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The so-called £y pseudonorm on R? counts the number of nonzero components of a vector. It is
well-known that the £y pseudonorm is not convex, as its Fenchel biconjugate is zero. In this paper,
we introduce a suitable conjugacy, induced by a novel coupling, E-Capra, that has the property
of being constant along primal rays like the ¢y pseudonorm. The coupling E-Capra belongs to the
class of one-sided linear couplings, that we introduce; we show that they induce conjugacies that
share nice properties with the classic Fenchel conjugacy. For the E-Capra conjugacy, induced by
the coupling E-Capra, we relate the E-Capra conjugate and biconjugate of the £y pseudonorm, the
characteristic functions of its level sets and the sequence of so-called top-k norms. In particular,
we prove that the ¢y pseudonorm is equal to its biconjugate: hence, the ¢y pseudonorm is E-
Capra-convex in the sense of generalized convexity. As a corollary, we show that there exists a
proper convex lower semicontinuous function on R? such that this function and the ¢, pseudonorm
coincide on the Euclidean unit sphere. This hidden convexity property is somewhat surprising as
the £y pseudonorm is a highly nonconvex function of combinatorial nature. We provide different
expressions for this proper convex lower semicontinuous function, and we give explicit formulas in
the two-dimensional case.
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1. Introduction

The counting function, also called cardinality function or ¢y pseudonorm, counts the
number of nonzero components of a vector in R%. It is related to the rank function
defined over matrices [7]. It is well-known that the ¢y pseudonorm is lower semi
continuous (Isc) but is not convex, and that the Fenchel conjugacy fails to provide
relevant analysis. Indeed, the Fenchel biconjugate of the characteristic function
of the level sets of the {3 pseudonorm is zero, and the Fenchel biconjugate of the
{y pseudonorm is also zero.

In this paper, we display a suitable conjugacy for which we prove that the ¢y pseudo-
norm is “convex” in the sense of generalized convexity, that is, is equal to its bi-
conjugate. As a corollary, we also show that the ¢y pseudonorm function displays
hidden convexity in the following sense': the £, pseudonorm is equal to the composi-
tion of a proper convex lower semicontinuous function on R? with the normalization
mapping from R? to the Euclidean unit sphere.

n [3], the vocable “hidden convexity” refers to optimization problems (when an original problem
is equivalent to a convex optimization problem). Here, the vocable “hidden convexity” refers to
functions (when a function is the composition of a convez function with a mapping).
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The paper is organized as follows. In Sect. 2, we provide background on Fenchel-
Moreau conjugacies, then we introduce a novel class of one-sided linear couplings,
which includes the Euclidean constant along primal rays coupling ¢ (E-Capra). We
show that one-sided linear couplings induce conjugacies that share nice properties
with the classic Fenchel conjugacy, by giving expressions for conjugate and biconju-
gate functions. We also elucidate the structure of E-Capra-convex functions. Then,
in Sect. 3, we relate the E-Capra conjugate and biconjugate of the ¢y pseudonorm,
the characteristic functions of its level sets and the so-called top-k norms. In partic-
ular, we show that the ¢y pseudonorm is E-Capra biconjugate (that is, a E-Capra-
convex function). In Sect. 4, we deduce that the ¢y pseudonorm coincides, on the
Euclidean unit sphere, with a proper convex lIsc function £, defined on R?. We
provide various expression for the function £y,. The Appendix A gathers properties
of top-k norms and of k-support norms, properties of the ¢, pseudonorm level sets,
and technical results on the function L.

2. One-sided linear couplings

After having recalled background on Fenchel-Moreau conjugacies in §2.1, we intro-
duce one-sided linear couplings in §2.2.

When we manipulate functions with values in R = [—00, +00], we adopt the Moreau
lower addition [10] that extends the usual addition with (+00) + (—00) = (—o0) +
(+00) = —oo. Let W be a set. For any function h : W — R, its epigraph is epih =
{(w,t) € W x R | h(w) < t}, its effective domain is dom h = {w € W | h(w) < +o0}.
A function h : W — R is said to be proper if it never takes the value —oo and if
dom h # (. When W is equipped with a topology, the function h : W — R is said
to be lower semi continuous (Isc) if its epigraph is a closed subset of W x R.

2.1. Background on Fenchel-Moreau conjugacies

We review concepts and notations related to the Fenchel conjugacy (we refer the
reader to [11]), then present how they are extended to general conjugacies [15, 14, 9].

The Fenchel conjugacy

Let X and Y be two (real) vector spaces that are paired in the following sense [11,
p. 13]: there exists a bilinear form (,) : X x Y — R and locally convex topologies
that are compatible in the sense that the continuous linear forms on X are the
functions z € X +— (z,y), for all y € Y, and that the continuous linear forms on Y
are the functions y € Y — (x,y), for all z € X. The classic Fenchel conjugacy « is
defined, for any functions f: X — R and g : Y — R, by?

) =swp ({r.9) + (= f()) ey, (1a)
o' =sup ((00) + (= 9)) , Ve X, (1b)

2In convex analysis, one does not use the notation * in (1b) and (1c), but simply *. We use * to
be consistent with the notation (3c) and (3d) for general conjugacies.
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f**/(x) = sup ( (x,y) + (— f*(y))) , Vr e X. (1c)

yeY

Recall that a function is said to be convez if its epigraph is a convex set. Recall that
a function is said to be closed if it is either lsc and nowhere having the value —oo,
or is the constant function —oo [11, p. 15]. It is proved that the Fenchel conjugacy
induces a one-to-one correspondence between the closed convex functions on X and
the closed convex functions on Y [11, Theorem 5]. Closed convex functions are the
two constant functions —oo and +oo united with all proper convex Isc functions.?

The general case

Let be given two sets X (“primal”), Y (“dual”), not necessarily vector spaces, to-
gether with a coupling function

c:XxY—>R. (2)
With any coupling, one associates conjugacies from the set R” of functions X — R
to the set R" of functions Y — R, and from R to R as follows.
Definition 2.1. The c-Fenchel-Moreau conjugate of a function f : X — R, with
respect to the coupling ¢, is the function f¢:Y — R defined by

fe(y) = sup (c(x,y) + ( — f(x))) , YyeY. (3a)

rzeX

With the coupling ¢, we associate the reverse coupling ¢’ defined by
d:YxX—=R, dy,r)=clry), V(yz)cYxX. (3b)

The ¢'-Fenchel-Moreau conjugate of a function g : Y — R, with respect to the
coupling ¢, is the function ¢¢ : X — R defined by

/

o (&) = sup (cla,y) + (—9(v))) Vo eX. (30)

yeyY

The c-Fenchel-Moreau biconjugate of a function f : X — R, with respect to the
coupling ¢, is the function £ : X — R defined by

1 @) = (1) (@) = swp (clwy) + (- 1)) YeeX.  (34)

yeY
The biconjugate of a function f : X — R satisfies
[ ) < flx), Vo eX. (4)

With the notion of c-biconjugate, the classic notion of convex function is generalized.

3In particular, any closed convex function that takes at least one finite value is necessarily proper
convex lsc.
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Definition 2.2. A function f : X — R is said to be c-convez it is equal to its
c-biconjugate:
fis c-convex <= f“ = f. (5)

In generalized convexity, it is established that c-convex functions are all functions
of the form ¢¢, for any ¢ : Y — R, or, equivalently, all functions of the form f¢,

for any f : X — R [9, 14, 15]. As an illustration, the %-convex functions are the
closed convex functions since, as recalled above, the Fenchel conjugacy induces a
one-to-one correspondence between the closed convex functions on X and the closed
convex functions on Y.

2.2. One-sided linear couplings

Now, we introduce one-sided linear couplings, and we show that they induce conju-
gacies that share nice properties with the classic Fenchel conjugacy. In what follows,
let X and Y be two paired vector spaces, and W be a set.

Definition 2.3. Let 6 : W — X be a mapping. We define the one-sided linear
coupling cy between the set W and the vector space Y by*

o WxY =R, co(w,y) = 0w),y) , Y(w,y) e WxY. (6)

For any set W CW, 6y : W — R denotes the characteristic function of the set W:
dw(w)=0ifweW, dy(w)=+ccif wgW. (7)

For any subset X C X, ox : Y — R denotes the support function of the subset X:

ox(y) =sup(z,y) , WeY. (8)

zeX
Now, we turn to the cy-conjugacy induced by the coupling cy. For this purpose, we

introduce the notion of conditional infimum.

Definition 2.4. Let 6 : W — X be a mapping and let A : W — R be a function.
We define the conditional infimum (of the function h knowing the mapping 0) as
the function inf [h | 0] : X — R given by

(inf[h]6])(z) = inf {h(w) |w e W, O(w) =z}, VzeX. (9)

If © ¢ (W), we get that (inf[h|6])(z) = +oco0 by the convention inf) = +oo.
Therefore, regarding effective domains, we have the inclusion dom (inf[h|6]) C
G(W). The notation inf [k | 6] comes from the analogy with a conditional expecta-
tion, and the expression “conditional infimum” is taken from [17]. The conditional

infimum is also called epi-composition in [12, p. 27] and infimal postcomposition in
2, p. 214].

Here are expressions for the cyp-conjugates and cyg-biconjugates of a function.
4In a one-sided linear coupling, the second set Y posesses a linear structure (and is even paired

with a vector space by means of a bilinear form), whereas the first set W is not required to carry
any structure.
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Proposition 2.5. For any function g : Y — R, the cj-Fenchel-Moreau conjugate
g W — R is given by

g =g"0f. (10a)
Forany function h:W — R, the cg-Fenchel-Moreau conjugate h°®:Y — R is given by
he = (inf[h | 6])", (10b)

and the cg-Fenchel-Moreau biconjugate h®e®’ : W — R is given by
heoeo' = (h*)* 06 = (inf[h ] 6])" 0f. (10c)
For any subset W C W, we have
S = Oow) - (10d)

Proof. We prove (10a). Letting w € W, we have that

(9)*(w) = sup ((6(w) .9) + (- 9))

yeY
(by the conjugate formula (3a) and the coupling (6))

=g~ (H(w)) . (by the expression (1b) of the Fenchel conjugate)

We prove (10b). Letting y € Y, we have that

heo (1)) = sup ((9(w) )+ (= h<w)))

weW
(by the conjugate formula (3a) and the coupling (6))

—sip s ((0(w) ) + (— h(w)))

reX weW,0(w)=z

=sup  sup <($7y>+(—h(w))>

ze€X weW,0(w)=x

=sup ((@,) + swp  (—h(w))

reX weW,0(w)=z
(since sup,ep (r + @(w)) = r + sup,ep e(w) for any r € R, W € W and ¢ : W — R [10])

— sup <<x,y> + <_ (inf [h | 9])(96)))

zeX
(by the conditional infimum expression (9))

= (inf[h | 6])"(y) .  (by the expression (1a) of the Fenchel conjugate)
We prove (10c). Letting w € W, we have that
heoc’ (w) = (hce)clg(w) (by the definition (3d) of the biconjugate)
= ((inf [ | 6])°)" (w) (by (10))
= (inf [0 | 60])™ (6(w)) - (by (10a))
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We prove (10d):

ory = (inf [ow | 0] )" (by (10b))

= S5m) (because inf [6w | 0] = gy by (9) and (7))

= Tow) - (by (1a), (7) and (8))

This ends the proof. [

Now, we are able to characterize the so-called cs-convex functions (see Defini-
tion 2.2).

Proposition 2.6. A function h : W — R is co-convex if and only if it is the
composition of a closed convex function [ : X — R with the mapping 6 : W — X.
More precisely, for any function h : W — R, we have the equivalences

h is cg-convex (11a)
= h = ho (11b)
< h= (hc“’)*l o 0 (where (hc“’)*l : X — R is a closed convex function) (11c)
<= there exists a closed convexr function f: X — R such that h = fof . (11d)

Proof. The equivalence between (11a) and (11b) follows from Definition 2.2. The
equivalence between (11b) and (11c) follows from (10c); Moreover, the function

(h09)*/ is closed convex since, as recalled in §2.1, the Fenchel conjugacy induces a
one-to-one correspondence between the closed convex functions on X and the closed
convex functions on Y. Obviously, (11¢) implies (11d).

Finally, there remains to prove that (11d) implies (11b). If there exists a closed
convex function f : X — R such that h = f o0, then inf [h | 8] = f + dpew) as easily
computed, and therefore

heoeo' = (inf[h ] 6])™ 060 = (f + o)™ 08

by (10c). Now, as f + Sgw) > f by (7), we get that (f + dow))” > f* = f,
where the last equality holds because the function f : X — R is closed convex. As
a consequence, we obtain that h®% > fo @ = h. Now, by (4), we always have the
inequality k%" < h. Thus, we conclude that h%%" = h.

This ends the proof. [

Let us say that a function h : W — R displays hidden converity with respect to
the mapping 6 : W — X if there exists a closed convex function f : X — R such
that h = f o 6. Then, we have just proved that this notion of hidden convexity for
functions (see Footnote 1) coincides with the notion of ¢s-convex functions.

3. The E-Capra conjugacy and the ¢/, pseudonorm

From now on, we work on the Euclidean space R? (with d € N*), equipped with the
scalar product (- ,-) and with the Euclidean norm || - || = 1/(-,-). In particular, we
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consider the following Fuclidean unit sphere S and Fuclidean unit ball B:
S={zeR’|||z]| =1} and B={z eR?| |z <1} . (12)

In §3.1, we introduce the (Euclidean) constant along primal rays coupling ¢ (E-
Capra). Then, we recall definitions of the ¢, pseudonorm, and of the top-k and
k-support norms in §3.2. Finally, in § 3.3, we provide expressions for the E-Capra-
conjugates and E-Capra-biconjugates of functions related to the ¢y pseudonorm.

3.1. Euclidean Constant along primal rays coupling (E-Capra)

We introduce a novel coupling, which is a special case of one-sided linear coupling.

Definition 3.1. The E-Capra coupling ¢ between R? and R? is defined by

(=) (zy) e R
Vy € R? Hey) = el \/z,z)’ Vo € R0} (13)

The coupling E-Capra has the property of being constant along primal rays, hence
the acronym® E-Capra (Euclidean Constant Along Primal RAys Coupling). We
introduce the primal normalization mapping n as follows:

ﬁ it x#0,
n:R* = SU{0}, nx)= (14)
0 if z=0.

With these notations, the coupling E-Capra in (13) is a special case of one-sided
linear coupling (see Definition 2.3): ¢ = ¢,, as in (6) with mapping 6§ = n, is the
Fenchel coupling after primal normalization. The following Proposition — that pro-
vides expressions for the E-Capra-conjugates and E-Capra-biconjugates of a function
— simply is Proposition 2.5 in the case where the mapping # is the normalization
mapping n in (14).

Proposition 3.2. For any function g : R* — R, the ¢-Fenchel-Moreau conjugate
g¢, :R? = R is given by

g¢l =g on. (15a)
For any function f:R* — R, the ¢-Fenchel-Moreau conjugate f¢ :R? — R is given by

FE = (inf[f | n])", (15b)

where the conditional infimum (9) has the expression

infyso f(Ax) ifx € SU{0},
(it [f 1)) (@) = inf (1) ey =} = 4 0 T 15
+00 if e €SU{0},

5In fact, there is large class of couplings that are constant along primal rays. It suffices to replace
the Euclidean norm in (13) with any norm. Such couplings are studied in [4, 5]. In this paper,
we focus on the constant along primal rays coupling induced by the Euclidean norm, hence the
acronym E-Capra.
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and the ¢-Fenchel-Moreau biconjugate f¢¢, :RY = R is given by
£ = (19 on = (inf[f|n])" on. (15d)

Thanks to Proposition 2.6, we easily deduce the following result.

Proposition 3.3. A function on R? is ¢-convex if and only if it is the composition of
a closed convex function on_]Rd with the normalization mapping (14). More precisely,
for any function h : R* — R, we have the equivalences

h s ¢-convex
= h=hnt
< h= (h¢)*/ o n (where (h¢)*/ :R? = R is a closed convex function)

<= there exists a closed convex function f: R — R such that h = fon .

Now, we turn to analyze the ¢y pseudonorm by means of the E-Capra conjugacy.

3.2. The /) pseudonorm, and the top-k£ and k-support norms

We recall definitions of the so-called ¢y pseudonorm, and of the top-k and k-support
norms.

The /, pseudonorm. The ¢, pseudonorm is the function ¢, : R? — {0,1,...,d}
defined by

lo(x)=|{je{l,....d} |z; #0}|, Vo e R?, (17)
where |K| denotes the cardinal of a subset K C {1,...,d}. The ¢y pseudonorm
shares three out of the four axioms of a norm: nonnegativity, positivity except for
x = 0, subadditivity. The axiom of 1-homogeneity does not hold true; by contrast,
the ¢y pseudonorm is 0-homogeneous as {y(pz) = lo(x), Vp € R\{0}, Yz € R% Thus,
the ¢y pseudonorm displays the invariance property

60 on = fg (18)

with respect to the normalization mapping (14). This property will be instrumental
to show that the ¢, pseudonorm is a ¢-convex function.

The level sets of the ¢, pseudonorm. The ¢, pseudonorm is used in exact sparse
optimization problems of the form inf, )<k f(x). Thus, we introduce the level sets

Sk {r e R by(z) <k}, Vke{0,1,...,d}, (19a)

and the level curves

tF={x eR| ly(z) =k} , Vke€{0,1,...,d} . (19b)

For any subset K C {1,...,d}, we denote the subspace of R? made of vectors whose
components vanish outside of K by®

R =R x {0} ¥ ={2eR?|z; =0, VjgK} CR?, (20)

6Here, following notation from Game Theory, we have denoted by —K the complementary subset
of Kin {1,...,d}: KU(-K)={1,...,d} and KN (—K) = 0.
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where Ry = {0}. For any x € R? and K C {1,...,d}, we denote by zx € R? the
vector which coincides with x, except for the components outside of K that vanish:
Tk is the orthogonal projection of x onto the subspace Ry.

The level sets of the ¢y pseudonorm in (19a) are easily related to the subspaces Rx
of R? as defined in (20), by’

={zeR!| () <k} = | Rx, Vk=0,1,....d. (21)

|K|<k

The top-k£ and k-support norms.
Definition 3.4. For k € {1,...,d}, we define®

Il = sup [liel| = sup Jlxcll, Vo€ R?. (22)
|K|<k |K|=k
Thus defined, || - HEI,;) is a norm, the so-called top-k norm. Its dual norm, as in (39a),

denoted by? || - [|§3), is called the k-support norm [1]:
*Sn tn
116 = (- 1), - (23)

We follow the terminology of [16], where the top-k norm is also called the top-(k, 1)
norm. Indeed, the norm of a vector is obtained with a subvector of size k having
the k largest components in module: letting o be a permutation of {1,...,d} such
that |25y > |To2)] = -+ > |25, We have that

The top-k£ norm is also known as the 2-k-symmetric gauge norm, or Ky Fan vector
norm.

3.3. E-Capra-conjugates and biconjugates of the /, pseudonorm

With the Fenchel conjugacy, we calculate that 529 = g0y and 5;2; = 0, for all
0 0

k=1,...,d, and that £ = §;oy and £§* = 0.

Hence, the Fenchel conjugacy is not suitable to handle the ¢y pseudonorm. We will
now see that we obtain more interesting formulas with the E-Capra-conjugacy. In-
deed, the ¢y pseudonorm in (17), the characteristic functions 9 < of its level sets (21)

and the top-k norms in (22) are related by the following conjugate formulas. The
proof relies on results gathered in the Appendix A.

.....

8The notation sup|K|<k is a shorthand for bupKC{l _____ d} |K|<k (and the same for bup|K| x)- The
property that sup| <y, [k || = sup g |7k in (22) comes from the easy observation that K C
K’ = x| < x|

We use the symbol x in the superscript to indicate that the k-support norm || - ||?Z§l is a dual
norm.
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Theorem 3.5. Let ¢ be the Fuclidean coupling E-Capra as defined in (13). Let
ke {0,1,...,d}. We have that (with the convention, in (24a) and in (24c), that

I ligy =0

5 =0t =113 - (24a)
5;'?"? = dy<r (24b)
= sw (Il -1]. (240)
1=0,1,....d
o =y, (24d)
Proof. = We will use the framework and results of Sect. 2 with X = Y = R,
equipped with the scalar product (- ,-) and with the Euclidean norm || - || = /(- , -).

e We prove the first equality in (24a):

5;& = 0_sh (by (10d) because —¢ = c_,, in (6))

= 0_ <k
n(ly ")
(by symmetry of the set ¢3* in (19a) and of the mapping n in (14))
= 52%;@ . (by (10d))
We now turn to prove the second equality in (24a):
525411 G (by (10d))

= 0 (<Frg)ufo) (by the expression (14) of the normalization mapping n)

= sup{aggkmg, 0}
(as the support function turns a union of sets into a supremum)

= Sup{UU|K\Sk(RKmS)7 0} (as €§k nsS = U|K|§k(RK NS) by (21))

= sup{ sup o(rns),0}
K<k

(as the support function turns a union of sets into a supremum)

= sup{| - [[3), 0} (as sup|k 1<, O(rcns) = [ - () by (43))

=l -
e Before proving (24b), observe that, by definition (14) of the normalization map-
ping n, we have:

0eDCR'=n'(D)=n""(({0}US)ND) ={0}un (SN D). (25)
e We prove (24b):
5%:; = ((5239)* on (by the formula (15d) for the biconjugate)
0 0
= (Il llgy)" o (by (242))

= (O-B?ZI)])* on

(by (39b), that expresses a norm as the support function of the unit ball of the dual
norm)
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== 5 *xsn O TN
B

(as (UB?E?) = 5B*sn since B} is closed convex [13, Theorem 13.2])

= 5,171(]3?23:) (by the definition (7) of a characteristic function)
= 5{0}Un_1(3?z?mg) (by (25) since 0 € BRY)
= 5{0}Un_1(e§km8) (as By NS = (=5 NS by (54a))
= 5n,1(£§k) (by (25) since 0 € £5%)
= Oz - (as lpon = {y by (18))

e We prove (24c):

.....

(smce lo = infi—,1,...a{di= + 1} by using the level curves (19b))
= { + (=0}

(as conjugacies, being dualities, turn infima into suprema)

= sup {0y + (<D} (as 5;'% = g,=1) by (10d))

.....
=1,...,

77777

= sup {0 Sup {O-U\KKZ(RKOS) + (—l)}} (as 45" NS = Uigj<i(Rix N'S) by (21))

= sup {O, sup {sup or.ns + (—l)}}
I=1,..d |K|<I

(as the support function turns a union of sets into a supremum)

=sup {0, swp [l ~1] } (2 supji T = || - 1) by (43))

= sup [||y||(?) — l] : (using the convention that || - ||Eg) =0)
1=0,1,....d

e We prove (24d). It is easy to check that Két 0 = £4y(0). Therefore, let

(0) =
r € RN{0} be given and assume that ¢y(z) = [ € {1,...,d}. We consider the
mapping ¢ :]0, +o00[— R defined by
_ <ZE ) )\LU) tn -
o0 =+ (—sw o, sw [IAg —j]}) w0, 20)
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and we are going to show that limy_, ., ¢(\) = [. We have

d(N) = M|z|| + <— sup {0, sup [H)\xHEI) — j] }) (by definition (26) of ¢)

-----

= \|z tn + inf 0, — Su M|z tl? -7
(E"S H:[ H ||:[ ||1(;;1) hen 60(1) ! D} (53&))

= inf {\ellfp Al + nf (= [l - 7))}

.....

{
—int (el ( (1 = 1) +3) }
{

.....

= inf {Alalliy, _inf_ (Il = llelg) +5), inf (Al —llelli) +3) }

..........

mf{Anxnt“ f (A2l = Nlzy) +34) .0}

as HxHE?) = H:C”El) for j > 1 by (53a). Let us show that the two first terms in the
infimum go to +oo when A\ — +o00. The first term )\HxHEB goes to 400 because

Ha:HE?) = ||z|| > 0 by assumption (z # 0). The second term

infyes,.. (Al = 1)) + )
also goes to +o0o because {o(z) = [, so that ||z|| = HxHEf) > H:z:||gl) forj=1,...,1—1
by (53a). Therefore, limy_, 1 ¢(N) = inf{+o00, +00,1} = [. This ends the proof since

<x 7y> tn .
=1 < — -
Jm e 52@( T *( Sup {O’jfﬂﬁd [”y”w 9]}>
(by definition (26) of ¢)

<$7y> tn .
= sup + (= s [l —])
yERd< [ —01,a L)

(by the convention || - HES) =0)

s ((x Y) i <_ gff@))) (by the formula (24c) for (%)

yere \ 7]
= €g¢/(:€) (by the biconjugate formula (3d))
< lo(w) (by (4) giving (6% < to)
=1. (by assumption)

Therefore, we have obtained | = Egzd:/(x) = ly(z).
This ends the proof. O

In the next Section, we present a (rather unexpected) consequence of the just es-

tablished property that ég:d:/ =Y.
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4. Hidden convexity in the pseudonorm /¢,

In §4.1, we show that there exists a proper convex lsc function on R? which takes
the same values as the £y pseudonorm on the Euclidean unit sphere S. This property
of hidden convexity somehow comes as a surprise as the f3 pseudonorm is a highly
nonconvex function of combinatorial nature. Then, we provide various expressions
for the underlying proper convex Isc function and, in §4.2, we display mathematical
expressions and graphical representations in the two-dimensional case.

4.1. Hidden convexity in the pseudonorm /¢,

We introduce the function £y : R¢ — R defined by

!

Lo = (Hs)lipd [H i — l])* ' (27)

Theorem 4.1. The function Ly in (27) is a proper convez lsc function on RY. The
pseudonorm {y coincides, on the Euclidean unit sphere S of R, with the function Lo,
that is,

lo(z) = Lo(z), VT E€S. (28)

As a consequence, the pseudonorm ly displays hidden convexity, as it can be expressed
as the composition of the proper convez lsc function Ly in (27) with the normalization
mapping n in (14):

lolw) = ,co(H‘;—H) . Vo € RI\{0) . (29)
The proper convex lsc function Lg has the property

Lo((21,-.. 2a)) = Lo((|lza],- - |zal)) 5 V(21,...,24) €R?. (30)

Proof. First, it is easily seen that the closed convex function Ly in (27) is proper
Isc (see Footnote 3).

Second, we prove (28). For x € S, we have

o) = £ (2) (by (24))
= Suﬂg (d:(a:, y)+ (- sz@))) (by the biconjugate formula (3d))
= Sélﬂgi <(x )+ (= Eg(y))> (by (13) with ||z|| = 1 since z € S)
= sup (@) (= (s [Iwlly 1)) (by (240)

*/

_ tn

= (l_g};}?"d [Ilylla) ZD ()
(by the expression (1a) of the Fenchel conjugate)

= Lo() . (by (27))

Third, the equality (29) is an easy consequence of the property (18) that the
pseudonorm £ is invariant along any open ray of R?.
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Fourth, we prove (30). For this purpose, we take any ¢ € {—1,1}¢ and we con-
sider the symmetry € of R? defined by é(zy,...,24) = (€111,...,€q2q), for all
(71,...,74) € RY. We will show that the proper convex lsc function Ly is invariant
under the symmetry €, hence satisfies (30). Indeed, for any = € R, we have

Loter) = (s [II-11F5 ~1])" @) (by (27))

S SR AL

= sup (@ (- (sw gl - l})))

.....

(by the expression (3c) of the reverse Fenchel conjugate)

= sup <<x L €y) + (— (lzgullp ) [HyHEB - l}))) (as easily seen)

yeR¢ \ > =01,
= sup (o) + (= (sw iy~ 1))
y€ER4 =0,1,...,d
as || - ||EIOI) = 0 (by convention) and all norms || - ||E?),l =1,...,d, are invariant under
the symmetry €
= sw 1415 -1]) @ (as &1 (RY) = RY)
1=0,1,....d
= Lo(z) - (by (27))
This ends the proof. [

Now, we provide three expressions for the proper convex lsc function L in (27).

Proposition 4.2. The proper convex lsc function Lqy in (27) can be characterized

. either by its epigraph

d
epi Lo :@<UB*SH L, +OO[> ; (31)
1=0
where B = {0} (by convention) and BEy € - CBRE,, CBRY C - C

IB%?;? = B denote the unit balls associated with the l-support norms defined
in (23) forl=1,....,d,

. or, as the largest proper convez lsc function below the (extended integers valued)

function Ly defined by

0 ifx =0,
Lo(z) =< 1 if x € IB%*S“\IB%*S“ ,l=1,...,d, (32)
+oo  ifx & IB%*S’rl =

. or also by the expression

- *Sn d
EO(x)_x<1>eRd 7777 <d>eRleHx gy » Yz eR?. (33)
Sy e D5 <1
Zl_lm(l)_
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Proof.
e First, we prove that the epigraph of Ly in (27) is given by (31). Indeed, we have

’

evi Lo —epi (s[5 ~1])’ (by (27))
. c_<gepi -1 1] ) (by [13, Theorem 16.5))
= C_< CJ epi :U]B;?ls)n — l} */> (by (52))
1=0
= F(Q)epi :(513?;;1 + ZD (as [UB?;)H _ l} * — 5153?;;‘ +1)
— T(O x|l —|—oo[> . (as is easily concluded)
1=0

e Second, we prove that the function Ly in (27) is the largest proper convex lsc
function below the function Ly defined by (32). Indeed, we have that

!

o= s [II-l5-1]) (by (27))
1=0,1,....d |
= ( sup O'B»(%ls)n — li|) (by (52))
1=0,1,....d |
- <zz§}i‘?.,d sy +1]) (a5 B +1] " = omp — D)
- ([ inf [@WH”*)*
1=0,1,....d O

(as conjugacies, being dualities, turn infima into suprema)

/

= (l_ glllf ] [51325:: + l} >* (by definition (1c) of the Fenchel biconjugate)
— L

_____ d [5]]3?;;‘ + l] coincides with the
function Ly defined by (32). Indeed, it is deduced from (51) that

{0} =B cB C- CBy", CBrC - CBY =B.

Finally, from Ly = Lg* , we conclude that Ly is the largest proper convex lsc function
below the function L.

as it is easy to establish that the function inf;—;

e Third, we prove that Ly in (27) is given by (33). For this purpose, we use a
general formula [18, Corollary 2.8.1_1] for the Fenchel conjugate of the supremum of
proper convex functions f; : R - R, [ =0,1,...,d:

ﬂ domfl#@é( glip dfl = min (Z)Vfl) , (34)

AEA
1=0,1,....d Loes at
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where Ay, is the simplex of RY. As the functions f; = || - ||E?) — [ are proper convex,
we obtain

o= sw [115-1]) (by (27))

1=0,1,....d
- ( Sp [UJB?S)“ - ZD (by (52))

1=0,1,....d

d *

=i (S Aosy 1)) (by (34)

l

I
<)

d *
= min (0«a s E )\ll>
/\EAdH( 2 i=o B —

as, forall [ =0,...,d, )\lUE(*ls)n = OxBy since \; > 0, and then using the well-known

property that the support function of a Minkowski sum of subsets is the sum of the
support functions of the individual subsets [13, p. 113]

d
= min (0«ad Sn—i—g )\l>.
AEAG1 < 210 MB(jy = :

*I

(as [Uc - t} = dc + t for any closed convex subset C')

Therefore, for all x € R?, we have

Lo(xr) =  min Z I (35a)

AEA
d+1 =0

pEX o MBI

— min PRV (35b)

z<1>e153<*f§, 2D eBrsn 4=
A120,...,04>0
Zld:1 A<l
Tihy nzO=z

by ignoring Ao > 0 since B{5}' = {0} by convention

= Z pul (35¢)
S(l)eg*qn

IR ,s( ES*fln
H1>07 kd >0
Zz:ﬂ”ﬁl
Zii:l wsW=g

||*SI]

where S7" is the unit sphere of the l-support norm || - ) » and the inequality < is
obvious as S*Sn C IB%*Srl for all [ = ., d; the inequality > comes from putting, for

l=1,...,d, = >\l||z ||(l) and observing that

(i) there exist s®) € Siy such that Nz® = 1sW (take any s®) when z() =0

0]
and s ”@W when 2() #£ 0)
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(ii) 27:1 ANl > Zld:l )\l||z(l)||?ls)nl = Zle ! because ||Z(l)||?ls)n <1

d
J— : (l) *Sn
B x(l)eRg_l.l,g(d)eRd lz; [Es ||(z) L, (35d)
S e @y <t
Zf:l W=z
by putting £ = 1;s®, for all i =1,...,d. This ends the proof. O

With Proposition 4.2, we dispose of expressions that make it possible to obtain
more involved formulas for the function Ly in (27). In particular, we will now
obtain graphical representations and mathematical formulas for the proper convex
Isc function £y on R2.

4.2. Graphical representations of the function £, on R?

In dimension d = 1, it is easily computed that the function £y in (27) is the absolute
value function |- | on the segment [—1, 1] and +oo outside the segment [—1,1]. The
pseudonorm ¢, coincides with £y on the one-dimensional unit sphere {—1,1} — but
also with any convex function taking the value 1 on {—1,1} (the function |- |, the
constant function 1, etc.).

Figure 4.1: Topological closure of the graph, between heights z = 0 and 2z = 2, of
the proper convex lsc function £, which coincides, on the Euclidean unit sphere S,
with the ¢y pseudonorm

In dimension d = 2, the function £y in (27) is, by Proposition 4.2, the largest
proper convex lsc function which is below the function which takes the value 0 on
the zero (0,0), the value 1 on the unit lozenge of R? deprived of (0,0), and the
value 2 on the unit disk of R? deprived of the unit lozenge (see Proposition 4.2). As
a consequence, the graph of £y contains segments (in R?) that join the zero (0,0, 0)
of the horizontal plane at height z = 0 with the unit lozenge of the horizontal
plane at height z = 1, and this latter with the unit circle of the horizontal plane at
height z = 2. In Figure 4.1, we have displayed two views of the topological closure
of the graph of £y. As the function Ly is not continuous at the four extremal points
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-(0,1), (1,0), (0, —1), (—1,0) — of the unit lozenge, it is delicate to depict the graph
and easier to do so for its topological closure. In dimension d = 2, the function £

in (27) is given by the following explicit formulas (see also Figure 4.2).

)

N =
|

€

\
!
1 1
2

Figure 4.2: Companion figure for Proposition 4.3

Proposition 4.3. In dimension d = 2, the function Lo in (27) is given by

50(55175152) =
+oo if Ti+ai>1,

=41 Zf (1‘1,332) € {(170)7 (O’ 1>a (_1’0)7 (07_1)} )

2 if 22+ 23 =1and(z1,72) € {(1,0),(0,1),(—1,0),(0,-1)},

and, for any (xy,x5) such that z% + 22 < 1 by

Eo(ﬂfbxz) =
(21| + [a2] if || + 2o <1,
V2 -1 1|+ |2 <1 < |21| + |22

V2 -1

21|+ (V2 = Dfaa| <1< || + |2a]
3= at

2 2(1—|z2])
3—|m1] a3

L2 2(1—|z1])

if (V2= 1)|z|+]za] > 1 and [z2] > |21]

if |x1|+(\/§— Dzs| > 1 and |z1| > |z2] .

Proof. By (33) for d = 2, we find that

[o(2) — - W54 o))
o(7) (x<1);gg§lec(x)|lx Iy + 2[[2™]]

*SI

(2>

where the constraints set is given by

(36a)
(36b)
(36¢)
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C(x) = {(x(l),x@)) € (R*)? | |2 H*sn + Hx@)Hg? <1, W 423 = ac} . (37b)

If (M, 2)) € C(x), we have that

*Sn *Sn

Izl < 2@y + 2@y < (38a)

Izl = 1= 2D5) = =M]l5y and [z G) + [12@ ) = (38b)
because ||z|| = [|z[|G;) (by (50))
< H:U(DHS; + H:U(Q)Hg;l (because (zM, 2?)) € O(x) = 20 + =x)

< [zD |y + 2P 5 (because (|25} < [+ M]3} by (50))

<1. (because (zM, 2?)) € O(x) = Hat(l)H*SH + ||z H*Sn 1)

We are now going to describe the constraints set C(z) in (37b) according to ||z||,
then to deduce Ly(z) from (37a).

1.

Suppose that ||z|| = /2% + 23 > 1. Then, by (38a), we deduce that C(z)
in (37b), hence that Lo(z) = +oo by (37a).

Suppose that ||z]| = \/2? + 23 = 1. If (z(V,2®) € C(x), we obtain by (38b)
that

0

1 1 *SN *Sn 1 1
¢|x§>|2+|xé>|2:||a:<1>||(2) = [lzMI5) = 25| + |257]

from which we deduce that |2"| x [z = 0. From z® + 2® = 2 and
IE 1)||*fn + ||oc(2)||*§;1 =1, by (38a), we deduce that either xgl) =0 and |x§1)| +
\/x + (29— 2M)2 =1, orxél):Oand|x1)|+\/ ~|—x2:1 that
is, after calculatlons either :1:1 = 0 and |a: | = Ty X xé ), or :c2 = 0 and

|x11)| = 21 x 2\"). Therefore, we have the following two subcases.
( ) It z ¢ {(17 ) ( ) <_170)7 (07_ )}7 then necessarlly ($ ),SL’ )) = (O,ZL’),
that is, C'(z) = {( x)}. As a consequence by (37a)
Lo(x) = [0y + 2[lz ]2y = 2|l = 2.

(b) If x € {(1,0),(0,1),(—1,0), (0, —1)}, it is easy to check that (z,0) € C(z)
by (37b). Therefore, Lo(z) < [lz[[{7) +2[|0[|73) = 1 by (37a). Now, for any

(zM, @) € C(z), we have that

*SI *S

o +202? )

*SI *SI

1=y > [l2 Wy + 2@y > flall =1

by (38a). To conclude, we obtain that 1 < Ly(x) by (37a), hence that
Lo(x) =

Suppose that ||z|| = /2% + 2% < 1. Then, the proof is an application of
Proposition A.6 in Appendix A, combined with the formula (30).

This ends the proof. O
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5. Conclusion

In this paper, we have introduced a novel class of one-sided linear couplings, and we
have shown that they induce conjugacies that share nice properties with the classic
Fenchel conjugacy. Among them, we have distinguished a novel coupling, E-Capra,
having the property of being constant along primal rays, like the ¢, pseudonorm.
For the E-Capra conjugacy, induced by the coupling E-Capra, we have proved that
the £y pseudonorm is equal to its biconjugate: hence, the ¢, pseudonorm is E-Capra-
convex in the sense of generalized convexity. We have also provided expressions for
the E-Capra conjugate and biconjugate of the ¢, pseudonorm, and of the charac-
teristic functions of its level sets, in terms of the sequence of so-called top-k norms.
Finally, we have shown that the ¢y pseudonorm displays hidden convexity as we
have proved that it coincides, on the Euclidean unit sphere, with a proper convex
Isc function. This is somewhat surprising as the £y, pseudonorm is a highly nonconvex
function of combinatorial nature.

Acknowledgements. We thank the Editor and an anonymous Reviewer for their
comments that contributed to improve the manuscript.

A. Appendix

A.1. Properties of top-k norms and of k-support norms

Before studying properties of top-k norms and of k-support norms, we recall the

notion of dual norm. Suppose that R is equipped with a norm ||| - ||| with unit ball
denoted by By = {z € R?| |||z||| < 1}. The expression
lyllls = sup (z.y), Vy € R (39a)
[l <1
defines a norm on R?, called the dual norm ||| - |||s. We have
||| ) |||* = OBy and ||| ) ||| = OBy, (39b)

where B, the unit ball of the dual norm, is the polar set Bﬁ\ll of the unit ball
B2
By = {y € R? [ [llylll. < 1} =Bjf,
={yeR|(z,y) <1, Vo e By} . (39¢)
A.1.1. Properties of top-k norms

For all K C {1,...,d}, we introduce degenerate unit “spheres” and “balls” of R?,

equipped with the Euclidean norm || - ||, by
Sk = {z e R?| ||lzk|| =1}, (40a)
Bx = {z € R?| ||lzk|| < 1} , (40b)

where xx has been defined as the orthogonal projection of x onto the subspace Ry
in (20). In what follows, the Euclidean unit sphere S and ball B have been defined
in (12), and the top-k norm || - ||'(32) has been introduced in Definition 3.4.
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Proposition A.1. Let k € {1,...,d}.

. For any x € R?, the following equalities and inequalities hold true
s ] = o = ||x||(1) - < el
<Nl < - < Nl = ll=] - (41)
. We have RxkNS=SxkNS, VK C{1,...,d}. (42)
. The top-k norm || - HEZ) satisfies

tn
| - H(k) = OUjk|<k(RxNB) = |§(1|1pk O(RkNB) = uS(l‘lp T(RkNS) = OU|k|<k(RKNS) - (43)

. The unit sphere Sfgy and ball By, of R? for the top-k norm || - ||EZ) satisfy

Bl = {v e RY| Jl2llfy <1} = ) B, (44a)
|K|<k
St = {x e R | ||z]|i2 = 1} — BN ( U SK) . (44b)
|K|<k
. The unit balls IB%tn satisfy the inclusions
B=Bg C--- CBy, CB)C--- CBY . (45)
e We have Iyl < \/Euyug;l) , VyeRY, Vk=1,...,d. (46)

Proof.

e The equalities and inequalities (41) derive from the very definition (22) of the
top-k norm || - HEZ)

e We prove Equation (42). We have that 2 = zx + x_g, for any # € R? and the
decomposition is orthogonal, leading to

(VxE]Rd) r=xx +71_ g, Tk L ax_g and ||:v||2 ||{BK||2+||Z/U K||2 (47)

For K C {1,...,d}, we have

r€S and 2 €Sk <= 1= |z|* and 1 = ||zg]]? (by (12) and (40a))
= 1=zl = llzx* + [lo—x|* and 1= [zx|* (by (47))
— ekl =0 and 1= [lox] (by (47)
< r€RkgNS. (by (20) and (12))

e We prove Equation (43). For this purpose, we first establish that
orrn(y) =yl , Yy eR?. (48)

Indeed, for y € RY, we have

oRkrB(Y) = 687;1me (z,y) (by definition (8) of a support function)
T€RK
= sup (Tx +2_k .Yk +Y-k) (by the decomposition (47))

rER xNB
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= sup ((IK JUK) + (ki 7y—K>)
TER NB (because TK J_ Y_K and T_K J— YK by (47))

= sup{(zx , yx) + (T-K ,y-k) [2-x =0 and [jzx| <1}
(by definition of Rx NB)
= sup{(zx ,yx) | [[oxl <1}
= [yl
as is well-known for the Euclidean norm || - ||, when restricted to the subspace Rg

(because it is equal to its dual norm). Then, for all y € R¢, we have that

UU\K\gkRKﬁB(y> = Sup URKO]B<Z/)
|K[<k

(as the support function turns a union of sets into a supremum)

= sup [[yx|| (by (48))
K| <k
— Iyl (by definition (22) of | - |2)
Now, by (12) and (20), it is straightforward that ¢6(Rx NS) = Rx N B and
|| : ||EZ) = OUjk <k (RxNB) = SUP O(RgnB) = SUP Oep((RkNS))
|K|<k |K|<k

= SUP O(RkNS) = OUjk <k (RkNS) >
|K|<k -

giving Equation (43).
e We prove Equation (44a):

IB%E,?‘) = {a: € R?| Ha:HEE) < 1} (by definition of the ball B{}))
- {x eR? | sup x| < 1} (by definition (22) of |- [|%))
|K|<k
= [ {zeR||lax| <1} = [ Bk . (by definition (40b) of By)
|K|<k |K|<k

e We prove Equation (44b):

SE};) = {x € R?| Hx||EZ) = 1} (by definition of the unit sphere SE’,;))
- {x e R | sup |z = 1} (by definition (22) of || - |y))
|K|<k

— {x eR?| sup |lzx| < 1}
|K|<k

N{zerR!|IK c{1,....d}, [K|<k, |ax]| =1}
=By 0 (U {zeR| okl =1})  (by definition of the ball Bi}))
|K|<k

— B N ( U SK> . (by definition (40a) of Sg)

|K|<k
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e The inclusions (45) directly follow from the Equalities and Inequalities (41).
e We prove the Inequality (46). Indeed, by definition (22) of || - ||EZ), for a given
y € RY, there exists K C {1,...,d} with |K| < k such that

()" = >l < > (Il < k(i)

keK keK
This ends the proof. ]

A.1.2. Properties of k-support norms
The k-support norm || - ||?ZI)1 has been introduced in Definition 3.4 as the dual norm

of the top-k norm || - ||EZ)

Proposition A.2. Let k € {1,...,d}.

. The unit balls IB%?ZS)H satisfy the inclusions

M C-CB CBR,yC-CBR =B. (49)
. For any x € R?, the following equalities and inequalities hold true
Izl = [z < - < lelghy < leliy < - < el =Yl (50)

e The unit ball B of the k-support norm || - |7} satisfies

;SI;—{xeR e ||*Sn<1} o |J (RxnB))

|K|<k
=a( |J (RenS)). (51)
|K|<k
. Forl=0,1,...,d, we have | - ”E?) By - (52)

Proof.

e The inclusions (49) directly follow from the inclusions (45) and from (39¢) as
Bl = (By)”

e The Inequalities in (50) derive from the inclusions (49). The Equalities in (50)
are well-known.

e We prove Equation (51). On the one hand, by the first relation in (39b), we
have that | - ||EZ) = oggn. On the other hand, by (43), we have that || - ||22) =

OU, 1<k (RKMB) = OU <k (RKNS)- Then, as is well-known in convex analysis, we deduce
that @ (B}}') = c0(Uxj<x(Rx NB)) = &0 (U,k<(Rx NS)). As the unit ball By}
is closed and convex, we immediately obtain (51).

e We prove Equation (52). By Definition 3.4, the l-support norm is the dual norm
of the top-l norm. Therefore, the top—l norm is the dual norm of the [-support norm
and (52) follows from (39b) for l =1,...,d. For [ = 0, both conventions || - HES) =0

and B} = {0} lead to | - ||trl =0 =00 = ogsn.
This ends the proof. ]
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A.2. Properties of the level sets of the {; pseudonorm

We establish useful connections between the ¢, pseudonorm in (17) and the top-k
norm || - HEE) in (22).

Proposition A.3. Let k € {0,1,...,d}. We have

(VaeRY) fo(x) =k = 0= . < ol < Nolly = o = ol = 2l , (53a)

(VzeR?) zely" < l((z) <k < H:cHEZ) = ||z , (53b)
:I; n

(Vxe]Rd) x€€§k\{0} — 0<ly(z)<k <= z#0 and MESQSEH' (53c)

The intersection of the level set (5% in (21) of the €y pseudonorm in (17) with the
Euclidean unit sphere S has the two following expressions

G*NS=BNS, (54a)
*NS=6+5nS. (54b)
Proof.

e The Equivalences (53a) and (53b) are well-known and easy to prove.
e We prove the Equivalence (53c). Using Equation (53b) we have, for z € R4\{0}:

N €T tn x n X n
bo(z) <k <= |zl = ol <= 7=l =1 <= €S <= —eSNSf),.
[ | s k4l k4]

e We prove Equation (54a). First, we observe that the level set Z(?k is closed because,
by (53b), it can be expressed as (5" = {z e R?| ||:E||EZ) = ||z||}. This also follows
from the well-known property that the pseudonorm ¢y is lower semi continuous.
Second, we have

Fns=8sn E(ﬁ%k ns) (by Lemma A.4 since £5"N'S C S and is closed)

=sne( | (Rxkn§)) (as 65° NS = U (R N'S) by (21))
|K|<k
=BG NS. (as @ (U <k(Rx N'S)) = By by (51))

e We prove Equation (54b). For this purpose, we first establish the (known) fact
that 65_'“ = (5% The inclusion 60?"3 C (5" is easy. Indeed, as we have seen that (3" is
closed, we have /5% C (5" = fo?k C E()? — (5", There remains to prove the reverse
inclusion (5% Eo?k. For this purpose, we consider x € (5. If € (5%, obviously

x € (5*. Therefore, we suppose that {o(x) = | < k. By definition of £y(z), there
exists L C {1,...,d} such that |L| =1 < k and © = z. For € > 0, define z° as
coinciding with x except for £ — [ indices outside L for which the components are
e > 0. By construction {y(z) = k and 2 — = when ¢ — 0. This proves that

(=% c os*,
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Second, we prove that /5F N'S = (5% N'S. The inclusion (% NS C /¥ N'S, is easy.
Indeed, fo?k = (5" = 5FNS cSn fo?k — (5% N'S. To prove the reverse inclusion
5 NS c 655 NS, we consider 2 € (5" N'S. As we have just seen that 5% = KOT’“,
we deduce that = € (5%, Therefore, there exists a sequence {zn},en In £5F such
that 2z, — x when n — +oc0. Since z € S, we can always suppose that z, # 0,
for all n € N. Therefore z,/||2,|| is well defined and, when n — +o00, we have

2o/ ||zl = @/||z|| = @ since x € S = {x € R*| ||z|| = 1}. Now, on the one hand,
2o/ 120l € €5F, for all n € N, and, on the other hand, z,/||z,|| € S. As a consequence

Zo/ |1zl € 657 NS, and we conclude that z € ¢5% N'S. Thus, we have proved that
FNnscihns.
This ends the proof. O

Lemma A.4. If A is a subset of the Euclidean unit sphere S of RY, then A =
co(A)N'S. If A is a closed subset of the Euclidean unit sphere S of R?, then
A=7¢co(A)NS.

Proof. We first prove that A = co(A)NS when A C S. Since A C co(A) and A C S,
we immediately get that A C co(A) N'S. To prove the reverse inclusion, we first
start by proving that co(A) N'S C extr(co(A)), the set of extreme points of co(A).

The proof is by contradiction. Suppose indeed that there exists € co(4) NS and
x & extr(co(A)). Then, we could find ' € co(A) and z” € co(A), distinct from
x, and such that z = Az’ + (1 — A)z” for some A € (0,1). Notice that necessarily
x' # 2" (because, else, we would have x = ' = x” which would contradict ' # x and
2" # x). By assumption A C S, we deduce that co(4) C B = {z € R?| ||z|| < 1},
the unit ball, and therefore that ||2/|| < 1 and ||2”|| < 1. If 2’ or 2" were not in
S — that is, if either ||2’|] < 1 or ||2”|| < 1 — then we would obtain that [|z| <
Al|z'||+(1=X)||z"]| < 1since A € (0, 1); we would thus arrive at a contradiction since
2 could not be in S. Thus, both 2’ and z” must be in S, and we have a contradiction
since no x € S, the Euclidean unit sphere, can be obtained as a convex combination
of ' € S and 2" € S, with 2’ # 2”.

Hence, we have proved by contradiction that co(A) N'S C extr(co(A)). We can
conclude using the fact that extr(co(A)) C A (see [6, Exercice 6.4]).

Now, we consider the case where the subset A of the Euclidean unit sphere S is
closed. Using the first part of the proof we have that A = co(A) N'S. Now, A is
closed by assumption and bounded since A C S. Thus, A is compact and, in a finite
dimensional space, we have that co(A) is compact [13, Th. 17.2], thus closed. We
conclude that A = co(A)NS = co(A) NS =To(A) NS, where the last equality comes
from [2, Prop. 3.46].

This ends the proof. O

A.3. Additional results on the function £

In Proposition 4.2, we have provided an expression, for the proper convex lsc func-
tion £y in Theorem 4.1, as the value of the minimization problem (33). Here, we
provide a characterization of the optimal solutions of (33).
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We recall that the exposed face of the closed convex set C' C R? at y € R? is [8,
p.220]

Foly) ={z € O (z.y) = ocly)} = arg max (x,y) . (55)

In the sequel, we will use the following relations regarding faces of unit balls:

FBE?)(:E(’)) csyy, iz £0, (56b)
~(d) 7 ¢ ()
Py (79) = { S H} if 7@ 20, (56¢)

Proposition A.5. Let v € R? be such that ||x|| < 1. The sequence (zY, ... 7))
of vectors of R? is solution of the minimization problem (33) or, equivalently, of the
minimaization problem d

min Z loge (20) (57)
Zleagég(ﬂlhg =
Y W=y
if and only if
(1) either S0, |z| = Izl < 1 and (z0,...,29) = (2,0,...,0) (and then,
the minimum in (57) or (33) is equal to HJJH*SH)
(2)  or there exists A > 0 such that

d
ﬂ(l + A)FE%@( N#D, (58a)
=t
Y o (V) =1, (58b)
I=1
d
Z ¥ =z . (58c¢)
I=1

Proof. The minimization problems (33) and (57) are identical because we have

OBy (-) = Il Iz, since the k-support norm is the dual norm, as in (39a), of the

top-k norm (see Definition 3.4). First, we establish necessary and sufficient Karush-
Kuhn-Tucker (KKT) conditions for the optimization problem (57). The optimiza-
tion problem (57) is the minimization of the proper convex lsc function

fo(l'(l), N ,x Z ZJ]E(Z) (59&)

over a convex domain of (Rd)d defined by one scalar inequality constraint of the

form fi(z™M, ..., z@) <0, represented by the proper convex lsc function

fu(z®), Z O']B(l) (59Db)
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and d equality constraints, fi (z™,... , 2@) =0 for k = 1,...,d, represented by
the d affine functions

d
f1+k(gj(1)7_”7q;(d)) = <Zi’(l) —$,6k> , k=1,...,d, (59(3)
=1

where e, is the k-canonical vector of R?. Itdshould be noted that all the functions
fo, fi, fo, -, fiiq are proper and have (]Rd) for effective domain.

As |23 = llz]l < 1, the sequence (21, ..., 7)) = (0,0,...,0,z) strictly satisfies
the inequality constraint, that is, f1(0,0,...,0,z) = ||z||—1 < 0 and satisfies also the
equality constraints f»(0,0,...,0,z) = --- = f1,.4(0,0,...,0,2) = 0. By the Slater
condition, the constraints are qualified. Therefore, the sequence (i(l), - ,:I:(d)) is
solution of the convex optimization problem (57) if and only if it satisfies the KKT
conditions ([13, Corollary 28.3.1], [11, Example 1", p. 64], [8, Chapter VII]), that
is, there exists A > 0 and pu = (1, ..., pq) € R% such that

d
0€afy@,...,5D) + A EY, . 7D) + 3 o@D, 7D),  (60a)

MW, 29y =0, (60b)
fl(:z“), Ed) <o, (60c)
Vk = d, fie@Y, 2Dy =0. (60d)

Since QUBE?)(:U(”) = FBH‘) (i(l)) [12, Corollary 8.25], for [ = 1,...,d, we have, by (59),

Ofo(zV,...,27) = (Fgm (21),.
of(aM,....20) = (Fyu (2 ”>, o Fa (20) . B (7)) (61b)
3f1+k(f(1)7 e @(d)) = (€k,-- -, er)

With these expressions, Equation (60a) is, for [ = 1,...,d, equivalent to

pooes U (@Y) L dFg (29)), (61a)

CVk=1,....,d. (61c)

d
o= (p1, .. pa) = ZMkaGZFBtn( >+/\F]B“‘( D).
k=1
We conclude that the sequence (:Z'(l), e ,:Z'(d)) of vectors of R is solution of the

optimization problem (57) if and only if there exists A > 0 such that the following
conditions are satisfied

(jl] [ZFBm ) + Ay (2 )} 40, (62a)
(Z O—B% ) —0, (62b)
Z a% (62¢)

Z I (62d)
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Second, we turn to prove Item A.5(1) and Item A.5(2).
(1) If A=01in (62), we obtain

d
() 1Fa (z0) # 0, (63a)
=1
d
> omp (@) <1, (63D)
=1
d
Z ¥ =g (63¢)
=1

We now show that (63) holds true if and only if [|z[|{}} < 1and (z(V,2®),... &@) =
(x,0,...,0).

On the one hand, let (z(M,..., @) be a sequence of vectors of R? which satis-
fies (63). If (zV,...,2@) = (0,...,0), then 2 = 0 and we indeed conclude that
215y = 0I5y =0 < 1and (zV,2®),...,2%) = (0,0,...,0) = (2,0,...,0).

If (zV,...,z9) £ (0,...,0), then k = min{l c{1,....d}|z® #O} is well de-
fined. By (63a), there exists y € (), [Fgn (z®), where FEEB@(”) C B for any

[ =1,...,d, by definition (55) of the face. Now, by the inclusion (56b), we have
that Fy (zW) C S since z® # 0 by definition of k. Therefore, there exists

y € Bt“ ﬁkSE‘,: that is, ||y|| = max;_;,
follows from definition (22) of || - ||22) that (see also (46))

kK = (lyllie)” < k(lyli)® < k.

This gives k = 1, hence z(!) # 0 and ) = 0 for all [ = 2,...,d by definition
of k. We conclude that necessarily (zW,...,7@) = (x,O,...,O) by (63c) and
ogn () = lz[[(7y < 1 by (63b).

On the other hand, suppose that H:UH*fn < 1and put (zV,...,29) = (2,0,...,0).
Then, Equations (63b) and (63c) are satlsﬁed So is (63a) because

alyi] <1 and ||y||(/,C = k. Hence, it easily

ﬂ [Fyp (20) = Fun (2

ﬂ lBtn

= FIBE‘;) () #0,

(by (56a))

because F (« (z) CB) C N, \/_]E%t c N, IBfjy by the Inequality (46).

(2) If A > 01in (62), we obtain (2). Indeed, (62a) is equivalent to (58a) because
[Fgn (z0) + AFBE‘)(”Z(Z)) =+ )\)FBE?)(E’(I)) since the face Fyn (z1) is convex, and

[>0,A>0.
This ends the proof. O
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Now, we specialize in the two-dimensional case d = 2. Because the function £
in (27) satisfies (30), we restrict the following Proposition to z = (z1,z2) € R3.

Proposition A.6. Let x = (21,22) € RY be such that x7 + x5 < 1. The sequence
(21, 2®) of vectors of R? is solution of the optimization problem

o . (1) *SIl (2) *SI
Lo(r) = oo e | P A | Ead [P (64)

e [55) Il |55 <1
PRESTNG )i

if and only if one of the following statements hold true:
(1) a1+ 22 <1, and then (2V,2?)) = (2,0), and
Eo((xl, $2>) =T+ X2, (65&)

(2) x>0, 2+ (\/5— 1)xo > 1, 1 > x9, and then

j(l):<1—(x%+xg)70)’ j(z):<2$1—$%+$§_1,x2)7
3

3
ﬁo((ﬂ?l,.l?g)) = 5 - % +

(3) x>0, 29+ (V2 — 1)z > 1, 25 > 21, and then

f(l):<0 1—(I%+x§)) 92’@):(:[1 2x2—x§—|—xf—l>
’ 2(1 — LIZ‘Q) ’ ’ 2(1 — LEQ) ’

T2,
2 21—y
(4) wi+x>1, (V2= Do+ a2 <1, 21+ (V2= Dy < 1, and then
x(l):<1_(\/§_1)5’31—95271—151—(\/5—1):62)7
2(v2-1) 2(v2 - 1)
a—:(2)2<$1+$2—1 $1+$2—1>
2(v2-1) " 2(v2-1) /"’
1‘1+l‘2—2+\/§
V2-1 '

Proof. By Proposition A.5, the sequence (z(), 2?) of vectors of R? is solution of
the optimization problem (64) if and only if

Lo((x1,22)) = ; - (65¢)

ﬁo((%;@)) =

(65d)

— either 2y + x5 = ||z[|f}) < 1 and (2, 2%) = (,0), which is equivalent to (1),

— or there exists A > 0 such that

(1+A) Fin M) N (2 + M) Fyiy (@) #0, (66a)
1201y + 1225 =1, (66b)

M+ 3% =z (66¢)
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We are going to prove, in several steps, that (:Z‘(l), f(z)) satisfies (66) for a certain
A > 0 if and only if it satisfies Item A.6(2), Item A.6(3) or Item A.6(4). For this
purpose, we will use the relations

B = 141 (67a)
([-1.1) it fo(z0) =0,
B (20 — § SEED) XL G@EY) =1 with 70 =0,
. (—1,1] x sign(Z)  if £o(zV) =1 with 20 =0,
sign(z ) i toa) =2,
where sign(zlV) = (Sign(fgl)),Sign(fg))) is the vector of R? made of the signs

(—1,0,1) of the two components.

e Suppose that (21, 2?) = (z,0) satisfies (66) for a certain A > 0. We will show
that this is equivalent to 0 < x1, 0 < x5 and x1 + x5 = 1, which implies Item A.6(1).
By (56a) for | = d = 2, we get that (2 + )\)FBE%(O) = (2 + \)B, where B is the
Euclidean unit ball of R?, so that Equation (66) is equivalent to

(L4 NP (1) N2+ AB A0, || =@ +a2=1. (68)

By (67b), we distinguish the following subcases that correspond to different expres-
sions for FBH) (x).

- If ly(x) = 0, then 27y = x9 = 0. But this contradicts z; + 25 = 1 in (68).

- If by(x) = 1 with 29 = 0, then z = (1,0) because z; + x5 = 1 by (68), and
r = (x1,19) € Ri by hypothesis. But this contradicts the assumption that
3+ i < 1.

- If ly(x) =1 with y = 0, we also arrive at a contradiction.

- If ly(x) =2, then (1 + )‘)FBET> () ={(1+ X, 14+ XN)} by (67b).

On the one hand (necessity), we show that necessarily 0 < A < v/2. Indeed,
(68) implies that ||((1 4+ A)sign(z1), (1 + A)sign(zq))|| < 2 + A, which gives
V2(14+X) <2+ A, hence 0 < A\ < V2.

On the other hand (sufficiency), if we put (21, z)) = (x,0) where [lz||})} =
1+ 22 = 1 and {y(x) = 2, that is, 0 < 21, 0 < zo, then (68) is satisfied for
any 0 < A < V2.

Therefore, we have proven that (2, 2?)) = (,0) satisfies (66) for a certain A > 0
if and only if 0 < 21, 0 < 9 and x; + x2 = 1 (condition included in Item A.6(1)).
e Suppose that (21, 2?) = (0, z) satisfies (66) for a certain A > 0. We will show
that this case is impossible. Indeed, Equation (66b) implies that \/z? + 23 = ||z|| =
HxHE? = 1. But this contradicts the assumption that @ = (z1,22) € R2 is such that
I

e Suppose that (V) # 0 and z(® # 0 are such that (2, z(?) satisfies (66) for a
certain A > 0. We will show that this is equivalent to (2), (3) or (4). But, before
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*SI *SI

that, notice that, as ||z} ||(1 + ||z ||(2 =1, by (58b), then

| *Sn *S1

Lo(x) = 1+ Iz 5y =2~ |l2V][)) (69)

which will be practical to obtain formulas for Ly(z).

As 7 #£ 0, then FBES)(_ ) = {||i$;u} by (56¢). Therefore, Equation (66) is equi-

valent to
7(2)

=(1
(24 N)—=mr [z © € (1+\)Fy, (zW) | (70a)
_ *Sn _ *sn (1 _(1 —(2 _(2
1ZONE) + 12@15 = 1757 + 1757] + wx& 24z =1, (70b)
M 472 =z (70c)

By (67b), we distinguish the following four subcases that correspond to different
expressions for the face Fyon (zW),

Case 1. As 2 # 0, we do not consider the case £o(z")) = 0.
Case 2. Suppose that £4(z)) = 1 with 3?";1) = 0. Then, on the one hand,
Fyn (1) = sign(z{") x [~1,1] by (67b), so that Equation (70a) is equivalent to

7® 14\ 7 14 A
QiASign(xﬁl)), 7 | < zix
VIE2P + |58 VIZ2P + z2p

On the other hand, 2 = (z{",0) where 2\"’ # 0, so that Equations (70) are
equivalent to

0+ e+ =1, 2l el ) =

Therefore, Equation (70) is equivalent to

_(2
757] < sign(zt")z (72b)
01+ Vo + o = 1, (720)
w2 =, (72d)
P =, (72€)

and we will now show that there exists A > 0 such that (72) holds true if and only
if Item A.6(2) holds true.

On the one hand (necessity), from (72a), we deduce that f?) and fgl) have the same

sign; this common sign must therefore be sign(x1), as afgl) —{—3?"52 =z by (72d); since

z = (z1,29) € R%, we obtain that z; > 0, hence xl > 0 and x; > 0. Therefore,
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we easily get that 20 = (z{",0), where z\" > 0, and that 2® = (z; — 2", 2,),

by (72d)—(72e), with z; > :z§”, since 5:52) > 0. Replacing the values in (72c), where

21> 2" > 0and 1 > a; since 22 + 22 < 1, we get 2" + \/(xl — 22422 =1,

(1) _ 1-(3+ad). (1)

from which we deduce that z; Sy > We have that 7;” > 0 because z; < 1;

the condition z; > fg implies that 1 + z9 > 1.

e eV
From (72a), we deduce that - <1)| = %i—i €]1/2,1[, hence that % < 1 and
—&
1/2 < zll x(ll) by (72b); we are going to detail these two inequalities, one after the

_ i

other. We have that 11 :’ill) < 1 because 1 > z1 > 73 ). The condition 1/2 < M
&

implies that 0 < xo — \/§(1 — x1); from (72b), with :Z'g )'> 0 and :EQ =29 > 0, we

get that zo < 21 — fgl) =z — %; rearranging terms, we find that this latter

inequality is equivalent to
(:m —(V2+1)(1 - xl)) (xg + (V2 -1)(1 - 951)) > ()

as ;1 < 1 and 25 > 0, we finally get that zo — (v/2 4+ 1)(1 — 21) > 0. From

=(1) =(1

r9 < x1 — Iy where Z; ) > (0, we also deduce that necessarily xz; > x».

Finally, Equation (72) implies that z; > 0, 2 +x5 > 1, 29 — v/3(1 — 1) > 0,
—(V2+1)(1 —21) >0, 1, > x5, and

2, .2 2, .2
S0 _ (1—(x1+x2) 0) 22) _ (2m1—x1+x2—1

201 — a1) 201 — a1) )

thus, using the property that

—(V24+1)(1—21)>0and 1> 2,
T T > V21— 2) +1>1

Ty —V3(1—21) > 20 — (V2+1)(1—21) >0,

=

we obtain that 25 — (v/2+1)(1 —21) > 0 and 1 > 2;; multiplying the first inequality
by v/2 — 1, we finally obtain x; + (v/2 — 1)zy > 1 and 1 > 2, that is, Item A.6(2).

On the other hand (sufficiency), if we suppose that Item A.6(2) holds, it is straight-
forward to follow all the above computations and to obtain that Equation (72) holds

)
true with A > 0 the unique solution to - s (1)‘ = éi—:\\ €J1/2,1].

2

By (69), we obtain that Lo((z1,22)) =2 — iz = 1zV| = S_my 2(150_2901).

Case 3. If 50(3_7(% = 1 with fgl) = 0, we do the same analysis, and we obtain
Item A.6(3) and Lo((z1,22)) =2 — 2 +

(1 12)
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Case 4. Suppose that £o(7(")) = 2. In this case, we have by (67b) that FBE?) (zW) =

{(sign(xg )) 81gn(x2 ))} Therefore, Equation (70) is equivalent to

Y )}(i ro S sign(ad?) (73)
z? LA

TR ™

BN \/|a‘:§2)\2 P =1, (73¢)

7V 47D =g, (73d)

2V 47 =1, (73e¢)

and we will now show that there exists A > 0 such that Equation (73) holds true if
and only if Item A.6(4) holds true.

On the one hand (necessity) from (73a)—(73b), we deduce that |3§§2)| = |§:§2)| because
Isign(z")| = |sign(z{")| = 1 since £,(zV) = 2. And that sign(zV)) = sign(z?).
This common sign must therefore be sign(z), as 2" 4+ 23 = x by (73d)-(73e).

Since fo(zM) = 2 and x = (z1,22) € R%, we get that z; > 0 and 2o > 0, so
that we put ig) = x2 = [ > 0. By (73d)—-(73e), we get :Egl) =z — [ >0 and
fg) = 25— > 0; replacing the values in (73c), we obtain 21 — B+zy — f+v28 = 1;

this gives /8 = ’”1;_—%‘1 Therefore, 8 > 0 <= 21+ x5 > 1, 8 < 17 <=

(ﬂ—l)x1+x2<1andﬁ<x2 — x1+(\/§—1)x2<1.
Finally, Equation (73) implies 1 + 23 > 1, (V2 — D)y + 25 < 1, 21 + (V2 —

—(1) _ (1-(v2-Dz1—z2 1—21—(v2-1=x —(2) _ -1 —1).
1)z, < 1, and 20 = ( 2(\/5_1; 2 ;(\/5—1) 2), 2 = (3”21(7232_1) , ”321(\%2_1) ): thus,
Item A.6(4) holds true.

On the other hand (sufficiency), if we suppose that Item A.6(4) holds true, it is
straightforward to follow all the above computations and to obtain that Equa-
tion (73) holds true with A = v/2.

By (69), we obtain that Lo((z1,22)) =1+ \/‘i§2)|2 + ‘fg)}Q =1+ %

This ends the proof. O
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