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We consider shape optimization problems for general integral functionals of the calculus of varia-
tions that may contain a boundary term. In particular, this class includes optimization problems
governed by elliptic equations with a Robin condition on the free boundary. We show the existence
of an optimal domain under rather general assumptions and we study the cases when the optimal
domains are open sets and have a finite perimeter.
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1. Introduction

Let D C R? be a bounded open set with a Lipschitz boundary. In this paper, we
are interested in the following shape optimization problem.

Problem. Find a domain {2 which solves the minimization problem
inf {j(Q) :QC D, Q Lipschitz},

where the shape functional J is defined by
J(Q) := min {/ j(z,u, Vu) dx +/ g(z,u)dH""  ue W“’(Q)} :
Q o9

Here p > 1, H%! is the (d — 1)-dimensional Hausdorff measure, and the
integrands j and g satisfy suitable properties.

The prototype of our class of integral functionals can be obtained by solving the
PDE with Robin boundary condition

{—Au:f in 0

1
Bu+ d,u=0 on Of) @
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and minimizing the corresponding energy

1
—/|Vu|2dx—/fudx+é/ u® dH,
2 Ja 0 2 Jaa

among all domains 2 C D with prescribed Lebesgue measure |€2|. This corresponds
to the integrands

ja5,2) = glel ~ f@s e gles) =55

where c¢ is the Lagrange multiplier associated to the measure constraint on 2. The
stability of solutions of elliptic equations under Robin boundary conditions, with
respect to the variation of the domain, has been studied in [8].

When the Robin boundary condition is replaced by the Dirichlet condition
u =0 on 0f),

and g(z,0) = 0, the boundary integral disappears, and the corresponding shape
optimization problem has been considered in [9]. The shape optimization problem
under Robin boundary condition on 0f2, in a general form, was first studied by
Bucur-Giacomini in [7]. They considered the right-hand side f = 0 but with a
Dirichlet condition of the form u = ug on a prescribed part Dy of D. The addition
of a zero-order term in our framework is the natural variational formulation of
problem (1) and raises several technical difficulties.

The key idea, introduced in [7], consists in extending all functions u € W'?(Q) to
the whole R? by setting v = 0 outside . In this way, the Sobolev property of
the extension is clearly lost; however, the extended functions belong to some SBV
space, which allows us to write the boundary integral corresponding to a function u
as an integral on the jump set of u. In this way, the dependence on the domain
can be removed, and the problem is reduced to the minimization of a functional of
the calculus of variations which includes a standard integral term and an additional
integral term over the jump set of the competing functions .

The main result (see Section 2.3 for more details) of our paper is the existence of
an optimal shape €2 which is open and has finite perimeter. To achieve this result
we first consider the relaxation of our initial problem to the family of sets

A(D) :={QC D : Qopen, 9Q is H* '-rectifiable and H* ' (92) < oo}
by setting for Q € A(D)

J(Q) = uemi/r}’fp(m {/Qj(a:,u, Vu)dx + /89 [g(z,u™) + g(z,u”)] d?-[,d_l} . (2

where Vu, ut, u= will be defined in Section 2. Next, we show that the shape
optimization problem can be reformulated in terms of the following free discontinuity
functional

= i(z,u, Vu) dr r.u’ T.ou” d—1
.mwhymﬂm+/m,wm,wﬁ, 3)

u
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defined on the set of functions

Fp:={ueSBV(RY) : u=0onR\ D},

where J,, denotes the jump set of u. The paper is organized as follows:

(1)

The relaxed shape optimization problem reduces to a problem of the calculus
of variations; more precisely, we consider

min {F(u) : u€ Fp}. (4)

Indeed, if € is an optimal shape for the minimization problem associated to the
relaxed functional (2), then €2 coincides (see Lemma 3.1) with the set {a # 0},
where @ is a solution of the variational problem (4).

The functional in (4) is not coercive on .%p; thus, to obtain lower semicontinuity
and compactness, we extend the functional to the functional space

Xp = {u cuVe, uA(—e) € GSBV(RY) Ve >0, u=0on Rd\D},
where GSBV(R?) is the space of all functions u such that
uAM and uV (—M) are in SBV (R%) for every M > 0.

In this extended framework, we prove (see Theorem 2.12) that, under some
assumptions on the integrands j and g, the minimization problem

min { F(u) : veXp}

admits a solution # € Xp which, a priori, may not belong to SBV(R?).

The next step is achieved as a consequence of Theorem 4.6, which asserts that
la] >a >0 where @ # 0,

and, as an immediate consequence, that u € GSBV(R?). This solution is then
proved to be more regular, i.e.,

% € SBV(RY)  with @ =0 on R*\ D

as a corollary of Lemma 4.1, which tells us that @ € L>°(R?). In particular (see
Theorem 2.13), the optimal shape € has finite perimeter.

Using an argument concerning the Mumford-Shah-type functional
MS(u):= | f(z,Vu)dr +H*"(J,)
Rd

in Theorem 2.14 we prove that the optimal shape Q = {u # 0} is open (and
thus belongs to A(D)) and there holds

J(Q)=inf {T(Q) : Q€ A(D), Q Lipschitz}.
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2. Preliminaries and main results

Throughout this paper, we indicate by |- | the d-dimensional Lebesgue measure and
by H?! the (d — 1)-dimensional Hausdorff measure. We use yp to indicate the
characteristic function of a subset E of R, defined by

(x) 1 ifxekF,
xTr) =
XE 0 ifedE.

We denote by Du the distributional derivative of a function u and by B,(z) the
open ball centered at x with radius r.

2.1. Lower semicontinuity and compactness in SBV(R?)

The natural framework of our paper is the SBV space, the class of special functions of
bounded variation which was introduced by De Giorgi and Ambrosio in [11] and used
by De Giorgi, Carriero and Leaci in [12] to successfully solve the free discontinuity
minimum problems. Before giving the formal definition, we recall some well-known
notions and we refer to [1] and to the book [3] for all details.

Definition 2.1. Let A C R¢ be an open set. Given a function v € L*(A), the total
variation of u in A is defined as

/\Du! = sup{/udiv(<b) dr : ¢ € CHAR?Y), ||¢]ls < 1}.
A A

The space BV(A) of all functions with bounded total variation in A is then

BV(A) = {u € LY(A) : /A\Du| < +oo}.

In other words, a function u € L'(A) belongs to BV(A) if and only if its distribu-
tional derivative Du belongs to the space of finite vector-valued Radon measures. [

Given a function u : RY — R the precise representative of u, which belongs to the
same class in L*(R?), is defined by setting

u(x) := lim u(y) dy.
r—0 By (z)
If u € WP(R?), 1 < p < oo, the limit above exists up to a set of p-capacity zero
(shortly Cj-a.e., where C, denotes the p-capacity), while if u € BV(RY) it exists
up to a set of H?~! measure zero. If u € BV(A) we denote by Vu the part of the
measure Du which is absolutely continuous with respect to the Lebesgue measure,
and by D*u the corresponding singular part. The asymptotic values of u near a
point of discontinuity, are defined by

u”(z) = sup {t €R : lim ‘B"(x’)Br:(g;f ] = O},

u*(x) = inf {t eR : 11_r>1(1) ’BT(J?B?({;;F H = 0},

and the jump set J, is the set where u™ # u~.
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Definition 2.2. Let A C R be an open set. The class SBV(A) of special functions
with bounded variation on A consists of all u € BV(A) such that the total variation
of the singular measure D*u is given by

|Du| = [ut —u” |[HT L . O

As mentioned in the introduction, the space SBV(IR?) is the natural one to solve the
minimization problem (4). However, the coercivity in SBV(R?) of the functional
F in (3) is not guaranteed because pathological behaviors are, in principle, still
possible.

Definition 2.3. Let A C R? be an open set. The class GSBV(A) is defined as the
set of functions u such that

uAM and uV (—M) are in SBV (A) for every M > 0.
In other words, a function belongs to GSBV(A) if and only if any truncation that
makes the L>°-norm finite is an element of SBV(A). O

Following the strategy proposed in [6] and taking into account that we do not have
a natural constraint on the L°°-norm, we need first to work on the space

Xp:={u : uVe, uA(—¢) € GSBV(R?) Ve >0, u=0onR*\ D}.

In this way we may avoid wild oscillations near {u = 0} and, at the same time, we
may work with the bounded truncations u A M, vV (—M). Going back to the main
framework, we need to introduce the weak convergence in SBV(R?) N L>°(R9).

Definition 2.4. Let A C R? be an open set. A sequence {u, }neny converges to u
weakly in SBV(A) N L*(A) if the following properties are satisfied:

(1) up(z) > u(x) at a.e. x € A,

(2)  Vu, — Vu weakly in L'(A),

(3)  both ||u,|le and H41(J,,) are uniformly bounded. O

The lower semicontinuity of functionals defined in SBV(A) was first studied by
Ambrosio in [2] and will be crucial in the following.

Theorem 2.5. (Ambrosio) Let ¢(z,s, ) be a Carathéodory function on R x R x R?
and let y(x,a,b) be a continuous function on R4 x R x R. Suppose that:

(i)  the function p(z,s,-) is convex;

(ii) thereisr > 1 such that the estimate @(x,s,z) > |z|" holds true for all = € R,
all s €R and a.e. x € RY;

(iii) the function 1 is nonnegative and satisfies the triangular inequality, namely

¢(x7 a’? b) S ¢($, a” C) + ¢($, C’ b)'
Then for every open set A C R? the functional

F(u) = / o(z,u, Vu)dr + [ (x,u™u”)dH
A Ju

is lower semicontinuous in SBV(A) with respect to the L. (A) convergence.
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Remark 2.6. In [2] the result above was actually obtained under weaker assump-
tions on ¢ and . However, in our case, we have

B lgw®) +g(u™)] < v(z,u’ u”) < By [g(u’) + g(u)],

with (1, B2 positive, and ¢ positive; hence the triangular inequality is automatically
satisfied in view of the assumptions in Section 2.2. ]

Remark 2.7. In Theorem 2.5, the assumption “p(z, -, -) continuous for a.e. z” can
be weakened. Indeed, using an approximation argument and Beppo Levi’s monotone
convergence theorem, one can require ¢(z, -, +) to be lower semicontinuous only. [

Remark 2.8. Note that this result also applies to sequences u,, in GSBV(A). In-
deed, using the same notation, we can write the functional as

F(u) = / o(x,u, Vu) dr + / Y, ut, u”) dHT 4 o(1) = Fy(u) + o(1)

An{|ul<M} Jun{|u|<M}

which means that F} is lower semicontinuous in SBV(A) with respect to the L{ (A)
topology. In particular, we have

liminf Fy (u,,) > Fi(u)

so that, by taking the limit as M — oo, we easily deduce that the same is true with
F' in place of Fj. [

We conclude this section with a few results giving the coercivity of functionals in

SBV(A) and GSBV(A). The first one was proved by Ambrosio in [1].

Theorem 2.9. (Ambrosio) Let A be an open bounded set in R?, let the function
¢: [0,00) — [0, 00] be conver non-decreasing and satisfying the condition

and let ©: [0,00] — [0, 00] be a concave non-decreasing function such that

lim o) =00
t—0+ ¢

Let (up)nen C SBV(A) N L®(A) be a sequence such that ||u,||p~ < C for a suitable
constant C', and

sup{/Agb(|Vun|)dx+/J O(|u,t —u;|)d7-[d_1} < o0. (5)

neN

un

Then there exists a subsequence converging in measure to a function

u € SBV(A) N L>®(A)  such that Vu,, — Vu weakly in L'(A).
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Remark 2.10. If we take the concave non-decreasing function

g
O(t) = 0 1 t=0,
1 ift >0,

and the convex non-decreasing function ¢(t) = |¢|?, then condition (5) reads as
sup {/ \Vu,|?dx + "Hdl(Jun)} < 00. (6)
neN A

The functional appearing in (6) is usually known as the Mumford-Shah functional

and we will use it again to show that optimal domains €2 are open.

Lemma 2.11. Let (uy,)neny C GSBV(A) be a sequence of functions and assume that
the following properties hold:

(1)  there exist c1,co > 0 and q¢ > 1 such that ||uy||Leay < c1 and ||V paay < o5
(2)  there ewists c3 > 0 such that [, [lut|?+ |u, 7] dH" < c3;
(3)  there exists ¢y > 0 such that H¥*(J,,) < c4.
Then u,, converges, up to subsequences, strongly in L1(A) to a functionu € GSBV(A)
that satisfies the properties (1), (2) and (3) with the same constants above.
Proof. Using (1) we immediately deduce that u, converges up to subsequences to
some u weakly in L9(A) which satisfies the inequality

[l pacay < Hminf fJup|zoca) < 1,

Therefore, using a standard result in functional analysis, to prove that u,, converges
strongly to w in L(A) it is enough to prove the convergence of the norms:

/|un|qdacn_>—oo>/|u|qu.
A A

Now notice that the weak derivative of u,, can be written as the sum of the absolutely
continuous part and the singular one; namely, we have

Du,, = Vu,, -dx + (u: — u;) Up - dHTTL T,

where v, is the normal unit vector to J,,. Let w, := |u,|?. A simple computation
shows that for its weak derivative we have

|Dw,| = qlun| V| - do + | w1 — Ju, 7] - dHT L,

so that its total variation as a measure is given by

[ 1pw = [ Juar Valdes [l ] dne

gq/mw+w%mm+/ (et |o + | 9] dpe
A u

n

<qlef+ ]+ =:Cy

This means that w,, converges to some w in BV(A) and, in particular, it converges
strongly in L'(A) to w.
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Finally, we notice that

/\Dun\:/Wunld:c—i—/ u —u, | dH
A A ‘]Un

< / (1+ |Vu,|?) dx +/ (L4 [+ [uy |9) dH
A .

n

< |A| +HH (T, +/ ]Vun\qdw+/ [uf |7+ [ur, |] dHt
A

Jun

<|Al+es+ 4+ 3= Cq7|A|,

which means that u,, converges strongly to u in L'(A) and weakly in L9(A). There-
fore, using the fact that

/|un|qu:/|wn|dxn_>—oo>/|w|da:,
A A A

we easily deduce that |u|? = w, concluding the proof of the result. O

2.2. Assumptions on j and g

We will now briefly describe the assumptions on j and ¢ that are sufficient to obtain
our main results. The model integrands are respectively

g, u, Vu) = [Vul’ — f(z)u+1,
where f is a function that belongs to a Lebesgue space, and
9(x,u) = Blul®

for some § > 0 so that for p = ¢ = 2 we obtain the Robin-type problem (1). In
particular, we require that j satisfies some (or all) of the following properties:

(j1) @~ j(x,s,&) is measurable for all (s,€) € R x R%, (s,€) = j(z,s,€) is lower
semicontinuous for almost every € R? and £ — j(x,s,£) is convex for all
s € R and almost every z € R,

(j2) The map j(z,0,0) belongs to L' (R?) and for a.e. z € R? we have j(x,0,0) > 0.
(j3) There are p > 1 and L > 0 such that

]($a37§)_]($7370) ZLK'pv (7)
and functions f € L*°(R%), a € L*(R?), and 1 < ¢ < p for which
j(z,5,0) = —f(z)|s|]! — a(z), (8)

holds for a.e. x € RY. Furthermore, the function f satisfies the estimate

L
1fllze ey < 5 A6 /1.4(Bp), (9)

where f; is introduced in assumption (g3), Bp is any ball of volume |D| and
for > 1 and b > 0 we define

)\b (B) = min fB |Vu|a dx + bfaB |U,|O‘ d’].[d—l
Q weWla(B)\{0} fB ‘u|0‘ dr
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(j4) There exists g9 > 0 such that for a.e. x € R? there holds
Jj(x,5,0) — j(z,t,0) >0 forall s <t < g.
Furthermore, if ¢ is the exponent given in (j3), then

(p—1)° 2

(d—1)p 4(p—1)
L+ 1+

p > q>max\ 1, P+

p
2p—1

(j5) The lower bound (7) is an equality, namely
j(2,5,€) — j(z,s,0) = LI]P.
Furthermore, there are My > 0 large and a positive constant C; such that
j(x,5,0) — j(z,t,0) > —=Cy|s|? for all s >t > M. (11)

In a similar fashion, we require that g satisfies some (or all) of the following prop-
erties:

(gl) x> g(x,s)is measurable for all s € R and s — g(z, s) is lower semicontinuous
for a.e. # € R%

(g2) For every x € R? we have g(z,0) = 0.
(g3) There exists a continuous positive function 3, : R? — (0, 00) such that

g(x,8) = Pr(x)]s[* (12)

for a.e. x € R? and all s € R, where ¢ is as in (j3). Furthermore, we have
B1 == mingega i () > 0.
(g4) There exists a continuous positive function 35 : R? — [0, 00) such that

Bo()|s|* = g(x,s) = Br(x)]s|*
for a.e. x € R? and all s € R, where ¢ is as in (j3). Furthermore, we have

Po = maxX,cpa fa(T) > fi.

2.3. Main results

The first step, the existence of a solution @ for the minimization problem (4) with
Xp in place of .%p, is obtained under very mild assumptions:

Theorem 2.12. Suppose that j and g satisfy (j1)—(j3) and (gl)—(g3) respectively.
Then the minimization problem

min {F(u) : ueXp}

admits a solution u € Xp. Furthermore, the relazed shape optimization problem
associated to the functional (2) is solved by €2 := {u # 0} on the class

{QC D : Q measurable} D A(D).
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The proof of the second assertion is an easy consequence of Lemma 3.1. However,
the solution # only belongs to Xp so we need an additional effort to show that
u € Fp or, in other words, that @ has finite L>*-norm (see Lemma 4.1) and also
that it is bounded from below by a positive constant (see Theorem 4.6).

Theorem 2.13. Let j and g be as in Theorem 2.12. If we further assume (j4) and
(g4), then u solves (4) and u > 0. In other words, u € Fp and, consequently,
Per(Q2) < oo, so that the optimal shape Q2 = {u > 0} belongs to the class

{Qc D : 00 is HY '-rectifiable with H* ' (0Q) < oo} D A(D).

Finally, following the strategy in [7], we prove that  is open and therefore it mini-
mizes J on the class A(D) which we recall to be defined as

A(D) :={Q C D : Q open, 99 is H '-rectifiable with H"'(9Q) < oo} .

The key point here is the essential closedness of the jump set associated to the
optimal function @ and, obviously, having ||u]|« finite plays a fundamental role
here.

Theorem 2.14. Let j and g be as in Theorem 2.12. If we further assume (j4), (g4),
and (j5), then the optimal set Q@ = {u > 0} is open. Moreover, it turns out that

J(Q)=inf {T(Q) : Qe AD), Q Lipschitz}.

3. Proof of the main results

The goal of this section is to give a proof of the main results and, at the same
time, introduce all the technical tools we need to carry out our analysis. The main
references here are [9] for the existence of optimal solutions in the case of Dirich-
let boundary conditions, and [6, 7] for the other properties and a Poincaré-type
inequality.

3.1. Reduction to the auxiliary problem

In order to address the minimization of the functional (2), we now consider the
already mentioned free discontinuity functional

= (x,u, Vu) dx z,ut T,u L
F(u) ._/{WAO}]( Ju, Vu)d +/ (@, u™) +g(z,u7)] dH

u

Our goal is to show that the minimization problem
min {F(u) : u€ Fp}

is, under mild assumptions on j and g, equivalent to the minimization of 7 among
all 2 in A(D) in such a way that the following holds:

u = argmin,. z, F(u) = min{J(Q) : Qe AD)} =J({u #0}).

The reason we introduce another functional is that it is much easier to deal with
the minimization with respect to functions rather than sets.
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Lemma 3.1. Assume that j and g satisfy (j2) and (g2). If u is a minimizer of the
auxiliary functional given in (3), which we recall to be

= (., u, Vu) dx T, U T, U d=1
f<u>.—/{u¢0}j<, Vet [ o)+ glou)] ani

u

then the shape optimization problem
min {J(Q) : Q€ AD)}
admits a solution of the form Q = {u # 0}.

Proof. Let u € W?(Q) and extend it to zero outside of Q. It is easy to verify that

/j(x,u,Vu)dx:/ j(m,u,Vu)dx—/ j(z,0,0) dz
Q R RI\Q
— [ e Vudes [ @00~ [ 0,0
R Q

Rd

:/ j(:c,u,Vu)d:L’—i—/j(a:,0,0)dx
{u0}

Q
> /d J(x, u, Vu) X quzoy dx
R

since j(x,0,0) > 0 by assumption (j2). In a similar fashion, one has

/m gla,u) dH :/ [g(z,u™) + g(z,0)] dH*! _/ o, 0) dH

u o0

= / g(z,u'™) dH 1

u

as a consequence of assumption (g2). If u is not regular enough, we obviously replace
the latter integral as in the formula for F, namely

/ [g(x,u+) —|—g(x,u_)} dH* T,

u

since v~ might not be equal to zero. Now, if @ is a minimizer for F, by setting
2 := {u # 0}, the inequalities above give for every Q € A(D)

J () = F(a) = T (Q),
which concludes the proof. [

3.2. Proof of Theorem 2.12: existence of a minimizer

We now prove that the auxiliary functional F has a minimizer @ in the class Xp,
namely that the problem

min {F(u) : ueXp}
admits a solution u. However, both the SBV-regularity and the L*-regularity of u
are unclear at this point and will be dealt with in the next section. To prove the
existence in the class Xp, the first ingredient is a Poincaré-type inequality that was
proved in [6] with p =2 and « € [1,2].
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Lemma 3.2. Let p > 1, a € [1,p] and b,m > 0. For every u € SBV(R?) that
satisfies the inequality [{u # 0}| < m, there holds

p/a
/yvuypdx+b/ [ut P+ Ju= ] d%dleb,a(B)( ]u|°‘da:) , (13)
]Rd

u R

where B is a ball of measure m and Ay (B) the first Robin eigenvalue. Moreover,
the equality holds if and only if w is the first eigenfunction associated to

fB |VulP dr + bf@B |u|P dHI?
(fB || dx)p/a

Remark 3.3. This inequality can be extended to any value of p > 1 because in [6]
one can work with SBV'/?(R?) in place of SBV'/?(R?) making minimal changes. []

Moo(B) = min{ s u € WH(B)\ {0}} .

We are now ready to prove the existence of a solution in the class Xp using the
lower semicontinuity and compactness results obtained in Section 2.1.

Proof of Theorem 2.12. We divide the proof into two steps, but first we recall
that the notion of convergence on Xp is the following one:

GSBV(R?)

%, Up Ve —— Ve
Uy —> U < for all € > 0.
GSBV(R?)
Up N (—e) ——— u A (—¢)

Step 1: Coercivity of the functional F. Let (u,),eny be a sequence in Xp
such that F(u,) < C for a suitable positive constant C'. The function u, is not in
SBV(R?) so we cannot apply the Poincaré-type inequality mentioned above directly.
However, by definition, the truncated function defined as

Upe = (Up —€)VO+ (u, +€) A0

belongs to GSBV(R?) for all € > 0; to replace u, by v,. we first notice that com-
bining (7) and (12) with F(u) < C leads to a more precise estimate, namely

L e s [Tl an <= [ a0
Rd Jun {un;«éO}
where ) := mingcga f1(z) > 0. Using assumption (8) on the right-hand side, we

immediately deduce that

L uldee s [ it lul] ant <coe [ f@nlrde (19
R4 w R4

n

where Ch = C'+/ a(z) dz.
Rd

Now Vu,, . coincides with Vu,, in {|u,| > ¢} and is equal to zero otherwise so that
the following inequality is satisfied:

/ \Vun|pdx2/ |V, P d.
Rd R4
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Furthermore, it is easy to notice that

J

Un

[y |7 + Juy 7] dH > / (o el + lvme|?] ar!
Jop e

since J,,. C Jy, foralle > 0 and |u,| > |v, .| by construction. By assumption (9) f

is in L> so that, using the fact that |v, . +¢| > |u,| when w, is respectively positive
or negative, we obtain

/ F@)unl? de < [[f e / it da
R4 Rd

< 1 f 1 2o may {/ |Une +¢|?dx ~|—/ [Ep—
{un>0} {un<0}

< allfllowqes | [ lonelde + D]
R

Therefore, from (14) we obtain a similar estimate for v, . that reads as

L/ |V, P do + 51/ [lv} 7+ |v,, 1] dHI1
Rd Ton o
’ (15)

< C1 + ql| fll poe (e [/d |Up |7 dz + gq‘Dq )
R

The assumption p > ¢ comes into play here because of the Poincaré-type inequality
and of the fact that 1 + |Vul? > |Vu|?, which gives

L/ Vul? dz + L|D| > L/ IVl da. (16)

Now plug (16) into (15) and let Cy := C; + L|D| to obtain

Voo 5 / [t 11+ o |7] ape!

<y Ml |

. / [onel? dz + 29D |

The Poincaré-type inequality (13) — which holds for GSBV functions as well — allows
us to bound the left-hand side from below so that the estimate above leads to

q||f||L°°(]Rd) qanLoo(Rd)
ol [y 8) — D] < o Wiz

which, taking into account that 2q|| f|| e (ra) < LAg, j1,4(B) by assumption (9), gives
an,squ(Rd) S és = él + éz&‘.

This means that v, is uniformly bounded in L(R?) as the constant on the right-
hand side is independent of n. It follows from (14) that

/ Uumq + ‘u;m dedfl < M
J, B

Un
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If we now denote by Juzn8 the set of all jumps of u,, which are bigger than (or equal
to) e, namely the set

Jof = Ju, 0 ({u)f < =} U{u, >}),
then the estimate above can be rewritten as
él + 028
20,

since |u,]? + |u, |9 > 2¢9 by definition. Therefore, for € small enough we have

S () <

d—1 ( y>e Q —q
H (Jun) < 2515 ,

and, using the fact that J,, = = JZ* leads to

Cy
HT (T, ) < —¢c 4
( ’ ) 261
The right-hand side is uniformly bounded with respect to n, and hence we can apply
the compactness Theorem 2.9 (more precisely, Remark 2.10) to infer that

Upy e 22 e € GSBV(R?)

with respect to L'(R?) convergence. We do not achieve SBV-regularity because
Ambrosio’s theorem requires a uniform bound on the L*-norm. Nevertheless, a
diagonal argument and pointwise convergence show that there exists some u € Xp
such that u. = u V e.

Step 2: Lower semicontinuity of the functional F. Let (u,)neny C Xp be a
sequence converging to u and let v, . be defined as in the first step. With no loss of
generality we may assume F(u,) < C' for a suitable positive constant C'. We first
rewrite F(u) = Fi(u) + Fo(u), where

Fi(u) = /Rd (j(z,u, Vu) — j(z,u,0)) dx —|—/J [g(x,u+) + g(x,u_)] dH!

Un

Fo(u) := /Rdj(ac,u, 0) dz.

We now apply Ambrosio’s lower semicontinuity Theorem 2.5 to infer that the Fj is
lower semicontinuous in GSBV(R?), which means that

lim inf F1<Un75) 2 F1<U€)>

n—o0

where v, is the limit of v, . in GSBV(RY) for € > 0 fixed. It remains to prove that
Fo is lower semicontinuous or, in other words, that

/ j(x,v.,0)dx Sliminf/ j(x,vpe, 0) de.
Rd R

n—o0
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We first apply Fatou’s lemma taking into account the estimate (8) and deduce that
/ j(z,ve,0) d:v+/ —f(z)|v:|? dz
R4 Rd

< lim inf/ J(@,vp6,0)de + liminf | —f(2)|v,c]?,
Rd

n—00 n—00 Rd

and the conclusion follows if we are able to prove that v, . — v. strongly in L?. Using
the same argument of the coercivity step, and the fact that F(u,) < C, we apply
Lemma 2.11 to v, to deduce the strong convergence in LY (R?) to v., concluding
the proof.

Remark 3.4. The function @ obtained so far is not, a priori, in SBV(R?) and not
even in GSBV(R?), because the estimate

H () S e

does not provide any upper bound to H?1(Jz). We will prove in next section that
the L*°-norm of u is bounded so that

e = (@ —e)VO+ (a+e) A0 € SBV(RY).

Next, under additional assumptions for which @ will be a nonnegative function, we
will also show that

u(z) >a>0 for a.e. x € {z : a(z) # 0},
which gives @ € SBV(R?), hence u € Zp. O
We conclude this section by giving a sufficient condition on the function j such that

the solution @ can be taken positive. This is important in the proof of Theorem
2.13.

Corollary 3.5. Under the same assumptions of Theorem 2.12, if the integrand j
also satisfies (j4), then the solution u is nonnegative, and therefore

Q={u#0}={u>0}

Proof. Let E := {u < 0} C  and define g as the function that coincides with @
in R?\ E and is equal to zero in E. Then (taking L = 1 for simplicity) we have

Flw) - Flag) 2 [ lj(e.0.Va) - j@,0,0) ds

E

> / [IVal’ + j(z,a,0) - j(x,0,0)] dz,
E

and the latter is nonnegative because j(x,u,0) — j(x,0,0) > 0 as j(z, s,0) is nonin-
creasing with respect to s and 4 < 0 in E. O
4. Proof of Theorem 2.13: ) has finite perimeter

So far we have been able to prove that a solution to the shape optimization problem
exists and has the form 2 = {u # 0}.
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By the implication

1€ L®RY) = aA(—¢), uVecSBV(R?) for all £ > 0,
our goal becomes to prove that 4 € L>®(R?) and, under additional assumptions on
the integrands j and g, u is SBV-regular because this gives (see Section 4.2) the
property Per({2) < co. This is achieved by finding o > 0 such that @ > a almost

everywhere in {# # 0} in Theorem 4.6. Consequently, we deduce 4 € .#p and
has finite perimeter.

4.1. Minimizers of F are L*°-regular

To prove that Q has finite perimeter, we first need to show that any minimizer @ of
the functional (3) in .%p is bounded from above.

Lemma 4.1. Let j, g and u be as in Theorem 2.12 and further assume that j
satisfies the assumption (j4). Then there exists M > 0 such that ||u||.c < M. In
particular, u belongs to the functional space

{u:uve, un(—) € SBV(RY) Ve >0, u=0onR*\ D}.

The proof is based on the argument of [4, Theorem 12], but here Poincaré inequality
(13) plays a key role. To fix some notation, consider the rescaling function

| D|/d _
T(M) = W, where ::QO{E>M},
M
and the scaled set QF, := r(M) - Qy in such a way that |QF,| = |D|.

Proof. Choose uy := u A M as a test function (recall that @ is nonnegative as a
consequence of assumption (j4)) and use the minimality of @ to write

F(u) < FunM).
We obtain
/Q (j(z, @, Va) — j(z, M,0)) daz+/ [g(a,a") + gla,a )] dHe

Jﬁﬂ{ﬂ7>M}
—l—/ glx,am)dH*! <0,
Jan{a—<M<ut}

and we notice that the last addendum is positive. By assumption (12) we get
/ [g(z,a") + g(z,u™)] dH*" > B [[a*]? + |a|7] dH*.
JaNQpr JaNQr
Similarly, we can write
| Gt va) = e 00) do = [ (i Va) £ 5e,0,0) = e, M.0)) da
Q]u Q]W
and, using assumption (7) yields

| G nvn im0 a1 |

Qnr

IVl dr > L/ IVl dz — Q.

Qnr
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Putting all these inequalities together gives
L/ Va7 de + 51/ [t + a|7] dpe
O JaNQr

<Ll + [ G M,0) = jo,a,0) d

Qum

which, as a consequence of (11), gives

/ |Vi|? do + &/ [lat|e+ |a~|7] dH" < (1 + ﬁMQ> Q]
Qnr L JaNQps L

Let v := max{u — M,0}. A simple computation shows that
/ \Vﬂ\qu:/ |Vou|?dx, Jy = Ja N Quyr,
Qs Rd

/ lJat|e + a|e] Cmdlz/ o7+ [u]9] dHe.
JaNQ s

v

We can therefore apply Poincaré inequality (13) to the function v and infer that

[ovarde s B[ ) w2
Qs L JaNQar

>

() [ ol de,

R4

and the right-hand side can easily be rewritten by noticing that

/|U|Qdm:/ @ — M| da.
R4 Qs

Now apply Holder’s inequality to estimate the latter from below, namely

q
/ i — M|7dz > Q9 U (ﬂ—M)dx} |
Q]M Q]\/I

Let f(M) := [, (u— M)dz. Put everything together to rewrite the inequality as

C.
M@ £00)7 < (14 Z0re) ol

The inequality is not precise enough because f(M) and |Qy,| have the same expo-
nent, so the idea is to now introduce the scaling Qf\’; and write

C.
Mo )OO0 < (14 ) [t
which, using the definition of r(M), gives

_ C;
Ny O FON LD < (14 S ) et e,
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Since [Q| = — f'(M), we can rewrite the inequality as
[ - 4/ (qd-+1)
f'(M) C; ! )
“Fonen = [\ M Agur(aayi-a/L.q () r (M) | D/ (ad+)
[ C -1 d/(qd+1)
> (1 + qu> ABIT(M)I_Q/L,q(B)T(M)qII |D|1/(qd+1)7

where B is a ball of volume |D|. Indeed, the eigenvalue A, ,(-) is minimized (at fixed
volume) by the ball, so

)\b,q(QM) Z Ab’q(BM), with |BM| = |QM|
On the other hand, given a domain C' and a positive parameter ¢, it is
Mg (1C) = 720,4(C),

and therefore A, ,(B,) is monotone decreasing with respect to the radius r, hence
with respect to the volume. In particular, taking into account that Q,, C D, we
have

Agir(an-a/0.a(25) = Agioaryi-arg(B)-
Integrating in M between 0 and T < ||@|/~ and taking into account that f is a
positive function yields

T
FOO)Y @D > ¢ /O dM.

O 1 d/(qd+1)
(1 + f]Mq> >\,81T(M)1—‘1/L,q<B)T(M)q1]

The left-hand side is bounded because f(0) is bounded from above by ||| 11 (gay; as
for the right-hand side, we apply [4, Lemma 13] to infer that

. C -1 _ C - -1
i (14 S00) Ao = (14 Sa) 2

M= |tloo

This yields |||l < oo as a consequence of the fact that gd/(¢d + 1) € (0,1),
concluding the proof. O

Remark 4.2. Thanks to the L*> estimate above, we deduce that @ given in the
proof of Theorem 2.12 belongs to

{u: uve, uA(—c) € SBV(RY) Ve >0, u=0onR*\ D}.

4.2. Bound from below

To prove that u is bounded away from zero, we follow the approach of [7, Theorem
3.5].

Definition 4.3. (Supersolution) We say that w € .#p N {u > 0} is a supersolution
for the functional

L(u) = /]Rd [j(z,u, Vu) — j(z,0,0)] dx +/ [9(z, ut) + g(z,u™)] dHI!

u

if for every v € Zp N{u > 0} with 0 < w < v we have L(w) < L(v).
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Lemma 4.4. Let j and g be as in Theorem 2.13, and let u be the solution given in
Theorem 2.12. Then the positive and negative parts i>o := uV 0 and i<y := (—u) V0
are supersolutions for L.

Proof. Suppose that > is not a supersolution of £ and let v € .#p be a func-
tion with 0 < @>¢ < v satisfying the strict inequality £(v) < L(u>o). To find a
contradiction we define the function

and we obtain
F) - F@) = [ {00 - (.0, Vo) do
{a>0}
w [ et gl an = [ et gleon)] ant
{a>0}NJy {a>0}NJ,

because u = v on {u < 0}. Finally, we use the inequality £(v) < L(u>o) to infer
that F(u)—F(v) > 0, which is in contradiction with the fact that @ is a minimizer
for F. A similar proof can be done for the function @<, too. [

Remark 4.5. Despite the fact that both @>¢ and —u<( are supersolutions for F,
we still need to assume that (j4) holds so that

u>0 = u=1usp (see Corollary 3.5).
In particular, in our case u is itself a supersolution for the functional L. 0

Theorem 4.6. Let j and g be as in Theorem 2.13 and let u be a supersolution in
the sense above. Then there exists a positive o such that

u>a ae on{u>0}. (17)

Proof. Let ¢ > 0 be such that u. := max{u,e} € SBV(RY). Then u. € %p and,
by comparison with u, we find that

/Rd [j(x,u, Vu) — j(z,0,0)] dx +/ [g(a:,u*) +g(a:,u*)} dH!

u

< /Rd [j(x>u€>vu£) - j(x,0,0)] dx +/ [9(957“:) + 9(967%_)} dHL.

Jue

Using (j2), (g2) and (g4) we infer that

/ [[VulP 4+ j(x,u,0) — j(x,e,0)] doe+ 51/ [|u+|q + |u_|q] dH41
{u<e} Ju{u~<ut<e}

< BoetHT (0% u > e} \ ),

because the jump part on {u~ > e} N J, is the same while

/ [g(z, u*) + gla,u)] dHo
{u=<e<ut}nJy
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only appears on the left-hand side of the inequality so it can be estimated from
below by 0. Finally, assumption (j4) gives that j(x,-,0) is decreasing, so that

| L0 - w0 doz 0

{u<e}

and this term can be removed from the estimate above. It follows that
L / |VulP dx + 54 / [ut|+ [u|7] dH! < BoetH (0{u > e} \ ) -
{u<e} {u=<ut<e}nd,

This means that for almost every ¢ with 0 < § < € we have

L / IVulP do + B169HE (90 < u < €} N ) < Boc®™ I (0{u > €} \ ).,

{u<e}

in such a way that, setting
E(e) := / \Vul? dz, v(6,e) =HTHO{S <u<e}N ),
{u<e}

h(e) :=H (09u > e} \ J,),
we can rewrite the inequality as

E(e) + %(5%(5, e) < %5%(5). (18)
At this point one can simply adapt the proof of [7, Theorem 3.5, but there are a
few differences due to the fact that

1/p By 1/p
|Vu|pdx} §<—) ePh(e)V?.

LE(e) < Poe’h(e) = [/{ 7

u<e}

We will now go over the proof presented in [7], pointing out the main changes we
need to make and why (10) plays a key role in our case.

Part 0: Setting of the problem. For n > 0 set

5 9 9 g
S=2 d 6 =2n—
=gt g e 37776

n

so that ¢; = e := %7] and 0; — 0o 1= %n as i — o0o. If we define
Q(d,e) :={0 <u<e},

then we only need to show that there exists 1y > 0 such that

Q) [ Als)ds=0 V<. (19)
doo
Indeed, the isoperimetric inequality applied to (4, €) gives us

(8, €)Y/ < Ca(hle) + h(0) +7(8,2)),
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and applying (18) with /2 < § < & < n yields

(3, €)1/ < gz a (1427 [h(e) + h(3)]. (20)

=:Cq,8

This together with (19) is enough to infer that |2(de,€00)| = 0, which means that
u must be at least %770 > () almost everywhere on its support, concluding the proof

of (17).

Part 1: The main inequalities. Let us set for i € N
€
a; = / h(s)ds and b; == |2(d;, &)
0;
We claim that there are positive constants ¢y, co such that

2 1/ () 2\ i

a; < cll_—q/pai,lbi_l and b, < e <—> a;"y 7,
n n

where p’ = p/(p — 1) is the conjugate exponent of p. The estimate of b; is obtained

exactly as in [7, Theorem 3.5]. As for the a;, the main difference (9P~ in place of

n°) lies in the fact that the coarea formula gives

/h(s)ds:/ V| dz < |98, e)["7 | Vul r ey
) Q(0,¢)
, { Bo 1/p
<10 (52) 7 ehiey s

1/p
< 1906,2)1 /9 [Capla + 20 () 1h(e) + @I <0on(e)

) A 1/p
<10, 1 a1+ 2917 () 0 o) + o),

where we have used (20). Integrating both sides of the inequality with respect to €
on [€;, €_1] and to § on [d;_1, 0] leads to

]_ . 2 1// /82 1/p 1/(d /) / 1 .
a; 62 ‘nl < [Cap(l+ 2977 T |Q(i—1,8i-1) /P WP 62 ‘n| a_1,

and this concludes the proof of the claim.

Part 2: Combining the main inequalities. We claim that we can find o > 0
such that U, := a{'b; satisfies the inequality

C
nd/(d—1)+a(1—q/p)

U; < AU,
where ¢, A > 0 and ¥ > 1. This is once again obtained as in [7, Theorem 3.5] by
taking o and ¢ solutions of the system

d
— =9
a+d_1 o

a = vdp’,



450 G. Buttazzo, F. P. Maiale / Shape Optimization ...

_dp

4
which gives Q ) (1 +4/14+ m) ) (21)

1 4
and consequently 1 = d%)/ b (1 +4/1+ _(d — 1)p/) >1

Part 3: Decay for E(c). We now show that there exist €y, co > 0 such that
E(e) < ¢oePle /=D Ve < eo. (22)

Indeed, using the inequality F(e) < ’%sq h(e) and the coarea formula yields

2e 2e
eE(e) g/ E(s)ds < %2%"/ h(s)ds

_ P2giga / V| dz < 22292900(e, 26) /7 B(26) 7.
L Q(e,2¢e) L
Taking £y so small that (£5/L1)29)Q(0, 2g)|/?" < 1 gives

E(e) < e 1E(2e)YP for all € < g,

and now an iterative argument (see, e.g., [7, Lemma 3.6]) proves (22).

Part 4: Conclusion. We claim that we can find 1 such that
Uy < 5—1/(19—1)A—l/(ﬁ—l)Qn(q—l)/(p—l)% (23)

where « is given in Part 2. To verify (23), we notice that

o) [ o] =l @)l wia]

Q (Q 77) {E(n)l/p 0 <g7n> 1/p/]a

IN

27

noo\ e o
= |2 (5777> E(TI) /r

so that, thanks to the decay estimate (22) obtained above, we conclude that

(%)

This means that (23) is achieved if 7 is so small that

I+a/p'

pla= /(=1

Up < ¢

co ‘Q (g 77) ‘”“/ P a0-1) 41012

so all it remains is to use induction on i and finally prove that

lim U; = 0.

i—00
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A simple computation shows that

sm_1 oM _1 [ d (1_q (9" —1)—nd4n

Un < &5ty e (Rl Aem0 = )"

< & ATl At e ()

q—

,(97L
< & [ vty ()]

so U, =2 0 if we can prove that the quantity inside the parenthesis is strictly
smaller than 1 for n sufficiently small. More precisely, we require

g—1 ¢ d
I [
a(p—1+p ) d—1" "7

and this is exactly condition (10) since « is given by formula (21). In particular,
thanks to assumption (j4) we conclude the proof. ]

Remark 4.7. The assumption (10) seems rather restrictive, but looking at numer-
ical simulations suggests that

holds in a significant portion of the plane. Indeed, in Figure 4.1 we take d = 2 and
introduce the function

p (p—1) 2

2p —1 (d—1)p A(p—1)
41+ (d-1)p

q(p) :

in such a way that ro(p) is exactly the lower bound in (10). The range of admissible
values of p and ¢ in which (10) holds is given by the portion between the two lines.

—r_1(p)=p
r_2(p) = max{1,q(p)}

2 4 6 8 10

Figure 4.1: The range of admissible values ¢ for d = 2.

We are now in a position to conclude the proof that Q := {u > 0} has finite
perimeter.

Proof of Theorem 2.13. If 4 is the solution given in Theorem 2.12, then (17)
gives u = u V « for some a > 0. However, we know that the function u V € belongs
to SBV(RY) and therefore using the bound from below and the chain rule in SBV

t _
e se i € SBV(RY) — Per(Q)) < oo,
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Indeed, by definition, we have

0 ifatu=0,
X— =
. 1 ifatu>1,

which means that yg and a~'@ are supported in the same set, namely Q. It follows
that the perimeter can be estimated by

Per@) = sup [ div()ads < o alpyies,
R

l#lloc<1

and this last quantity is finite because 2 € SBV(RY) € BV(R?) and a > 0. O

5. Proof of Theorem 2.14: the set ) is open

5.1. Essential closedness of the jump set

The goal of this section is to exploit the results obtained in [7, Section 4] and adapt
them to deal with our functional, taking into account that our model function is

J(w,u, Vu) = [Vul’ = f(z)u+1,

which leads to several issues related to the linear term — f(x)u. From now on, we
shall always assume that j satisfies the assumption (j5), which asserts that

j(xa u, vu) - j(‘T? u, 0) = L\Vu|p
Consider the associated Mumford-Shah functional
MS(u) = L/ \VulP de + HH ()
]Rd

in which the linear part does not appear. We start by recalling the notion of almost-
quasi minimality for the Mumford-Shah functional:

Definition 5.1. Let u € SBV! (R?) be a function such that u = 0 in R*\ D. We
say that w is an almost-quasi minimizer for the functional MS(u) with Dirichlet
boundary conditions if there are A > 1, a > 0 and ¢, > 0 such that

/ L|Vul? dz +H* (J, N B,(x0))
Bﬁ(f’?O)
< / LIVolPdz + AR (J, N B,(20)) + cap® '
BP(xO)

for all B,(z¢) CC D and for every v € SBVY (R?), v =0 in R?\ D and

loc

{v # u} C B,(zo). n

The following result was proved in [7, Theorem 2.3] with a function f(z, Vu) in
place of j(x,u, Vu) — j(x,u,0) under suitable assumptions which are satisfied with

f(z, Vu) = C|Vul.
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Theorem 5.2. Let u € SBV] (D) be an almost-quasi minimizer of MS(u) with

Dirichlet boundary conditions according to the definition above. Then
H ((Ju\ Ju) N D) =0,
which means that the jump set of u is essentially closed in D.

Proposition 5.3. Suppose that j satisfies (j1)—(j5) and g satisfies (gl)—(g4). Let
4 € SBV N L®(RY) be the minimizer of F given in Theorem 2.12. Then

u>a ae on{u>0}

for some a > 0, and the function (28,)Y9at is an almost-quasi minimizer of the
Mumford-Shah functional

MS(u):=L | |Vulfdx+H(],)

R4

with Dirichlet boundary conditions on D.

Proof. The existence of the constant « is given in Theorem 2.14, so let B,(z) C D
and take any v € SBVo.(D) satisfying {v # u} C B,(zo). Without loss of generality
we can replace v with w := (v A M) V 0, where M > ||t]|« is the constant given in
Lemma 4.1. Comparing u and w we get

Flu) < F(w),

which immediately translates to

/ L|Vﬂ|pdx—|—/ j(x,a,0) dx—f—/ [g(x,fﬁ)—i—g(x,ﬂ_)} dH!
R4 Rd

Ja

g/ L\Vw|pdx—|-/ j(x,w,O)dac+/ [9(z,wT) + g(z,w™)] dH"
R4 Rd

w

Since @ and w coincide outside of B,(z), we find that

/ L|\Vaul? dz + / [j(z,4,0) — j(z,w,0)] de+ 26,a?H*? (Ja N Bp(xo))
Bp(ffo)

Bp(xo)
< / LIVw|P dz + 28, MIH*™ (J, N By(x0)) + ywap®.

Rd

We now apply assumption (11) to infer that

/B 8.0 = (e, w,0)] do 2 =Gl By(eol [0l 2 ~Cio,
p\Zo
and since we have
/ LIVal? dz + 2B10H* " (Ja N By(xo))
Bp(xo)
< / LIVwl|? dz + 2B, MIH (J,, N By(x0)) + (ywa + C5)p?,
Rd

this leads to the conclusion. O]
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5.2. Proof of the main result

We now use Proposition 5.3 to prove that 0 = {u # 0} is open and thus belongs to
the class A(D). As a consequence, we also show that

inf {7(Q) : Q€ A(D), Q Lipschitz} = J().

Proof of Theorem 2.14. Let @ be the minimizer given in Proposition 5.3. Then
H*((Ja\ Ja) N D) =0, (24)

which means that J; is essentially closed in D. Also, the lower bound (17) gives
HI(Jg) < oo. If Q is the connected component of D\ J; on which @ does not
vanish (we have just one component by minimality), then 9Q C (J; N D) U dD
implies €2 open. Moreover, we have

/ lg(z,u*) + g(x, )] HT! =0
A0\ Jz

since (24) implies HTH((0Q\ Ja) N D) =0,

while 4% = 0 almost everywhere on the portion on the boundary of D, because the
latter is Lipschitz and hence u~ = 0 almost everywhere on 0D. To prove that

inf {7(Q) : Qe A(D), Q Lipschitz} = 7(Q)

we use Proposition 5.4 to find for each ¢ > 0 a function w € .%p with J,, C D such
that

F(w) < F(a) +e.
We now follow the approach of [7]. By [10, Theorem 3.1], we can find a sequence
wy, € Fp with J,, essentially closed and polyhedral, wy, € W'?(D \ J,, ) and such
that

wp 2% w  strongly in LP(RY),
Vwy, 22%% Y strongly in LF(R?),
Flwy) =25 Fw).

The set D \ jwk is open, but the boundary is only Lipschitz outside of a HA-L
measure zero (because J,, is essentially closed) subset A C J,,, \ Jy,. We can cover
A by arbitrarily small “holes” with polyhedral boundary By, ..., By in such a way

that N
Hy, == Jy, U (UB]-)

j=1

has polyhedral boundary (thus Lipschitz). Now the set Q := D\ H}, belongs to
A(D) and has a Lipschitz boundary, and therefore the restriction of wy, to € is a
competitor for the functional J(-). We can consider holes so small that

T(%) < /

J(x, wy, Vwy,) dz +/ g(x,wy) dHIL < Flwp) +e < TJQ) +¢
Qp,

O

holds for k sufficiently large so, by taking a sequence £, — 0 and a corresponding
sequence of k,, for which the inequality above holds, we obtain the thesis. Il
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Proposition 5.4. Let v € Fp N L®(R?) with H¥™(J,) < oco. For all € > 0 there
is w € Fp N L®(RY) such that

Juw C D, H () < oo, F(w) < F(v) +e.

The proof follows the same argument as in [7, Proposition 3.12|, with B = @, but
there is an important difference which is the definition of v¢. More precisely, we set

¢ ) Ui(ylvyd + f) if Yag < fl(y/) - 57
Ul £i)) i ya > Fily) - &,

where ); is the partition of unity introduced in the reference paper. The rest of the
proof follows in the same way because the term

/Rd [j(x,vé,()) —j(x,v,())} dx

can be easily estimated by a constant when & > 0 is sufficiently small, taking into
account that the support of vf is as close as we want to the one of v; by definition.

6. Further comments and open problems

In this section we raise some question that look, in our opinion, very interesting and
that could help to better understand the shape optimization problems with Robin
conditions at the free boundary.

Question 1. We obtained under very mild assumptions the existence of an optimal
domain € in the class of measurable subsets of D. Under some slightly stronger
assumptions we showed that ) has a finite perimeter and that € is actually an open
set. It would be very interesting to investigate about further regularity properties of
Q. For instance, according to the results in [5], the boundary of Q cannot have too
sharp cuspids, and also 2 does not have too many internal fractures. The question
if boundary cusps or internal fractures may actually occur for an optimal domain
is still open.

Question 2. The investigation on the higher regularity of optimal domains is also
interesting. Taking the model case

J@s2) = P = f@)s+1,  glws)=|s  withp>1  (25)
is it possible to obtain C1® regularity of the free boundary assuming f nonnegative
and bounded?

Question 3. In our model case (25) a key assumption in order to show the existence
of optimal sets Q) that are open and with finite perimeter is the nonnegativity and
boundedness of the datum f. It would be interesting to see if our results still hold
with weaker assumptions on f, such as

3E\, By C D, |Ey|,|Ey| >0 : f|E1>0 and f\E2<0,

or some LP-norm of f is bounded while the oo-norm is not. A similar question for
Dirichlet boundary conditions has been recently considered in [9] by constructing
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right-hand sides f € W~ (D) N L*(D) such that the optimal set Q can be any
p-quasi open set 2 C D. We expect a similar behavior in our case, even if some new
technical difficulties arise due to the fact that solutions of a relaxed Robin problem
of the form (2) in a general domain §2 may have internal discontinuities.
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