR,RN) ↪→ L2q(BR,RN) where BR ⊂ Ω is an arbitrary and 1 <
q ≤ n/(n− 2). Now Lemma 3.5, the fact that∫

BR
|Du− (Du)R|2 dy = minc∈R

∫
BR

|Du− c|2 dy

and (20) give the following sequence of estimates.∫
BR

|Du−(Du)R|2 lnµ
+

(
b |Du−(Du)R|2

)
dy ≤

(
µ

(q−1)e

)µ

bq−1

∫
BR

|Du−(Du)R|2q dy

≤ C2q
S

(
µ

(q − 1)e

)µ

bq−1R[n(−1+1/q)+2]q

(
1

R2

∫
BR

|Du− c|2 dy +
∫
BR

|D2u|2 dy

)q

≤
(

µ

(q − 1)e

)µ
C2q

S (1 + 16(M/ν)2)qbq−1

Rn(q−1)

( ∫
B2R

|Du− c|2 dy

)q

.

The claim of the next lemma is well known (see, e.g., [4], [11], [22]).

Lemma 3.11. Let v ∈ W 1,2(Ω,RN) be a weak solution to the linear system with
constant coefficients of the type (1) satisfying (ii) and (iii). Then there exists a
constant L ≥ 1 such that for every x ∈ Ω and 0 < σ ≤ R ≤ dist(x, ∂Ω) the following
estimate holds:∫

Bσ(x)

|Dv(y)− (Dv)x,σ|2 dy ≤ L
( σ
R

)n+2
∫

BR(x)

|Dv(y)− (Dv)x,R|2 dy.

Remark 3.12. The constant L from the previous Lemma can be stated as

L = c(n,N)

(
M

ν

)2(2+[n/2])

and choosing n = 3, N = 2 we can compute L < 2.1 · 108(M/ν)6.

4. Proof of the result

Proof of Theorem 2.1. We recall that we set φ(x, r) =
∫
Br(x)

|Du − (Du)x,r|2 dx
and Ur(x) = φ(x, r)/rn for Br(x) ⊂ Ω. Let x ∈ Ω and R < dx/2 be such that the
assumption (5) is satisfied. Where no confusion can result, we will use the notation
BR, UR, φ(R) and (Du)R instead of BR(x), UR(x), φ(x,R) and (Du)x,R.
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Denoting Aαβ
ij,0 = Aαβ

ij ((Du)R),

Ãαβ
ij =

1∫
0

Aαβ
ij ((Du)R + t (Du− (Du)R)) dt,

we can rewrite system (1), i = 1, . . . , N , as

−
∑
α

Dα

(∑
j,β

Aαβ
ij,0Dβu

j

)
= −

∑
α

Dα

(∑
j,β

(
Aαβ

ij,0 − Ãαβ
ij

) (
Dβu

j −
(
Dβu

j
)
R

))
.

Split u as v + w where v is the solution of the Dirichlet problem

−
∑
α

Dα

(∑
j,β

Aαβ
ij,0Dβv

j

)
= 0 in BR, i = 1, . . . , N, v − u ∈ W 1,2

0 (BR,RN),

and w ∈ W 1,2
0 (BR),RN) is the weak solution of the system

−
∑
α

Dα

(∑
j,β

Aαβ
ij,0Dβw

j

)
= −

∑
α

Dα

(∑
j,β

(
Aαβ

ij,0 − Ãαβ
ij

) (
Dβu

j −
(
Dβu

j
)
R

))
,

where i = 1, . . . , N . For every 0 < σ ≤ R it follows from Lemma 3.11 that∫
Bσ

|Dv − (Dv)σ|2 dy ≤ L
( σ
R

)n+2
∫
BR

|Dv − (Dv)R|2 dy,

and so
∫
Bσ

|Du− (Du)σ|2 dy

≤ 4L
( σ
R

)n+2
∫
BR

|Du− (Du)R|2 dy + 2

(
1 + 2L

( σ
R

)n+2
)∫

BR

|Dw|2 dy. (22)

Now w ∈ W 1,2
0 (BR,RN) satisfies∫

BR

∑
i,j,α,β

Aαβ
ij,0Dβw

jDαϕ
i dy ≤

∫
BR

∑
i,j,α,β

∣∣∣Aαβ
ij,0 − Ãαβ

ij

∣∣∣ ∣∣Dβu
j − (Dβu

j)R
∣∣ ∣∣Dαϕ

i
∣∣ dy

≤

∫
BR

ω2 (|Du− (Du)R|) |Du− (Du)R|2 dy

1/2∫
BR

|Dϕ|2 dy

1/2

for any ϕ ∈ W 1,2
0 (BR,RN). Hence, choosing ϕ = w, we get∫

BR

|Dw|2 dy ≤ 1

ν2

∫
BR

ω2 (|Du− (Du)R|) |Du− (Du)R|2 dy.
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The previous estimate and (22) give us∫
Bσ

|Du− (Du)σ|2 dy ≤ 4L
( σ
R

)n+2
∫
BR

|Du− (Du)R|2 dy

+
2

ν2

(
1 + 2L

( σ
R

)n+2
)∫

BR

ω2 (|Du− (Du)R|) |Du− (Du)R|2 dy. (23)

In order to estimate the last integral in the foregoing inequality we use the Young
inequality (16) (here complementary functions are defined through (14)) and for any
0 < ε < ω2

∞ we obtain∫
BR

ω2 (|Du− (Du)R|) |Du− (Du)R|2 dy (24)

≤

(
ε

∫
BR

|Du−(Du)R|2 lnµ
+

(
aε |Du− (Du)R|2

)
dy +

∫
BR

Ψ

(
ω2
R

ε

)
dy

)
=: (εI1 + I2)

where ω2
R(y) = ω2 (|Du(y)− (Du)R|). The term I1 can be estimated by means of

Proposition 3.10 (here q = n/(n− 2)) and we get

I1 ≤ CCµ (aεU2R)
2/(n−2) φ(2R) (25)

where Cµ =

(
n− 2

2e
µ

)µ

, C =

(
5CS

M

ν

)2n/(n−2)

Applying Lemma 3.3 to the second integral I2 we have

I2 =

∫
BR

Ψ

(
ω2
R

ε

)
dx =

1

a

∞∫
0

d

dt
Ψ̃

(
ω2(t)

ε

)
mR(t) dt :=

1

a
Ĩ2 (26)

where mR(t) = | {y ∈ BR(x) : |Du− (Du)R| > t} |. Using mR(t) ≤ κnR
n, κn is the

Lebesgue measure of the unit ball, we have (we use Lemma 3.8)

Ĩ2 ≤
to∫
0

d

dt
Ψ̃

(
ω2(t)

ε

)
mR(t) dt+

∞∫
to

d

dt
Ψ̃

(
ω2(t)

ε

)
mR(t) dt

≤ κnR
n

to∫
0

d

dt
Ψ̃

(
ω2(t)

ε

)
dt+ sup

to<t<∞

 1

t− to

t∫
to

d

ds
Ψ̃

(
ω2(s)

ε

)
ds

 ∞∫
to

mR(s) ds

≤ κnΨ̃

(
ω2(to)

ε

)
Rn + sup

to<t<∞

Ψ̃
(

ω2(t)
ε

)
− Ψ̃

(
ω2(to)

ε

)
t− to

 ∫
BR

|Du− (Du)R| dy

≤ κn

2nU2R

Ψ̃

(
ω2(to)

ε

)
φ(2R) +

M
2n/2

κ1/2
n (2R)n/2φ1/2(2R)

<

[
Ψ̃
(

ω2(to)
ε

)
U2R

+
M√
U2R

]
φ(2R), where (27)
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M = sup
to<t<∞

Ψ̃
(

ω2(t)
ε

)
− Ψ̃

(
ω2(to)

ε

)
t− to

= sup
to<t<∞

ω2(t)
ε

e

(
1

2
√
µ

ω2(t)
ε

)2/(2µ−1)

− ω2(to)
ε

e

(
1

2
√
µ

ω2(to)
ε

)2/(2µ−1)

t− to
. (28)

If for some R > 0 the average UR = 0 then it is clear that x is the regular point.
So in the next formula we can suppose that UR is positive for all R > 0. Inserting
(24)–(27) into (23) yields

φ(σ) ≤ 4L
( σ
R

)n+2

φ(R) + 2

(
1 + 2L

( σ
R

)n+2
)
×

×

[
εCCµ

ν2
(aεU2R)

2/(n−2) +
1

aν2

(
Ψ̃
(

ω2(to)
ε

)
U2R

+
M√
U2R

)]
φ(2R). (29)

In (27) we can choose ε =
ω2
∞

Cα
µ

, a =
12|Ω|1/2

νδ (2do)
n/2 U2R

for U2R > 0 (30)

where δ = 2 + ln ε0/ ln ν, ε0 = 1/(4(2n+5L)ϑ/(n+2−ϑ)) and α, µ ∈ R are suitable
constants. Then we obtain for U2R > 0

φ(σ) ≤ 4L
( σ
R

)n+2

φ(R) +
1

2

(
1 + 2L

( σ
R

)n+2
)
×

×

[
4CP 2

Cα−1
µ

(
12P δω2−δ

∞ |Ω|1/2

(2do)n/2Cα
µ

) 2
n−2

+
(2do)

n/2

12|Ω|1/2ν2−δ

(
Ψ̃

(
ω2(to)

ε

)
+M

√
U2R

)]
φ(2R)

≤ 4L
( σ
R

)n+2

φ(R) +
1

2

(
1 + 2L

( σ
R

)n+2
)
×

×

[(
22(n+2)Cn−2P 2(δ+n−2)ω

2(2−δ)
∞ |Ω|

(2do)n C
(α−1)n+2
µ

) 1
n−2

+
1

12

(
5+

(2do)
n/2

|Ω|1/2
M
√
U2R

)
ε0

]
φ(2R)

where P = ω∞/ν. In the last term of the foregoing inequality we employed the
estimate from (5). The constants α > 1 − 2/n and µ ≥ 2 can be always chosen in
such a way that(

22(n+2)Cn−2P 2(δ+n−2)ω
2(2−δ)
∞ |Ω|

(2do)n C
(α−1)n+2
µ

) 1
n−2

≤ 1

2
ε0

⇐⇒ C(α−1)n+2
µ ≥ 23n+2Cn−2P 2n|Ω|

(2do)n
ε−n
0 (31)

and we get for every 0 < σ ≤ R ≤ do

φ(σ) ≤ 4L
( σ
R

)n+2

φ(R) +
1

2

(
1+2L

( σ
R

)n+2
)[

11

12
+

1

12

(2do)
n/2

|Ω|1/2
M
√
U2R

]
ε0φ(2R).

We put A = 4L, B1 =
11

12
ε0, B2 =

1

12
ε0. Now for R = do we get from (5)

that (2do)
n/2M

√
U2do(x)/|Ω|1/2 ≤ 1 and using Lemma 3.6 we can conclude that

φ(σ) ≤ cσϑφ(2R), ∀ 0 < σ ≤ R.
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5. Illustrating examples and comments

Example 5.1. Let us consider the weak solution u ∈ W 1,2(Ω,RN) of the system (1)
in Ω = BR(0) ⊂ Rn (the fact, that the ball BR is centered at zero, has no importance
for the next conclusions). Let us put Ωo = Br(0), 0 < r < R and do = (R − r)/2.
Taking into account (5), we get∫

BR(0)

− |Du− (Du)R|2 dy <
1

M2
(32)

(for more information about the constant M see the right-hand side of (9) or (11)).
The validity of the foregoing estimate guarantees regularity in Br(0). If, moreover,
we consider the Dirichlet problem (3) where g ∈ W 1,2

loc (Rn,RN) and we assume that
for 0 < λ ≤ n+ 2 and every σ > 0 the estimate σ−λ

∫
Bσ(0)

|Dg − (Dg)0,σ|2 dy ≤ cλ,
with cλ > 0 holds, then, as a result of Remark 2.5, we get the sufficient condition
for validity of (32) in the form

cλ
κn

(
M

ν

)2

Rλ−n <
1

M2

where κn is the Lebesgue measure of the unit ball. We have to remark that for all
R > 0 and all 0 < r ≤ R/2 the constant |Ω|/(2do)n from right hand side of (7)
is less or equal to 2nκn. It follows that neither M depends on R. If, for instance,
r ≤ R/2, the previous inequality takes the following forms.

• For λ = n and R arbitrary : cλ
κn

(
M

ν

)2

<
1

M2
,

• for λ > n and R ≤ 1 : cλ
κn

(
M

ν

)2

Rλ−n <
1

M2
,

• for λ < n and R > 1 : cλ
κn

(
M

ν

)2

Rn−λ <
1

M2
.

We only notice that the second inequality is automatically satisfied for sufficiently
small R and the same holds for the third one in the case of sufficiently large R.

Example 5.2. Here we give a sample of the system under consideration which can
illustrate some advantages of our main result. We construct the elliptic system of
the type (1) in the following way. Let us put n ≥ 3, N = n, Aα

i (p) = aαβij p
β
j + gαi (p)

where aαβij = aβαji is a constant matrix and let us suppose that there exists a constant
ν1 > 0 such that

∑
i,j,α,β a

αβ
ij ξ

i
αξ

j
β ≥ ν1|ξ|2 for all ξ ∈ Rn2 , gαi ∈ C1(Rn2

), there exist
constants c1 > 0, c2 > 0 such that |gαi (p)− gαi (q)| ≤ c1 + c2|p− q| for all p, q ∈ Rn2 ,
there exists a constant ν2 > 0 such that∑

i,j,α,β

∣∣∣∣∂gαi∂pβj
(p)

∣∣∣∣ ≤ ν2 and 0 ≤
∑
i,j,α,β

∂gαi

∂pβj
(p)ξiαξ

j
β, ∀ p, ξ ∈ Rn2

. (33)

We set Aαβ
ij (p) =

∂Aα
i

∂pβj
(p) = aαβij +

∂gαi

∂pβj
(p) (34)
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and moreover we suppose that
∑
i,j,α,β

∣∣∣Aαβ
ij (p)− Aαβ

ij (q)
∣∣∣ ≤ ω(|p − q|) (ω is defined

above by the expression (8) or (10)).
It is easy to construct constant matrices (dαβ) and (bij) such that aαβij = dαβbij,
dαβ = dβα, bij = b

′
ib

′
j, b

′
i ̸= 0, i = 1, ..., N , det(bij) ̸= 0 and there exist constants

ν3, ν4 > 0 for which

ν3|η|2 ≤
∑
α,β

dαβηαηβ ≤ ν4|η|2, ∀ η ∈ Rn

holds. For instance, if the matrix (dαβ) is positively definite with smallest eigen-
value greater than or equal to ν3 > 0 and the matrix (bij) has positive diagonal
components, then the matrix (aαβij ) has the required properties. Now we can write

Aαβ
ij (p) = d̃αβ(p)bij, d̃αβ(p) = dαβ +

1

bij

∂gαi

∂pβj
(p).

We have
∑
i,j,α,β

Aαβ
ij (p)ξ

i
αξ

j
β =

∑
i,j,α,β

(
aαβij +

∂gαi

∂pβj
(p)

)
ξiαξ

j
β ≥ ν1|ξ|2,

∑
α,β

d̃αβ(p)ηαηβ =
∑
α,β

(
dαβ +

∑
i,j

1

bij

∂gαi

∂pβj
(p)

)
ηαηβ

=
∑
α,β

(
dαβ +

∑
i,j

1

b
′
ib

′
j

∂gαi

∂pβj
(p)

)
ηαηβ ≥ ν3|η|2

and
∑
α,β

d̃αβ(p)ηαηβ =
∑
α,β

(
dαβ +

∑
i,j

1

b
′
ib

′
j

∂gαi

∂pβj
(p)

)
ηαηβ ≤

(
ν4 +

nν2
(b′)2

)
|η|2

where b
′
= mini |b

′
i|. Now, putting H =

∑
i,j,α,β |a

αβ
ij | and taking into account (33)

the constant L, mentioned in Lemma 3.11, can be exactly computed as

L = 23n+6

(
ν4 +

nν2
(b′ )2

ν3

)n(
H + ν2

ν1

)2

. (35)

The foregoing computation was allowed due to the arguments from [18]. In this case
the constant ε0 defined in Theorem 2.1 has the form

ε0 =
1

2

(
24n+11

(
ν4+

nν2

(b
′
)2

ν3

)n (
H+ν2
ν1

)2)ϑ/(n+2−ϑ)
, n ≤ ϑ < n+ 2. (36)

We would like to point out that the constant L (and consequently the constant
ε0) can be calculated in general case as well but, its computation is a bit more
complicated and the obtained estimate is bigger than the one in (35), as it is visible
in Remark 3.12.
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Now, because of simplicity, we will consider the above system in Ω = BR(0) and put
Ωo = BR/2(0) (we use the same denotation as in the previous example). Choosing
n = 3, ω∞ = ν1, ((ν4+3ν2/(b

′
)2)/ν3)

3 = 102, ((H + ν2)/ν1)
2 = 104, P = ω∞/ν1 = 1,

CS = 10 and ε0 = 10−20 (the choice of the value ε0 seems to be realistic with respect
to (36), and the same we can say about the constant CS according to the paper [26])
we can get as follows.
(a) The case when the function ω is defined by Example 2.3:

ω∞ = 1020 1030 1040 1050 1060

to = 103 105 107 108 109

ω(to) ≈ 104 1014 1026 1036 1044

ω(ω∞) ≈ 1011 1024 1037 1050 1060

t1 ≈ 1044 1046 1048 1049 1051

real value 1
M2 ≈ 105 1010 1014 1014 1018

estimate 1
M2 by means of (9) ≈ 1 103 1011 1012 1012

α = 2.2 2.19 2.25 2.34 2.35

γ = 0.77 0.77 0.76 0.76 0.79

µ = 22.9 23 22.5 21.8 21.8

(b) The case when the function ω is defined by Example 2.4:
ω∞ = 1020 1030 1040 1050 1060

t̃ ≈ 1043 1046 1047 1049 1050

ω(ω∞) ≈ 108 1022 1037 1050 1060

real value 1
M2 ≈ 107 1012 1013 1018 1021

estimate 1
M2 by means of (11) ≈ 106 1011 1012 1017 1020

α = 1.44 1.45 1.49 1.49 1.49

β = 1.78 1.9 2 2.1 2.17

µ = 31.5 31.3 30.6 30.6 30.6

Here t̃ is the point for which ω(t̃) = 0.95 · ω∞. It is necessary to remember that the
condition (7) from the main Theorem is satisfied for the above-mentioned parame-
ters.

6. Appendix

Here we give an estimate of the constant M defined by (6). We remind that µ ≥ 6,
α > 1− 2/n and Cµ ≥ (0.18 · (n− 2)µ)µ > 1.
(a) Estimate M related to the function ω given by (8), to < ξ < t ≤ t1:

Ψ̃
(

ω2(t)
ε

)
− Ψ̃

(
ω2(to)

ε

)
t− to

=

(
d

dt
Ψ̃

(
ω2(t)

ε

))
|t=ξ

=
2

ε
ω(ξ)ω′(ξ)

[
1 +

2

2µ− 1

(
1

2
√
µ

ω2(ξ)

ε

) 2
2µ−1

]
e

(
1

2
√
µ

ω2(ξ)
ε

) 2
2µ−1

.
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Here we consider to ≥ 1 and 0 < γ < 0.9

M = sup
to<t<t1

Ψ̃
(

ω2(t)
ε

)
− Ψ̃

(
ω2(to)

ε

)
t− to

= sup
to<t<t1

(
2

ε
ω(t)ω′(t)

)
e

(
1

2
√
µ

ω2(t)
ε

) 2
2µ−1

[
1 +

2

2µ− 1

(
1

2
√
µ

ω2(t)

ε

) 2
2µ−1

]

= sup
to<t<t1

(
γCα

µ

e1/C
α
µ − 1[

to +
(
e1/C

α
µ − 1

)
tγ
]tγ−1

)
e

(
Cα
µ

2
√
µ
ln

(
1+ e

1/Cα
µ −1

to
tγ
)) 2

2µ−1

×

×

[
1 +

2

2µ− 1

(
Cα

µ

2
√
µ
ln

(
1 +

e1/C
α
µ − 1

to
tγ
)) 2

2µ−1

]

≤ sup
to<t<t1

(
γCα

µ

e1/C
α
µ − 1[

to +
(
e1/C

α
µ − 1

)
tγ
]) sup

to<t<t1

tγ−1e

(
Cα
µ

2
√
µ
ln

(
1+ e

1/Cα
µ −1

to
tγ
)) 2

2µ−1

×

×

[
1 +

2

2µ− 1
sup

to<t<t1

(
Cα

µ

2
√
µ
ln

(
1 +

e1/C
α
µ − 1

to
tγ
)) 2

2µ−1

]

= S1S2

(
1 +

2

2µ− 1
S3

)
. (37)

The estimates of S1–S3 are as follows:

S1 ≤ γ Cα
µ

e1/C
α
µ − 1

to
≤ γ(e− 1)

to
∀ to ≤ t ≤ t1, S2 ≤ sup

to<t<t1

e

(
1√
µto

tγ
) 2

2µ−1

t1−γ
.

If we denote f(t) =
e

(
1√
µto

tγ
) 2

2µ−1

t1−γ
, t ∈ (to,∞),

the standard method of differential calculus gives us the estimate

S2 ≤ max {f(to), f(t1)} ≤ max


e

(
1

√
µ t

1−γ
o

) 2
2µ−1

t1−γ
o

,
e

(
2Cα

µ√
µ

) 2
2µ−1

(Cα
µ to)

1−γ
γ


≤ 1

t1−γ
o

max

3,
e

(
2Cα

µ√
µ

) 2
2µ−1

C
(−1+1/γ)α
µ t

γ−2+1/γ
o

 .

Finally, S3 ≤
(

Cα
µ

2
√
µ

) 2
2µ−1

∀ to ≤ t ≤ t1.
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Inserting the above estimates into (37), we get

M ≤ γ(e− 1)

t2−γ
o

(
1 +

2

2µ− 1

(
Cα

µ

2
√
µ

) 2
2µ−1

)
max

3,
e

(
2Cα

µ√
µ

) 2
2µ−1

C
(−1+1/γ)α
µ t

γ−2+1/γ
o


≤ 10C

2α
2µ−1
µ

t2−γ
o

max

1,
eC

2α
2µ−1
µ

3C
(−1+1/γ)α
µ t

γ−2+1/γ
o

 . (38)

The term Ψ̃
(

ω2(to)
ε

)
from the definition of M can be estimated as

Ψ̃

(
ω2(to)

ε

)
=

ω2(to)

ε
e

(
ω2(to)
2
√
µ ε

)2/(2µ−1)

= Cα
µ ln

(
1+

e1/C
α
µ −1

t1−γ
o

)
e

(
Cα
µ

2
√
µ
ln

(
1+ e

1/Cα
µ −1

t
1−γ
o

)) 2
2µ−1

≤ Cα
µ

e1/C
α
µ − 1

t1−γ
o

e

(
Cα

µ
e
1/Cα

µ −1

2
√
µ t

1−γ
o

) 2
2µ−1

≤ e− 1

t1−γ
o

e

(
1

√
µ t

1−γ
o

) 2
2µ−1

≤ 5, ∀ to ≥ 1 .

(b) The estimate M for ω is given by (10):

M ≤ e

(
Cα
µ

2
√
µ

) 2
2µ−1

Cβ−α
µ

, β > α > 1− 2

n
, and Ψ̃(ω2(to)/ε) = 0. (39)
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