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The Komlds theorem states that we can extract a subsequence from every Lg-bounded sequence
of random variables, so that every further subsequence converges Cesaro a.e. to the same limit.
The purpose of this paper is to prove that if H is a Hilbert space, we can extract a subsequence
from every L[}H—bounded sequence, so that every permuted subsequence converges Cesaro a.e. in H
to the same limit.
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1. Introduction

Let p be a probability measure. In 1967, Komlés [6] showed that for every bounded
sequence (f,)n,>1 in Lg, there exists a subsequence (g, )n>1 of (fn)n>1 and f € Li
such that for every further subsequence (hy,)n>1 0f (g )n>1, the Cesaro sum £ >0 fy,
converges p-a.e. to f. By the subsequence principle in [3], the Komlés theorem
corresponds to the Kolmogorov strong law of large numbers. And since rearranging
the terms of an i.i.d. sequence does not change its asymptotic properties, it is natural
to expect that the Komldés theorem remains valid after any permutation of the
terms of the subsequence. However, the proof of the general theorem in [6] is not
permutation-invariant. In fact, the last property has been proved only in special
cases or under additional assumptions. For instance, under the stronger assumption
sup,, || fnll; < oo, the result of [7] guarantees the permutational invariance in the
Komlés theorem (for another proof see Aldous [1]). Later Berkes [2] proved that for
every bounded sequence (f,),~, in Lk there exists a subsequence (g, )n>1 0f (fn)n>1
and f € L} such that every permutation of (Gn),>; is almost everywhere Cesaro-
convergent to f. On the other hand, in Komlds theorem the almost surely Cesaro-
convergence holds true for any further subsequence of (g,),>1 as well. In 1986,
Meyerowitz and Schwartz [8] showed that the subsequences in the Komlds theorem
could be permuted for certain "dominated” permutations. Hence, the question of
whether a Komlos-type theorem stays valid for arbitrary permutations remained
open. The present paper gives an affirmative answer. Inspired by Etemadi [4] and
Schwartz [9], we establish the following generalization of Komlés theorem for Hilbert
space valued random variables:
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Theorem 1.1. Let (f,)n>1 be a bounded sequence in Li(Q, 3, 1), H a Hilbert space.
Then, there exists a subsequence (gn)n>1 of (fa)n>1 and f in L (2,3, 1) such that:

1 n
ﬁZgjﬂ(k) — [ p-ae. (1)
k=1

n—-+oo

for any subsequence (g;, )n>1 of (gn)n>1 and for every permutation (mw (1), m(2),...)

of (1,2,...).

2. Notations and preliminaries

Throughout this paper (2, 3, u) is a probability space and H is a real Hilbert space.
If 1 <p<oo, L = L (2, ¥, u) denotes the Banach space of (equivalence classes
of) all strongly Y-measurable functions f: Q — H, such that || f (.)||” is integrable.
The inner product in the Hilbert spaces H and L is denoted by (.,.). For any a > 0
and f: Q) — H, we set

Fu(f) (w) = {f%") fnf ) 1 (w)] < a,

We first establish the following lemma,

Lemma 2.1. Let (f,)n,>1 be a bounded sequence in Li. Then there exists a subse-
quence (gn)n>1 0f (fu)n>1 such that for any subsequence (hy)n>1 of (Gn)n>1 and for

every permutation (7 (1), 7 (2),...) of (1,2,...), we have the following:
2
@) 325 [1Fnnto) (moo) [, < e,

) S ({2 07 (0}) < +oc.

Proof. Put M = sup, ||fa|,. The real sequence (u({k —1 < ||full <k})),5; is
bounded for each k > 1. Then there exists a subsequence (f¥),>1 of (f,)n>1 and py

in [0, 1], where (f**1),; is a subsequence of (f¥),>1, such that
limp ({k =1 < 7] < k}) = px

and VE> 1V > 1 ({k— 1< |5 <k}) <pet o5

Put g, = f7°(n > 1). Then for any subsequence (hn)ps1 Of (Gn)ps1
() Wk > 1l ({k—1 < bl < k}) = pio

(i) Vne N, Vke{l,...n*}: pu({k—1<|ha)l <k}) <pp+ 5

One has

N N
. . N
S =t > (k= 1< lanll < £9) =t (0 6~ 1< lanll < ) < (9,
k=1 k=1
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N
and Z -1 pk:hmz pw{k—1<|gall <k}

k=1

< lim |gnll dpp < M.

N
" J U {k=1<]lgnlI<k}

Consequently Zpk <1 and Z(k — 1)pr < M.
k=1 =

(a) Let (m(1), 7(2),...) be a permutation of (1,2, ...), one has

[Fansor (o) = | e
! 2 S| || <nrmm}

nAmT(n) nAT(n) 1
<Y Enl{k-1= <) < 3 K (mr ).
k=1 k=1
Hence
1 n/\7r(n
5 e () < 3 35 320 (e g5) £ 3 30 (e )
n>1 n>1 n>1
1 1
< Zk‘Q (pk—l-ﬁ) 2_2 _22 (kpk+ k;Q) < 00
k>1 ok k>1

(b) Let n>1. If n < 7 (n)*, one has
2

(m(n))
ploll 2 m) = 30 (k=1 < [oll < ) + 1 (e = ((m)))

k=n+1
(m(n))? 1 M
< Pk + >+ e < D +
> () gl s 3 e g
and if n > (7 (n))?, one has
M
i (Vere || = 1) < g ([ he|| = (7 (0))°) < 2
(m (n))
Consequently
D ilhamll Zm) < Y > pﬁz Z
n>1 n>1 k>n+1 n>1
1+2M 1
< > (k=Dpe+ 5 Z$<OO
k>2 n>1

If 7 is the identity this gives > -, (||hn|l > n) < oo and therefore, for every
permutation (7 (1), 7(2),...) of (1,2, ...), one has

> 1 ([[Bag|| = 7 (n) < oo (2)

n>1
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The following inequality allows to conclude

i (|heiy || = n AT (1) < 1 ([[Bay|| = 7) + 1 (|| ony || = 7 (0)) - O

3. Proof of Theorem 1.1

Proof. Step 1: By applying the preceding Lemma and extracting a subsequence
if necessary, we may suppose that for any subsequence (h;,),>1 of (f,)n>1 and for
any permutation (7 (1), 7 (2),...) of (1,2,...), we have the following:

(a) gln_g ||Fn/\7r(n) (hw(n)) ||z < 400,

(b) X u({lhamll =nAm(n)}) < +oc.

n>1
For each k > 1, the sequence (Fy, (f,))n>1 is weakly relatively compact in L%, then
there exists, by the diagonal method, a subsequence (f,),>1 of (fn)n>1 and a se-

quence (v,),~, in L such that for all & > 1 the sequence (F (f2))n>1 converges
weakly in L% to vy, and

vell, < 2 HFk (f;) (2 Vn>k>1.

(for more details see Lemma 2.1 in [5]). Consequently, for any subsequence (h,,)n>1
of (f,)n>1 and for any permutation (7 (1), 7 (2),...) of (1,2,...)

1 1
D5 1Funnty () = vansimly < 9D — [ Funaty (haiy) [ < +o0-

n>1 n>1

Also, taking n; = 1 and proceeding by induction on p, there exist integers n; <
ng < ...<np <mnpy <..suchthatforallp>2, 1 <g<pand1 <[ E<p

(8 () =) (5 (2) - ) < 5o ®

Put g, = f;q Then for any subsequence (hy,)n>1 0f (¢n)n>1 and permutation (7 (1),
m(2),...) of (1,2,...), and for any i # j and 1 <[, k < max(, j)

1
[((F (hi) = w) s (B (hy) = ve))] < 55
Consequently, for any ¢ # j
1
[(Finntiy (heti)) = Vinw(os Ejnnts) (Bei)) = vineti)| < ey (4)

Step 2: Let (hy,)n>1 be a subsequence of (g,,)n>1 and (7 (1), 7 (2), ...) a permutation
of (1,2,...). Put:

k . .
Sy = Z (Fz‘/\n(i) (hw(i)> — Ui/\ﬂ(i)) , Sp = Zhﬂ(i) and S = Z th(i)” ]
i=1 i=1

=1
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Let5>0,a>1andkn:[a”].Foranyn>1wehave

kQZHFl/\ﬂ'Z 7ri Ui/\ﬂ'(i)H; +

1
+2¢ 75 D [(Finnti) () = Vine(iys Fintiy (i) = Vine(i )|

p (IS5, = ekn) < \Skn

M 1<i<j<kn
Then by (4)
> . >0 1 =1
Do (ISt = eka) < Y || Fina) (o) = vinsolly D75 |+ 75
n=1 i=1 kn>i ™ n=1 1
=1
< Czi—gHFiAw(z‘ ( w()) Umw(z)“z +CZ L2
=1

& 1
So > u([|S; || > €ky) < oo and therefore k;_SZ" converges p-a.e. to 0.
n=1

1 1 & 1, 1l
We have k—nSkn = k_n; (hrty — Finngi) (ha))) + k_ns W T k—n;%m(i)-

According to Lemma 2.2 in [5], the sequence (v,),>1 converges u-a.e. to some limit
f € L};. We deduce from (b) that for all a > 1

1
k_Sk" converges fi-a.e. to f. (5)

Similarly, we may assume without loss of generality that

k_gk" converges p-a.e. to some limit S, for all o > 1. (6)

Step 3: Let us observe that for any n € N*| there exists ¢ (n) eN such that
Komy—1 <n < kpm)
We shall use the following inequalities

ko) _ 0™ kg1 11

1< 7
<o 070 R L g
1 1 Ko(n)— koin
and ——=Z Pl W()Sa. (8)
a n n n
One has
1 1 1 koin 1
—Sn = 7Sk || = 2 -1 S’fm__(S’ﬂn) S")
no Kew) Koy \ 1 nA

k 1 ~ 1 ~ ~ k 1 ~ 1~
< (2 1) 3 S (Se = 8,)= (2% 4 S, —-§
—( n )/% ’%(n>+n( kg (n) n) k, ko) — O 0M
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1 ~ 1~ 1 ~ komy-1 1 =
< (2a—-1)—3=-8 — -5 =(2a—1)——3S _ e S
< (2 )k@(n) ko) o Pketm) -1 (2 )k@(n) Ko (n) n Fomt K (n)—1
- 1 1 1 =
< (2a—-1)—S8 —|l-==)—-S .
( ) Fg(my o (a n) Fomy 17
By the triangular inequality, (5) and (6) we get
— |1 1
lim{|=S, — fll < 2a—1)S — =S.
n n (0%
1
Since o > 1 is arbitrary, then —.S,, converges p-a.e. to f. [
n

Remark 3.1. As mentioned in the introduction, Berkes [2] proved that if (X,,), is
a bounded sequence in Lg, then there exists a subsequence (X, ) of (X,,), so that
every permutation of (X, ) is a.e. Cesaro-convergent to the same limit f € L. On
the other hand, in this paper, we prove that there exists a subsequence (X, ) of
(Xn)n so that every permutation of any subsequence (Y% )y of (X,,, )i is a.e. Cesaro-
convergent to the same limit f € L}. It was pointed out to the authors by an
anonymous referee that a trivial modification of the proof in [2] yields this stronger
result. Indeed, as it was mentioned by the referee, in the inductive procedure yielding
the sequence (X, ) in the proof of lemma 2 in [2], if one chooses ny in such a way
that the property guaranteed in the induction step holds not only for ny, but for all
n > ny , thus every subsequence (Yy), of (X, )x satisfied the property (13) in [2]
which implies that every permutation of (Y%)x is a.e. Cesaro convergent to 0.

Acknowledgements. The authors thank the referee for his suggestions on a pre-
vious version of this article and for the comparison between our study and that of
Berkes given in the previous remark.
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