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We consider a stationary quasi-variational inequality in a multi-connected domain and show the
existence of a solution to the inequality. The problem is related to the Bean critical-state model
in type II superconductors. Mathematically, we are concerned with a quasi-variational inequality
containing a p-curl inequality with a curl constraint by a function of the solution.
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1. Introduction

In this paper, we are interested in a model of a stationary quasi-variational inequality
related to an electromagnetic variational p-curl inequality where the curl of the
magnetic field is constrained by a function of the solution.

In the stationary electromagnetic theory, the generalized Maxwell’s equations are

written by
j =curlh, curle = f and divh =0 in €, (1)

where e and h are the electric field and the magnetic field, respectively, 5 denotes
the total current density, and f denotes an internal magnetic current. Here we
consider a nonlinear extension of the classical Ohm’s law in the form

e=pj, (2)
where the scalar resistivity p can be taken as a form
p=vleurlh|P* (p>1),
where v isa given function. Then the equilibrium equations for h may be written as
curl [v|curl h|P~2curl h] = f, divh = 0 in Q. (3)
We impose the natural boundary conditions
h-n=0 and exn=g onl :=0Q,

where n denotes the outer unit normal vector to the boundary I' of 2.
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An example of a generalization of the constitutive law (2) arises in type-II supercon-
ductors and is known as an extension of the Bean critical-state model. In this model,
the current density cannot exceed some given critical value j > 0 (cf. Prigozhin [15]).
Generally, this critical value j varies as a function of the absolute value |h| of the
magnetic field h (cf. Kim et al. [12, 11]), that is to say,

vlcurl h[P~2curl b if |curl h| < j(|h|),
e= (4)

(vj?2 + Ncurl b if [curl k| = j(|h]),

where A = A(z) > 0 is an unknown Lagrange multiplier whose support lies in the
superconductivity region

S ={z € fewrlh(z)| = j(|h(x)])}.

Thus we must consider the following quasi-variational inequality

/ v|curl h|P~2curl h - curl (v—h)dz > / f-(v—h)dz + /g -(v—h)dS  (5)
Q Q r

for all test functions v such that |curlv| < j(|h|), where dS denotes the surface area
of I.

In this paper, we are interested in discussing the existence of a solution to a gen-
eralized quasi-variational inequality: to find h in a closed convex set K’}(h) in an
appropriate space defined below such that

/ Sy(z, |curl h|*)curl b - curl (v—h)dx > / f-(v—h)dz + /g -(v—h)dS
0 Q r

for all v € Kp(s) in a multi-connected domain €. Here a function S(x,t) satisfies
some structure conditions.

When facing a similar problem for the gradient Vu and u of a function instead of
curl h and h, respectively, with a gradient constraint instead of a curl constraint,
Azevedo et al. [5] succeeded in proving the existence of a solution. Since those
authors took W1?(Q) as a basis space, it is necessary to add an extra term in order
to guarantee the coerciveness in W1P(Q). However, since € is multi-connected,
we take an appropriate subspace of W'?(Q) (the Sobolev space of vector valued
functions) as a basis space. This makes unnecessary to add any extra term.

The paper is organized as follows. In section 2, we give a precise setting of the
problem and give the main theorem (Theorem 2.5). Section 3 is devoted to the
continuity of the solution of an associated variational inequality on the data. In
section 4, we give the proof of the main theorem (Theorem 2.5) using the Schauder
fixed point theorem and the Leray-Schauder fixed point theorem.

2. Preliminaries and the main theorem

In this section we give some preliminaries and the main theorem.

Since we allow that 2 is multi-connected, we assume that 2 has the following con-
ditions (i) and (ii) as in Amrouche and Seloula [2] (cf. Amrouche and Seloula [1],
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Dautray and Lions [6] and Girault and Raviart [10]). Let Q@ C R* be a bounded
domain of class C'! with the boundary I and € locally situated on one side of T'.

(i) T has a finite number of connected components I'g, I'y, ..., I_‘m with Iy denoting
the boundary of the infinite connected component of R?\ Q.

ii) There exist n connected open surfaces ¥:, (j = 1,...,n), called cuts, contained
i J
in ) such that
(a) X; is an open subset of a smooth two dimensional manifold M.

(b) 03, Cc I' (j =1,...,n), where 0¥, denotes the boundary of ¥;, and 3, is
non-tangential to I'.

(©) SO =0 (4 ).
(d) The open set Q = Q\ (U™ ,%;) is simply connected and pseudo C!! class.

From now on we use the notations LP(2), W™P(Q2) (m > 0,integer and p > 1),
W#P(T') (s € R), and so on, for the standard L” space and Sobolev spaces of func-
tions. For any Banach space B, we denote B x B x B by the boldface character B.
Hereafter, we use this character to denote vectors and vector-valued functions, and
we denote the standard Euclidean inner product of vectors a and b in R? by a - b.

For 1 < p < 0o, we define two spaces
K2(Q) = {v e W'(Q); divv =0, curlv =0 in Q, v xn=0on I},
KL(Q) = {v e W'P(Q); dive =0, curlv =0 in Q, v-n=0on I},

Then it is well known that dimK%.(Q) = n and dim K%, (Q) = m (cf. [2]). Moreover,

we define
curlv € LP(Q), divo=0inQ, v-n=0onT,
WL(Q) = ¢ v e LP();

(v-n1)s, =0, j=12,...,n

and

curlv € LP(Q), dive=0in Q, v xn=0onT,
Wi,0) = d v e L(Q); |
(v-m,1)p,=0,i=1,2,....m

(v-m,1)5, denoting the duality between the spaces W=1/P#(5;) and W'=1/7#'(5;),
(v -m, 1), denoting the duality between the spaces W~/P#(T;) and W'=1/"#(T;),
and p’ is the conjugate exponent of p, i.e., (1/p) + (1/p’) = 1. We note that W,.(Q)
and W%, (€2) are subspaces of WP(€Q) (cf. [2]).

Then we have the following result (cf. Miranda et al. [13, 14] and Aramaki [4]).

Proposition 2.1. If 1 < p < oo, then WL(Q2) and WE(Q) are reflexive, separable
Banach spaces with the norm

|’v|’W§’\,(Q) = H’UHW’}(Q) = ||Cur1vHLP(Q)7
Furthermore, both norms ||v|lwe () and ||v|lwe ) are equivalent to [|v|ywrsq)-

For the proof, see Aramaki [3] (cf. [2]).
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From now on, we denote W4 (Q) or WX (Q) by VP(Q).
The following lemma is for Sobolev-type inequalities and the trace theorems.

Lemma 2.2. There exist positive constants C, and C,. such that for any v € V?(Q),
qg<3p/(3—p) ifl<p<3,

[v]|ze) < Collvllvry with ¢ anyq>1 if p=3, (6)
qg =00 if p> 3.

In particular, if p > 3, VP(Q) C C(Q) and the inclusion map is compact.

r<2p/(3—p) ifl<p<3,
[v| 7@y < Collvllve) with $ anyr>1 if p=3, (7)

r =00 ifp>3

where ’U‘F denotes the trace to the boundary T'.

Let S(z,t) be a Carathéodory function in €2 x [0, 00) and for a.e.z € Q let S(z,-) €
C?((0,0)) satisfying the following structure conditions. There exist 1 < p < oo
and 0 < A < A < oo such that for a.e. x € Q and t > 0,

S(x,0) =0, NP 22 G (2,t) < AtP2/2 (8a)
P22 <G (1, t) + 2tSy (2, 1) < AtP=2/2) (8b)
If 1<p<2,Sy(x,t) <0, and if p > 2, Sy(z,t) > 0. (8¢)
Here S;(z,t) = 25(z,t) and Sy(z,t) = %QTQS(x,t). We note that from (8a), we have
%Atm < S(x,t) < %Aﬂ’/2 for a.e. € Q, t > 0. (9)

Example 2.3. If we define S(z,t) = v(x)t?/?, where v(z) is a measurable function
in Q satisfying 0 < A < v(z) < A < oo a.ein 2, then S(z,t) satisfies (8a)—(8¢c). [

For the proof, see Aramaki [4] and DiBenedetto [7].

Now we give a monotonicity of S; in the following sense.

Lemma 2.4. There exists a constant ¢ > 0 such that for all a,b € R3,
cla — bJ? if p>2,

(St(az, la|?)a—S(x, |b] )b) -(a—b) > { c(lal+|b))P2la—b]> ifl<p<2.

In particular, (Si(z,|al?)a — Si(z,|b]*)b) - (@ —b) >0 if a#b.

Proof. Put J(z,p) = (Si(z,|al*)a — S;(z, |b]*)b) - (a — b). Then
1

J(z,p) = — [St(:c, |sa + (1 — s)b|*)(sa + (1 — s)b)}ds -(a—b)

0 S
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1
= / Si(z,|sa + (1 — s)b|*)ds|a — b|* +
0
! 2
+/ 2Su(z, |sa + (1 — s)b|*)((sa + (1 — s)b) - (a — b)) ds.
0

When p > 2, since Sy(z,t) > 0, we have
1 1
J(x,p) > / Si(z, ]sa+(1—s)b\2)d5|a—b|2 > )\/ \sa—l—(l—s)b\p’Q\a—des.
0 0

From [7, p. 14], we can show that J(x,p) > c|a — b| for some ¢ > 0.

When 1 < p < 2, since Sy (z,t) < 0, we have

1
J(x,p) > / Si(z,|sa + (1 — s)b|?)|a — b|*ds
0
1
+/ 2S;(z,|sa + (1 — s)bJ*)|sa + (1 — 5)b*|a — b|*.
0
From (8b), we have
1
Hap) 2 A [ sa+ (1= )bl 2dsla— b = c(lal + b7l - b
0

for some ¢ > 0. L]

We are now in a position to state the main theorem. Let F € C(R3* R") where

= {s € R;s > 0} and f € LqI(Q),g S LT/(F), where ¢/,7' are conjugate
exponents of ¢, as in Lemma 2.2, that is, (1/¢) + (1/¢') = 1,(1/r) + (1/7") = 1.
For u € V?(Q), define a closed convex subset of V?(2):

K (1) = {v € VP(Q); [ewlv| < F(u) a.e. in Q}. (10)

We consider the following problem for a quasi-variational inequality:

Find u € K, (€2) such that
/ (2, [curl u|*)curlw - curl (v — u)dx
0

/f v—u dx+/ (v —u)dS forallve Ky, (11)

Theorem 2.5. Let 1 < p < oo and f € LY (Q),g € L (I'). Assume that F €
C(R3;RY") satisfies the condition: if p < 3, then there exist constants cy,c; > 0 such
that

F(s) < co+ci|s|* for all s = (s, 89,53) € R?,

where a > 0 forp =3, 0 < a < 3/(3 —p) for p < 3. Then the quasi-variational
inequality (11) has a solution. In particular, the solution can be found in C°(Q) for

any € (0,1).
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In order to prove Theorem 2.5, we consider the associated variational inequality.
For p € L>(Q) satisfying ¢ > 0, define a closed convex subset of V() by

KP(p) = {v € VP(Q); |curlv| < ¢ a.e. in Q}, (12)

and consider the following problem of variational inequality: for given f € L7 (Q)
and g € L™ (T), find u € KP(¢p) such that, for all v € KP(¢),

/ Sy(z, |curl w|*)curl w - curl (v —u)dz 2/ f-(v—u)de —|—/g (v—u)dS. (13)
Q Q r

Proposition 2.6. Let 1 <p < oo and f € Lq/(Q),g € L’J(I‘). Then the above in-
equality (13) has a unique solution u € KP(p), and there exists a constant depending
only on Cy, C,, A and p such that

1l < CUFllga ) + gl g )¢ (14)

Proof. We prove this theorem directly, using a minimization method of an associ-
ated functional. Thus we put

I[v] :/S(x,|curlv|2)dx—2/f-vdx—Q/g-vdS.
Q 0 r

We consider the minimization problem: to find u € KP(p) such that

Ilu|= inf [Iv].
[u] ver(g))[]

From (9), the Holder inequality and Lemma 2.2, for any ¢ > 0, there exists a
constant C'(¢) > 0 such that for any v € VP(Q),

2 / /
1] 2 “X[olln) = COIFI g, = <llvliae = OOl e, = ellwllorm

2 / /
> (Ba-cop—<n) Ivlhoim - CONFIy g, — CONo o

Choosing ¢ > 0 small enough, there exist positive constants ¢ and C' such that
I[v] > C””H@p(g) - C(Hf”[,q/(g) + Hg||LT’(r)>~ (15)
This implies o := infyexr(p) I[v] > —00 and the coerciveness of I, i.e.,

I[v] = +o0.

veKP (p), ||[v|lyp () —o0

Now if we put F(z,t) = S(x,t?), then it follows from (8a) and (8b) that for a.e.
reQandt>0,

Fy(z,t) = 2tSy(w, %) > 20771 > 0
and Fy(w,t) = 2{S;(x, %) + 2t>Sy(x,1%)} > 2072 > 0.
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Thus [ is a proper strictly convex functional on a closed convex subset KP(y). In
order to prove the lower semi continuity of I, let v; € KP(p), v; — v in VP(Q).
Since KP(y) is closed, v € KP(yp). Since curlv; — curlv in LP(Q), there exists a
subsequence {v;, } of {v;} such that

lim [ S(x, |curlvj, [*)dz = lim inf/ S(x, |curl v;|*)dz,
Q

and curlv;, — curlwv a.e. in €. Since S(z, t) is continuous with respect to ¢ € [0, 00),
we see that S(z, [curlv,, |*) = S(z, [curlv|?) a.e. in Q. Since S(z,t) > 0, it follows
from the Fatou lemma that

k—o0

/S(x, lcurlv|?)dz < liminf/S(x, curlw;, |*)dzx
Q 0

= lim [ S(z,|curlv,, |*)dz
k—o0 Q

= liminf/S(:U, |curlv,|?)d.
Jj—oo Q

Since v; — v strongly in L(2) and L"(I') as j — oo, we have

/f-vjdx%/f-vd:vand /g-mdS—)/g-vdS.
Q Q r r

Therefore we have [[v] < liminf; , I[v;], so I has lower semicontinuity. Since [ is
a strictly convex functional on KP(y), a unique minimizer exists (cf. Ekeland and
Témam [8, Chapter 2, Proposition 1.2]).

Let u € KP(yp) be a minimizer of I. Then for any v € KP(yp), since u + 0(v — u) €
KP(y) for 6 € [0, 1], we see that I[u] < I[u + 6(v — u)]. So we have

d
0 < @I[uw(v—u)]

0=-+0

= / Sy(z, |curl u|?)curl w - curl (v — u)dx
Q

_/Qf.<rv_u)dx—/rg-(v—’u,)ds.

Thus we see that w is a solution of (13). Next we prove the uniqueness of the
solution for the variational inequality (13). Let w;, us € KP(p) be two solutions of
(13). Then we have

/ Si(z, \curlul\z)curlul -curl (ug — uq)dx
Q
> / I (ug —wy)dr + /9 < (ug — uy)dS,
Q r

/ Sy(z, |curl us|*)curl us - curl (u; — uy)dx
Q

2/Qf-(ul—ug)dx—l—/rg«(ul—ug)dS.
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Hence we have
/(St(x, |curl wy [*)curl wy — Sz, |curl us|*)curl uy) - curl (u; — us)dz < 0.
Q

By Lemma 2.4, we have curl (u; — us) = 0 in 2. By Lemma 2.2, u; = us.

Finally we prove the estimate (14). If we choose v = 0 as a test function in (13),
then we have

/St(x,]curlu\z)]curlu\de§/f-uda:—i—/g-udS.
Q Q r

Using (8a) and the Hoélder inequality,
Ml uly g < 15l el + 9] el

< (Call fllgw gy + Crllgl o lesllne-

Therefore we have )\Hu||§’,;(1m < CollFllge ) + Crllgllpr iy O

3. Continuous dependence on the data for the solution of the variational
inequality (13)

In this section, we consider the continuous dependence of the solution to the varia-
tional inequality (13) on the given data. The continuity will be used in the proof of
Theorem 2.5 later.

Proposition 3.1. Fori = 1,2, let p; € L>(Q) with a common positive lower bound
n >0, and f; € LY(Q) and g; € L" (T'). Let u; € KP(g;) be a unique solution of
(13) with f = f,,9 = g, and ¢ = ;. Then there ezists a constant C' > 0 depending
only on p, | fill L 0y 19ill oy Jor @ = 1,2 and n such that

2
lur — w2l < CUIf1 = Fallio ) + g1 — Gall oy + 01 — @2z, (16)
where pV 2 = max{p, 2}.

Proof. Throughout the proof we denote a constant depending only on p, || f;[| .« (q);
||gl-||er(Q), for i = 1,2, and n, by C, which may vary from line to line. Now put
1= |l¢1 — @2|| () and define for j # i,

~ Ui

'u,j:—'u,z-.
n+ p
~ n n Ui
Then |curlw;| = lcurlu;| < ——p; = ——(v; + (@i — ¢;))
/ + n+u ntp ’
n Pj
< ©; H< @
n+p o+ ’
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In consequence we obtain u; € K?(yp;) and

~ Ui
HCUI‘I (’U,l' — Uj)HLP(Q) = (1 — m) ||Cu1‘1 uiHLP(Q)

<

|curl w;|| zp () < Cip,

where €y = |[[curlu;|| () /n. However taking Proposition 2.6 into consideration,
we can choose the constant C independently of ||curl w;||pr(q). Since u; € KP(y;)
satisfies

/St(x, |curl w;|?)curl u; - curl (w—u;)dz > /fi-(w—ui)dx+/gi-(w—ui)dS (17)
0 Q0 r

for all w € KP(y;), taking u; as a test function of (17), we have
/ Sy(z, |curl w;|*)curl u; - curl (w; — w;)dx
0

Q r

Therefore we have

/QSt(x, |curl w, |*)curl w, - curl (uy — uy)dz
> /Qf1 (ug —uy)dr + /rgl (ug —uy)dS +
+ /Q Sy(z, |curl ug |*)curl w, - curl (uy — @y )dx +
. /Q £1- (@ — wp)dz + /Fg1 (@ — up)dS

and

/QSt(x, |curl ws|?)curl us - curl (ug — usy)da
> /Qf2 (up — ug)dr + /FQQ (ug — ug)dS +
+ /Q Sy(z, |curl ug|*)curl uy - curl (uy — @y)da +
+ /Q o (U —uy)de + /ng - (dy — uy)dS.
Thus we have

/ (Si(z, [eurlwy [*)eurl uy — Si(z, [curl us|*)curl uy) - curl (uy — up)dz
Q

< / (F1— f2) - (w1 — wa)di + / (01— 92) - (w1 — wp)dS + O, (18)

r
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where e = /QSt(L |curl w; [*)curl w, - curl (W, — ug)dr +
+ /Q Sy (z, |curl ug|*)curl wy - curl (g — uy)dz +
[ it ade s [ for = s +
+/Fg1 (g — @)dS + /Fg2 - (ua — Tp)dS.
Now we estimate ©. By (8a) and the Holder inequality, we have
o < A/Q eurl aey [P~ eurl (@ — wo)|dz +
%—A/Q |curl we|P~ | curl (g — uy)|dx +
+ [ il = dualdo + [ (£l ~aldo +

4 / g1z — 1|5 + / g l[ur — BsldS,
T Q

hence
O < Alleuslun [l leur (@ — ws) ) +
+Al|curl u2||7£_p(19)||cur1 (Uy — wy)|lLr) +
HlF 1l o ol = willpa@) + [ Foll por o llur — Ballps@) +
Hllgull g oy llwe — wrllzrey + g2/l ) llua = Bl o).
Here we note that wus — uy = +-uy € VP(Q).

AT
Hence it follows from (14) that

leurl (wy — @) || gy < %chﬂ | o) = %HWHWQ) <O
Similarly, |[[curl (u; — us)||Lr() < Cp. Moreover, we have
U < H . <C ﬁ . < C
[l — Wil Loy < 77H%HL‘?(Q) < qn||uy|!w<m < Cu

for ¢ # j. Summing up and using (14), we see that

18] < Cller — palle (@)
On the other hand, using (14), we have

/Q(fl = f2) - (wr —wo)de| <|[fy = Follpo o (Il o) + 1wl o)

< H.fl - f2||Lq’(Q)Oq(||ul”VP(Q) + Hu?”VP(Q)) < CHfl - f2||L‘1'(Q)'
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Similarly we have

[0 92) (w1~ wa)d| < Cllg, = gl

Finally we estimate the left hand side of (18) from below. From Lemma 2.4,
/ﬁ(St(a:, |curl s [*)curl wy — Sz, [curl us|*)curl uy) - curl (u; — uo)dz
c/?2 |curl (ug — ws)|Pdx if p> 2,
c/ﬁ(|curlu1| + |curl wg| )P ~2|curl (ug — ug)Pdr  if 1 < p < 2,

where ) = {z € Q|curluy(z)| + |curlus(x)| # 0}. When p > 2, we have (16).
When 1<p<2, we use the following reverse Holder inequality (cf. Sobolev [16, p. 8]):
if0<s<1l,¢=s/(s—1), FeL(Q),FGe L") and [, |G(s)|*dx < oo, then

< /Q |F(x)|sdx)l/s < /Q F(2)G(x)dx ( /Q |G(m)|5/dx)_l/3/.

If we apply this inequality with s = p/2,s' =p/(p —2) and Q = KAZ, then we have
/A(|curlu1| + |curl ug | )P ~2|curl (w; — ug)|*da
)

(r—2)/p
> (/A(|curl'u,1| + |curlu2|)pdx> ||curl (uy, — u2)||%p(9).
a

Since

(2-p)/p
(/A(|curlu1| + |cur1u2|)pdx)
a

S C(HCUI‘I ul”ip(g) + chrl ’U,QHII)IP(QQ(Q*Z’)/I) S Cl;
we get (16). -

4. Proof of Theorem 2.5

In this section, we prove the main theorem (Theorem 2.5). Before beginning the
proof, we provide a lemma that is necessary to prove Theorem 2.5.

Lemma 4.1. Let 1 < p < o0, s > 3 and o > 3/2. Assume that o < 3/(3 — p) if
p < 3. Define a sequence {s,}>2, by

_ 3Basy
34 as,

(n=1,2,...). (19)

S1 =S5, Snt1

Then the sequence {s,} is convergent to a limit sy € (1,p). In particular, there
exists n € N such that 1 < s, < p.
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For the proof, see [5, Proposition 3].

Proof of Theorem 2.5.

Assume that f € L7(Q) and g € L (T'). For any ¢ € C(Q), the variational
inequality (13) with ¢ = F(¢) has a unique solution u, € KP(F(¢)). Since we
have F € C(R* R"), we see that F(¢) is bounded. Since we have u, € V?(Q)
and |curlu,| < F(g), we can see that u, € V°(Q) for any s > p. Define a map

T:C(2) = V() by T(p) = ue.
First we prove the continuity of the map 7. Let ¢ € C(Q). Then for any 0 < ¢ <1,
there exists 6 > 0 such that if [|¢p —p[|c@) < 0, then [[F(¢) — F(¢)[lo@ < & Since
F € C(R3R*) and ¢ is bounded in §, there exists n > 0 such that F(e(r)) > 25
for all € Q. Therefore, if || — ¢llo@) < 9, then we have

F(¢(x)) > F(p(x)) —e > 2n—e for all z € Q.
Choosing € =, for any 3 € C(Q) satisfying [|¢) — | c@ < 9, F(3p(z)) > 7 for all
z € ). We note that |[F'(¢)]|c@) < [[F(#)llc@m + 1. Therefore we have

IT() = T(p)

Vo) = /Q|Curl(u¢—u¢,)|8dx

= /Q lcurl (wy — wy,)|P(curl wqy| + |curl uy|)* Pdx

< QIF@) @+ 1" / jcurl (2 — 1) Pz
= CIF@) o + 1l — vl

Applying Proposition 3.1, there exists a constant C' depending only on p, || || .« @
”g”Lr’(r) and 7 such that

lwy — ugllfnia) < CIF(W) = F(@)ll o < Ce

for all v € C(9) satisfying ||¢ — ¢|| c@) < 0. Thus the map T' is continuous. If we
choose s so that s > 3, then the inclusion map i : V*(Q) < C(fQ) is compact. So

the map S =707 : C(Q2) — C(f) is continuous and compact.

When p > 3, we choose s = p. Then it follows from Proposition 2.6 that the image
of S is relatively compact. Hence from the Schauder fixed point theorem, S has a

fixed point in C(2). Thus the fixed point u,, is a solution of (11).
When p < 3, we use the Leray-Schauder fixed point theorem. Since the map

S: C(Q2) — C(Q) is continuous and compact, it suffices to prove that there exists
some M > 0 such that

lellc@m <M

for any ¢ € C(Q2) and any A € [0, 1] satisfying ¢ = AS¢ (cf. Gilbarg and Trudinger

[9, Theorem 11.3]). Since s > 3 and V*(Q2) < C(€2), it suffices to prove the set

A={peC(Q); p =Ty for some X € [0,1]}
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is bounded in V*(2). In the hypothesis of Theorem 2.5, we can assume that o > 3/2.
By Lemma 4.1, for the sequence {s,} defined by (19), there exists n € N such that
1<s,<p. If p €A then

lcurlug,| < F(p) < co+ a1le]® = o + c1 A uy|*.

Let i < n. Then

1/si—1
||’u'4PHVSi_1(Q) = (/ |CUI'1'U,<p si_ldl‘)
Q
1/si—1
< (/ (co+ clAa|u¢|a)si‘1dm)
Q

1/si—1
< C {CO|Q\ + c A (/ \uvlo‘s“dx) }
0

= Cleo|Q + e X[ ug | Tosi-1)-

Since s; = 3as;—1/(3 — as;—1) is equivalent to as;—y = 3s;/(3 — s;), as;_1 is the
Sobolev critical exponent for the embedding of V* () into L9(€2). Hence

[wpllvsi-10) < O+ [[ugl[Fsi(0)-

Repeating the process finite times, it follows from Proposition 2.6 that

ve@) < O(1+ [lug|

[k V() < C(L+ [lug 97 ) < Ch.

Therefore ||¢|vs(q) < C; for all ¢ € A.

Moreover, since KP(F(p)) < V*(Q) for any s > p, it follows from the Sobolev
embedding theorem that u, belongs to c’ (Q) for any 0 < § < 1. This completes
the proof of Theorem 2.5.
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