Journal of Convex Analysis
Volume 28 (2021), No. 2, 353-386

A Nonlinear Mean Value Property
for the Monge-Ampere Operator

Pablo Blanc

Department of Mathematics and Statistics, University of Jyvdskyld, Finland
pblanc@dm.uba.ar

Fernando Charro

Department of Mathematics, Wayne State University, Detroit, MI 48202, U.S.A.
feharro@Quwayne. edu

Juan J. Manfredi

Department of Mathematics, University of Pittsburgh, Pittsburgh, PA 15260, U.S.A.
manfredi@pitt. edu

Julio D. Rossi

Departamento de Matemdtica, FCEyN, Universidad de Buenos Aires, Argentina
jrossi@dm.uba.ar

Dedicated to Umberto Mosco on the occasion of his 80th birthday.

Received: May 23, 2020
Accepted: June 2, 2020

In recent years there has been an increasing interest in whether a mean value property, known
to characterize harmonic functions, can be extended in some weak form to solutions of nonlin-
ear equations. This question has been partially motivated by the surprising connection between
Random Tug-of-War games and the normalized p-Laplacian discovered some years ago, where a
nonlinear asymptotic mean value property for solutions of a PDE is related to a dynamic program-
ming principle for an appropriate game. Currently, asymptotic nonlinear mean value formulas are
rare in the literature and our goal is to show that an asymptotic nonlinear mean value formula
holds for the classical Monge-Ampeére equation.
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1. Introduction

It is well-known that there is a mean value formula that characterizes harmonic
functions; a function u is harmonic (u is a solution to Au = 0) in a domain 2 C R”
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if and only if u satisfies the mean value property
ue) = £ uty)dy (1)
B:(x)

for each z € Q and all 0 < e < dist(z,d2). In fact, a weaker statement known as
asymptotic mean value property is enough to characterize harmonicity: A continu-
ous function u is harmonic in €2 if and only if

u(z) = ]ia(x) u(y) dy + o(e?) ase — 0, (2)

see [11, 41]. The same results hold if we replace the average over the ball B.(0)
by an average over the sphere 0B.(0). Moreover, the mean value property can be
extended to characterize sub- and superharmonic functions replacing the equality
by the appropriate inequality in (1) and (2). Furthermore, a discrete version also
holds; a continuous function u is harmonic if and only if

n

u(z) = — Z {%u(:c +ee;) + %u(x — Eej)} +o(e?) ase— 0, (3)

i=1
where {ej,...,e,} is the canonical basis of R".

Extensions of these ideas to the classical Poisson equation —Awu = f derive from the

e—0 52

from where we conclude that when f is continuous, a smooth function u satisfies
—Au = f in Q if and only if

2

u(x):][a(x)u(y)dy—FQ(E f@) +o(e)  ase—0 (5)

n+ 2)
for each z € Q.

Mean value formulas for operators other than the Laplacian are relatively rare in
the literature. In [36], the authors prove a mean value theorem for linear divergence
form operators with bounded measurable coefficients. In this case, the statement of
the mean value formula involves the Green function for the operator. In [17] (see
also [10, 20]), a simpler statement in terms of mean value sets was pointed out (a
set D is a mean value set for the point x € D and the operator L if the mean value
property (1) holds with D replacing B.(z) for every u such that Lu = 0). It is worth
mentioning that mean value sets and their properties are yet to be fully understood,
see [2, 3, 6, 8, 29]. For mean value properties in the sub-Riemannian setting we refer
to [12].

In recent years there has been an increasing interest in whether the mean value
property can be extended to nonlinear operators such as the normalized infinity
Laplacian

n
AN ! E
Oou = ‘VUP uxmjuxiuxj

ij=1
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and the normalized (also called 1-homogeneous) p-Laplacian,
Ay = |Vul P div(|VulP > Vu) = Au+ (p — 2) A,

for 1 < p < oo. This question was originally motivated by the surprising connection
between dynamic programming principles and the normalized infinity Laplacian
discovered in [31], [30] and its connection with Random Tug-of-Wag games in [38].
A nonlinear mean value property for p-harmonic functions first appeared in [37]
motivated by the Random Tug-of-War games with noise in [39]. It was proved in
[37] that p-harmonic functions are characterized by the fact that they satisfy the
following nonlinear asymptotic mean value formula in the viscosity sense

p—2 Hlaxga(x) U+IIliIl§€(x) u 2—|—n 9
= I d
u(z) (p+n> < 5 + par %Bg(gﬁ)u(y) y+o(e?) (6)

as e — 0. See also also [4] and the recently published book [9] for historical references
and more general equations.

Observe that the mean value formula holds in a generalized or viscosity sense, mean-
ing that whenever a smooth test function touches u from above (respectively below)
at a point x, the mean value formula (6) is satisfied with < (resp. >) for the test
function at x. In addition, in certain cases (6) holds point-wise. This is the case
when the dimension n =2 and 1 < p < oo ([33, 5]). However, it does not hold for
p = oo for the Aronsson function, the co-harmonic function u(z, y) = z4/% —y*/3, see
[37]. Whether we have a point-wise characterization in higher dimensions remains
an open problem to the best of our knowledge.

The nonlinear mean value property (6) has a game-theoretic interpretation for which
it is essential that the coefficients add up to 1, so that they play the role of conditional
probabilities. Note that only the first term in (6) is nonlinear, with more weight the
larger the p, while the second one is linear. In particular, the case p = 2 reduces
to (2), the asymptotic mean value property that characterizes harmonic functions.
For mean value properties for the p-Laplacian in the Heisenberg group see [23] and
for the standard variational p-Laplacian [22].

Our goal in this paper is to investigate the validity of mean value properties for
solutions to the Monge-Ampere equation,

det D?*u = f,

which arises in many areas of analysis, geometry, and applied mathematics. Some
important examples are the prescribed Gaussian curvature problem or Minkowski
problem, optimal mass transportation and the construction of antennas and reflec-
tors, see [21, 24, 26, 27, 28, 45].

In the Dirichlet problem for the Monge-Ampeére equation, one prescribes a smooth
domain ©Q C R", boundary data g(x) on 0f2, and a right-hand side f(z) in 2, and
studies existence and regularity of a function u that verifies

det D>u=f  in Q, 7)
u=g on Of).
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For the problem to fit into the framework of the theory of fully nonlinear elliptic
equations, one must look for convex solutions u to ensure that det D?u is indeed a
monotone function of D?u. Thus, we require the right hand side f(z) to be non-
negative. We also assume that the domain 2 is convex. The convexity of €2 is
required in order to construct appropriate smooth subsolutions that act as lower
barriers, see [18, 19].

The Monge-Ampere equation can be expressed as an infimum of a family of linear
operators as follows,

2 1/n : t 12
n(det D*u(z))”" = de{l}qultrace(A D?u(x)A) (8)
(see Remark 1.6 and Lemma 2.7 below). Notice that the condition det(A) = 1 allows
the matrix A to have arbitrarily small eigenvalues, which shows the degeneracy of
the operator; this is immediately apparent in dimension n = 2, where the two
eigenvalues of the matrix must be reciprocal in order to keep the determinant equal
to 1, but one of them can be very small if the other is very large.

As mentioned above, our goal is to establish a mean value property for a convex
function u that satisfies det D?u = f. In fact, the convexity of u automatically
implies that the value of v at a given point cannot be above its average over a ball,
that is,

u(z) < ]i )y (9)

One could also see this formula as a consequence of the subharmonicity of u. A
refinement comes from the Arithmetic-Geometric mean inequality, which implies

Au > n(det D*u)Y/" = nft/m.
Then, by using the asymptotic representation of the Laplacian in (4), it follows that

m(f(x))l/” + o(g?) as e — 0,

uw) < f uly)dy -
B.(x) 2(
which improves on (9). Even more, we can replace the average over the ball in the
previous expression by the infimum over the family of averages of u over ellipsoids
that are volume-preserving affine deformations of B.(x). Motivated by equality
(8) we can expect an equality to hold for this infimum. This is in fact the main
contribution of this article.

The main results of this paper are asymptotic mean value properties for the Monge-
Ampere equation that hold point-wise in the C? case, Theorem 1.1 and Theorem 1.3,
and in the viscosity sense in the general case, Theorem 1.2 and Theorem 1.4. Our
first two results give asymptotic mean value formulas when we consider ellipsoids
that do not become too degenerate near the point under consideration.

Theorem 1.1. Let ¢(g) be a positive function such that

lim ¢(e) = oo and lime ¢(e) = 0. (10)

e—0 e—0
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Let u be convex and C? in Q. Then, for every x € Q we have, as € — 0,

= in u(x — o et D*u(x 1/n52 o(e?).
u(z) = inf {]{W (o4 A9) d = 5o (et D)) 2 4 ofe?). (1)

det A=1
A<¢(e)I

Notice that Theorem 1.1 shows that a smooth (C?) convex function is a classical so-
lution to the Monge-Ampére equation det D?u = f in Q if and only if the asymptotic
mean value formula

. n 1/n 2 2
u(m)—gﬁf) 11{ ][6(0)“““””?’}‘% (F@)" e + o),

as € — 0 holds point-wise for z € €.

Our next result says that this mean value property extends to viscosity solutions
but this time the mean value property also needs to be understood in the viscosity
sense.

Theorem 1.2. Let ¢ be a positive function satisfying (10), and f € C(2) a non-
negative function. Then, a conver function u € C() is a viscosity subsolution
(respectively, supersolution) of the Monge-Ampére equation

det D*u=f inQ (12)
if and only if

det A=1 TQ) (f(x))l/n e+ o(e%) (13)
A<¢p(e)]

u(z) < inf {][ u(z + Ay) dy} S
B.(0) 2(
ase — 0 for x € Q (respectively, > ) in the viscosity sense; meaning that whenever a
convex paraboloid P touches u from above (respectively below) at x, the mean value
formula (13) is satisfied for the function P at the point x.

The restriction A < ¢(g)! imposed to the set of matrices over which the infimum is
taken in (11) makes the formula local. For every x € €, the conditions A < ¢(e)!
and |y| < e imply that z + Ay € Q for ¢ small enough; in fact, we have

dist(x + Ay, z) = |Ay| < e ¢(e) < dist(x,00Q)

for € sufficiently small (since € ¢p(¢) — 0 as ¢ — 0). As an example of a function ¢
that verifies (10) we mention ¢(¢) = ¢~ for 0 < aw < 1.

Strictly convex paraboloids satisfy (11) without the remainder o(¢?). However, when
A =0 is an eigenvalue of the Hessian matrix of the paraboloid, the remainder o(g?)
appears due to the restriction A < ¢(¢)I; see Example 4.2 below for details.

Next, we present a different mean value formula where we do not impose the con-
dition A < ¢(e)I. The statement for this formula is more natural and for convex
paraboloids it holds without the remainder. On the other hand, this formula is not
local since the paraboloids need not shrink to x as ¢ — 0.
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In our formula we consider averages of u over ellipsoids depending on A and . We
must require that this ellipsoid is included in the domain of definition of the function
u. Therefore we restrict the infimum over matrices A for which the ellipsoid

E(Az)={yeR": [AT(y—2)[<e} ={o+Ay: ye B.(0)}
is contained in 2.

Theorem 1.3. Let u be convex and C? in Q2. Then, for every x € Q

u(zr) = deifixle {]is(O;LL(m—i-Ay) dy} — 2(nT—L|—2) (det D2u(x))1/n g2 +o(e?), (14)

E.(Azx)CQ
asymptotically as ¢ — 0.

As it was earlier the case, we have that the mean value formula holds point-wise for
smooth functions and characterizes smooth solutions to Monge-Ampeére, but when
we want to extend the characterization for viscosity solutions the formula has to be
interpreted in the viscosity sense.

Theorem 1.4. Let f € C(Q2) be a non-negative function. Then, a convex function
u € C(Q) is a viscosity subsolution (respectively, supersolution) of the Monge-Ampére
equation

det D*u=f inQ (15)
if and only if
n
< _ 1/n 2 2
o)< ot { st iy - ) ol ()
E-(Az)CQ

as e — 0 (respectively, > ) in the viscosity sense for x € 0; meaning that whenever a
convex paraboloid P touches u from above (respectively below) at x, the mean value
formula (16) is satisfied for the function P at the point x.

Notice that we always have

. < '
L f, e Ay < nt, f ate )y 1)
N A<gp(e)T ~ T °

The equality holds for strictly convex paraboloids and for smooth functions the
difference is of order o(¢?). The difference is not of order o(¢?) for viscosity solutions,
see Example 4.5 below. Therefore, Theorem 1.1 and Theorem 1.3 are different in
nature, they do not imply each other in an obvious way. The infimum over ellipsoids
with the restriction A < ¢(e)! is bigger or equal than the infimum over ellipsoids
contained in 2 for € small enough (because there are more ellipsoids contained in
than satisfying the restriction A < ¢(¢)I). To check whether u is a subsolution of
equation (15) the upper bound for u(x) with restricted ellipsoids is more convenient.
On the other hand, the lower bound for u(z) using ellipsoids contained in €2 is more
convenient when checking whether u(x) is a supersolution of the same equation.

Several remarks are in order.
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Remark 1.5. Analogous formulas can be obtained by considering the integral over
the boundary of the ellipsoids. That is, for u convex and C? in 2 we have

= in u(x n-l 1 et D2u(z)) "™ €% + o(e?
wr) = ot { e f 5 e D) o)

det A=1 )
E.(Ax)CQ

. n—1 1 2 1/n 2 2
= inf {f?BE(Ou(:B—I—Ay) dH (y)} -3 (det D*u(z))"" €+ o(?)  (18)

det A=1 )
A<¢()]

as € — 0. See Remark 3.3 below. These formulas also hold in the viscosity sense
and they characterize viscosity solutions to the Monge-Ampére equation.

Remark 1.6. We assume without loss of generality that the matrices A in Theo-
rems 1.1 and 1.2, and in general throughout this paper are symmetric and positive
definite. This follows from the (unique) left polar decomposition of A, namely
A = 5@, where @ is orthogonal and S is a positive definite symmetric matrix. In
fact, it is easy to see that S = (AA)Y/? and Q = S A.

Remark 1.7. Assume that v € C?*(Q) and that all the eigenvalues of D?u are
positive (notice that in this case u is strictly convex). For every x € €2, the matrix

A* = (det D2u(93))ﬁ D2u(x)_%

has determinant equal to 1 and satisfies A* < ¢(e)I for € small enough. Therefore,
for € small we have

ndet(D*u(x))Y™ = trace((A*) D*u(z)A*)

= inf trace(A'D*u(z)A) = inf trace(A'D*u(z)A),
det A=1 det A=1, A<¢(e)

by Lemma 3.1 below. Moreover, A* realizes the infimum in (11) asymptotically;
that is, making the choice A = A* in the argument leading to (30) in the proof of
Theorem 1.1, plus (32), gives

= * — " (det D2u(a))" &2 + o(?
u(z) = ]ig(o)u(:v—l—A y)dy—z(n+2> (det D*u(x)) + o(e?)

for € small enough. Then, comparing with (11), we get, as desired,

inf { ][ u(x + Ay) dy} = ][ u(z + A*y) dy + o(e?).
B (0) B-(0)

det A=1, A<¢(e)I

After proving the main theorems we present several examples. In Examples 4.1 and
4.2 we study the behavior of the mean value formulas for paraboloids. Example
4.3 shows that the hypothesis of convexity is needed. In Example 4.4 we present
a viscosity solution to the Monge-Ampere equation that is not classical, but for
which the asymptotic mean value property holds in the point-wise sense. Finally,
Examples 4.5 and 4.6 provide examples of a viscosity solution to the Monge-Ampere
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equation such that the mean value property does not hold point-wise, although it
holds in the viscosity sense by Theorem 1.2.

Finally, we want to include a discrete mean value formula for Monge-Ampere. This
is similar to formula (3) for harmonic functions.

Theorem 1.8. Let u be a convex function in a domain 2 C R"™ and let ¢ be a
positive function satisfying (10). Let us denote by Q the set of all orthonormal bases
V ={vi,...,v,} of R". Fore >0 we define the sets

I = {(ozl,...,ozn) eR": Hozj =1 and 0<q;< gb2(€)}
=1

We have that the asymptotic expansion

11 1 2
u(z) = ‘1/r€1£) aiireli" {E Z; §u(x + e/auv;) + §u(x - 5\/a_iv,~)} — %(f(x))l/n + o(£?)
as € — 0, holds in the viscosity sense if and only if u is a solution to the Monge-
Ampére equation

det(D*u(z)) = f(x)
in the viscosity sense.

Note the similarity with the mean value formula (13) in the sense that |/o; can be
regarded as analogous to the eigenvalues of A (and hence the condition [ [, a; = 11is
analogous to det(A) = 1) while the orthonormal basis {v;} is analogous to a basis
of eigenvectors of A.

The paper is organized as follows. In Section 2 we provide some necessary prelimi-
naries and information about general viscosity theory for Monge-Ampere. In Section
3 we provide the proofs of Theorems 1.1, 1.2, 1.3 and 1.4. In Section 4 we discuss
some particular examples. Finally, in Section 5 we prove the discrete version of the
mean value formula.

2. Notation and preliminaries
In this section we set the notation, recall basic results on the Monge-Ampere equa-
tion, and state some definitions.

For symmetric square matrices, A > 0 means positive definite and A > 0 means pos-
itive semidefinite. We will denote \;(A) the eigenvalues of A, in particular Ay, (A)
and Apax(A) are the smallest and largest eigenvalues, respectively. We will denote

the k-dimensional ball of radius 1 and center 0 by B (0) = {z € R¥ : |z| < 1} and
the corresponding (k—1)-dimensional sphere by GBYC)(O) ={zeR": |z| =1}
From now on whenever k is clear from the context, it will be omitted. We use the
notation H* for the k-dimensional Hausdorff measure.

A C? function P(z) is a paraboloid if and only if it coincides with its second order
Taylor expansion, i.e., we have

P(z) = P(zo) + (VP(x0), (x — z0)) + %<D2P(QZO)<$ — Zo), (x — x9))

for any given xy. Furthermore, P(z) is a convex paraboloid if and only if D?*P > 0.
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We recall from [13, 24, 28] the notion of viscosity solution used in the sequel, see also
(14, 15, 16, 35, 34, 42, 43] for additional references on Monge-Ampere equations.

Definition 2.1. Let u € C(Q2) be a convex function and f € C(Q), f > 0. The
function w is a viscosity supersolution (subsolution) of the Monge-Ampére equation

det(D?*u) = f in Q, (19)

if for every convex paraboloid P that touches u from below at zy € Q (respectively
from above) we have

det(D?P(xg)) < fl(xg) (respectively > f(zo)).

Remark 2.2. There are other notions of generalized solution of (19) in the litera-
ture. The notion of admissible weak solution (see [43]) is equivalent to the notion
of generalized solution in the sense of Aleksandrov (see [28, Section 1.2] and also

[1, 7,13, 40]). When f € C(£), a convex function u € C(2), solution of (19) in the
Aleksandrov sense (or admissible weak sense) is a viscosity solution; the converse is
true whenever f > 01in 2 (see [13, Section 2] and [28, Propositions 1.3.4 and 1.7.1]).

There is considerable work in the literature establishing existence, uniqueness and
regularity of solutions to (7), see [18, 19, 24, 28, 44] and the references therein. The
main ingredients of this theory are summarized as follows:

1. The Monge-Ampeére operator, when written as (det(D?u))*/™, is concave fully

nonlinear. It can be expressed as an infimum of a family of linear operators as

follows,

n( det Dzu(x))l/n = itr}‘f X trace(A’ D*u(x)A) (20)
This characterization is a well-known, general property for non-negative matrices,
proved below in Lemma 2.7 for the sake of completeness. Notice that the operator
is degenerate since the condition det(A) = 1 allows the matrix A to have arbitrarily
small eigenvalues. This idea has been used in [25] to obtain an interpretation of

Monge-Ampere in terms of optimal control.

2. The fact that det D?u can be represented as a concave fully nonlinear operator
implies that pure second derivatives are subsolutions of an equation with bounded
measurable coefficients and as such, are bounded from above. For that purpose, the
boundary and data must be smooth and the domain strictly convex. In fact, the
geometry of the domain is an important issue in the regularity theory for degenerate
operators depending on the eigenvalues of the Hessian, see [19].

3. The last ingredient of the theory is that for a convex solution of the equation with
f strictly positive, the linearized operator is uniformly elliptic and general regularity
theory applies. In particular, the Evans-Krylov theorem implies that solutions are
C?“ and from there, as smooth as two derivatives better than f.

Let us state precisely what we understand by “satisfying the mean value property
in a viscosity sense”. First, recall that given a constant ¢ and a real function ¢

c<g(e)+o(e?) as e =0
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_ +
whenever we have lim m =0,
e—0 52
and c>gle)+o(e®)ase—0
whenever we have lim % = 0.
e—0 £

Definition 2.3. Let ¢ be a positive function satisfying (10). A function u verifies
the mean value formula

u(r) = deggle, { ]{95(0) u(x + Ay) dy} — ﬁ (f(2)™e® + o(e?)
A<¢(e)I

as € — 0 in the viscosity sense if for every convex paraboloid P that touches u from
above (respectively from below) at x, it holds, as ¢ — 0, that

n

P(z) < (=) inf 7{][5(0) P(z + Ay) dy} )

gy @) 4 ofe?)

An analogous definition holds when the infimum is taken over ellipsoids contained in
Q. In fact, ellipsoids play a very important role in the geometry of Monge-Ampere.
Let us recall the notation used in Theorems 1.3 and 1.4.

Definition 2.4. Given a real number € > 0, a point € R" and a matrix A with
det A =1, the set
E(Az)={yeR": [A ' (y—2)| <&}
={yeR": ((AA) 'y — ), (y —2)) <%} (21)
={z+Ay: ye B0)}.
is an ellipsoid centered at x, with axes in the directions of the eigenvectors of AA?,

and axes lengths given by square roots of the corresponding eigenvalues, scaled by
a factor e.

Remark 2.5. The following are some elementary but useful facts:

(1)  Whenever € = 1 we will say that the ellipsoid is unitary since then
|E1 (A, z)| = det(A) [B1(0)] = [B1(0)].

(2) E.(A,0)=¢E(AD0).

(3) |E(A, )] = e"[Ex(A, )| = " [B1(0)] = [B:(0)]

(4)  The representation of a given ellipsoid by a matrix A is not unique, since for
any @ with Q'Q = I, the matrix QA represents the same ellipsoid.

(5)  According to Remark 1.6, we can always assume that an ellipsoid is given by
a symmetric, positive definite matrix.
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The following elementary fact will be used several times in the sequel.

Lemma 2.6. Let M be a square matriz of dimension n. Then,

n
trace(M) = = ]éB (0)<My7y> dH" (), (22)
2
- ][ (My,y) dy, (23)
€ =(0)

Proof. (Included for the sake of completeness.) Expression (22) follows immediately
from the divergence theorem, just realizing that the exterior unit normal to 0B.(0)
at y € 0B.(0) is y/e. For the second part, a change to polar coordinates and (22)
(with e = 1) yield

1 e U
][ (My,y)dy = —/ / (My,y) dH" " (y) r"dr
B.(0) 1B-(0)[ Jo JoB, (0

52 2

= My,y) dH" " (y) =
DB Sy, 10 W) = 05

trace(M). O

We conclude this section with the following linear algebra fact, which is the key to
what follows.

Lemma 2.7. Let B be a symmetric and positive semidefinite matriz. Then,

inf trace(A'BA) = n(det(B))Y".

det A=1
On the other hand, if B has a negative eigenvalue, then the infimum is —oo.
Proof. Let A with det A = 1, which we can assume symmetric and positive definite

by Remark 1.6. The matrix A'BA is symmetric and positive semidefinite and the
arithmetic—geometric inequality gives,

n 1/n n t
det(B)l/”:(”)\i(AtBAD SlE :Ai(AtBA>:trace(ﬂ.
n
i=1 i=1

n

As this is true for any A with det A = 1, we deduce,

n(det(B))Y" < inf trace(A'BA).

T det A=1

To derive the converse inequality, assume first that B > 0. Then, the matrix
1 1
A = det(B)2« B2 has determinant equal to 1 and verifies the equality,

trace(A'BA) = n(det(B))"/".

Let us now consider the case when B > 0. Since the result is trivial when B = 0,
we can assume that 0 is an eigenvalue of the matrix B with multiplicity n — k < n,
that is, B = Pg diag(/\l(B), .., \(B),0,. .. ,O) P}y with PgPh = 1.
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Fix 0 > 0 and define As = Ppdiag()\(45)) P (24)
with Pp the same as before and diag(\;(As)) the diagonal matrix with entries
s >
_— fori=1,...k
<trace(B)) T
Ni(As) =

5 N im ke
<trace(B)) ort =L

In this way, As is positive definite with det(As) = 1, and

k
trace(A§BAs) = Y Ai(As)*Ai(B) = 6.

i=1
Since 6 > 0 is arbitrary, we conclude that

inf trace(A'BA) = 0 = n(det(B))"/".

det A=1

Finally, whenever B has negative eigenvalues, one can adapt the above argument
and write

B = Ppdiag(M(B),. .., \(B), \e iy (B), ., s (B)) Py

ro'n

where A\, (B) denote the negative eigenvalues of B (note that we are assuming that
B has k non-negative eigenvalues). Then, choosing As as in (24) with

52 fori=1,...,k
Ai(As) = ;
0 2=k fori=k+1,...,n.
k . n
we get trace(A§BA;) = 6 Z Ni(B) 40" nk Z A, (B).
i=1 i=k
Taking 6 — 0 in the above expression, we obtain that
inf {trace(AtBA)} = —00. O
det A=1

3. Proof of the main results: Theorems 1.1, 1.2, 1.3, and 1.4

In this section, we start with proving the mean value property under the restriction
A < ¢(e)1 for solutions of the Monge-Ampeére equation, in the classical and viscosity
cases, Theorems 1.1 and 1.2, respectively. We start by showing that for strictly
convex functions with positive definite Hessian the matrices that compete for the
infimum at a given point cannot be too degenerate.

Lemma 3.1. Let u € C*(Q) with A\pin(D?*u) > 0. Then, for every x €  and every

1/2
o Au(z)
0 >0y := (W) , (25)

. t 2 _ : t M2
we have deﬁle trace(A'D*u(z)A) = inf o trace(A" D u(z)A). (26)

det A=1, A<
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Proof. Let A be a symmetric matrix with det(A) = 1, and write A = QJQ" with
(@ orthogonal. Then, we have

trace(AtDz Z )\2 QtD2 )Q)m > )\nnn D2 Z )‘2

max

> )\min (D2 ( )) )‘2 (A)
Therefore, we conclude that

: t 2 >\ (D2 2
detH/le:L trace( A D*u(z)A) > Ayin (D?u(z)) 6 (27)
Amax(A)>0

Moreover, by choosing A = I, we have

inf trace(A'D*u(z)A) < Au(z). (28)

det A=1
From (27) and (28), whenever 6 > 6, for 6, given by (25), we have that

inf  trace(A'D*u(x)A) > inf trace(A'D*u(x)A).
det A=1, det A=1
Amax(A)>0

This proves the lemma, since

inf trace(A'D*u(x)A)

det A=1
= min inf  trace(A'D*u(x)A), inf trace(AtDQU(x)A)}. O
det A=1, det A=1,
Amax(A)>9 Amax (A)Se

We can proceed with the proof of Theorem 1.1.

Proof of Theorem 1.1. Given z € 2, let us define the paraboloid
P(z) = u(z) + (Vu(z),z — x) + %(DQU(x)(z —x),(z —x)).
Since u € C?(Q), we have
u(z) — P(2) = o(|z — z|?) as z — ,
which means that for every n > 0, there exists 6 > 0 such that for every z € Bs(x),
PG) = D — 22 <u(z) < P(2) + g|z — 2], (29)
with equality only when z = x. For convenience, let us denote

10y n 2
PX(z) —P(z)i§|z—:v] :
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Let us assume first that D?u(z) > 0. Then,

1

F (P Ay~ PE@) dy =5 f (A DPu()Ay.y) £ 0l AgP) dy
=(0) B:(0)

1 2

L -5

by Lemma 2.6. From here, we can use Lemmas 3.1 and 2.7 to get

trace (A" (D*u(z) £ nI) A), (30)

: + _ pe
it {f e an - i) o)

A<o(e)l

82

__ & t (P2
=219 degngI’ {trace (A" (D*u(z) £nl) A) }
A<o(e)T

82

e o
= S 3] L, trace (A" (Dula) = 1) 4)

n 1/n o
= ——— (det (D*u(x) £ nl 1
2(n+2)(e( u(z)£nl)) e (31)
. (D2 —
as long as ¢ < Amin(D7u(@)) 77, which holds for n,e small enough because
Au(z) +nn

D?u(z) > 0.

On the other hand, from (10) it follows that the conditions A < ¢(e) and |y| < e
imply x + Ay € Bs(z) for € < gy, where £ ¢(e) < 0 for every € < g and ¢ is as in
(29). Therefore, by (29), if € < ¢, then

P (x4 Ay) < u(x + Ay) < P (z + Ay) for every y € B.(0). (32)

Then, (31) and (32) give

n 2 1/n o .
2(n+2) (det (D) =nl)) T < jejg(%)li ]{Bg(o) e+ Ay) =t dy}
< ﬁ (det (D2u(x) + n[))l/n 2. (33)

To conclude, we observe that

/n 1/n

(det (D*u(x) £nl))"" = (det D*u(z)) " + O(n) as n — 0. (34)
To see this, first notice that
det (D*u(x) £ nl) = det D*u(z) + Z(:I:n)kan_k (D*u(z)), (35)

k=1

where the coefficients in the expansion are given by the elementary symmetric poly-
nomials on the eigenvalues of D?u(x), which are positive by the convexity of u.
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Therefore, (det D?u(z) — Cn)"'™ < (det (D*u(z) £ nI)"™ < (det D*u(z) + Cn)"'"
for some C' > 0. Then, the Mean Value Theorem applied to g(t) = t*/™, with
a = det D*u(x) and b = det D*u(z) + Cn gives that there exists £ € (a, b) such that

/n

(det D2u() + Cn)'"™ = g(b) = gla) + ¢/(€)(b — a) < (det D?u(x))

Similarly, we obtain that

1/n

(det D*u(z) — Cn) Ve (det D*u(z))
and (34) follows.

_077

Putting together (33) and (34) we have proved that for every n > 0 there exists ¢
such that for every € < ¢

- n 2 I/n 2 2
inf {][5(0) (u(z + Ay) — u(x)) dy} BOED)) (det D*u(x)) " €*| < Cne?,

det A=1,
A<¢(e)I

that is, (11) holds.

The case when A = 0 is an eigenvalue of D?u(z) requires minor modifications of the
above argument (we will assume D?*u(x) # 0 because the result is trivial otherwise).
In fact, the convexity of u yields u(z + Ay) > u(x) + (Vu(x), Ay) and therefore,

. n 1/n o
— > - 2
detlr,alel,{ ZZBE(O) (u(z + Ay) — u(x)) dy} 0 3n+2) (det D*u(z)) " €%,
A<¢(e)I

since the integral of the first-order term vanishes by symmetry. Thus, proving (11)
amounts to show that

inf { ]i (ol Ay) —u(e) dy} < o(22), (36)

det A=1,
A<o(e)]

as € — 0. Fix n > 0. Arguing as before, we find that there exists gy such that (32)
holds for every £ < gy (we will only use the upper estimate). Then, by (32), and
Lemmas 2.6, 3.1 and 2.7 we get

aelhr, { Jim (u(a + Ay) —u(z) dy}

A<g(e)]
< i + _ pt+
B detlr/lxiy { ]{35(0) (Pn (517 + Ay) Pn (:1:)) dy}

A<o(e)I

52

e t (12
- {trace (A" (Dula) + 1) A) }
A<(e)]

52

= 30 7 2) adi, trace (4 (Du(@) +n1) A)
g e (0 )
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Ui

————— . But th 35) gi
Aulo) T ut then, (35) gives

as long as € <
0 < det (D*u(z) +nl) < det D*u(z) + Cn = Cn

and the proof of (36) is complete. O

Next, we proceed with the proof of Theorem 1.2.

Proof of Theorem 1.2. Let us show first that u is a viscosity subsolution of (15)
if and only if (13) holds in the viscosity sense. Assume that a convex paraboloid P
touches u from above at zo € Q. By definition of viscosity subsolution of (15), we
have

det D*P(z¢) > f(x0) (37)
and we want to show that
u(wo) < inf ][ Plag+ Ay)dy b — —"— (F(wo)) /" 2 + o(e2)
~ det A=1, BE(O) 2<n + 2) (38)
A<e(e)I

as € — 0. But, in fact, Theorem 1.1 and (37) show that

. _ n 2 1/n o 2
¢<f>{ / (Plan-+ 49) = Plao) I} = gty (D)) "2 4 ofe),
> sy U 72 4+ of), (3)

as € — 0, which gives (38).

To prove the converse, let P and z( be as before, and assume (38). Our goal is to
show (37). Theorem 1.1 and equation (38) show that

Q(n + 2) (f(ivo))l/” 52 + 0(62) < dji%i; ][6(0) (P(ZL‘() =+ Ay) — P(:L‘O)) dy}
= ﬁ (det DQP(QZO))I/N g2 +o(e?),

as € — 0. Then, dividing both sides by € and letting ¢ — 0 gives (37).

The supersolution case follows similarly. O

Theorem 1.3 follows from Theorem 1.1. The key point in the argument is Lemma
3.2 below, which shows that when Ay, (D?u) > 0 the ellipsoids that compete for the
infimum among ellipsoids contained in {2 must concentrate around the point where
the mean value property is centered. Theorem 1.4 in the viscosity case follows from
Theorem 1.3 as Theorem 1.2 follows from Theorem 1.1.
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Lemma 3.2. Let u € C*(Q) be a convex function. We fiz zg € Q and assume that
Amin(D?*u(xg)) > 0. For each €, let A, be a matriz with det A, = 1 that almost
realizes the infimum; that is, such that

][ (u(:cg + Ay) — u(zo) — ﬁ (det D2u(x0))l/n €2> dy (40)
B (0)
< inf ][ u(zo+Ay) —u(xgy) —

~ det A=1 2(n+2)

(det D2u(x0))1/" 52) dy} + o(e?).
E€(A7zO)CQ B (0)

Then, the ellipsoids E-(A.,xo) concentrate at the point xy as € — 0, in the sense
that, given 0 > 0 there exists g > 0 such that, for each € < &y,

E.(Ac, z0) C Bs().

Proof. First, we observe that since u is convex we can subtract the supporting
hyperplane of u at xy and assume u(zy) = 0 and u > 0 in §2. Since the eigenvalues
of D*u(xq) are strictly positive we have that there exists ¢ > 0 such that

u(z) > cd?, for |z — x| > 9/2, (41)
where ¢ can be chosen small.

We argue by contradiction. Assume that there is 6 > 0 and a sequence A,, = A,
such that det A,, = 1, E. (An,x0) C Q, E., (An,x0) N (Q\ Bs(xo)) # 0 (the
ellipsoids do not concentrate), and

) Z{m (m ) = g (det Dula)) gzn) a )

Eep (Az0)C B, (0)
Since u(z) > ¢§? for | — xo| > §/2 it holds that

C
][ u(zo + Apy)dy > — u(wo + Any)dy
B, (0) Em J{yeBe,,(0): |Amy|>6/2}

Co?
Emn

Next, since E., (A, zo) N(Q2\ Bs(zo)) # 0, the largest eigenvalue of A,, must satisfy

0
- S )\max == Amax(Am)-

Em

> {y € B..(0): |Any| > 6/2}|.

We assume that the eigenvector corresponding to Apax (A, ) is in the direction of z,,
and we have

{y € B, (0): [Any] 2 6/2}| = <,

{x € B,(0): |Apa| > i}‘

2em

>e€

n
m

{x € B1(0): (Apz), > A“‘”‘H ,

)
: > — > g
{.CE € B1(0): (Apz)p > - }‘ >en 5
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where (A,,x), denotes the n-th coordinate of A,,x. By Cavalieri’s principle we have

An’)ax

{ee B0 (40,2 A}' = [ B A 00 (=

2 Amax
2

>\max n—1
= [B""(0)] - / Mo At (1= @/ Ama)®) 2 da,

A
_ mex ] -
_ B 1>(o)|./ (1= (20 /Mua)?) T d

s A

1 n—1
— B (0)| / (1= 32)"T dyn = |Bi(0) N {y -y > 12},

2

where we have used Remark 2.5 and the change of variable z,, = A\Lax¥n.
Therefore, ][ u(zo + Any) dy > ¢(6) > 0.
Bﬁm (O)

Using this lower bound, (42) and Theorem 1.1 we conclude

2y _ - . n 2 1/n 9
o= o, L, (00 90~ gy (e ten) ) v}

A<p(em)]

. n ]_/n 2
> J— 2
de{l’lf ) { 7Z o (U(ZL’O + Ay) (n ) (det D U(.TO)) Sm) dy}

E.,, (Azo)CQ
n 1/n o 2
> 7[ A,y) — ———— (det D? d
=) (u(:vg—l— ) o) (det D*u(o)) 5m) Y+ o(e2)

> ¢(8) + 0(e2,) > 0

as €, — 0, a contradiction. This shows that a sequence A,, verifying det 4,, = 1,
E. (A, ,zo) C Q, and E. (Am,z0) N (Q\ Bs) # 0, together with inequality (42)
cannot exist. O

Proof of Theorem 1.3. We fix 2y €  and, as in the previous lemma, assume
that u(xg) = 0 and v > 0 in Q. Since u is convex we can subtract a supporting
hyperplane of u at xy. We split the proof in two cases: det(D?u(zg)) = 0 and
Amin (D?u(z9)) > 0.

In the first case, since det(D?u(zy)) = 0 and u(xg) = 0, we have to prove that

. . 2
L uteo+ Ay dy = o)
ES(A,xo)CQ

Be
This follows from Theorem 1.1 since

< i < i = o(? :
0< de{gle ]{B u(zo + Ay) dy < deir}‘f:l ][ u(zo+ Ay)dy = o(¢”) ase — 0
E.(Azo)cQ ~ ° A<o(e)]

€
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In the second case, when the eigenvalues of D?*u(z) are strictly positive, Lemma
3.2 shows that we may assume that the ellipsoids E.(A, x¢) are contained in a ball
Bs(x) with 0 as small as needed. We then argue as in the proof of Theorem 1.1. [

We conclude this section with the following remark.

Remark 3.3. Using the coarea formula, we can rewrite our mean value formulas
in terms of a weighted surface integral over 0E. (A, x) as follows,

/a ) A4 )| ()

A,x)

L@y roe). (3)

= 1 f
u(r)= in 5

det A=1 AAt -1 _ 1 n—1
A<o(e)] /aEE(A,J)( ) (y—2)| T dH" T (y)

To see this, notice that for a paraboloid P, a change of variables in (47) yields

2

f o Pw - Pa) =
E.(Ax)

mtrace (A'D*P(z)A).

For any g € L', the coarea formula gives

/EE(A x) v)dy = / /BEt A x) JAA) y = 2)[7HdH" (y) dt. (44)

In particular, for g(y) = P(y) — P(z) we have

/ E [ (Pl = P (A4 g )| e )
0 JoE(Ax)

) LB e e
_/EE(AJC)(P(y)—P(x))dy—2<n+2)t (A'D2P(z) A) 2.

Then, we can differentiate both sides with respect to € and obtain
[P - P@) (A1) (- ) )
OF:(A,x)

= M trace(AtDZP(x)A)gl. (45)

Observe that making g(y) = 1 in (44) and differentiating both sides with respect to
€ gives

ne RO = [ ) - o ), (46
OF:(A,x)
Then, (45) and (46) lead to

[ Pwlaay -t :
OE.(Az) = P(z) + ;— trace(AtDQP(IL’)A),
/8E (A) [(AAT) ™y — )| dH" " (y) !

and (43) follows in the same way as in the proof of Theorems 1.1 and 1.2.
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4. Examples

In this section we present several examples referred to in the introduction that
highlight different aspects of Theorems 1.1, 1.2, 1.3, and 1.4.

In the first two examples, we illustrate Theorem 1.1 for convex paraboloids, with
emphasis in the case when A = 0 is an eigenvalue of the Hessian matrix of the
paraboloid. As pointed out in the introduction, strictly convex paraboloids satisfy
(11) without remainder. However, when A = 0 is an eigenvalue of the Hessian matrix
of the paraboloid, the remainder o(?) appears due to the restriction A < ¢(e)I.

Example 4.1. For all convex paraboloids we have equality without the remainder
in the expansion (14) considering all matrices satisfying det(A) = 1.

By definition, a paraboloid P coincides with its second-order Taylor expansion
around z and we can write

t L2
]{35(0) P(x+ Ay)dy = ]{35(0) (P(m) + (A'VP(x),y) + §<A D P(x)Ay,y>> dy

= P(z) + %][ (A'D?P(x) Ay, y) dy,

since the integral of the first-order term vanishes by symmetry. Then, Lemma 2.6

gives
£2

2(n+2)

If the paraboloid P is convex, we can take infimum over the class of matrices with
determinant equal to 1 on both sides of (47) and apply Lemma 2.7, to obtain

][ P(z + Ay)dy = P(x) + trace(A'D*P(z)A). (47)

5

inf ][ P(x + Ay)dy = P(z) + (det DQP(x))I/n g2, (48)

det A=1

2(n+2)

Example 4.2. For strictly convex paraboloids we have equality without remainder
in the expansion (11) restricted to matrices A satisfying A < ¢(¢)I and det(A) = 1.
The remainder is present when the paraboloid is convex but not strictly convex (and
not identically zero).

Taking infima on both sides of (47) with the additional constraint A < ¢(¢)I as in
Theorem 1.1 gives

2

. . € . t 2
detu}‘f:l’ { ][EP(x—i—Ay) dy} = P(x)+2(n+2) detnfl‘f:l’ {trace(A D*P(z)A) } (49)
AT A<p(e)]

If D?P(z) > 0, we can apply Lemmas 3.1 and 2.7 and get (11) without a remainder
when ¢ is small enough. Let us now consider the case when A\ = 0 is an eigenvalue
of the matrix D?P(z) with multiplicity n — k < n (assume that P # 0, otherwise
everything trivializes). Suppose that we have equality without remainder in (11) for
small . We would have

Pla) = inf { ]i Pl Ay) dy}, (50)

det A=1,
A<o(e)I
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which, in view of (49), implies that for ¢ > 0

det A=1,
A<o(e)I

inf trace(AtDZP(a:)A)} = 0.

We show that this is not possible. Write

D*P(z) = Qdiag(M(D*P()), ..., \(D*P(x)),0,...,0) Q"
with QQ = I. For ¢ > 0 small consider matrices A such that det(A) = 1 and
A < ¢(e)I. We have

trace(A'D?*P(x)A) > min \;(D*P(z)) >0

B(€)2 =D 21k

independently of A, no matter how small € is (this is due to the fact that we have
minj:l,..,k )\J<D2P(ZL’)) > 0)

The following example shows that for a general smooth function (without convexity),
we have

. . 2
de{I}‘f:l o u(x + Ay) dy # detuflxil, { ]is(o) u(x + Ay) dy} +o(e®).  (b1)
A<o(e)]

The problem is the change in convexity outside of the domain, which is detected by
“far reaching” matrices A. This is not seen when we require A < ¢(e) because we
remain inside the domain for € small enough.

Example 4.3. Consider the functions

_ e Jalf

+
utlr) =5+ 4y

Then, u™,u™ respectively solve det D?u(z) = f(x) in the classical sense for

and u (z) = — — —

+ 2 R _ ) ]2 n1
=+ (1+5)" ad @ =0-leP (150"
Moreover, for ¢(¢) under hypotheses (10), we have
deﬁfﬂ ]{35(0) u” (z+ Ay)dy = —oo, and (52)
. _ . . _ 2
detr}‘le o u (x4 Ay) dy = deﬁle 5.0 u(z+ Ay) dy + o(€”) (53)

A<p(e)] E.(Az)CQ

where we take 2 = B;(0) so that u~ is convex and f~(x) > 0 in Q. This is in
contrast with u™, for which

) ir};f_l ][ u+(x + Ay)dy = ) i{kf_l u*(x + Ay) dy + 0(52) (54)
etA=1 JB_(0) Ae<t¢ (2)1 B.(0)

as a consequence of Theorems 1.3 and 1.1.



374 P. Blanc et al. /A Nonlinear Mean Value Property ...

Let us show first with an explicit calculation that

in u (x —u (x = _n N2 1 o(e2).
fxegﬁfaﬁr{]{eg(m( (@t Ay) = w () dy} 2tz TS

Observe that the matrix
2 2
D*u™ (r) = ( - ﬁ) - (z®ux) (55)
3 3
has two eigenvalues 1 — |z|?, which is simple and corresponds to the eigenvector x,
and 1 — |z|?/3, which has multiplicity n — 1 and eigenspace given by the subspace
orthogonal to z. Hence, we have det D*>u~ = f~. On the other hand we get

_ _ 2+ Ay> |z + Ayt |2 |z
Ay) — dy = _ _ d
][6(0) (u™(z + Ay) —u (z)) dy ][E(D)( 5 5 5t W

1 |22 ][ ) 1 A 1 p
=_(1- = Ay|*dy — — Ay dy——][ x, Ay)* dy 26
S(1-5) o1 3 1, o 14 3 1,00 A (56)

since y +— (x, Ay) is odd and the integral over B.(0) vanishes. We compute the
three integrals on the right-hand side. First, Lemma 2.6 yields

2

2, _ €& t
][8(0) |Ay|* dy = — trace(A'A). (57)

For the second integral, a change to polar coordinates gives

64

Ayltdy = —————
ﬁmﬂ W= DB oo

Notice that the exterior unit normal to 0B;(0) at y € 0B;(0) is y itself. Therefore,
the divergence theorem yields

| Ay[* dH" " (y). (58)

/" !AyﬁdH"-%y>=t/) div (| Ay A Ay) dy
0B1(0) B1(0)

=2 / | A Ay|? dy + trace(A'A) / |Ayl*dy  (59)
B1(0) B1(0)

_|B.(0)]
n+2

(2 trace( A" AA'A) + (trace(AtA))2> )

where we have applied Lemma 2.6 twice in the last step. Finally, a similar argument,
changing to polar coordinates and applying the divergence theorem yields

2
5
(o, Ay’ dy = ——— (z, Ay)* dH" " (y) (60)
][5(0) (n+2)|B1(0)] Jo, (o)
= L div, ((A'z, y)A'z) dy = e |Alz|?
0+ 2B S T 2
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Plugging (57)-(60) back into (56) gives

2(n +2) u (x+ Ay) —u (x)) d

S ) =) dy
— ( — ’%) trace(A'A) — 6(n€+4) (2 trace(A'AA'A) + (trace(AtA))2> — @
= trace(A'D?u" (z)A) — m <2trace(AtAAtA) + (traee(AtA))2> , (61)

with D?u~(x) given by (55).

Let us see what happens if we impose A < ¢(e)I with ¢(e) under hypotheses (10).
We get

trace (At <D2u(:c) - 6&124)&%(5)21) A>

2(n+2)

<
c2

]i " (v (z + Ay) — v (z)) dy < trace(A'D*u” (z)A)

and, from there, by (10), we get
2

< ' t( M2, —
2(n + 2) de?}xf:l {trace(A (D*u (@) = 0<1)])A>}
A<g(e)]
<ot L, (ot A ) i}
A<¢(e)I :
2
< c inf {trace(AtD2u’ (;U)A)}

2(n +2) det A=1
A<Lp(e)I

as € — 0. At this point, we can apply Lemmas 3.1 and 2.7 (notice that D?*u~(z) > 0
in Q) and get that, for £ small enough

2(717:— 2) (det (DQU_(:E) — 0(1)I)>1/"€2
. a —u (x et D2u— (2 1/n_2
Sjﬁ%lj{]ig(o)(u (z+ Ay) —u ( ))dy}SQ(n )(d t D*u™(x))

We conclude using (34) to get

n 1/n_2 (.2
iy @) = ofe?)
n
< i - —u” < ne?,
< {f e - @) a) < ot gy
A<(e)] :
Furthermore, we know by Theorem 1.3 that
. _ o . _ 2

Jnf u(z+Ay)dy = inf u (z+ Ay) dy + o(e7),
A<g(e)] =(0) E-(Az)CQ B (0)

although this fact is not obvious from (61).



376 P. Blanc et al. /A Nonlinear Mean Value Property ...
A similar computation to the above shows that the function

_ kP Jal

+
uiz) =5+ 4y

satisfies

n( det D2u+(x))1/n = inf trace(A'D*u*(z)A)

det A=1

At (u* ( + Ay) — u*(x)) dy

S 2
5 det AZI Bs (0)

2

< trace(A'D*u’(z)A) + m

(2 trace(A'AA'A) + (trace(AtA))2> )

for every A with det A = 1. In particular, we can take
A = det(D*ut (x))Y W D2yt (1) 712
and get

u(z) = inf f L A dy = T () Ofe

det A=1

as € — 0, from which (54) follows.

To conclude the example let us see that

de?};f:l ]{35(0) (u™(z+ Ay) —u™ (z)) dy = —oo, (62)

and (52) holds. This shows that the ellipsoids in the mean value property need to be
restricted to the domain where u is convex. To prove (62), notice that (61), yields

52 det A=1

2(n+2) inf ]{3 o (u™(z + Ay) —u (z)) dy

62

— inf {trace(AtDQU_(x)A)_m

det A=1

(2 trace(A'AA'A) + (trace(AtA))2> }

with D*u~(z) given by (55). Let us assume that the matrix A is diagonal. Then,

52

6(n+4)

— ;Af(fl) Ugia, (T) — m 2;)\;‘(/1) + (; A?(A))

trace(A'D*u™(z)A) — <2 trace(A'AA'A) + (trace(AtA))Q)

and the goal is to minimize this expression with the restriction det(A) = 1. For
simplicity, let us further assume n = 2 here, since the general case is similar. In
two dimensions, det(A) = 1 means that the two eigenvalues of A are necessarily
reciprocal and we can write A\j(A) = (Ay(A))7t = \.
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Then, we have
2

trace(A'D*u™ (z)A) — ;—6 (2 trace(A'AA'A) + (trace(AtA))2>

Ugo (.Z') 52 1 82
_ )\2 - 2%2 = )\4 =) - =
o () + =55 g ( * )\4> 18
Since we are assuming no relation between A and e, we can fix € and let A — 0,
which gives (62).

In the following example we present a viscosity solution to the Monge-Ampere equa-
tion that is not classical. Nevertheless, the asymptotic mean value formula holds in
the point-wise sense.

Example 4.4. Consider the Monge-Ampére equation det D*u(z) = f(z) with

o) = el =12 S = (1 1)

=]/ ¢

This is an example of a viscosity solution of the Monge-Ampere equation with right-
hand side f(x) that is not a classical C? solution. Notice that f = 0 in B;(0). We
show how much simpler it is to work with the asymptotic mean value property in the
viscosity sense, in contrast with in the point-wise sense, where we have to compute an
infimum of integrals for the actual function u (and not just for the test paraboloid).
In this example, the resulting integrals for u are of elliptic type. Nevertheless, we
are able to use the viscosity computation to show that the asymptotic mean value
formula holds in the point-wise sense.

For the reader’s convenience, we will verify the definition of viscosity solution. This
only needs to be done in the sphere 9B;(0) since u is locally C* otherwise. The
subsolution case is immediate since any convex paraboloid P that touches u from
above at zo will automatically satisfy det D*P(zy) > 0 = f(xo) by convexity. Let
us check now the supersolution case. Let P be a convex paraboloid that touches u
from below at xy € 9B;(0), i.e., such that P < u with P(zg) = u(xo) = 0. Since
Vu(zg) = 0, we must require VP(zy) = 0 as well. Moreover, u is constant and
equal to zero in part of any neighborhood of zy and, by convexity and the contact
condition, we find that P(z) = 0 is the only convex paraboloid that touches u
from below at xg and det D*P(x) = 0, as required by the definition of viscosity
supersolution.

Assume now that P(x) is a convex paraboloid that touches u from above at xg, with
|zo] = 1. Because u(xg) = 0 and Vu(zg) = 0, then, P(z) must be of the form

1
P(z) = §<M($ — x), (z — $0)> (63)
Moreover, in a neighborhood of zy we must have
1 1
S(al = 12 = u(x) < P(x) = S(M(z — 20), (2 = 20)), (64

which holds trivially for |z| < 1.
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Taking x = (1 4 a)xq in the previous equation we obtain that
(Mo, x0) > 1 (65)
is a necessary condition for contact. For example, if M > I, then
2P(x) = (M(z—20), (x—x0)) > |v—20|* = |2|*—2(x, 20) +1 > |2|* = 2|2| +1 = 2u(2)

and this holds for all z. However, (65) is not a sufficient condition. As we are going
to see, one can take some of the eigenvalues of M smaller than 1 in the directions
orthogonal to zy and still have that P touches u from above in a small neighborhood
around xg.

Let us choose in (63) the matrix

M= Qdiag()‘la R )\n)Qta (66)

with () an orthogonal matrix with first column zy and the remaining n — 1 forming
an orthonormal basis of the orthogonal complement to xy. Furthermore, we will
choose

A =1 and A =A>0, 1#1.

Then, we are going to show that P touches u from above at zy in the ball Bj(xg)
with
A
o=——. 67
1—A (67)
Notice that § — oo as A — 1 (which means that the neighborhood becomes larger
and larger as we approach M = I) and 6 — 0 as A — 0 (the neighborhood degen-

erates as the paraboloids become flatter in the directions orthogonal to ).

Denote by w; the columns of ). Because they form an orthonormal basis of R", we
can write

T = T9+ Zciwi =(1+c1)zo+ Zciwi
i=1 1=2

and o = (L+ )+ . (68)
=2

Therefore, (M(z — o), (x —20)) =& + AD 1yt = — A1+ ¢1)? + Az]?, and
proving (64) for |z| > 1 becomes equivalent to showing

(|| — 1)2 — )\]x\Q < cf -1+ 01)2. (69)

Observe that when A < 1 the function g(t) = > — A(t + 1)? is decreasing for
t < A/(1—X). Moreover, (68) and (67) imply that

A
clgla:\—lglx—x()]%—]xg]—lgm

and therefore g(|z| — 1) < g(e1), which is equivalent to (69) and (64).
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Let us show now that, in this case,

det A=1 det A=1,

inf ][ w(xo+Ay)dy = inf {][ u(zo+Ay) dy} = u(z) +o(e?) (70)
B:(0) A<o(o)] Be(0)

as € — 0, for ¢ satisfying (10). First, notice that for every P that touches u from
above at x( in a neighborhood, which must be of the form (63), we have

0 < inf ][ u(zg+ Ay)dy < inf {][ u(zo + Ay) dy}
B:(0) =(0)

T det A=1 det A=1,
A<p(e)]

. (71)
< inf P A ~_ 5 iyt { AfMA}
—desﬁzl,{]ie(m ot A n} =55, {taeeatat

A<¢(e)] A<@(e)]

for € small enough, where in the last equality we have applied Lemma 2.6.

In particular, when we choose M given by (66), the paraboloid P touches u from
above at xy in a ball Bs(xy) with § given by (67). Moreover, we can apply Lemma
3.1 as long as

1+ (n— 1A\ "? P
<f) < ¢(5) and e< m = 5,

which holds for £ small enough. This, together with (71), yields

T det A=1 det A=1,

0< inf ][ u(zo + Ay)dy < inf { ][ u(zo + Ay) dy}
Be(0) =(0)
A<o(e)]

n 1/n 2 1-+ 2
< —— (det M <CANn
_2(n+2)(e Y Met < C €

with C' independent of A. Since A can be taken arbitrarily small, we conclude (70).
Example 4.5. This time we consider the function
u(ay, x2) = |21

in R2, which is a viscosity solution to the Monge-Ampére equation with f = 0. The
mean value formula (13) does not hold point-wise for any ¢ satisfying (10). The
mean value formula (16) holds in a point-wise sense if we consider the function in
its natural domain R? (see Example 4.6 for a function where it does not hold point-
wise). On the other hand, if we restrict the domain to B;(0), the expansion (16)
does not hold in a point-wise sense.

More generally, we consider u(z1,z2) = |z1|7, with 7 > 1 in R?. We have that
u(xy, z9) is a viscosity solution for the Monge-Ampeére equation with f = 0 and the
mean value property (13) holds point-wise only when ¢(¢) satisfies

= 0. (72)
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In particular, when v = 1 the mean value property (13) does not hold point-wise
for any function ¢(¢) satisfying (10). On the other hand, (13) is satisfied point-wise
for every ¢(e) satisfying (10) when v = 2.

Using polar coordinates,

24y

2
/ |CL11 COSH-{—CLlQSiIlQWdQ.
0

€
A d == 'Yd —
/E u(Ax) dx /E la111 + araxs|” dx 21

Assume a5 # 0 and let 6y = arctan (a1 /a12). Then,

2 2
/ |a11 cos 6 + arasin 6] d = (a7, + af2)7/2 / | sin (6 + 6o)|” dO
0 0

Oo+2m T
= (af;, + a%2)7/2/ | sin (6 + 6p)|" df = 2 (a7, + af2)7/2/ sin” 6 do
0

fo
=Gy (a%I + af2)7/2 :

If a1 = 0 we obtain the same result. Therefore,

min

][ ( )u(Aw) dz = C, (a3, + a?2)7/2 & = C (AA%e;, e))%7 > C AL, (A)e7,
£ (0

with equality for diagonal matrices where a1; = Apin(A).

Observe that the restriction A < ¢(¢)I implies A\ > 1/¢(e). Therefore,

-
£
inf uw(Az) dr = C, (—) ,
jegt(f(;)l] B:(0) 9(¢)

which is o(e?) only as long as (72) holds. In the particular case ¢(¢) = e~ condition
(72) reduces to (1 + «) > 2. Then, for each a € (0,1) there exists 7 > 1 such that
(1 + a) < 2 and therefore a function C''7 for which the mean value property (13)
does not hold point-wise.

If no conditions over the matrix are imposed we get

inf ][ u(Azx)dx = 0.
B.

det A=1

The restriction E.(A,0) C By implies A\ < 1/¢ and therefore Ay, > €. We get

inf u(Az) dx > Ce*
det A=1
E-(A,0)CBi

which is not o(e?) for v = 1.
Example 4.6. Here we present a function defined in R? that is a viscosity solution
to the equation but that does not verify (16) in a point-wise sense at the origin.
|1 | if |21 > 73
The function u(zy, x0) = a8 + a2

2] Loif o] < 24
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It is a solution to the equation det D*u(z) = f(x) in R? with

0 if |21 > 23
flxr,22) = q 28 — ]

if 21| < 23.

This can be easily verified in the points where the function is smooth. Since

u(0,z9) = %3 and therefore -2 32 “(0,0) = 0 we conclude that the equatlon holds at

the origin. For the other points of the set {|z1| = 23}, we have that 2 o (T1,22) =1

9%u
82

paraboloid P touching u from below at those points must verify az—fl(xl, x9) = 0.

and in the side where u(x,z3) = |z1| we have 5% (z1,29) = 0. Then any convex

Observe that u(zy,9) > |71| and u(xy, z2) > 23/2, then, we have that

inf ][ u(Ax) dx
det A=1 B.

is not of order o(g?).

5. A discrete mean value formula

Now our aim is to briefly sketch the proof of the discrete mean value characterization
of viscosity solution stated in Theorem 1.8. To this end we first need to introduce
what we understand for an asymptotic mean value property to hold in the viscosity
sense in the discrete case (this definition is similar to Definition 2.3).

Definition 5.1. A function u verifies the mean value formula

Vel o;el? n
=1

u(z) = inf inf {l Z %u(l‘ + e\/av;) + u(x - 5\/04_11)1)} — %( (2 ))1/”—1—0(52)7

as € — 0, in the viscosity sense if whenever a convex paraboloid P touches u from
above (respectively from below) at z, it holds that

P(z) < (>) inf inf {% > %P(%—F&\/Oé_@'vi)‘f’%P(x_g\/a_ivi)}_%(f<x))1/”+0<52)7

VeQ a;eln —
1=

Proof of Theorem 1.8. Assume that we have a continuous function that verifies
the asymptotic mean value property. Our goal is to show that it is a viscosity
solution. To this end let P be a paraboloid that touches u strictly from below at
x and with eigenvalues of the Hessian verifying \;(D?P(z)) > 0. Then, from the
asymptotic mean value property we have

Vel a;ell n <
=1

P(z) > inf inf {l > %P(x +ey/a;) + %P(w - 5\/a_ivi)}_%(f(x))1/”—|—0(52)'

Next, using Taylor expansions as we did in the proof of Theorem 1.2 we get

0 > inf inf {% Z%<D2P($)Ui’vi>} — (f(2)Y™ + o(1).

Ve Otl'EI?
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Passing to the limit as ¢ — 0 we get

Ve HL aizl n 3
Jj=1

0 > inf inf {lZai<D2P(x)vi,vi>} - (f(:v))l/n,

Since all the a; are positive we conclude

det(D*P(x)) < f(x).

The proof that u is a viscosity subsolution is analogous.

For the converse, assume that u is a viscosity solution and let P a paraboloid that
touches u strictly from below at the point x, and with eigenvalues of the Hessian
verifying \;(D?P(x)) > 0. Since u is a viscosity solution to det(D?*u) = f, we have
that

[Tx(D*P@) < f(a).

Using that all the «; are positive we get

VeO Hz a;=1

1 n
0> inf inf — «(D*P i» Vi) ¢ — Hn
> inf in {n;(%< ($)U7'U>} (f(z))™,
and hence, we have

0 > lim inf inf {% Zai(sz(:U)vi,vi>} — (f(x))l/”

e=0Ve0 a; el

That is,

1 1
n §P(x +ev/av;) + §P(a: — &y/av;) — P(x) 1 X
~ > —5 (f@),
e VeDaielr | n 4= € 2

0> lim inf inf

as we wanted to show.

The proof of the other inequality is similar. [

Now, let us go back to Example 4.4 to see how this mean value property works using

the function ¢(g) = \/ig We consider the Monge-Ampere equation det D?u(x) =

f(z) in dimension 2 with

o) =l =12 and )= (1 1)+.

]

As we have mentioned, u is a viscosity solution of the Monge-Ampere equation with
right-hand side f, but it is not a classical C? solution, see Example 4.4.
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Let us look at the point o = (1,0) that is precisely in the set where u is not smooth.
The mean value property reads as

2

u(xo) = ‘}Ielfo alrelfﬂ {% Z %u(mo + 5\/a_ivi)+%u(xo—€\/@vi)}—%( (20))2+o0(e?),

i=1
that is, we would like to see if

0 = inf inf {Zi(|(1,0)+5\/a_ivi)| —1)i+i(|(1,0)—5\/@vi)| —1)i}+o(62).

VeO aiEIEQ —1
1=

As the involved function is non-negative we trivially have

0< jut i, {Z F00L0) + ey/am)] - 12+ 1(1(1,0) — ey/aw)]| - 1)1} Tole?).

Let us show that

=

0:i inf inf {Z (1,0) + ev/azv;)| — 1)2 i(|(1,0)—5\/a_ivi)|—1)i},

€2 Veo ;€12
i=1

To this end, we choose v; = (1,0) and vy = (0,1) and «; = v/ and ap = 1/4/c. We

obtain

0< g—iggg;igg{zélua 0) + e/@io)| = 12 + £(1(1,0) - ey/ain)] — 12 }

IN

{00+ 7,00 = D2+ (1, =) - 12}

1 V1 + 232 — 1)2
:_{55/2_'_( /1+€3/2_1)2}:€1/2+( + € )

g2 g2

Now, we just have to observe that

. (V1+4e32—-1)2
lim

=0
e—0 52

to conclude that the discrete mean value property holds point-wise in this case.
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