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Based on the needs of convergence proofs of preconditioned proximal point methods, we introduce
notions of partial strong submonotonicity and partial (metric) subregularity of set-valued maps. We
study relationships between these two concepts, neither of which is generally weaker or stronger
than the other one. For our algorithmic purposes, the novel submonotonicity turns out to be
easier to employ than more conventional error bounds obtained from subregularity. Using strong
submonotonicity, we demonstrate the linear convergence of the Primal-Dual Proximal Splitting
method to some strictly complementary solutions of example problems from image processing and
data science. This is without the conventional assumption that all the objective functions of the
involved saddle point problem are strongly convex.
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1. Introduction

What is the weakest useful form of regularity of a set-valued map H? In particular,
if 0 € H(u) for u = (7,y) encodes optimality conditions of a saddle point problem
i G K — F* 1

minmax G(z) + (Kz,y) — F(y), (1)

in Hilbert spaces X and Y, what regularity property is useful for showing the fast

convergence of optimisation methods? In this work, we study this question in rela-
tion to preconditioned proximal point methods [43].

A starting point for the regularity of set-valued maps is to extend the Lipschitz
property of single-valued maps. One such approach is the Aubin, pseudo-Lipschitz,
or Lipschitz-like property of [6]. When we are interested in the stability of the
optimality condition 0 € H(u), it is more beneficial to study the Aubin property of
the inverse H 1. This is called the metric reqularity of H. In this property, at @ for
w € H(u), both v and w are allowed to vary in the criterion

k dist(w, H(u)) > dist(u, H *(w)) (v €U, w € W),
which is assumed to hold for some x > 0, and neighbourhoods & > w and W > w.

*Most of this work was completed while at the Department of Mathematical Sciences, University
of Liverpool, United Kingdom.
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We make standard notation such as “dist” explicit in Section 2. Metric regularity
is equivalent to openness at a linear rate at (u,w), and holds for smooth maps by
the classical Lyusternik-Graves theorem; see, e.g., [25]. It is too strong a property
to be satisfied in many applications. Metric subregularity [24, 14] allows much more
leeway for H by fixing w = w. In other words, we require

ke dist(@, H(u)) > dist(u, H (©)) (u € U). (2)

The counterpart of metric subregularity that relaxes the Aubin property is known as
calmness or the upper Lipschitz property [39]. We refer to the books [7, 34, 42, 13, 25]
for further information on these and other related properties. These include the
Mordukhovich criterion that allows verifying the Aubin property or metric regularity
through coderivative considerations.

Monotonicity is an important basic property satisfied by the convex subdifferential.
For general set-valued maps H : U = U on a Hilbert space U, it states

(q— ¢ u—u")y>0 ((u,q),(u",q") € graph H).

Basic monotonicity does not help to achieve fast convergence of optimisation meth-
ods. This can be achieved with strong monotonicity

(q—q"  u—u*) >vllu—u|* ((u,q),(u*, q") € graph H).

In this work, in the spirit of subregularity, we want to relax strong monotonicity
to strong submonotonicity at a point. To study the convergence of optimisation
methods on subspaces, we will formulate both submonotonicity and subregularity
in terms of operators: we introduce partial (metric) subreqularity and partial strong
submonotonicity. In this theme, our main contributions are:

(1) In Section 3 we introduce the new concept of (partial, strong) submonotonicity.
Expanding from our previous work in [43], we apply it to the convergence proofs
of abstract preconditioned proximal point methods.

(2) In Section 4 we introduce partial variants of familiar error bounds and met-
ric subregularity. Based on them we again formulate convergence results for
abstract preconditioned proximal point methods.

(3) In Section 5 we study the relationship between submonotonicity and subregu-
larity.
(4) In Section 6 we apply the work of the previous sections to obtain improved

convergence results for the primal-dual proximal splitting (PDPS) of Chambolle
and Pock [8].

Before this, in Section 2, we introduce notation.

There are further properties in the literature, related to our work. Strong met-
ric subregularity is a strengthening of metric subregularity. Its many properties
are studied in [10], along with introducing g-exponent versions. Particularly worth
noting is that strong metric subregularity is invariant with respect to perturba-
tions by smooth functions, while metric subregularity is not. Minding our focus on
monotonicity, of particular relevance is that for convex functions f, strong metric
subregularity of the subdifferential amounts to local strong convexity.
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Indeed, according to [3, 4], the (convex) subdifferential df is strongly metrically
subregular at u for w € Jf(u) if and only if there exists v > 0 and a neighbourhood
U > u such that

flw) = f(@) > (@,u =) +yu—al* (veld).

Metric subregularity, on the other hand, amounts of measuring growth away from
the entire set [0f]~!(w) instead of the single point @. This gives the corresponding
criterion

flu) = f(@) 2 (@, u—a) + v dist*(u, [0f] (@) (u € U).

In Section 5 we derive similar correspondences between partial metric subregularity
and partial strong submonotonicity.

Some weaker and partial concepts of regularity have also been considered in the
literature. Of particular note is the directional metric subregularity of [19]. The idea
here is to study necessary optimality conditions by only requiring metric regularity
or subregularity to critical directions instead of all directions. A somewhat similar
idea is considered in [37]. We, by contrast, are interested in regularity on entire
subspaces where our objective functions behave better than globally. A form of
directional metric subregularity more closely resembling our partial subregularity
has been studied in [15, 46]. This notion models directionality with subsets, while
ours uses operators. Moreover, through the use of three rather than two operators,
our definitions in Section 3 split the partiality or directionality on two sides of the
defining inequality. As we show in Section 5, this yields a somewhat weaker property,
sufficient for our needs.

Related to our objectives, partial calmness of bi-level programs with respect to
perturbations of only certain optimality criteria have been studied in [47], see also
[23]. We have also ourselves studied partial strong convexity in [45, 44] for the
acceleration of optimisation methods on subspaces of strong convexity. Moving
from subspaces to manifolds, [30, 28] apply smoothness restricted to submanifolds
to prove local linear convergence of optimisation algorithms to such submanifolds.

More generally, local linear convergence can be derived from error bounds, first
introduced in [31] for matrix splitting problems, and studied for other methods in-
cluding the ADMM and the proximal point method, among others in [5, 21, 27, 29].
An alternative approach to the proximal point method is taken in [2] based on
Lyusternik-Graves style estimates, while [1] presents an approach based on metric
regularity to Newton’s method for variational inclusions. In [48] a unified approach
to error bounds for generic smooth constrained problems is introduced. In Section
4 we will do something roughly similar, but for nonsmooth optimisation. Robinson
stability [38, 20] can also be seen as a stronger parametric version of error bounds,
useful in the study of sensitivity of solution mappings. In this work, we are pri-
marily interested in the application of our regularity criteria to the convergence of
optimisation methods.

2. Notation

Let X and Y be Hilbert spaces. We denote by (-, +) and || « || the corresponding
inner products and induced norms. We use L(X;Y") to denote the space of bounded
linear operators between X and Y. We denote the identity operator by I.
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For T, S € L(X; X), we write T > S when T — S is positive semidefinite. Also for
possibly non-self-adjoint 7" € L(X; X), we introduce the inner product and norm-

like notations
(x,2)p := (Tx,z), and |z|r =+ (x,x)7. (3)

For a set A C X, we write d4 for the {0, c0}-valued indicator function and define
the distance
distr(z, A) == in£ |z — ul|7.
ue

We also write dist3(z, A) := distp(z, A)%.

We denote the {0, c0}-valued indicator function of a set A C X by d4, and write
A > 0 if every element ¢t € A satisfies t > 0. Also, we write (A, x) = {(y,z) |y € A}
whenever x € X, so that the inequality (A, z) > 0 means (y,z) > 0 for all y € A.

Finally, we write B(x, «) for the open ball of radius « around z € X, and, for a
possibly set-valued H : X = Y, the graph by graph H:={(x,y) | y€ H(z), x€ X }.

Let f: X = R. We write 0f for the convex subdifferential if f convex. If f is
locally Lipschitz, we write dc for the Clarke subdifferential. We write f* for the
Fenchel conjugate.

3. Submonotonicity and preconditioned proximal point methods

Our objective is to solve the variational inclusion 0 € H(u), where H : U = U is a
set-valued map on a Hilbert space U. Our strategy is for some iteration-dependent
M; 1 € L(U;U) the preconditioned proximal point method: given an initial iterate
u?, iteratively solve u*! from

0€ H(ut) + My (u™ —ub). (PP)

In [43] we developed general convergence theory of such methods and more general
methods that include non-linear preconditioners for the modelling forward steps.
Here, for simplicity, we only consider linear preconditioning. By [22], the primal-
dual proximal splitting of [8] is of the form (PP). We will discuss it in Section 6.
By [43, 12] many more algorithms are of the form (PP).

We improve the results of [43] to require weaker regularity of H by only asking for
convergence to the set of roots H'(0) instead of a specific (unique) root. In this
section, we specifically use submonotonicity that we define in Section 3.2 while in
Section 4 we look at subregularity and error bounds. Before this, in Section 3.1, we
provide the fundamental estimate for such convergence results.

3.1. A convergence estimate

The next lemma is the basis of our convergence results. The testing operators Z; 4
combined with the preconditioners M;,; form local metrics that measure the rate
of convergence.

Lemma 3.1. Let H : U = U on a Hilbert space U with H=*(0) non-empty. Also
let Miyq, Zivq € L(U;U) with Zig1 M1 self-adjoint for all i € N. Suppose (PP) is
solvable for the iterates {u"'}ien given u® € U.
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If, for all i € N,
1

§||u +_y, ||QZH1M1-+1+“*E%1_£1(0) (§||u +1_,, H2Zi+1Mi+1 HHWY, i —u )ziH)
L. ; _
Z 5 disty, ,,ar,,, (™t HH(0)) (4)
1 1
then 3 disty  ar,.,, (W, H'(0)) < 3 disty ,p, (v, H'(0)) (n>1). (5)

Proof. Let u* € H~*(0) be arbitrary. Inserting (PP) into (4), we obtain

1, . 4 . 1, . . o
5 ||uz+1 _uz| QZ¢+1MZ~+1 +U*€g1£1(0) (5 Hu1+1 _u*‘ 2Zi+1Mi+1 o <uz+1 _uz7 uz+1 _U*>Z¢+1Mi+1>
1 . ; _
> 3 dlstQZiJrgMi+2 (u™t; H1(0)). (6)

We recall for general self-adjoint M the three-point formula

, o 1
ol =t =

Using this with M = Z;,1 M, 1, we rewrite (6) as

i+1 i+1

—u ||%4—§|Iu — a3+ Sl a3 (7)

(u 5

I P I ; _
3 disty, ., (u'; H1(0)) > 3 dist, s, (w5 H7(0)).

Summing over ¢ = 0,...,n — 1, we obtain the claim. ]
In the present work, we concentrate on Z;,1M;,1 > 0 growing fast enough that (5)
yields convergence rates. If such growth is not present, then under some technical

assumptions, it is still possible to obtain weak convergence. Since this is not our fo-
cus, we merely refer to [43] for arguments applicable when distQZN+1 My, (W, H7H0))

is replaced by ||u® — Ull%y 1 ay,, for some fixed u € H=H(0).

3.2. Submonotonicity

Suppose Z; 1 H is strongly monotone with respect to the operator Z;,1=;,; for some
Zir1 € L(U;U) in the sense that

1
<H<u) - H(ul>7u - ul>Zi+1 > E”u - u/|

QZHIEM (u,u’ € U). (8)

Then, by taking v’ = u* € H~1(0), we see (4) to hold if
1

. ) 1 .
i+1 |12 : i+1 * |2
5”“ —u ||Zi+1Mi+1 + u*egl—fl(o) 5”“ —u ||Zi+1(Mi+1+Ei+1)
1. ; _
> 5 d15t2zi+2Mi+2 (u™t: H1(0)).
By the definition of diStQZi+2Mi+2, this holds if we have Zi-l—l(Mi-i-l +Ei+1) Z ZH-QMH-Z‘

This limits the growth of ¢ +— Z; .1 M;,; through the available strong monotonicity,
and hence the convergence rates (5) can yield.
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We do not, however, need the full power of strong monotonicity. Indeed, since
v =u* € H(0) was arbitrary above, we are led to think we can take the infimum
in (8) over v’ € H~1(0). However, we have to be careful to keep this infimisation
compatible with disty, . ,(u"™; H7(0)). We therefore introduce the following
concept.

Definition 3.2. Let U be a Hilbert space and N, M, = € L(U;U) with M > 0. We
say that T': U = U is (2, N, M)-partially strongly submonotone at (u,w) € graph T’
(or at u for w € T'(u)) if there exists a neighbourhood U > u with
infl( : ((w— @, u — u)n + |lu—u*||3, =) > dist], (v, T~ (D)) (PSM)
w*eT—1(w
for all w € U and w € T'(u)). If =2 = M, we say that T" is (N, M)-strongly submono-
tone. If = =0, we say that T is (N, M)-submonotone.

The idea is that Z is the “part” of M with respect to which T is strongly sub-
monotone. If we fix the element v* € T~'(@) in both the infimisations and the
dist in (PSM), then M cancels out and the inequality reduces to a variant of the
operator-relative strong monotonicity (8). The infimisation is the reason for calling
the concept submonotonicity.

Remark 3.3. (Submonotonicity from local monotonicity) (=, M, N)-partial strong
submonotonicity for any M > 0 is implied by

(w—W,u—u*)y > |lu—uE (uwel,weT(u),u €T HD)). O

Remark 3.4. (Limited dependence on base point) Submonotonicity only depends
on u through U. O

Returning to the preconditioned proximal point method (PP), the next result shows
how Z; . oM; 5 can be made to grow based on partial strong submonotonicity, and
therefore how this can help us obtain convergence rates.

Theorem 3.5. On a Hilbert space U, let H:U = U, and M;11, Z;i11,Zi11 €L(U;U)
with Ziy1Miy1 > 0 self-adjoint for all i € N. Suppose H='(0) is non-empty and
(PP) is solvable for the iterates {u"™ };en given u® € U.
If H is (Zis1Zi11,2Z;41, ZivaM,yo)-partially strongly submonotone at some point
(u,0) € graph H with a uniform neighbourhood U for all i € N, and

Zisi(Mip1 + Ziy1) 2 ZigaMiys (i €N), (9)
then (5) holds provided {u'}Y., C U for the neighbourhood U of partial strong sub-
monotonicity.

Proof. The assumed partial strong submonotonicity for all u* € H~!(0) implies

, , 1 ,
(H(u”l),uzﬂ—u*)Z +§||UZ+1—U*H Z

ZitoMiy2—2Zi115i+1

i+1

Using (9) and taking the infimum over v* € H~!(0), we obtain (4). Then we just
apply Lemma 3.1. [

Remark 3.6. If 7, = I, then Theorem 3.5 requires (Z;,1, 21, M;»)-partial strong
submonotonicity, roughly speaking, submonotonicity with respect to the the part
Ei+1/2 of Mi+2/2. O
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3.3. Transformation of submonotonicity

Before looking at more concrete examples, we provide results to transform submono-
tonicity with respect to one triple of operators to another triple of operators. The
first result is basic:
Proposition 3.7. (Scaling invariance) On a Hilbert space U, suppose T : U = U
is (2, N, M)-partially strongly submonotone at (u,w) € graph T in a neighbourhood
U. Then for any a > 0, at the same point (u,w) in the same neighbourhood U,
(i) T is (aZ,aN,aM)-partially strongly submonotone.
(ii) T is (E,N, (1 + a)M)-partially strongly submonotone.
Proof. (i) is obvious. For (ii) using the (=, N, M)-partial strong submonotonicity
we obtain
. I~ * * |12
LN R R M U [ A

> inf  ((w—@,u—u")y+ lu—u}_z) +a inf )Hu—u*H?M

u*eT—1(w) u*eT—1(w

> dist?Ha)M(u, T (w)) (uelU,w e T(u)). O

The following results will require the following concept, which will also be central
Section 5:

Definition 3.8. On a Hilbert space U, for linear operators M > M’ € L(U;U),
aset A C U, and a point u € U, we write (M, M') € P(A,u) if there exists a
neighbourhood U’ 5 u such that each v € U’ has a common projection u* to the set
A with respect to both of the norms || + |[5; and || + ||as:

argmin ||u — u'||yy = v* = argmin ||u — u'|| pp.
u'€A u'eA

Example 3.9. (Unique solution on a subspace) Let H: U = U with U = X x Y.

Write u = (z,y). Take M > = := (% 9) for some o > 0. If u* = (z*,y*) € H(0)
implies z* = 7 for some fixed 7, then (M, M — =) € P(H~'(0),u). O

With this, we can show that strong submonotonicity implies partial strong sub-
monotonicity for a large class of M.

Proposition 3.10. On a Hilbert space U, let T : U = U, and 2, N, M € L(U;U)
with M > = > 0.

If (E,M — E2) € P(T Y (w),u), then (N,E)-strong submonotonicity at the point
(u, w) € graph T implies (=, N, M)-partial strong submonotonicity at the same point.
If TY(w) = {u} is a singleton, these two properties are equivalent; moreover
(E,M — =) € P(T~ (w),a) automatically holds.

Proof. The condition (PSM) for (IV, Z)-strong submonotonicity reads

inf  (w—0,u—u*)y > distZ(u, TN D)) (ueld, we T(u)). (10)

u*eT~1 (%)
Since (2, M — =) € P(T~!(w),u), we have
distZ (u, T~H(@)) + dist3, =(u, T~HD)) > dist3,(u, T (D)) (uel).
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Adding dist?, —(u, T~*(®)) on both sides of (10), we therefore obtain
M-z=

iTnf( )(w — W,u —u)y +distd,_s(u, T7H®)) > dist3, (u, T~ (D))
w*eT—1(w

for u € U NU" and w € T(u). Using inf+inf < inf on the left hand side, we
(2, N, M)-partial strong submonotonicity following the defining (PSM).

If T~ (@) = {u}, retracing the steps above using the uniqueness of u* = u € T~ ()
establishes the equivalence claim. Il

The next example shows that if 77!(w) is not a singleton, the converse implication
may not hold.

Example 3.11. Let f : R — R, f(u) := smin{|u + 1|?,[u — 1|*}. Then 9cf
is (71,1, I)-partially strongly submonotone for any v € (0,1) at (u,0) when u €
{1, —1}, but is not (I,~I)-strongly submonotone.

Proof. Clearly [0fc]7*(0) = {—1,0,1}. We take for simplicity @ = 1 and U C
(0,00). The case u = —1 is similar. Then O¢f(u) = {u — 1} for u € U. For the
(v1,1,I)-partial strong submonotonicity, (PSM) consequently expands as

wmin 1}((u —D(u—u) + (1= y)u—u?) >min{ju — 17, [ul*} (v U).
u*e{—1,0,

For v* = 1 the inequality is obvious. For the rest, by Young’s inequality, it suffices if

r?in }(1 —y—a Hu—u)>0+a/d)(u—-1)7° (uel)

ure{-1,0

for some o > 0. Taking v € (0,1), « > 1/(1 — ), and a correspondingly small
neighbourhood U around u = 1, we prove the partial strong submonotonicity.

For the (v1, I)-strong submonotonicity we would need

min (v —1)(u —u*),> ymin{|ju — 1], [ul*} (v € U).
wre{~1,0,1}
The left-hand side is negative for u < 1, so no neighbourhood U of u = 1 satisfies
the condition. ]

3.4. Examples: the basic proximal point method

We next provide examples regarding the basic proximal point method. We return
to primal-dual methods in Section 6. We first consider the non-operator case of
partial strong submonotonicity, and afterwards use the full power of the operator
formulation of partial strong submonotonicity to study convergence on subspaces.

Example 3.12. (Basic proximal point method, submonotonicity) Suppose for some
m >y > 0that H : U = U is (yI,2[,mI)-partially strongly submonotone at
(@,0) € graph H in the neighbourhood U. Let {u™'},cn be generated by the basic
proximal point method

0¢ Hu™) + 77 Hu" —ub) (11)

for some u® € U and a step length parameter 7 > 1/(m — 7). If {u'};>, € U for
large enough n, then dist®(u’; H~1(0)) — 0 at a linear rate.
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Proof. We take M,y = 7', 2,1 := I, and Z; ;1 := ¢;1 for ¢;q := ¢i(1 +7),
¢o := 1. Then (PP) describes (11) and (9) holds as an equality. Moreover, the
(Zis1Zi41,27Z;41, Zivo M, o)-partial strong submonotonicity required by Theorem 3.5
is by Proposition 3.7(i) equivalent to (yI,2I, (77! + ~)I)-partial strong submono-
tonicity. By Proposition 3.7(ii) this follows from the assumed (v, 21, mI)-partial
strong submonotonicity when 771 + ~ > m, that is, 7 > 1/(m — ). Thus by The-
orem 3.5, dist®(uN; H=1(0)) < (¢o/¢n) dist®(u’; H~1(0)) for large enough N. This
yields the claimed convergence rate. Il

Remark 3.13. (Superlinear convergence) With iteration-dependent step lengths
Tr—100, it is also possible to obtain superlinear convergence. Under basic strong
monotonicity this is proved in [41]; in the “testing” framework, which is also our
overall approach to convergence proofs, in [43, Example 2.2] or [12, Theorem 10.1].

Remark 3.14. (Reaching the local neighbourhood) If U is finite-dimensional, the
condition {u'};>, € U can be guaranteed by standard convergence results [32] for
large n € N and some @ € H~'(0) with the corresponding neighbourhood U. O

A basic application of Example 3.12 is to H = 0G for a convex function G. As
basic building blocks, we next show on R that the subdifferentials of the indicator
of the unit ball, and of the absolute value function are strongly submonotone. None
of these subdifferentials are strongly monotone in the conventional sense. With
(,q) € graphdG, we will find a neighbourhood U > w such that we have the
(1,~I)-strong submonotonicity

inf —q,x—1%) > inf r—z|* (zel, qedGx)). 12
z*e[aG]*1(§)<q q > f)/x*e[agrl(@ H ” ( q ( )) ( )

We recall from Proposition 3.10 that (I, v/ )-strong submonotonicity, i.e., (yI, I, yI)-
partial strong submonotonicity, implies (I, I, I)-partial strong submonotonicity,and
by Proposition 3.7, further (2vI,21I,2mI)-partial strong submonotonicity for any
m > 1.

Lemma 3.15. Let G := 0ap(o,a) on R™. Then 0G is (I,vI)-strongly submonotone
at (z,q) € graph 0G with

U :=DomG and ~:=

1gll/(2a), g # 0,

o0,

)

Proof. We need to prove (12). If ¢ = 0, then [0G]~(q) = c1B(0, a), so (12) trivially
holds by the monotonicity of OG as a convex subdifferential [40].

Otherwise, if ¢ # 0, necessarily ¢ = fx for some 5 > 0, and ||Z|| = a. Moreover,
0G]7Y(q) = {7}, and (—¢,7 — x) > G(z) — G(Z) = 0. Therefore (12) holds if
87,7 — x) > v[lz — Z||*. In other words (8 —)[|Z[* = ~[|=> + (8 — 27)(Z, 7).

Clearly x € Dom G implies ||z| < «. Since ||Z|| = «, this condition holds for
B > 2v. Since ¢ = 7 and ||Z]| = a, the maximal choice is v = ||q]|/(2c). O
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Lemma 3.16. Let G := | - | on R. Then 0G is (I,~I)-strongly submonotone at
(Z,q) € graph G for any v > 0 in the neighbourhood

[=277", 00), 1
U:=q (-0 27 ] -1,
(L1 =gn, gl <1

q
q

Proof. We need to prove (12). We have ¢ € [—1,1]. Consider first ¢ = 1. Then
[0G]71(q) = [0, ), so (12) reduces to

inf — 1)z — > f *|2
x*zo’lgeac(m)(q )(x — %) 7131>0|w T

If x > 0, this holds for any v > 0 by the monotonicity of dG. Otherwise, if x < 0,
we have ¢ = —1, so need —2x > ~y|z|?, which, because x < 0, is to say 2 > ~v|z|.
This is guaranteed by our choice of U.

The case ¢ = —1 is analogous.

Consider then |g] < 1. Then [0G]|*(q) = {z} = {0}, so (12) holds if

inf — 9z > vl 13
qegé(x)(q q)r > yx (13)

If x = 0, this is clear. If z > 0, dG(x) = {1}, so (13) holds if 1 —§ > ~z. This holds
if < (1—¢q)/~. Similarly, if z < 0, we obtain for (13) condition —1 — ¢ < yz. This
holds when = > (=1 — @)/7. The conditions z < (1 — @)/~ and —1 — ¢ < vz give
the expression for I/ in the statement of the lemma. Il

Example 3.17. Let F(z,y) := || + 6-11(y). Then OF is (I,~I)-strongly sub-
monotone at ((Z,y),0) for any (7,y) € {0} x [-1,1] and v > 0. Consequently the
iterates of the proximal point method of Example 3.12 for H = 0F and any 7 > 0
converge linearly to {0} x [—1, 1]

Proof. Clearly {0} x [-1,1] = H'(0). We combine Lemmas 3.16 and 3.15 to
show the (I,~I)-strong submonotonicity. By Propositions 3.7 and 3.10 we then
obtain (2v1,21,2mlI)-partial strong submonotonicity for any m > 1. By taking
m > 7 large enough that 7 > 1/(2m — 27), we obtain the claim from Example 3.12
provided the iterates are in the neighbourhood of submonotonicity &/. By Remark
3.14 the convergence is, in fact, global. Il

3.5. Examples: varying behaviour on subspaces
The next examples demonstrate the word “partial” in the definitions.

Example 3.18. (Partial convergence of a preconditioned proximal point method)
Suppose H : X xY = X x Y is (5,21, M)-partially strongly submonotone at
(u,0) € graph H in the (fixed) neighbourhood U with = = diag(y/, 0) for some fixed
v > 0 and M = diag(m,I,m,I) for any m, > v and m, > 0. For any 7,09 > 0
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and initial v’ = (2%,9°%) € X x Y, let {u't' = (2! y"*!)},cn be generated by the
preconditioned proximal point method

0€ H(uth) + My (u™ —ub)

I 0
where M = ( 0 0[1[> and 0,41 := (1 +v7)0;.
If {u'}i>, € U for large enough n, then dist(z',{Z | (Z,9) € H'(0)}) — 0 at a
linear rate.

Proof. We take Z;,1 = ¢;I and Z;; = diag(y[,0) for ¢;11 := ¢;(1 + v7) and
¢o := 1. Then 0,4, = 0;¢;410;". We use Theorem 3.5. The condition (9) holds
with our choices. Moreover,

i 71 + I 0 —_ i I 0
ZiyoM; o = (qb( 0 7) ¢i<7i_1[> and  Zi 15 = <¢g O) .

Therefore the required (Z;11Z11,27;41, ZiyoM; 2)-partial strong submonotonicity
amounts to (diag(¢v1,0),2¢:1, diag(¢:(77 + 7)1, ¢;0; '))-partial strong submono-
tonicity!

By the scaling invariance Proposition 3.7, this is implied by our assumptions with
m, =71+ v and m, = o;'. Now {¢;}ien grows exponentially, so (5) established
by Theorem 3.5 shows the claim. O

Figure 3.1: The function F' from Example 3.19 with some contour lines plotted. The
function is submonotone at any ((z,0),0) € graph 0F strongly in the = direction,
but non-strongly in the y direction.

Example 3.19. (Varying behaviour along subspaces) With v = (z,y) € R? and
w >0, let
. 0, | < p,
F(u) == G(z) + 5(3‘;2 +y*)y? with Gz) =< z—pu, z>pu,
r+pu, < -—u.

This is illustrated in Figure 3.1. Let v > 0. Then OF is (Z,2[, M)-partially
strongly submonotone at any ((z,0),0) € graphdf in the neighbourhood U =
(p+2yH[-1,1] x R with M = diag(m,I, m,I) and E = diag(vI, 0) for any m, > v
and m, > 0. O]
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Proof. Let Q(u) := i(2? + y?)y*>. The function @ is convex as verified by the
positivity of the Hessian, hence is VQ monotone. Clearly [0F]71(0) = [—u, u] x {0}
with VQ(u*) = 0 for u* € [0F]7'(0). We use the notation u = (z,y) and u* =
(x*,y*). We have 0F(u) = {(w,0)+VQ(u) | w € 0G(x)} and, by the monotonicity
of V@,

u*e[(%%]fﬂ(o) ({(w,0) + VQ(u) — 0,u — uor + [lu — w3, _=)

> inf (Zw(x — ")+ ||lu— u*H?W,E) .

u*€[0F]~1(0)

Consequently, the claimed partial strong submonotonicity at ((z,0),0) € graph OF
holds if

min  2w(z —2*) + (m, —y)(z —2*)? +myy® > min  mu(z—2*)* +m,y* (14)
o*E€[—p,p] T E[—p,p]

for all uw = (z,y) in a neighbourhood U of u = (Z,0), and all
(0, |z < n,
1, T > [,

wedG(x) =4{100,1, z=p,
-1, T < —,

([-1,0], z=—pn.

If £ > p, then w > 1 and =z > x*. With m, > =, clearly both sides of the inequality
in (14) have the same minimiser z* = z** = p. So (14) holds if 2(z — u) > v(z — u)?,
which is to say with x < p + 2y~ 1.

The case x < —p is analogous.

If |x| < p, we have w = 0, so with m, > =, both sides of (14) are minimised and
are equal with ™ = z* = . Il

4. Rates from error bounds and subregularity

We now study an approach alternative to submonotonicity: the error bounds that
we discussed in the introduction. Their essence is to prove for some x > 0 that

Rl =] > ™ . (EB)

One can see how this would improve (4) by allowing Z;,1M;, 5 to grow faster. How-
ever, we generally cannot fix @, so would take the infimum over u € H~*(0) above.
We also want a partial, operator-relative, variant, to deal with primal-dual methods,
and even block-adapted methods [44, 33].

4.1. Partial error bounds and subregularity

We generalise error bounds to be operator-relative:
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Theorem 4.1. On a Hilbert space U, let H : U = U, and M;y1,Z;i11,Piiq €
L(U; U) with Zi ;1M1 > 0 self-adjoint for all i € N. Suppose H=1(0) is non-empty
and (PP) is solvable for the iterates {u"™'};cn given u® € U. If for some § € [0,1]
the partial error bound

(5Hui+1 o ui

ZZ¢+1M1'+1 + diSt2Zi+2Mi+2*Zi+1Pi+1 (uiJrl’ Hil (O>> (PEB)

> disty, (W H(0))

holds and
THU’ - U 2Zi+1Mi+1 + 5”“ - U 2Zi+1(Mi+1+Pi+1)—Zi+2Mi+2
+ <H(ui+1)7ui+1 - u*>Zi+l >0 (15)
for alli € N and u* € H'(0), then (5) holds.
Proof. By (15) for all u* € H~'(0) it holds
Oy i Lo %
5”“ - u 2ZZ~+1M¢+1 + 5”“’ o U || ZiroMiyo—Zit1Piga

L. ; _
> 3 dlstZZMMi+2 (u'tt; HH(0)).
Summing this with (15), and taking the infimum over u* € H~*(0), we obtain (4).
Then we just apply Lemma 3.1. [

An essential ingredient in proving the basic error bound (EB) is the metric subregu-
larity of H at u for w = 0: the existence of a neighbourhood U > u and k > 0 such
that

k dist(w, H(u)) > dist(u, H (0)) (v eU). (16)

We refer to [18, 25, 26, 13, 36] for more on error bounds and metric subregularity.
To prove (PEB) we need a partial version.

Definition 4.2. Let U, W be Hilbert spaces. Also let M, P € L(U;U) and N €
L(W;W) with N > 0, M > 0, and M > P. We say say that T : U = W is
(P, N, M)-partially subreqular at (u,w) € graphT if there exists a neighbourhood
U > u such that

dist (@, T'(u)) + disty,;_p(u, T-H(@)) > dist3, (u, T (w)) (uelU).  (PSR)
We say that T is (N, M)-subregular if P = M.

Lemma 4.3. Suppose Z; 1 M; 1 > 0 is self-adjoint and positive definite. Let u'*!
be generated by (PP) given u'. Then

||ui+1 —u 2Z7,‘+1Mi+1 > diStQZi+1(Zi+lMi+1)7lzi+l (0’ H(ui+1))' (17>

u

Proof. Let ¢! := M.y (u! — ). Then g** € H(u*),
By applying (-, u"™ —u’) 5, to (PP), we therefore obtain

i+1

i+1 ’U/i 2 _ i+1 ) i+1

Zit1iMiy1 — _<q y U - ui>Zi+1‘

lu
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By our assumptions Z; 1M, is invertible. Therefore we can solve

Wt — ' = —(Zi i Mi1) T Ziag
+1 ) i+112
It follows ™ =7 anys = g 122, (Zis Misr) 1 Zin
This immediately yields the claim. [

As a consequence we obtain:

Lemma 4.4. Suppose that Z; 1 M;\1 is self-adjoint and positive definite. Take
P,y € L(U;U) and 6 € [0,1]. Then the partial error bound (PEB) holds if H is

(Zis1 P, 5Z:+1(Zi+1Mi+1)71Z¢+1, Ziy2Miyo)-partially subregular

at some u € H~'(0) in a neighbourhood U containing u'*.

Proof. The condition (PSR) now reads

diSt?gZ;:rl(Z7;+1Mi+1)7lzi+1 (07 H(u)) + diSt2Zi+2Mi+2—Zi+1Pi+1 (U/, H_1(0>>

> disty, ., (u, H1(0)) (uell).
Taking u = u'™' and combining with (17) from Lemma 4.3 we obtain (PEB). [

Corollary 4.5. On a Hilbert space U, let H : U = U, and M1, Z;i11, P €
L(U;U) with Ziy1 My, self-adjoint for all i € N. Suppose H=1(0) is non-empty
and that (PP) is solvable for the iterates {u"™'};en given u® € U. Pick 6 € [0,1].
If H is (Zis1Pis1, 02 ((ZizaMii1) ™ Zisa, ZivoaM,yo)-partially subregqular at some
(uw,0) € graph H and (15) holds (in particular, if Z;11H is monotone and

Zivi(Mig1 + Pii1) > ZioMi1o (i € N)), (18)

then (5) holds provided {u*}Y., C U for the neighbourhood U of partial subreqularity.
Proof. We use Lemma 4.4 with Theorem 4.1. Il

Example 4.6. (Basic proximal point method, subregularity) Suppose H: U = U
is monotone and (71,5721, (1 + 7)I)-partially subregular at (u,0) € graph H in the
neighbourhood U for some 7 > 0, m > 0, and § € [0,1]. Let {u"};cn be generated
by the basic proximal point method of Example 3.12 for some initial u° € U. If
{u'};>n C U for large enough N € N, then dist?(u’; H=*(0)) — 0 at a linear rate.

Proof. We take M, := 7', P;yy :=7l,and Z; | := ¢;1 for ¢, := ¢;(1+7) and
¢o = 1. Then Z; 1 (M;41 + Pi+1) = ZizoM; 5. Combined with the monotonicity of
H, this verifies (15). Observe then that 62}, (Z; 1 M;41) " Zi11 = 67%¢;1. By scaling
invariance (detailed in the next Proposition 4.7) we thus verify that (71,0721, (1 +
m)I)-partial subregularity yields the subregularity demanded by Lemma 4.4. Con-
sequently we obtain the claim from Corollary 4.5. 0

We do not provide further examples in this instance as they arise from those of
Sections 3.4 and 3.5 combined with the relationships between submonotonicity and
subregularity that we study in the next section. They depend on the following
transformation results.
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4.2. Transformation of subregularity

The analogues of Propositions 3.7 and 3.10 hold for subregularity with virtually
identical proofs.

Proposition 4.7. Suppose T : U = U is (P, N, M )-partially subreqular at (u,w) €
graph T in a neighbourhood U. Then for any o > 0, at the same point (u, W) in the
same neighbourhood U,

(i) T is (aP,aN,aM)-partially subregular.
(ii) T us (P, N, (14 a)M)-partially subregular.

Proposition 4.8. Let T :U = U, and P, N,M € L(U;U) with M > P > 0.

If (P,M —P) € P(T"Y(w),u), then (N, P)-subreqularity at (u,w) € graphT implies
(P, N, M)-partial subregularity at the same point.

If T (w) = {u} is a singleton, these two properties are equivalent.

The next lemma helps scale some of the factors of partial subregularity in more
general cases.

Lemma 4.9. Let T : U = U, and P,N,M € L(U;U) with M > 0, and M > P.
Also pick a > 0, and, if o € (0,1), suppose that (M, M — P) € P(T~*(®),a). Then
T is (P, N, M)-partially subregular at (u,w) € graph T if it is (aP,aN, M )-partially
subregqular at this point.

Conversely, if (M, M — aP) € P(T'(w),u) when a > 1, then T is (aP,aN, M)-
partially subreqular at (u,w) € graph T if it is (P, N, M)-partially subregular at this
point.

In particular, if (M, M — max{«a,1}P) € P(T~Y(w),u), then the relationship is “if
and only if”.

Proof. If T'is (P, aN, M)-partially subregular, in some neighbourhood U of u for
every u* € T-Yw) and u € U it holds

disto (@, T(w)) + [[u = w3 _ap = disty, (u, T7(@)).

! we rearrange this as

After multiplying by o~
disty (@, T(w)) + [lu — w[[}y_p > distgy (u, T7H@)) + [Ju — 0 [[}y_a- 121

If « < 1, we now let u* be the common projection of u to the closed set T~!(w) in

the norms || + ||as and || « ||p—p. Otherwise, if a > 1, we just take the infimum over

u* € T1(w) on both sides. This proves (P, N, M )-partial subregularity.

For the converse implication, we have to prove the relationship in the other direction.
This amounts to applying the first claim with « replaced by o™t to

(P',N',M) = (aP,aN, M).
If o € (0,1], the projection condition is not required in this direction as o= > 1.

If & > 1 then we need the projection to be the same with respect to M and M — P' =
M — «P. This gives the projection condition in the converse claim.

Finally, the “if and only if” claim just combines the two implications. [
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5. Relationships between subregularity and submonotonicity

Having introduced the distinct concepts of partial strong submonotonicity and par-
tial subregularity motivated by algorithmic needs, we now study some basic theo-
retical relationships between these concepts. Throughout, we assume that U and
W are Hilbert spaces.

5.1. General implications between submonotonicity and subregularity

The following lemmas generalise [3, Theorem 3.3] from convex subdifferentials to
general set-valued maps and partial subregularity.

Lemma 5.1. With U and W Hilbert spaces, letT : U = U, and 2, N, M € L(U;U)
with M > 0. Pick o > 0. Suppose the following structural conditions hold:

(i) N = A*B for some A,B € L(W;U),

(i) Zpi=a'Z—a2A*A/4 <min{l,a '} M, and

(iii) (M, M —Z,) € P(T7H(w),u) when o € (0,1).

Then T is (2, B*B, M)-partially subreqular at (u,w) € graph T if it is (=, N, M)-
partially strongly submonotone at this point.

If (iii) does not hold, we still have (o=, aB*B, M )-partial subregularity.

Proof. By partial strong submonotonicity, for some neighbourhood U of u, for all
u* € T7Hw), w €U, and w € T(u) it holds

(w—B,u—w)y+|lu—u3 = > disty, (u, T (@)).

By Young’s inequality and i, for any a > 0 therefore

lw — @2 g p + [lu— u*||?\4—E+A*A/(4a) > dist}, (u, T~H(@)).
Since Z— A*A/(4a) = aZ,, and M > o=, by ii, we obtain (a=,,aB*B, M )-partial
subregularity after taking the infimum over u* € 771 (@) and w € T'(u). By ii also
M > =,. Minding iii, we may therefore apply Lemma 4.9, which yields the claimed
(Ea, B*B, M)-partial subregularity. ]

For the converse relationship, we essentially have to assume that 7' is a convex
subdifferential.

Definition 5.2. Let T: U = U, N,I' € L(U;U), and (u,w) € graphT. We say
that G: UxU — Risa (N,I')-gap function for T at w if for all u* € T~ () we have
(T(u),u—u*)ny > G(u;u*)+||u—u*||2 with 0G(-;u*) = NT, and G(u*;u*) = 0. O

In the next result, we stress that U is open; otherwise in the present work, we do
not strictly require this, and U could indeed be any subset of U.

Lemma 5.3. Let T : U = U have closed values, and =, N, M, P € L(U;U) with
M >0, and M > P. Suppose the following structural conditions hold:

(i) N = A*B for some A,B € L(U;U).

(ii) A is invertible with M < mA*A for some m > 0.

(iii) T admits for some T € L(U;U) an (N,T)-gap function G at 0.



T. Valkonen / Preconditioned Proximal Point Methods ... 267

(iv) M —=+T is self-adjoint and positive semi-definite.
(v) M < aP for some(0 < a<1/(16m).
(vi) (M,M —Z,) € P(T7(0),u) when o > 1.

Then T is (=, N, M)-partially strongly submonotone at (u,w) € graphT" provided it
is (P, B*B, M )-partially subreqular at this point. In both properties, we require the
neighbourhood U to be open.

We may replace (vi) and (P, B*B, M)-partial subregularity by (o P, a«B*B, M )-partial
subregqularity.

Remark 5.4. The condition (v) typically forces P > 0, so we require “full” sub-
regularity in the sense of non-singularity of P. Together with the condition M > P,
it may happen that only M = P is possible. [

The proof follows ideas from [3, 4], adding the necessary extra work for partial
regularity.

Proof. Suppose, to reach a contradiction, that the claimed partial strong submono-
tonicity does not hold in any neighbourhood of %. Then for any » > 0, we can find
some u* € T~ () and

u € By(t,r) ={ueclU||t—uly<r ||i—ul <r} (19)
with weiITl(fu') (w— @, 0 —u )y + v — w3, =) < dist, (W', T (@)).
This implies f) < e:=disth,(«/, THD)) — ||/ — u*||3;_=r (20)
for f(u) == G(u;u*) — (D, u — u*)y. (21)

Since Nw € dG (u*; u*), clearly u* is a minimiser of f. Moreover f(u*) = 0 because

G(u*;u*) = 0. Thus f > 0 and f(u') < f(u) + €. By Ekeland’s variational principle
[16], given A > 0 (to be specified later), there now exits vy € U with

" = vallar < A, (22a)
flvy) < f(), and (22b)
f(@) > f(ua) = (/M| —vallir - (2 # va). (22c)

It follows f(x) 4+ (e/N)||x — vallar > f(ua) + (/X)) ||lua — vallpr (z # vy).
Thus vy is a minimiser of the convex function = — f(x) + (¢/\)||x — v||as- The
necessary first-order optimality conditions therefore state

N(T(vy) — W)+ (¢/A)Mg>0 for some |q] <1.
Since N = A*B, using ii we obtain
dist%. (W0, T(vy)) < m(e/N)?. (23)
Under the assumption that T is (P, B* B, M )-partially subregular at (u, @) € graph T,

we obtain by (vi) and Lemma 4.9 corresponding (aP, aB*B, M )-partial subregular-
ity. This implies

disty; (vx, T7H(@)) = lJox — u’l[3y—ap < distape (@, T(va), (24)
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provided vy € U for U the neighbourhood of partial subregularity. We may without
loss of generality assume that U = By, (u, R) for some R > 0.

Recalling the definition of € in (20), using (iv) and Young’s inequality, we estimate
e = disty, (v, T (@)) — |u' — w3, _zr < disty, («/, T~ (@) (25)
< 2[disty, (vx, T (@)) — [lox = w3 —ap) + lox = 0501 —ap) + 1" = vallo-
Further using (24), (23), (22a) and (v), we obtain
e < 2adistg. 5(W0, T(vy)) + 207 < 2am(e/N)? + 202 (26)

By (20) and f > 0, necessarily ¢ > 0. Choosing A := vV'ma#~—1e for some 6 > 0, (26)
therefore shows
1 <20+ 2amf™". (27)

We recall that for (24) to hold we still need to ensure vy € U = B(@, R). By (19)
and (22a), we have

lox = @llar < llox = w'llar + o = @l < A7

Since r > 0 was arbitrary, it suffices to ensure A < R. This will hold and we will
contradict (27) if we choose 0 to satisfy

1 —+V1—16am <40 <1++/1—16am, and mae < OR> (28)

The expression under the square root is positive by (v). Therefore the first part of
of (28) holds for some 6 > 0. From the first line of (25), we have ¢ < ||u'—ul|3, < r2.
Therefore, the second part of (28) can also be made to hold by taking r > 0 small
enough. This gives the desired contradiction. [

5.2. Concrete results in special cases
We now specialise the implications above to some simple cases.

Take M = I and let = be a projection to a subspace. If T is (Z, kI, I)-partially
strongly submonotone, the next proposition yields (22 — I, x*I, I)-partial subregu-
larity, which reads

w2 distF (@, T'(u)) + 2dist7_=(u, T~H(@)) > distF(u, T (@)) (uelU).
If u € T~} (w) were unique, this would be the same as
w2 dist (@, T(u)) + dist_=(u, T~H(@)) > dist2(u, T (0)).

This is a stronger property than (Z, x%I, I)-partially subregularity, for which (PSR)
in the case of unique @ would read

k% dist? (@, T'(w)) > distZ(u, T7H(0)).

Of course, if = = I, the two properties are the same.
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Proposition 5.5. Let T : U = U have closed values, and M,= € L(U;U) with M
positive definite and self-adjoint. Let (u,w) € graphT, k > 0.

ThenT is (22— M, kM, M)-partially subregular if it is (2, kM, M)-partially strongly
submonotone, = < M, and (M, M — =) € P(T-Y(w),u).

Conversely, T is (2, kM, M)-partially strongly submonotone if it is (M, pM, M)-
partially subregular for some p > (k/4)% in an open neighbourhood U > U, and
admits an (M,T')-gap function at w with 0 < M — =+ T self-adjoint.

Proof. For the ‘non-converse’ claim, we use Lemma 5.1 with A = M'/? and B =
(kM)Y/2. Taking a~! = 2, we have =, = 22 — A*A = 22 — M. For condition (ii)
we then need our assumption = < M. Since « € (0, 1), for iii we need (M, M —
Z.) € P(T~Y(w),u), which follows from us assuming (M, M — =) € P(T~H(w), ).
Since B*B = kM, we see from the lemma that (=, kM, M )-submonotonicity implies
(22 — M, k*M, M )-partial subregularity.

For the ‘converse’ claim, we use Lemma 5.3, where (i) and (ii) with m = ¢~'x~! and
A= (ckM)Y?, and B = (¢ 'xM)'/? are easily verified for any ¢ > 0. By assumption
M — =+ T is self-adjoint and positive semi-definite, so (iv) holds. For (v) we then
require o < ¢x/16 and M < aP. We also need P < M. We can take P = M and
a = 1 if we take ¢ > 16x'. Then B*B = pM for p = k™! > (rk/4)%. With these
choices a < 1, so condition (iii) also holds. Now Lemma 5.3 shows that (M, pM, M)
subregularity implies (2, kM, M )-submonotonicity. O

The following generalises [3, Theorem 3.3] from the setting of convex functions. Since
we formulate subregularity using squared norms, the conversion also squares k.

Corollary 5.6. Let T : U =% U have closed values, and M € L(U;U) be positive
definite and self-adjoint. Let (u,w) € graphT, and k > 0.

Then T is (k*M, M)-subregular if it is (kM, M)-strongly submonotone.

Conversely, if T also admits an (M,0)-gap function at w, then T is (KM, M)-
strongly submonotone if it is (pM, M)-subregular for some p > (k/4)* in an open
neighbourhood U > 1.

Proof. We apply Proposition 5.5 with = = M and I' = 0. Clearly we have M > =,
(M,M — =) € P(T"Yw),a), and M — = + T is self-adjoint and positive semi-
definite. ]

Corollary 5.7. Let f : U — R be convez, proper, and lower semicontinuous, and
M € IL(U; U) be positive definite and self-adjoint. Let (u,w) € graphdf, and k > 0.
Then Of is (K21, I)-subreqular if it is (xI,I)-strongly submonotone.

Conversely, Of is (kl,1)-strongly submonotone if it is (pl,I)-subregular for some
p > (k/4)% in an open neighbourhood U > .

Proof. Since f is convex, 0 f admits the (I,0)-gap function G(u;u*) :== f(u)— f(u*).
Now we use Corollary 5.6 with M = [. O

Remark 5.8. Each of the results in this section easily extends to submonotonicity
of the form (Z,xN, M) for N = M'?B, and some x > 0, B,Z € L(U;U) if the
corresponding subregularity is of the form (P, x'B*B, M) for some P and &’ > 0. [
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5.3. Examples

The next example demonstrates that the ‘non-converse’” direction of Proposition 5.5
cannot in the general case be improved to yield subregularity of similar “partiality”
= as the underlying submonotonicity.

Example 5.9. (Partial submonotonicity without corresponding subregularity)

On R?, for u = (uy,us) and some v € [0, 1], let us define

o (v, VT =20 = @), (1= 9)u2 > w3 and up > 0,
u) .=
0, otherwise.

Let 2 = (38). Then T is (Z,1,I)-partially strongly monotone at the point
(u,w) := (0,0) € graph T. However, T is not (=, I, I)-partially subregular.

Proof. Clearly T71(0) = 0. With N := M := I, (PSM) expands as

o 00— ] 0 a2 (2 2 0)

This clearly holds.

Since T71(0) = {0} is a singleton, the projection condition of Proposition 5.5 clearly
holds. We also have I > =. Referring to the proposition we therefore obtain
(2= — I, 1, I)-partial subregularity, for which (PSR) expands as

[y + (1= 9%)ui —ug)] + 2[(1 = y)ui +uz] > ui+uy  ((1=7")ui > up, uy > 0).
This clearly holds. On the other hand (PSR) for (=, I, I')-partial subregularity would
require

Pur (= ")ut — )] + (1= Yui +wg] 2wl +ug (1= 7)ui 2 ug, up > 0).
This can be simplified as (1 — v)u? > u3. Taking u3 = (1 — 7*)u?, we see that the
condition cannot hold for v € (0,1). O

Finally, having already shown the converse, we show that subregularity is also not
a weaker property than strong submonotonicity.

Example 5.10. (Subregularity without strong submonotonicity) On R? taking
u = (u1,uy), let

Ug, U1), Ui, Uy > 0,
T(u):{(2 1) 1, U2

0, otherwise.

Then T is (I,I,I)-partially subregular at (u,@w) = 0 € graphT, but (Z,1,1)-
partially strongly submonotone with 0 < = < I only for = =

Proof. Clearly 0 = @ € T!(0) is unique. Therefore, since (T'(u),u) = 2ujuy for
uy,us > 0, (PSM) for M = N = I and arbitrary 0 < = < [ reads

2ujug > ||(U1,U2)||é (ur,ug > 0).
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This clearly holds for = = 0. Generally, for = < (2%), it is necessary that 2 > b+ ¢
and a,d = 0. The only positive semi-definite choice that satisfies this is = =

On the other hand, (PSR) for ([, I, I)-partially subregularity with & = U reads
I (ur, u2)1* = [ (ur, u2)[* - (w1, 0 > 0).

Since ||T(u)]]* = u3 + u?, this immediately holds. O

6. Primal-dual methods

We now apply the work of the previous sections to primal-dual methods. We con-
centrate on submonotonicity, as it appears in general to be easier to prove directly
than subregularity. If in a specific application subregularity is known, it can using
the results of Section 5 be converted into submonotonicity. We start with gen-
eral results on saddle-point problems, follow with the primal-dual proximal splitting
method (PDPS) of [8], and finish with examples regarding specific applications.

6.1. Saddle-point problems

Many problems in data science and image processing can be written in the form

min G(z) + F(Kx), (29)

for G: X — R and F : Y — R be convex, proper and lower semicontinuous, and
K € L(X;Y). In image processing one would often work in the Banach space of
functions of bounded variation, but after discretisation, if necessary, we can assume
that the spaces X and Y are Hilbert (and finite-dimensional).

It can be difficult to apply an optimisation algorithm directly to (29): F' is typically
nonsmooth, so gradient steps are out of the question. Due to the coupling effects of
K, also a proximal step for F' o K is not feasible. This is why we are interested in
the equivalent saddle point problem. For F* the convex conjugate of F', this can be
written

min max G(z)+ (Kz,y) — F*(y). (30)

T Y

The first-order necessary optimality conditions for (30) can be written
—K*y € 0G(7), and K=z € 0F*(y). (31)

Setting U := X X Y and introducing the variable splitting notation u = (z,vy),

u = (7,y), etc., this can succinctly be written as 0 € H(u) in terms of the operator

(32)

) (8G($) + K*y) |

OF*(y) — Kx

From now on, we will not explicitly assume G and F* to be convex functions, indeed
0G and OF™* can be replaced by any set-valued operators. In particular, they can
be nonconvex functions, and 9 can be replaced by the Clarke, limiting, or other
subdifferential of nonconvex functions. In this case, it should be shown that (31)
characterises critical points to (30) or (29).
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For some primal and dual step length 7;, 0,1 >0 and testing parameters v;, 9,1 >0,

we take
¢iTil 0
i ( 0 Yiy10i111 ( )
For some v, p > 0 we also introduce
— 0 21, K* - - (i 0
=0 = : = == L
Tl (—20i+1K 0 ) »oand Zip = E + < 0 0i+1,0) . (34)

We want to use Theorem 3.5 to prove the convergence of (PP) for H defined in
(32) for some linear preconditioner My, € L(U;U). For that purpose we need
to prove the (Z;11Z;41,2Z;41, ZiroM; o)-partial strong submonotonicity for H at
(u,0) € graph H. Dividing (PSM) by 2, this amounts to showing

. 1
inf (<w7 U= u*>Zz‘+1 + §||u —u 22i+2Mi+2Zi+15i+1)

u*e H—1(0)
1. -
>3 dist?, .., (u, H7(0)) (35)
for all w € U and w € H(u) in some neighbourhood U of u.
By (32), for some ¢ € 0G(u), z € OF*(y), ¢* := —K*y* € 0G(z*), and z* := Ka* €
OF*(y*) we have

2
=0
Zi+1~i+1

* * * * * 1 *
(w,u—u")z, = ¢imi{g — ¢ 2 — ) + Yip10ia(z — 2"y —y") + 5”“‘“
Recalling (34), to show (35), it remains to prove

. * * ’Y * |12 * * p * (12
ot (omlla—a 2= = Flla—a Pl 4 duaoiallz—2" y—v") 5 lu—v'I)

2
ZiyoMiyo-

*

1
2 .
buasin) 2, 028, 0=

Ty
— U —Uu
2

Splitting the infimum on the left hand side over the three terms, we obtain the
“marginalised” condition:

Proposition 6.1. Let the operator H defined in (32), and Z;11 in (34) for some
v >0 and p > 0. For any u* = (z*,y*) € H1(0), let ¢* := —K*y* € 0G(z*), and
2* = Ka* € dF*(y*). Suppose for u=(x,y) €U in some neighbourhood U of u that

i * * v *||2
— —z = Lz — >
megli(())[(@(?(x) q,x — ") 2||:z: z*||?] > 0, (36a)
1 * * * P * (|12
J— —_— - S > .
and pedtf, HOF" () =2y = ") = Slly — 3|7 = 0 (36b)

Then H is (Zix1Zi11, 2741, ZivaMiyo)-partially strongly submonotone at (u,0) €
graph H.

The conditions (36) amount to (v[,2I,0)-partial strong submonotonicity, which
is simply local strong monotonicity at every respective x* for ¢* or y* for z* with
(z*,y*) € H~1(0). It is a much stronger requirement than “proper” submonotonicity,
but weaker than strong monotonicity. A challenging alternative is to try to prove
the (Z;41Zi41, 2241, Ziro M, 9)-partial strong submonotonicity of H directly.
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6.2. The primal-dual proximal splitting

The primal-dual proximal splitting (PDPS) of [8] consists of iterating the system
o= (I 4+ 70G) (2" — 7K™y,
FH = (o — o) 4 2t
yti= (I + 031 0F") Ny + opp K.

Setting w; := ;50 ¢Ti, according to [22], see also [45, 43], this can also be
obtained from (PP) with

T»ﬁll —K* l[ — iTiK*
Mir = (—ZwiK ot I) s that - Zi Miny = (—;me sz ) - (87)

i+1
The role of the top-right off-diagonal term in M;,; is to decouple the update of
the primal variable 2! to not depend on 3**!, and so make the algorithm com-

putable. The bottom-left off-diagonal is then chosen to ensure the self-adjointness
of Z¢+1Mi+1-1

Theorem 6.2. Tuke H as in (32), Z;11 as in (33), and M;q as in (37). Also let
Zi11 be as in (34) for some ~y,p > 0. Suppose the testing and step length parameters
Ti, 04y Gi, and ; satisfy for some 6 € (0,1),

Giy1 < ¢i(1 + 1), Viro < ip1(1+4 poigr), and (38a)
¢i7'z' = %’Ui, w;lwm > (1 - 5)7'1"7@'HKH2- (38b)

Suppose H is (Z; 41211, 2211, Ziva M, o) -partially strongly submonotone at the point
(@, 0) € graph H with the neighbourhood of submonotonicity satisfying {u'}Y., C U.
Then condition (9) of Theorem 3.5 holds, and

0o, I 0
Zig1i M > ( % O) . (39)

In particular, we have the convergence rate estimate
dist®(2™; X) < ¢pt0~ disty, yp, (u®; H1(0)) (40)

where X = {z* | (z*,y*) € H(0)}.

Proof. It is easy to see that Z; 1 (M;11 + Zi41) > ZivoM; o if we enforce the first
three conditions of (38) [43]. To ensure (39), using Young’s inequality in (37), we
derive the condition ;1 > (1 — §)¢;7?||K||*>. Using the third condition of (38),
this can alternatively be written as the last condition of (38). Finally, Theorem 3.5
shows the basic estimate (5). Using (39) in (5), we derive (40). O

We now need to satisfy (38) and, minding (40), to derive convergence rates, try
to make ¢; grow as fast as possible. The latter analysis is also based on the rules
(38), and proceeds exactly as in [43, 12] (where p and v arise from mere (strong)
monotonicity).

!The PDPS is sometimes called the Primal-Dual Hybrid Gradient Method, Modified (PDHGM)
[17]. The word “modified” refers to this self-adjoint part. The “unmodified” PDHG would have
zero in this corner [49, 22].
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Example 6.3. (Weak convergence) If p = 0 and v = 0, by (38) ¢; and v;;; remain
constant, so we obtain no convergence rates, merely weak convergence of subse-
quences of iterates; see [43, 12]. By (38) the step lengths 7; = 7 and 0; = ¢ need
to be constant and satisfy 1 > (1 — §)7o| K]|?>. It is also possible [8, 43| to derive
O(1/N) convergence of an ergodic duality gap, which we have avoided introducing
here. Note that w; = 1.

Example 6.4. (Acceleration to O(1/N?)) If p = 0 and v > 0, we still have ¢;,; =
1o constant. We can initialise 1 > (1 — §)m00||K||* and update ;11 := 0y7/Tit1.

Taking 7; = ¢; /2, and Git1 = ¢;(1 + A7) for some 4 € (0,7], we can prove that

)

¢; is of the order ©(N?). Therefore we obtain from (40) O(1/N?) convergence rates
—1

for the primal variable x. Note that w; = w;rllaiﬂ T = qﬁ;rllT;ll iTi = Tiy1 /T < 1.
Example 6.5. (Linear rates) If both p > 0 and v > 0, take 0;,,1 = 0 and 7; = 7 as
constants satisfying

0 =1+ min{po,y7} > (1 — )70 | K|>.

Then with 1y = oo™, i1 := 0y, and ;11 := 01); we verify (38). Note that ¢ >
1, so {¢;}ien grows exponentially. Thus we obtain linear convergence of the primal
variables from (39) and (40).2 Note that w; = ¢; ;10" ¢;7 = 1 as in Example 6.3.

Remark 6.6. (Global and local convergence) Convergence results based on sub-
monotonicity are generally local due to the neighbourhood #. With G and F*
convex, H is monotone (7 = 0 and p = 0). Therefore the weak convergence re-
sults of Example 6.3 are global. This is an a priori convergence property. In finite
dimensions, the convergence is strong, so eventually the iterates will be in the neigh-
bourhood U (for some u € H'(0)) of partial strong submonotonicity. Then the
algorithm switches to faster convergence. This is only known a posteriori as it
depends on .

6.3. Application examples

We now look at regularity and convergence rate results for a few prototypical appli-
cations. We will show that linear convergence of the PDPS can in specific cases be
obtained by the unaccelerated primal-dual algorithm without full strong convexity.
These results improve known convergence results for this algorithm. These results
are comparable to those obtained in [28, 30] for other classes of algorithms based on a
related theory of smooth submanifolds. Throughout, we rely on the marginalisation
of submonotonicity in Proposition 6.1, so seek to verify (36).

Example 6.7. (Lasso) For some data matrix and vector K € R™" and b € R™,
and regularisation parameter o« > 0, consider the Lasso or regularised regression
problem 1
min §||b — Kz||* + oz

This can be written in the saddle point form (30) with G(z) = «||z||1, and F*(y) =
Hyll? = (b,y). Let (z,5) € H*(0) for H as in (32). The PDPS converges linearly

2It is possible to improve (39) for linear convergence of the dual variables.
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whenever the primal solution ¥ = 0 and is unique, and any corresponding dual
solution is strictly complementary (|[K*y]x| < 1 for all coordinates k =1,...,n).

Proof. We use Proposition 6.1 with Theorem 6.2 and Example 6.5. We therefore
need to verify (36). Since F* is strongly convex, we can take p = 1 in (36b). To
prove (36a) for G(z) = Y ,_, |zx|, we proceed as in Lemma 3.16, however (36a) is
much more restrictive than the (7, I)-strong submonotonicity shown in the lemma.
Let (z*,y*) € H~Y0). Write ¢* := (¢},...,q}) = —K*y* € 0G(z*) and z* =
(x%,...,2%). Of course ¢; € J] - [(0). We need to prove

(qk—qz,mk—xz>2%|xk—$,’g|2 (e €0 - |(x1); k=1,...,n). (41)

If x; # 0 for some k, we are only able to take v = 0 using the monotonicity of
J| - |. However, by assumption, zj = 0 for all k. Fix k and let v > 0 be arbitrary.
If 2, > 0, g =1 > ¢;. Under strictly complementarity the inequality is strict, so
(41) for this k& holds in a small enough neighbourhood of z} = 0. The case x; < 0 is
analogous. This proves, via Proposition 6.1, the submonotonicity of H required by
Theorem 6.2. Finally, Example 6.5 proves (38) with testing parameters that yield
linear convergence. By Remark 6.6 the convergence is global. O

Example 6.8. (Denoising-type problems) Consider then for K € R™*" and vector
b € R" a problem of the form

1
min §||b — a7||2 + oKz,

With K a discretised gradient operator this includes in particular total variation
denoising (anisotropic, for simplicity) and with K representing decomposition into
a wavelet basis, wavelet-based denoising. In the saddle point form the problem is

1
min max §|]b —z|” + (Kz,y) + 0j—aam ().
Ty

Since the indicator function F* = §j_q 4= is not strongly convex, but G(z) =
b — x| is strongly convex, standard results [8] give the O(1/N?) rate for the
accelerated PDPS.

Let (7,9) € H'(0) for H as in (32). Using subregularity the PDPS, in fact,
converges linearly whenever [KZ|, # 0 for all £ = 1,...,m. In the TV denoising
case, this means that the method convergences linearly when the solution image
does not contain any flat regions, while in the wavelet denoising case this means
that all wavelet coefficients of the solution have to be non-zero.

Proof. We again use Proposition 6.1 with Theorem 6.2 and Example 6.5. We
therefore need to verify (36). Since G is strongly convex, we can take v = 1
in (36a). To prove (36b), we proceed as in Lemma 3.15, however (36b) is much
more restrictive than the (1,~I)-strong submonotonicity shown in the lemma. Let
(z*,y*) € H~1(0). Observe that z* is unique by the strong convexity of G. Write
=2 =(2,...,%,) = Ka* € OF*(y*). Then 2 € 0|_a,a)(y);). We need to prove

»m

* * p *
(2= 2 vk = 0l) 2 Slok — Gil® (2 € Dpaap(yp); k=1, ,m). (42)
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If z; = 0 for some k, we are only able to take p = 0 using the monotonicity of JF™.
Otherwise, let p > 0 be arbitrary and k fixed. If 2z} > 0, we have y; = o. Then
yr < yi. It is clear that (42) holds for y; = y; where as for y; < y;, we have z; = 0.
Thus the left hand side of (42) is positive, and the inequality holds for y in a small
enough neighbourhood around y; = «. The case z; < 0 is similar. This proves,
via Proposition 6.1, the submonotonicity of H required by Theorem 6.2. Finally,
Example 6.5 proves (38) with testing parameters that yield linear convergence. By
Remark 6.6 the convergence is global. [

7. Conclusions

We have studied notions of partial strong submonotonicity and partial subregular-
ity motivated by convergence proofs of optimisation methods. We have showed that
these concepts can be used to a show improved linear convergence rates, where con-
ventional strong convexity or strong monotonicity is not present. To facilitate the
verification of partial submonotonicity, in particular for saddle point problems, in
further research we would like to develop a characterisation of partial submonotonic-
ity based on nonsmooth derivatives, similar in spirit to the Mordukhovich criterion
for the Aubin property. The latter we have studied in context of the PDPS for
nonlinear K in [11]. Considering the non-trivial characterisations of metric subreg-
ularity in [18], this may or may not be a fruitful path. For local monotonicity and
hypomonotonicity, which do not involve the infimisation present in submonotonicity,
coderivative characterisations are considered in [35, 9].
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