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1. Introduction
We study the solvability of the Dirichlet problem

F(z,D?u) + H(Du) = f(z) inQ 0
u=0 on 0f)

under mild assumptions on the degenerate elliptic operator F', in bounded uniformly
convex domains Q C R™ and with power type Hamiltonian H. The relevance of
(1), at least for F(z, D*u) = Au, is well known and we will not attempt to list the
papers devoted to that problem. We just wish to mention that, beside its intrinsic
relevance, it is important to study existence of solutions of (1) because it is related
to the so called ergodic constant, as it is well described in the the work of Porretta
[12], see also Remark 3.7.

We will state the precise assumptions in the body of the paper but the prototype
equation to be kept in mind is

a(w)Ax(D*) + bDul” = f(z) i Q, @)
where b,p > 0 and a(x) > 8 > 0, f(z) are continuous functions.
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Here, and in the whole paper, for any N x N symmetric matrix X, A\;(X),..., An(X)
are the ordered nondecreasing eigenvalues.

The scope is to give conditions on f, €2 and H in order to prove existence and
uniqueness of viscosity solutions of (1).

We will describe some of these conditions in the prototype equation (2). When
p > 1, we prove existence and uniqueness in uniformly convex domains {2 such that

p—1
_ — 1) 7

Q= ﬂ Br(y) for some R<R:= ﬁ(?—)p;l , (3)
yey pby ||f ][

where, as usual, Bg(y) is the ball of radius R with center at y and Y C RY. Observe
that in the above condition, R measures the convexity of €). Indeed if the domain
is O, which may not to be case, then R > % where

k=min{r;(z): 1=1,...,N =1, x € 00}
and x1(x),...,ky_1(z) are the principal curvatures of 02 at x, see [3].

The equation (2) can be equivalently written as

a(z) I‘?&}f (D*u&, &) + b|Dul? = f(z) in Q.

Note that the left hand side of the above equation is, roughly speaking, a big quantity
in view of the “maximum” and of the positive gradient term. Then a negative right
hand side forces the largest eigenvalue Ay (D?u) to be very negative to balance f(x)
and so a solution u of (2) to be concave in 2. This consideration suggests that the
convexity of the domain is somehow needed to allow the principal part to absorb
both the gradient part of the equation and the data f.

The existence of solution is done via Perron’s method. We wish to emphasize that
the construction of a supersolution null on the boundary is quite original and far
from obvious. It relies on the existence of C?-radial solutions of

{ BAN(D?*u) + b|DulP = —M in Bg

4
u=>0 on 0Bg, )

with b, M >0, which exist as soon as R < R, see Proposition 3.1. In a similar fashion,
we also construct singular radial solutions in B(0)\ {0}, see Proposition 3.4.

Let us remark that (3), which gives a sufficient condition for the solvability of the
Dirichlet problem (1), is in fact not very far from being sharp. Indeed we will infer
by Remark 3.3 and Proposition 3.8 (which gives uniqueness of solutions) that (4)
cannot have C%radial solutions if R > R.

The necessity of balancing the size of the domain, the forcing term f and the co-
efficient of the gradient part is already present in the uniformly elliptic case, both
linear and nonlinear, see e.g. [1] and [8, 13].

In the sublinear case, i.e. for p€ (0, 1), the size of the uniform convexity of €2 doesn’t
play a role, but we need to restrict in a qualitative way the class of functions f in
order to ensure that the comparison principle holds.

The existence and nonexistence issues in the case p = 1 have been already treated
in [3, 4].
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We wish to emphasize that one of the main interest of this paper is that the class
of equations we consider is very large, since the conditions on F' and H are very
mild. In particular on F' we require neither that it is in divergence form, nor that it
is linear, nor uniformly elliptic. We will show in Section 2 that, e.g., the following
operators are included:

(1) Linear degenerate elliptic operators
F(x, D*u) = Tr(X7 (2)%(x) D*u)
as long as Ay (X7 (2)X(2)) > 0, e.g. F(z, D*u) = Uy, ay;

(2) Nonlinear degenerate operators, functions of the eigenvalues, e.g.

F(D*u) = i a;i\i(Du)
with a; > 0 and |(aq, -+ ,an)| > 0; =
(3) The homogenous Monge-Ampere operator
F(D?*u) = (det(D2u))% , D2y > 0.

We remark that, since the map u — det(D?u) is elliptic only if u is constrained
to be in the positive cone of convex functions, we shall treat this case separately
at the end of Sections 3—4;

Concerning the Hamiltonian H, let us mention that we don’t require that the Hamil-
tonian be convex or be precisely a power. For example, compact perturbations of
power type Hamiltonians, i.e.

H(Du) = |Du|? + ¢(Du)

with ¢ € CH(RY), satisfy the assumptions.

2. Notations and basic assumptions

Let © C RY be an open, bounded domain. We say that Q is uniformly convex if
there exist R > 0 and Y C R¥, depending on €2, such that

Q=) Brly). (5)

yey
Let SV be the linear space of N x N symmetric matrices. For any X € SV we denote
by Ai(X), for i =1,..., N, the eigenvalues of X arranged in nondecreasing order:

M(X) <. < (X,

The norm of X € SV is || X || = max {|\(X)], [An(X)]}.
We introduce the hypotheses on ' € C (2 x S¥;R) and H € C(RY;R):
(F1) there exists 8 > 0 such that for any (x, X) € Q x SV
Fr,X +Y)— F(z,X) < BAn(Y) YY <0; (6)

(F2) F is positive 1-homogeneous, i.e. F(x,0X) = oF(x,X) for all ¢ > 0,
(z,X) € Q2 xSV,
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As far as H is concerned we shall assume either:

(H1) there exist b,c > 0, p > 1 such that for any &, n € RY
H(on+(1—-0)§) —oH(n) < (1 —0) (b¢["+¢c)  Voel0,1] (7)

and moreover H is bounded from below, i.e. H({) > —d for some d > 0; or
(H2) there exist b,c > 0, p € (0,1) such that

eH (&) < H(g€) V(e,€) € (0,1) x RN
0<H(E) <P+ VEERY.

Finally we shall require that the comparison principle assertion holds for (1) with
strict inequality, i.e.

(CC) ifu e USC(Q) and v € LSC(Q) are respectively a subsolution and a strict
supersolution of (1), then u < v in €.

A well known sufficient condition for the validity (CC) is:

(SuffCC) there exists a modulus of continuity w such that
Fla,X) — F(3.Y) < wlale — yf> + 2 — y))
whenever (o, z,y,X,Y) € Ry x Q2 x (SV)% and

_3O‘(é?>§<)o( —OY>530‘(—[I _I[) (®)

Let us recall that (SuffCC) is always fulfilled if F' is a degenerate elliptic operator
independent of the z-variable, see [6, Example 3.6]

Remark 2.1. It is possible to consider Hamiltonian H depending on x and satis-
fying (H1)—(H2) as long as the comparison principle (CC) still holds. O

2.1. Comments and examples
2.1.1. The principal part F

The assumption (F1) can be equivalently stated as follows: for any (z, X) € Q x SV
Flz,X+Y)—-F(z,X) > p\(Y) VY >0. 9)

It readily follows from (9) that F(z, X +Y) > F(z,X) forall Y >0, ie. F is
degenerate elliptic. The class of operators satisfying the ellipticity condition (9), as
well as (F2)—(CC), is quite large. It includes some important examples:

1. Strictly elliptic operators

Let F: Q x S¥ — R be continuous and strictly elliptic, i.e. there exists v > 0 such
that for any (z, X) € Q x SV

Flx,X+Y)—F(z,X) > vTr(Y) VY > 0.
Then F satisfies (9) with § = Nwv.
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Concerning the validity of (CC), some sufficient conditions can be found in [9, The-
orem III.1]. Here we just recall the following one:

|F(e, X) = F(y, X)| <@(lz —yl(L+ X)) V(z,y,X) € Q* x SY,

where @ is a modulus of continuity such that = TT is bounded for r» > 0.

2. Degenerate linear operators
For (x,X) € O x S we let F(x, X) = Tr(XT(2)S(2)X), where X7 (2)X(z) > 0 and

inf v (T (2)2(2)) > 0. (10)
TE
To check (9), let {vi(x),...,vn(x)} be an orthonormal basis of eigenvectors of the

matrix 7 (2)X(x). Then
Fx,X+Y)— F(z,X) = Tr(X" (2)2(2)Y)

f: (Yu;(z), 5" (2 (z)) > (Z/\ (=T (x )) M (Y).

The structural condition (9) is then satisfied with § = in?2 v (ST (2)2(x)). The
Tre

operator I also satisfies (SuffCC) if ¥(x) is assumed to be Lipschitz continuous, see
6, Example 3.6].

In particular, choosing ¥(z) = e¢; ® e; for i = 1,..., N, where {eq,...,eyx} is the
standard basis of R, we infer that the equations

92w

o 2 + H(Du) = f(x)

fit in our framework.

3. Nonlinear degenerate operators, functions of the eigenvalues
Let a = (aq,...,an) be such that a; >0 fori=1,..., N and |a| > 0. Set

It is easy to check that (9) is satisfied with § = Zfil «; by using the inequality
M X +Y) = N(X) > (), (12)

which holds for any ¢ € {1,..., N} and for any X,Y € S¥. Moreover, since F in
(11) is independent of the z-variable, then (SuffCC) holds as well.

With (11) we include in particular the truncated Laplacians (see [3, 4])
Po(X)=M(X)+...+ X)) and P(X) = Av_p1(X) + ...+ Inv(X),
as well as the min-max operators considered in [7]
F(X)=MX)+Av(X) and F(X)=\(X)

for some i € {1,..., N}, see [5].
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We stress that the ellipticity condition (9) is required to be satisfied only for non-
negative matrices Y and not for any Y € SV. This fact allows us to consider, for

instance, the operator
F(X) = X(X) = (\(X)

where 4,7 € {1,..., N} and t~ = max {—t,0} for any ¢ € R. It is easy to check that
F(X) is positive homogeneous of degree one and satisfies (9) for any g € (0, 1]. To
see this, it is sufficient to use the inequality (12) and the monotonicity of the map
t — t~. Moreover for X =0 and Y = [ it turns out that

FIX+Y)—F(X)=1=A\(Y),

showing that the best constant 5 we can take in (9) is § = 1. On the other hand,
if (9) were valid also for Y < 0, then for X =0 and Y = —I we would have

F(X+Y)—-F(X)=-2=2\(Y).
Hence g > 2 which is in contradiction to § < 1.

Let’s go back now to the prototype equation (2). Suppose that a(z) € Lip(Q2), with
constant L, and in(f2 a(x) > 0. Let F(z,X) = a(z)\y(X). For any Y > 0 we have
Te

a(x) (X +Y) — al@)An(X) > ( inf a(:c)))\l(Y).

Thus condition (9) is satisfied with g = insf2 a(z).
Te

We claim that (SuffCC) holds. From (8), for any &, € RY we have

(0 5) (i) (s == () () - (Vi)

which leads to a(z)X€ - € — a(y)Yn-n < 3a <a(:v) —2\/a(@)a(y) € 0+ a(y)) .
In particular, choosing € € RY such that X¢ - & = Ay(X), we have
Flz,X) = a(y)Yn -0 < 3a (a(e) - 2Va@a(y) - n+aly)) . (13)
Minimizing both sides of (13) among all € RY such that |n| = 1, we obtain
Flz,X) = F(y,Y) < 3a (a(2) - 2/a(z)a(y) + a(y)) = 30 (Valz) - @)2.

Then, using the Lipschitz continuity of a(z),

3L2

Fle, X)-F(y,Y) < ——— —y)?
(@.X) = P.Y) < gosale =]
e
. . . 3L2
Hence (SuffCC) is satisfied with w(r) = ——— .
4 111?2 a(z)
TE

4. Monge-Ampére operator
Let F(X) = (det(X))¥, X >0, (14)

be the 1-homogeneous Monge-Ampere operator. The restriction X > 0 is natural
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in order to ensure the ellipticity of the map X +— det(X). In addition the operator
(14) satisfies, within the class of nonnegative symmetric matrices, the structural
condition (9). Indeed, using the matrix identity (see [9, V.3])

; 1
(det(X))N = inf {Tr(XB) : B>0,detB = W} ’
we then obtain
(det(X + Y))¥ — (det(X))™ > inf {Tr(YB) : B>0,detB = %}
— (det(Y))V > AN (Y) VXY >0,

that is (9) holds with g = 1.

5. Bellman—Isaacs type operators

We consider a two-parameter family of 1-homogeneous operators {F;;,} depending
on @ and b running in some sets of indices A and B. Let

F(z,X) =sup irgf Fop(z, X). (15)

If we assume that F, ; satisfies (9) with some $ > 0, independent on a € Aand b € B,
as well as (SuffCC) with a common modulus of continuity w, then (9)-(suffCC) are
in turn satisfied by (15) with the same 5 and w.

2.1.2. The first order term H
Typical examples we have in mind are
H(E) = blgl” and  H(§) = (AE,€)

with 0 < A < br] in SV, They satisfy (H1) and (H2) for p > 1 and p € (0,1)
respectively.

ya
2

A comment on (7) in (H1) is in order. Such condition is a convexity type assumption
which is in particular satisfied, with ¢ = 0, by convex Hamiltonians such that H (&) <
bl¢|P. But we point out that (H1) also includes nonconvex Hamiltonians, as shown
in the next Lemma.

Lemma 2.2. If ¢ € CHRY) then H(&) = |£|P + ¢(€) satisfies (H1).

Proof. It is clear that H is bounded from below. We claim that (7) holds with
b =1 and c large enough (depending on ¢).

Let n,6 € RN, 0 € [0,1] and let [£,n] = {on+ (1 — )¢ : 0 €[0,1]} be the segment
joining & and n. If [¢,n] Nsupp(¢) = 0, then just using the convexity of the map

& — |£JP, we infer that (7) is satisfied for any ¢ > 0. So we shall assume from now
on that [£,n] Nsupp(¢) # (. Fix R such that supp(¢) C Bg and

RP = max H (§). (16)

£€BR

Set ¢ = max {R, 2R | Dol . + |6]l..} (17)
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Case 1: [£,7] C Bg.
By the convexity of the map & — |£|P and using (17) we have
H(on+ (1= 0)§) —oH(n)
= lon+ (1 = 0)¢l’ —alnl’ + élon + (1 = 0)&) — é(n) + (1 — 0)p(n)
<A =0)lE + Dol [(L = 0)(€ —n)| + (1 —o)o(n)
< (1 =0) (€ +2R[1D9] + lI9llc) < (1 =) (IE° +¢).-
Case 2: n¢ Bg and ¢ € By (or n € Bg and ¢ ¢ Bg).
We assume that n ¢ Br and ¢ € Bp, the other case being similar. We first observe
that for any o € [0, 1] with on + (1 — 0)& € Bg, we have

H(on+ (1 - 0)€) < max T,
Bgr

while, since 1 ¢ B, it holds that

cHn)+ (1 —0)(|¢[P+¢) >0cRP+ (1 —0)c > RP = max H.
Br

If instead on + (1 — 0)¢ ¢ B, then
H(on+ (1 =0)§) —aH(n) = |on + (1 = 0)¢” —alnl?
<A =0)lgf < (1 —0o)(&lP + ).

Case 3: 0, ¢ Bp.

Let H(¢) = max {|¢[?, RP}. Note that_ﬁ is convex in R¥ since it is maximum of
convex functions. Moreover, by (16), H(§) > H(¢) for any £ € RY. Then, since
n,& ¢ Br, we obtain

H(on+ (1 —0)§) < H(on+ (1 —0)§) < oH(n) + (1 - 0)H()
=oH(n)+ (1 —0)[E]" <oH(n)+ (1 —0)(§[" +¢)

as we wanted to show. O]

2.2. Maximal and minimal inequalities

The structural conditions (F1)-(H1) identify two extremal inequalities which act as
barriers for the whole class of equations we are dealing with.

First observe that, taking ¢ = 0 in (7), then for any £ € RV
< H(E) <Yl + e
From this and using (6), (9) and F(x,0) = 0 Vx € Q, we infer that the inequalities
BAn(D*u) + b|DulP < f(z) —c in Q (18)
BA(D*u) > f(z) +d inQ (19)

play the role of maximal and minimal inequalities within the class of concave and
convex functions respectively. Namely every concave supersolution of (18) is a su-
persolution of (1) and any convex subsolution of (19) is in turn a subsolution of

(1).
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Similarly, under the sublinear assumption (H2), the inequalities

BAn(D?*u) + b|DulP < f(z) —c in Q (20)
B (D*u) > f(x) in Q (21)

are extremal for concave and convex functions respectively.

3. Superlinear Hamiltonians

Throughout this section we shall assume p > 1.

3.1. Existence result on balls

Let M > 0. We consider

BAN(D?u) 4+ b|DulP = =M in Bg(y) (22)
u=20 on 0Bg(y).
Proposition 3.1. Suppose that

_ —D5%

R<R:= M : (23)
pbr M »
Then there ezists u radial solution of (22) such that
we C*(Brly)) if R<R, wuweC*Bgr(y)NC'(Brly) if R=R.
Moreover lull o1 sy < R (R+1) (24)
@) =\ Rpp :

Remark 3.2. As p — 17, the condition (23) reduces to the one given in [4, Pro-
position 17]. O

Proof. We first consider the case R = R. Slightly abusing notation, we write
u(x) = u(r) with » = |z — y|. Our candidate for a radial solution of (22) is the
solution of the ODE

B b(—u ()" = =M, 7 € (0,R) (25)
u(R)=0
In fact, a solution of (25) corresponds to a solution of (22) if
li =
lim u (r) =0, (26)
and, for all r € (0, R), u'(r) <0 (27)
!/
and wir) > u"(r). (28)
T

Observe that, for any fixed r € (0, R), the equation

0 4 by = M (29)
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is in a sense an “algebraic” equation, given that it involves only the first derivatives
of the unknown u. Therefore let us consider the function

g&(r,s):—ﬂf—i-bsp—i—M for r,s > 0
r

and note that

u(r) is solution of (29) if, and only if, ¢(r, —u'(r)) = 0. (30)
We claim that there exists a nonnegative function sy = so(r) € C1([0, R))NC([0, R])
such that
(1) @(r,so(r)) =0 for r € (0, R);
(ii)  so(r) is increasing;
(ifi) s(0) = 0.

1

Fix r € (0, R) and let s;(r) = ( b )p_l. Note that s — ©(r, s) is a smooth, strictly

rpb
convex function in [0, 00), which is decreasing for s € [0, s1(r)] and then increasing
for s > s1(r). Moreover ¢(r,0) = M > 0 and ligrn ¢(r, s) = +oo. Exploiting the
S—r+00

assumption (23), it is easy to check that
@ (r,s1(r)) < 0.
Hence there exists so = so(r) € (0,s1(r)), the “first zero” of ¢(r, s), such that
o(r,so(r)) =0 and ¢(r,s) >0 Vs e [0,so(r)).

Moreover Osip(1, 50(1)) = —g + bp(so(r))P~t < —g + bp(s1 (1))t =0 (31)

and, by the implicit function theorem, we have that r — so(r) € C* ((O,R)). In
addition, by (31),

Orp(r,50(r)) Bso(r) < 0. (32)

o) = o s(r)  Pap(r, so()

s (
This shows (i)—(ii). In order to prove (iii) fix any a € (0,1). For r positive and
small enough we have

@(Ty Ta) — _Tlﬁa +brP4+ M < (0= @(h SO<T))‘

This implies that so(r) < r%, then s¢(0) := lim So(r) = 0. Let us show that so(r)
r—0

can be extended continuously at r = R. In this case so(R) = (%) "', Note that
(R, 50(R)) = 0,0(R, s0(R)) = 0, (33)
so we cannot directly apply the implicit function theorem. Nevertheless, by (ii) there

exists L = lim,_ 5~ so(r). Taking into account that so(r) < si(r) for any r € (0, R),
then L <lim__ - s1(r) = so(R) and moreover

0= lim o(r,so(r)) = p(R, L).

r—R"~
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This implies that L = so(R), since by the definition of so(R) we have that p(R, s) > 0

for any s € [0, so(R)).

It remains to prove that sj(r) can be extended continuously at r = 0. By (32) it

holds that M +b(so(r)”  _ M
l / _ 1 — .
7"—1>I(I)1+ S0 (T) rlg%r ﬂ - pr’(SO(r»p_l 6

This show that sy € C* ([0, R)). The proof of the claim is then complete.

For r € [0, R] let u(r) = /R So(t) dt. (34)

The function u = u(r) is well defined since sy € C([0, R]). Let us prove that it is
in fact a radial solution of (22). We proceed to check that u satisfies (25)-(28). It
is trivial that u(R) = 0. Moreover, since —u'(r) = so(r), by (30) and (i) we infer
that u is solution of (25). Using (ii)-(iii), then conditions (27)-(26) are respectively
satisfied. To prove (28), let us observe that by (25),
u'(r 1

R (L S0 3

r B
and since u/(r) is monotone decreasing by (ii), then “7' is decreasing as well (since
the right hand side of (35) is decreasing). Thus, for r € (0, R),

(MT))' _ ) _w(n)

r r 72

and therefore u”(r) — ") < 0, which is precisely (28).

T

Using the monotonicity of sy(r) and the definition of u, we obtain
lulloo = u(0) < Rso(R) and |Ju'll,, = —u/(R) = so(R) (36)
which leads to (24) in the case R = R.

The case R < R easily follows from the previous one. Indeed, if we denote by ug the
radial solution we found in the case R = R, then it is clear that u(r) := ug(r)—ug(R)

is a radial solution of (22). Moreover u € C*(Bg(y)) since ugp € C*(Bg(y)) and
R < R. Lastly let us observe that, from (36), we have

Rpb
_ B\ 71
kuzmmwzwm:(a% |
This proves (24) in the case R < R. The proof is then complete. n

Remark 3.3. The radial solution u of (22), defined in (34), is also solution of

BAi(D?*u) + b|DulP = =M in Bg(y)
u=20 on 0Bgr(y)

for any ¢ = 2,..., N. This is a trivial consequence of the inequality (28).
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We point out that if R = R, the function u cannot be extended to a C%(Bgr(y))
radial function, since (32) and (33) readily imply that lim__, .- v"(r) = —o0. O

In the next proposition we prove the existence of singular/blow-up solutions of the
problem
BAi(D*u) + b|DuP = —M in B\ {0} (37)
u=>0 on 0Bgp,
where i = 1, ..., N—1. We shall follow the same argument of Proposition 3.1 but now
considering the “second zero” sy = s5(r) of the function ¢(r,s) = —32 4 bs? + M.

Proposition 3.4. There exists u € LSC ([0, R]) N C?((0,R)) radial solution of
(37). Moreover, if p € (1,2], then lim, ,o+ u(r) = +o00, while for p > 2 the function
u s bounded.

1

Proof. For r € (0, R] let s1(r) = <£> "~ e the critical point of o(r,s) = =B+

rpb
bs? + M and let
so(r) > s1(r) (38)

be such that ¢(r, so(r)) = 0. It is clear that

lim s5(r) = +00.
—0t

Moreover, arguing similarly as in the proof of Proposition 3.1, we infer that

_ Bsa(r)
r20,p(r, s5(r))

so that the map r € (O,I?] — 89(r) is monotone decreasing, sy(R) = s;(R) and
s € C* ((0,R)) N C°((0, R]). In this way the function defined by

$5(r) =

< 0,

R
u(r) = / So(t) dt for r € (0, R, (39)
is a monotone decreasing solution of (25) and, differently from (34), it happens that
. / I T _
E& u'(r) = rllgi So(r) = —oo. (40)
In particular there is no way to extend smoothly wu(r) for r = 0. Now setting

u(0) := lim, o+ u(r) € (0, 00], we obtain that

u € LSC([0,R])NC? ((0,R)).

. . . . . . . . / . . .
In addition, since v’ is increasing, using (35) we infer that * is increasing too and

) W'(r)  forr € (0,R).

r =

Hence u(]z|) is a classical solution of

BAi(D?u) + b|DulP = —M in B\ {0}
u=20 on 0Bp
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for any ¢ = 1,..., N — 1. Moreover, in view of (40), there are no test functions
touching u(|z|) from below at x = 0. Then u(|z|) is also a viscosity supersolution of
(41) in the whole ball Bg. The function u blows up in the origin for p < 2. Indeed,
by (38)-(39), we have

1 s [Ms@a— (B) "
1 = t)dt > t)dt = | — = .
o= [P [nann (3)° [ -

If instead p > 2 the function u stays bounded. To show this let us first observe that

© (r,pp%lsl(r)> =M >0 forre(0,R)

This implies that so(r) < ppTll s1(r) and

lim u(r) = /Ong(t) dt < pi /ORsl(t) it = (

r—0t

i
|
—_

5 ”%1 —p=2
— —Rpfl.
b

3
|
G

Since u is monotone decreasing and nonnegative, then

1
B\FTp—1_po
<(2) =R
lull (b —

and the proof is complete. [

For the sake of completeness we report the explicit expressions of sp(r) and sy(r) in
the model case: p = =2and b= M = R = 1. It holds that for any r € (0, 1]

1 1 1 1

Recalling (34) and (39), by direct computations we deduce that the functions

1, 1+y/1—12
Uo(T>:\/1—7’2—10g7“—§10g—1_ —1_7~2

1. 14++vV1-—r?
and us(r) = —vV1—7r2 —logr + —log ————M—

are respectively radial solutions of
: 2)\;(D?*u)+|Dul* = —1 in B;\ {0}
2\ (D? Dul? = —1 B 4 L
{ ( U)+| U’| mn by and uw=0 on 0B,

u=>0 on 0B lim u(z) = +o00
x—0

foranyt=2,...,Nand j=1,...,N — 1.
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Remark 3.5. Let us point that the arguments of Propositions 3.1-3.4 also apply if
M =0, i.e. R = 400 which means that the associated Dirichlet problem is solvable
in any ball Bg(y). In this case the zeros of ¢(r,s) = —3% 4 bs? are explicit:

=0 sy = (2)7

So the function ug(r) = fTR So(t) dt is nothing more than the trivial solution of

BAN(D?*u) + b|DulP =0 in Bg(y)
u=0 on 0Bg(y).

Instead, the radial function (r = |z — y|)

& 2y (RIS =it ifp £ 2
i) = [ ()= () 0= ) e
r %10g§ ifp=2
BAi(D*u) + b|DulP =0 in Bg\{y}
is a solution of
u=>0 on 0Bgr
for any i = 1,..., N — 1. Moreover for any p € (1, 2] it turns out that us is in fact

a solution of
BXi(D*u) +b|Dul? =0 in Bg\{y}
u=20 on 0Bg

lim u(z) = +o0.
Ty

p—2 p—2
—1

Note that, in the case of the Laplacian, the function u(r) = ¢ (rﬁ — RT> is, for
a suitable positive constant ¢ = ¢(N, p), solution of
Au+|DulP =0 in Bg\{y}
u=20 on 0Bg (42)

lim u(z) = 400
T—Y

only in the range p € (%, 2) and not for any p € (1,2). If p = 2 the function
u(r) = (2 — N)log  is solution of (42) in dimension N > 2. O

3.2. Existence and uniqueness in uniformly convex domains

For any continuous and bounded function f in Q, we define R = R(3,b,c,p, f) by

R.— B(l)_l)pppl' (43)

p

EELN N

pb%

Note that R = +oo if H(f — c)_||OO = 0, R < 400 otherwise. The main result of
this section is
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Theorem 3.6. (Existence and uniqueness: superlinear case) Let Q@ C RY be
bounded and f € C(Q) N L*(Q). Suppose that  is a uniformly conver domain
such that

Q= ﬂ Br(y) for some R<R. (44)

yey

If (F1)—(F2), (H1) and (CC) hold then there exists a unique viscosity solution

u e C(Q2) of ’(1)

In order to prove Theorem 3.6, we shall need a comparison principle that is given
below, and a proof that relies on the results obtained in the radial setting. But
before proceeding with the proof we shall make the following

Remark 3.7. Let us recall that Porretta in [12] proved the following dichotomy:
in the case 1 < p < 2, if there exists a solution u of

Au+ |DulP = f(z) in Q
(45)
u=0 on 0,
then, for A > 0, the solutions u, of
Au+ |DulP — du = f(x) in Q
| Dul (z) (46)
u=20 on 0f2

converge to u as A — 0. If, instead there are no solutions of (45), then, for A — 0,
uy — 400 and —Auy converges to the ergodic constant c,, i.e. the unique value such
that the following problem

(47)
V= —00 on 0f)

{ Av+ |DvlP + ¢, = f(z) in
has a solution. The existence of ¢, goes back to the acclaimed work of Lasry and
Lions [10]. Analogous results have been obtained for nonlinear operators both in
divergence form and fully nonlinear, see [11] and [2]. The relation of ¢, to the large-
time behavior of solutions of the associated evolution problem can also be used to
determine the existence or nonexistence of bounded solutions of (45) in the case
p > 2, see [14]. The question of whether the ergodic constant exists and if this
dichotomy is also valid in our generality is far from obvious since any compactness
result is very hard to establish for such degenerate operators. [

We now proceed with the comparison principle.

Proposition 3.8. (Comparison principle: superlinear case) Let 2 be a bounded
domain and let f € C(Q) N L>®(Q) be such that Q C Bg(y) for some y € RY.
Q

Suppose that (F1)~(F2), (H1) and (CC) hold. If u € USC(Q), v € LSC(Q) are

respectively a sub- and a supersolution of (1), then u < v in §).

Remark 3.9. We stress that in Proposition 3.8 we do not require convexity as-
sumptions on Q. If R = 400, the condition 2 C Bz(y) simply means that €2 is a
bounded domain. O
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Proof of Proposition 3.8. We assume by contradiction that there exists z, € 2
such that u(zg) > v(z). Let us first treat the case R < 4+o0. Fix § > 0 such that
d < dist(z9,0Bg(y)). In this way 2o € Bg_s(y) and for any € > 0 sufficiently small
we have that p1

e Blp—1) 7

R—-4<

T (48)

poi (oo +e)”
By (48) and using Proposition 3.1, there exists ¢ € C?(Bg_s(y)) solution of
BAN(D*p) + 0Dl = — ([|(f —o)7[| . +¢)  in Bas(y). (49)
For any o € (0,1) let us consider the convex combination
vy (x) = ov(x) + (1 — 0)p(x), x € QN Bi_s(y).
We claim that v, satisfies, in the viscosity sense, the inequality
F(z,D*v,) + H(Dv,) < f(x) — (1 — 0)e in QN Ba_s(y). (50)

For this let 79 € QN Bi_s(y) and let v € C?*(Q N Bi_s(y)) such that v, — 1) has a
local minimum at . Hence v — £(¢) — (1 — 0)¢) has a local minimum at xo. Since
v is supersolution of (1), then setting

1= D~ (1-0)p)(ao), X = _Dw~ (1~ 0)p)(x0)
we have F (20, X)+ H(n) < f(x0)-

Then, using the assumptions (F1)-(F2), equation (49) and the fact that D*p(z) <0
for any x € Bg_s(y), we have

F (o, D*(x0)) + H(Dy(x0))

— oF (m X+ ?D%o(mo)) o H () + H(on + (1—0) Dip(w0)) — o H ()
< o (F (20, X) + H(n)) + (1 = o) (BAn(D*p(20)) + b| Dep(0) [P + c)

< of(an) + (1= 0) (e = (7 = ) ||, +2)) < Flaw) — (1 = 0)e.

This proves the claim. Now, since by (50) the function v, satisfies a strict inequality,
by the assumption (CC) we infer that

u(20) — vo(20) < sup  (u—vg).

Passing to the limit as ¢ — 1~ we have
u(zo) —v(z20) < sup  (u—v).
B(QQBR_(;(y))

Since the above inequality holds for any positive § < dist(zg, 0Bz(y)), then

ul(z0) — v(20) < sup(u — v) < 0,
o0

which contradicts u(zp) > v(2o).
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The proof in the case R = +o0, i.e. f(x) > ¢ for any = € , is in fact a little
bit easier since we don’t have to consider the parameter §. Take R > 0 such that
Q C Bg. For ¢ > 0 sufficiently small, the condition (23) is then satisfied with
M = e. Hence there exists a radial solution of

BAN(D?*@) + b|Dp|P = —¢ in Br
which is concave in Bg. Then, as above,

u(20) — vy(20) < sup(u —v,)
oN

and again we obtain a contradiction sending o — 17. O
Remark 3.10. In the case of the Monge-Ampeére equation

(det(D?u))™ = f(z) + b|Dul? in Q, (51)

with f > 0 and p > 1, the validity of the comparison principle is a consequence of
[9, Theorem V.2|, which in fact applies to more general right-hand sides f(x,u, Du),
locally Lipschitz in the gradient variable.

On the other hand the proof of Proposition 3.8, in particular the perturbation ar-
gument to produce a strict supersolution, can be easily adapted to the equation
(51), in order to obtain a comparison principle within the class of convex sub- and
supersolutions. For the sake of completeness we briefly describe this aspect. Let u
and v be respectively a subsolution and a supersolution of (51) such that u < v on
00 and u(zg) > v(z) for some 25 € Q. First assume R < 400, where

_ _n5
R = —50? >E
pov || flle
Fix y € Y, 0 > 0 such that zg € Bi_;(y). For any € > 0 such that
p—1
_ —1) 7
Roso_ Bp=1)

pb7 (Ifllo +e) 7
there exists, by Proposition 3.1, a convex solution ¢ € C?*(Bg_;(y)) of
M(D*0) = [|flloe + & +bDl” in Ba_s(y)-

Hence by (9) we infer that the function u, (z) = ou(z)+(1—0)¢(x), where o € (0,1)
and x € Q0N Bp_;(y), satisfies in the viscosity sense the inequalities

(det(D?uy (1)) ¥ > o (det(D?u(x)) ™ + (1 — o)\ (D)
> o (f(z) +b[Du(@)[") + (1 — o) (| fll o +&+ 0| Dp(z)|)
b|Du,(x)|P + f(x) + (1 — o)e.

v

Since u, satisfies a strict inequality, we can use [6, Chapters 3 and 5.C] (note that
the matrices X, Y € SV in (3.9)-(3.10) of [6] satisfy 0 < X <Y since u is convex)
to reach a contradiction, letting first ¢ — 1~ and then § — 0.
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If R = 400, i.e. f =0, then we consider R > 0 such that Q C Bpg. For ¢ small
enough there exists, by Proposition 3.1, a convex solution ¢ € C?(Bg) of

M(D%*p) =€+ b|DplP in By
and as above we get a contradiction in the limit o — 17. [

Proof of Theorem 3.6. By Proposition 3.8 we are allowed to use Perron’s method.

By (18)—(19) it is sufficient to construct a concave supersolution @ € C(2) of

BAn(D*u) + b|DulP = f(x) — ¢ in Q (52)

and a convex subsolution u € C(Q) of
BM(D*u) = f(z) +d in (53)

such that @ = u = 0 on 0f).

We first consider the supersolution case. If ||[(f —¢)7||,, = 0 just take @ = 0.

Suppose that ||(f —¢)7||,, # 0. By Proposition 3.1, with M = ||(f —¢)7|,, for
any y € Y there exists v,(z) = v(|z — y|) a concave solution of
BAn(D*v) + b|DvlP < f(z) — ¢ in Bg(y) (54)
v=0 on 0Bg(y).

In view of the uniform estimates (24), the family {v,}, ., is bounded in C 1(Q).

Hence we infer that u(z) = inf v,(x)
yey

is a nonnegative Lipschitz continuous function in § which is a concave supersolution
of (52). Moreover for any = € 09, there exists y, € Y such that z € 0Bgr(y,). Thus
u(z) < vy, (x) = 0, leading to the Dirichlet condition @ = 0 on 0. In addition,
since @ is a concave supersolution of (52) and ||(f —¢)7||, # 0, we infer that u is
in fact positive in 2.

The construction of a subsolution of (53) is more direct than that of the super-
solution, since there are no gradient terms in the equation (53). For instance the

function wioy - N D
Yy 2ﬁ
is, for any y € Y, a negative convex solution of
BA(D?*u) > f(x) +d in Bg(y)
u=0 on 0Bg(y).

(lz —yl* - r?)

Since {uy} .y is bounded in C*(€), then

u(z) = Sup uy ()

is in turn a convex subsolution of (53), continuous in € such that u = 0 on 9. [
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We end this section by showing that the above arguments can be slightly modified
in order to obtain the existence and uniqueness of convex solutions of

{ (det(D?*u))¥ = f(z) 4+ b|Dulf in Q (55)

u =0 on 0f).

Since equations of the form det(D?u) = g(z, Du) in € are elliptic only when D?u
is nonnegative, it is therefore natural to confine our attention to convex solutions u
and positive right hand side g. In view of this we shall assume that f > 0 in Q and
that, differently from (2), the gradient term is placed on the right hand side of the
equation with a positive sign in front of it.

Theorem 3.11. Let Q C RY be bounded, f € C(Q) N L>®() be nonnegative in Q.
If Q is a uniformly convex domain such that

0= ﬂ Br(y) for some R<R:=

p—1
(pP—1~
p—1

yey pbv [|f]ls

(56)

then there ezists a unique u € C(2) wviscosity solution of (55).

Proof. The function @ = 0 is a trivial supersolution of (55). By Theorem 3.6, with
c =0 and f replaced by —f, there exists u concave solution of

Ay (D?*u) + b|DulP = — f(x) inQ
u=>0 on 0.

Hence u = —u is a convex function satisfying

A (D%*u) = f(z) + b|DulP in
u=20 on 0f).

Since det(X)> (A (X)) for any X >0, the map w is in turn a subsolution of (55).

In view of Remark 3.10, which ensures the validity of the comparison principle,
we are in position to use the Perron’s method. Since we are interested in convex
solutions it is necessary to check that every manipulation of sub/supersolutions
involved in the application of this method, continues to produce convex functions.
In particular we have to look at the “bump” construction. Let

u(z) :==sup{w(x) : u <w < 0and w is a convex subsolution of (55)}.  (57)

If u(z) fails to be a supersolution at & € € (note that w is continuous in (2 since it
is convex), then there would be a test function ¢ € C?(2) such that u(%) = (%),
u(z) > p(z) in Q and

(det(D2p(2))) ™ > f(2) + b| Dp()]".

By continuity, for 6 > 0 small enough, the function 1 (x) = p(z) + % — 3z — #)? is
convex in Bs(Z) and moreover it satisfies, in the classical sense, the inequality

(det(D*(x))) ™ > f(z) + B DY(@)P in Bs(#).
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For x € Q such that $ < |z — 2| < § it turns out that ¥(z) < u(z) and that the
function

U(x) = { max {u(z), (2)} if v € Bj(2)

u(z) otherwise

is a convex viscosity subsolution of (55) and by construction U > u. Moreover
U < 0on 09Q. By comparison U < 0in §2. Hence U(z) < u(z) in Q by the definition
(57) of u, but U(z) = (2) = u(z) + % therefore contradicting the maximality of w.
This shows that (57) is in fact the unique convex solution of (55). O

4. Sublinear Hamiltonians
Throughout this section we shall assume p < 1. Let us first note that the weak
comparison principle may fail for

F(z, D*u) + |Dulf = f(z) in Q

without an extra condition on f. We list some examples of nontrivial solutions (in
the ball B with zero Dirichlet boundary condition) for some equations of interest
in this paper:

A1 (D?u) + |DulP = 0 u(z) = % (R% — |x|f—;§>
M(D%) 4 [Duf =0 ul) = 7L (RIF — |o] )
fori=2,...,N p
Au+ [Duf = 0 ulw) = P (R )
C—p)(N -1+ 5)
1+N(1-p)
(@et(D2)¥ = [Duute) = ST (o] - i)

To obtain the existence of a unique viscosity solution we impose a sign condition on
the forcing term f(z). Consider the problem

(58)

F(x,D*u) + H(Du) = f(z) inQ
u=20 on 02

and assume:

(S1) feC(Q)nNL>®(Q) and sup f < 0.
Q

Theorem 4.1. (Existence and uniqueness: sublinear case) Let Q@ C RY be a
bounded uniformly convexr domain. Under the assumptions (F1)-(F2), (H2), (S1)

and (CC) there exists a unique viscosity solution u € C(Q) of (58).

Remark 4.2. Differently from the case p > 1, see (44), in the sublinear setting we
prove existence and uniqueness of solutions for any R. Il
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Proposition 4.3. For any M > 0 and any ball Br(y) there exists u € C*(Bgr(y))
radial solution of

BAN(D?*u) + b|DulP = —M in Bgr(y (59)
u=0 on OBRg(y).
Moreover lullor @rgy < (1+ R) max {leﬂ, (%) . } : (60)

Proof. For R > 0 let us consider the ODE problem

B 4 p(—/(r))P = =M, 7€ (0,R)
u'(r) < 20 <, re(0,R) (61)
' (0) = u(R) = 0.

We claim that such problem has a unique solution. As in the proof of Proposition
3.1, let us observe that u is solution of the equation in (61) if, and only if, for any
r € (0, R) it holds that ¢(r, —u/(r)) = 0, where

gp(r,s):—ﬂ§+bsp+M for r,s > 0.
r

Now, since p € (0,1), differently from the proof of Proposition 3.1, for any fixed
r € (0, +00), the function s — ©(r, s) is concave in [0, 00). Moreover it is increasing
for s € [0, s1(r)], then decreasing for s > s;(r), where

s1(r) = (b%r) = . (62)

Moreover ligl @o(r,s) = —oo. Hence there exists (a unique) sg = so(r) > s1(r)
S—r—+00

such that ¢(r, so(r)) = 0. Since
— B p—1 B p—1 __
Dsp(r,y 50(1)) = — +bp(so(r))P " < - +bp(si(r)P— =0 for r > 0,

by the implicit function theorem, so(r) € C*(0,+00) and sy(r) > 0 for r > 0. In

fact sy € C([0,+00)). To show this we first observe that, as in (iii)-Proposition 3.1

we have lim So(r) = 0, since (r,r*) < 0 for a € (0,1) and r sufficiently small.
r—0

Moreover, exploiting the definition of s, i.e. ¢(r, so(r)) = 0, we have

Bso(r) _ M + b(so(r))P

sh(r) = — .
X (8 1) Rl ey o

M Mr\? M
Since ¢ (7“, %) =b (FT) > (0, we deduce that so(r) > TT for r > 0.
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r - Ié]
(so(r)t=r A\ M
Form this we can pass to the limit, as » — 0%, in (63) and obtain that

M
. ! .
Jm, solr) = B

This shows that so(r) € C*([0, 00)).
Summing up, the function sy = so(r) € C*([0, R]) for any R > 0 and satisfies

1-p
Then 0 < ) r? forr >0 and lim _ 0.

r—0+ (So(r))t—r

s0(0) =0, se(r) >0 forr € [0, R]. (64)
Moreover, since Bsoy) = b(so(r))P + M for r > 0,
we infer that the map r — SOT(’") is increasing. In particular
sh(r) > Soﬁr) for r € (0, R]. (65)

For r € [0, R] let uw = u(r) be the function defined by the formula

u(r) := /TR So(t) dt.

By (64)—(65) it follows that w is the solution of (61) and, slightly abusing notation,
that u(z) = u(r) with r = |z — y| is solution of (59). To complete the proof it
remains to show estimate (60). Since u is monotone decreasing and concave, then

[ull o gy = w(0) = w'(R) < (1+ R)so(R). (66)
Moreover, setting 5 = max {M;, (%) N } ,

by a straightforward computation we have
o(R,Ss) = —Bf + 05" + M <0.
r
Hence so(R) < 5. From (66) we obtain (60). O

Proposition 4.4. (Comparison principle: sublinear case) Let 2 be a bounded do-

main. Suppose that (F2), (H2), (S1) and (CC) hold. If u € USC(R2), v € LSC(f2)

are respectively a sub- and a supersolution of (58), then u < v in 2.

Proof. Fore > 0 the function v.(z) = (1+¢)v(x) € LSC(Q) is a strict supersolution
of (58), since by (F2), (H2) and (S1) it holds that the following inequalities hold in
the viscosity sense:

F(z, D*v.)+H(Dv,) < —(1+e)H(Dv)+(1+¢) f(z)+H(Dv.) < f(x)+e Sl(l)pf in Q.

By (CC) we have u < v, in 2 and we conclude by sending ¢ — 07. N
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Proof of Theorem 4.1. In view of Proposition 4.3, with M = || f||_ + ¢, for any
ball Br(y) there exists a concave solution u, = u,(x) of

BAN(D?u) + b DufP = —([[flloc +¢) in Br(y)
u=20 on 0Bg(y).

Since Q = (), oy Br(y), then by the structural conditions (F1), (H2), we infer that
for any y € Y the function w, is in turn a supersolution of (58). Using the stability
of the supersolution property under inf-operation and the uniform (with respect to
y) estimate (60), we infer that

v(x) = ylél}f/_ u,(x) € Lip(Q)

is a positive concave supersolution of (58) such that v = 0 on 9€2. On the other
hand, by the assumption (S1), the function © = 0 is a subsolution of (58). By
Perron’s method and by Proposition 4.4 we conclude that

u(z) :=sup{w(x) : 0 <w < v and w is a subsolution of (58)}

is the unique viscosity solution of (58). O

We end this section by adapting the above argument to get existence and uniqueness
of convex solutions for the sublinear, p < 1, Monge-Ampere equation

{ (det(Du))™ = f(z) + b|Dul’ in Q (67)

u=0 on 0.

Assumption (S1) is here replaced by
(S’1) fel(2)NL>() and igff > 0.

Remark 4.5. It is worth to point out that the standard Lipschitz continuity as-
sumption in the gradient variable, see [9, (5.22)-Theorem V.2], is no longer true in
our framework since p is strictly less than 1. Nevertheless arguing in a similar way
to the proof of Proposition 4.4, using the assumption (S’1) and the fact that p < 1,
it is readily seen that the comparison principle between sub- and supersolutions of
(67) still holds.

Theorem 4.6. Let Q C RY be a bounded uniformly convex domain. If (S°1) hold,

then there ezists a unique u € C(§2) viscosity solution of (67).

Proof. Theorem 4.1 yields the existence of a viscosity solution u of
A (D*u) = f(z) + b|DulP in
u=20 on 0f).

From this and using the inequality det(X) > (A (X ))N for any X > 0, we infer
that u is a subsolution of (67). The function @ = 0 is instead a trivial supersolution
of (67). In view of Remark 4.5, we can use Perron’s method in the class of convex
subsolutions (with the same observations as those did in the superlinear case, see the
proof of Theorem 3.11), thus obtaining the existence of a unique convex viscosity

solution of (67). O
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