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We show an extension result for generalised special functions of bounded deformation (GSBDP?,
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1. Introduction

In this note we show the existence of an extension operator for generalised special
functions of bounded deformation. This result is the counterpart, in GSBD, of
extension results for Sobolev functions (see [1, 33, 36]), and for special functions of
bounded variation (see [9]).

The class of generalised special functions of bounded deformation is widely used
to describe displacements of brittle elastic bodies, in the framework of linearised
elasticity.
Intuitively, given an open bounded set 2 C R"™ representing the region occupied
by an elastic body, the elastic energy associated to an infinitesimal displacement
u : 0 — R™, which is smooth out of a crack set K C €2, can be described by the
Griffith’s energy

E(u,Q,K) = / Ce(u) : e(u) dx + H"(K). (1)
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In (1), e(u) = (Vu+ (Vu)?)/2 is the symmetric gradient of u, H"! is the (n — 1)-
dimensional Hausdorff measure in R"”, and C is the Cauchy stress tensor.

When looking for minimisers of F under given boundary conditions, however, one
needs to consider a class of displacements that guarantees lower semicontinuity of
the functional and compactness of minimising sequences.

The natural class for studying this problem is the space GSBD of generalised spe-
cial functions of bounded deformation, introduced by Gianni Dal Maso in [23] (see
[14]). Roughly speaking, functions belonging to this class have the property that
the symmetric part £(u) of the distributional gradient Du of u is a Radon measure
that can be written as

_ Du+ (Du)"

5 = e(u)L" + [u] © v,H" 'L J,.

&(u)
Here, L™ is the n-dimensional Lebesgue measure, e(u) is the absolutely continuous
part of £(u) with respect to L™ (which in the smooth case coincides with the whole
symmetric gradient) and J, is the jump set of u, which can be interpreted as the
crack set K. Moreover, v, is the generalised normal to J, and [u] = u™ —u~, where
ut and u~ are the approximate limits of v on the two sides of J, (see Section 2 for
more details). In this larger space the ‘weak’” form of the energy (1) is then

E(u,Q) = /Q(Ce(u) ce(u)dr +H" (). (2)

The advantage of the space GSBD is that it does not require an artificial bound on
the L*°-norm of u to ensure compactness (see [31, 15]), which is the case when con-
sidering the smaller, and more classical space SBD of special functions of bounded
deformation (see [3, 7]). We refer to [2, 5, 10, 11, 12, 13, 16, 18, 19, 20, 21, 22,
27, 28, 29, 30, 31, 32] for some important recent contributions in the study of this
problem, and for the derivation of properties of the space (G)SBD.

When dealing with an energy like the one in (2), since the Cauchy stress typically
satisfies the coercivity assumption C 2 Id (intended as quadratic forms), it is con-
venient to consider the smaller class GSBD?(Q) of functions in GSBD() such that
e(u) € L*(Q;R2<™) and H"'(J,) < +oc. In our analysis we will in fact consider

sym

any p > 1, and study the energy
By, ) = [ Jetw)P do+ 1), Q
Q

which is defined and finite for every u € GSBDP((2).
We are now ready to state our main result.

Theorem 1.1. Let n > 2, let 2,0 C R™ be open bounded sets, and assume that
Q is Lipschitz and connected. Let p > 1. Then, there exists an extension operator
T: GSBDP(QY) - GSBDP?(O) and a positive constant ¢ = c(n,p,Q,O) such that

i) Tu=u L"-a.e inQNO,
(i) Tue WP(O\ Q;R"),
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(iii) /| (Tu) |pdx<c/| )|Pde,

(iv) H" Y Jp,NO) < cH" (], NQ),

for every u € GSBDP(QY). The constant ¢ is invariant under translations and
dilations. If, in addition, u € L*>°(Q;R"™), we also have

) I Tull oz < e ([ullm@zn + (@)l s

sym

Theorem 1.1 shows that it is possible to extend any function u € GSBDP from a
set 2 to a set O in such a way that the Griffith’s energy E, in (3) increases in a
controlled way, with a constant that does not depend on u. We stress here that
Theorem 1.1 provides separate estimates on the volume and the jump part of the
energy, respectively. This is important, for instance, in view of possible applications
of this result to the homogenisation of functionals in GSBD defined in perforated
domains, in the case of Neumann boundary conditions, in the spirit of [1] and [9].
In this context, the classical way to obtain compactness is to extend to the full
domain displacements that are originally only defined out of the perforations, in a
way that preserves the energy bounds for the extended displacements. Alternative
approaches to compactness are also possible, see e.g. [6, 26] in the SBV setting.

We observe that Theorem 1.1 does not ensure that H"(Jp, N (0Q N O)) = 0, as
it is usually the case for classical extensions obtained by reflection. In other words,
the trace of Tu on dQ N O, taken from O \ ©, does not necessarily coincide with
the trace of v on 02 N O. For applications this is however not an issue, since the
portion of 02 where a load or a clamping is imposed would typically be a subset of
0 N 0O, where the trace of u is preserved (in the case of perforated domains, for
example, Q2N O would be given by the union of the boundaries of the perforations).
In any case, we show that in dimension 2 an extension preserving the trace can be
obtained, see Section 4. The price to pay is that the separate estimates (iii) and
(iv) in Theorem 1.1 are replaced by a bound for the functional E, of the extension
in terms of the functional £, of the original function, with ¢ < p.

The proof of Theorem 1.1 is based on a recent result proved in [8]. This states that
any function in GSBDP whose jump set is sufficiently small coincides in fact with a
WP function, up to a small set whose perimeter and volume are controlled by the
size of the jump (see Theorem 2.1).

The paper is organised as follows. In Section 2 we recall some basic notations and
in Section 3 we prove Theorem 1.1. Finally, in Section 4 we show that in dimension
2 it is possible to obtain an extension that preserves the trace.

2. Background and previous results

Let n € N be fixed, with n > 2, and let p > 1. For every z,y € R", we denote by x-y
the usual inner product between vectors in R". We write R"*" and R for the set
of n x n real-valued matrices, and for the set of n xn symmetric real-valued matrices,
respectively. If z € R” and A € R™*", |z| and | A| stand for the Euclidean norm of
and the Frobenius norm of A, respectively, while S*™! = {x € R" : |z| = 1} stands
for the unit sphere of R". For every & € S* !, the hyperplane of R" containing the

origin and orthogonal to £ is denoted by
ng{ZGRnlg'ZZO}.
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We write £" and H"! for the n-dimensional Lebesgue measure and the (n — 1)-
dimensional Hausdorff measure of R", respectively.

Let w € R™ be a Borel set. We say that w is a set of finite perimeter if
P(w) := sup {/ divpdz : p € CHR™R™) with ||| peognrn) < 1} < 00,

where C!(R"; R") denotes the space of R"-valued functions of class C* with compact
support in R™. If w is a set of finite perimeter, one can define the reduced boundary
O*w of w. This is an (K" !, n — 1)-countably rectifiable set such that *w C dw and

P(w) = H" 1 (0*w).

We now introduce the functional setting for our result. Let €2 C R™ be an open set,
and let My(Q2) (M, (2)) be the space of (non-negative) bounded Radon measures
in 2. Let u: 2 — R” be an L"-measurable function. We say that u belongs to the
space GBD(Q) of generalised functions of bounded deformation in € if there exists
Au € M (Q) such that the following is true for every £ € S"!:

a) For every 7 € CYR) with —2 <7 <land0<7 <1
(a) y 2 2

De(r(u-¢)) = D(r(u-€)) - € € My(Q);
(b) For every Borel set B C Q

[ De(r(u - €))[(B) < Au(B).
Let now u € GBD(RQ). For every £ € S ! and y € Il we set
Qf = {teR:y+1t €},

and we define the function ﬁg R —= R as

a5(t) == u(y +1t&)-& for every t € R.

We say that u belongs to the space GSBD(Q)) of generalised special functions of
bounded deformation in € if @5 € SBVi,c(€25) for every £ € S~ and for H" '-a.e.
y € lle. For details about the definition of the space SBV,, of special functions of
locally bounded variation we direct the reader to the monograph [4].

If w € GSBD(Q), it is possible to define the ‘approximate symmetrised gradi-
ent’ e(u) € L'(RY) of w, and the jump set J, of u, which turns out to be
(H"! n—1)-countably rectifiable (see [23]). These agree with the standard notions
of approximate symmetrised gradient and jump set for BD functions (see [3]), in

case u € BD(Q2). The space GSBDP((2) is then defined as

GSBDP(Q) := {u € GSBD(R) : e(u) € LP(Q;R™) H"(J,) < +oc}.

Sym

We conclude this section with a result (see [8, Theorem 4.1]) that shows that a
function in GSBDP coincides, up to a ‘small’ set (small both in perimeter and
volume), with a Sobolev function.
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Theorem 2.1. Letn € N withn > 2, p € (1,00), and let Q@ C R" be a bounded and
open Lipschitz set. Then, there exists a positive constant c; = c1(n,p,)) with the

following property. For every u € GSBDP(SY), there ezists a set of finite perimeter
w C Q and a function v € WHP(;R") such that u = v in Q\ w,

/ le(v)[Pdx < cl/ le(u)Pdx, and L"(w) +H" (W) < aH" (]
Q Q
If in addition u is bounded, then ||v||p~@mrny < c1f|u| Lo rny.

3. Proof of Theorem 1.1

In this section we prove our main result. We start with a technical lemma, that
deals with affine functions. Similar results have been proved in [17, Lemma 4.3] and
[31, Lemma 2.3].

Lemma 3.1. Let Q C R" be open and bounded. Then, there ezists C' = C(n, <)
such that for every affine function a : Q — R", a(x) = Az + b, with A € R™*"™ and
b e R,

lallze@rm < Cllalli@pn  and  [A] < Clla]|z@rm. (4)

Proof. We start by defining the auxiliary functions Lq, Fp : S*™! x R — (0, 00) as

L . L fQ+t§ lﬁx\dx
La(&,t) := xesgftg dist(z, II¢), Fo(&,t) == LD

Clearly Lg and Fg are continuous.

Step 1: Estimates for Lo and Fo. Let T € ) and » > 0 be the centre and the
radius of the largest ball B, (z) contained in €2, and let R > 0 be the radius of the
smallest ball Bg(0) containing 2.

By the definition of Lg we have that, for every ¢ € S*! and every t € R,

r< sup dist(z,Il) < La(&,t) < La(&,0) + |t| < R+ [t
xEBy(T)+tE

Moreover, we claim that

1

Fa(&,t) > gﬁn(Q) for every £ € S"™' and [|t| > 2R. (5)

Indeed, for |t| > 2R we get

~x|d . —lg.
Juds et [l st N fy-te- s _(=Re©)

Fo(&,t) > —
a(8,t) 2 R+ |t] R+t] = R+ |t] = R+t

Since the function in the right-hand side is increasing in |¢|, we obtain the claim (5)
by substituting |¢| = 2R.
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Step 2: Proof of (4) for scalar functions. Let a : R” — R be an affine function,
namely a(r) = A-x +0b, with A € R" and b € R, for every x € R". We assume that
A # 0 and we write A = |A|A, where A € S"~!. Note that

7 b b .
Haummzsup|A-x+b|:\A|sup\f“'“ \ Al sup | A -(“_Aﬂ
22 z€Q |A| zeQ |A|
=[A] sup |A-y| = |A|La(A,b/|A]).
yEQJr‘—ZlA
Hence, |A| = lallz=( H@HLoo ’ (©)
Lo(A, b/|A\) r

which proves the second statement in (4) in the scalar case. Similarly,

/ A y|dy
b) Q+‘A|

lallzs@ = 4] / JA-yldy = AL (A, b
-y A1) (3 )

= ||al|z= (o FQ(A b/ Al). (7)

By the first step, and by the continuity of the function Fg(&,t) in the compact
domain S"! x [-2R, 2R], we conclude that

Fo(Ab/|A]) > inf  Fy(&,t)>C>0. (8)

(&,t)eSr—1xR

Using (8) in (20) we prove the first statement in (4) in the scalar case, and conclude
the proof of the second step.

Step 3: Proof of (4). Let now a: R® — R"™ be an affine function, namely
a(r) = Ax 4+ b, with A € R and b € R", for every x € R". We write
a(x) = (a1(z),...,a,(x)), where

a;(x) =A;-x+ b fori=1,...,n,

for A; = ATe; € R" and b; = b-e; € R. We have that
lalls e = /Q <Za3<x) O NCCILEEE > Sl s

=N HazHLw H&Hm (R"),
\/_

o

so that the first statement in (4) is proven with C' = %*. Moreover, by (6),

AP = Z Ail* < = Z ||az||L°o(Q) ||a||Lo<> (QR™)- [

We can now prove Theorem 1.1.
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Proof of Theorem 1.1. Let u € GSBD?(Q2) be fixed. By Theorem 2.1, there
exist a constant ¢; = ¢i(n,p,) > 0 (independent of u), a set of finite perimeter
w C Q, and a function v € WHP(Q; R") such that

(a) LM(w) + H HI*w) < ey H" (),
u=vin Q\ w,

/| ]pd$<01/| )[Pdz.

Thanks to the classical Korn and Korn-Poincaré inequalities applied to v (see, for
instance, [34, 35, 37]), there exist two positive constants co = ca(n,p,2) and ¢z =
c3(n,p, Q) (both independent of v), a skew-symmetric matrix A € R™ " and a
vector b € R” such that

/ lv(z) — Az — bP do < 02/ Vo — AP dx < 03/ le(v) [P dx. 9)
Q Q Q

We now define o € W'?(Q;R") as
0(x) :=wv(x) — Ax — b, for every x € Q. (10)

Since 0 is a Sobolev function, we can apply [1, Lemma 2.6], and find that there exist a
constant ¢, = c4(n,p,Q,0) > 0 (independent of 9), and a function v € W?(O; R™),
such that v =0 in 2N O, and

/|V17|pdx§c4/ VolP da.
o] Q

A careful inspection of the proof of the same lemma shows that, if 0 € L>(Q2;R")
(which is the case if u € L>(2; R"™)), we also have

() N9llzecomny < ca||0] oo @imn)-

From (d), thanks to (c), (9), and (10), it follows that

/|V1§|pdx§c4/ |V@|pdx—c4/ Vv — AP dx
o)
C3C4/| )P de < 01‘33‘34/| )P da. (11)

We now introduce the function @ € WP(0O;R") defined as
u(z) :=0(x) + Ax +b, for every z € O. (12)
Note that, thanks to (10), and since © = v in QN O, we have
u(z) =v(x) foreveryx € QNO, and u(x)=u(x) foreveryz e Q\w.

We now set
u(z) ifxeQno,

Tu)(x) =
) a(z) ifxeO\Q.
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Properties (i) and (ii) follow immediately by the definition of Tu and of @. To show
(iii) note that thanks to (12), recalling that A is skew-symmetric, we have

/O|e(Tu)|pd93:/mo|e(u)|pd:v+/O\Q|e(11)|pd:v§/Q|e(u)|pdx+/o|e(ﬁ)|pda:
§/9|e(u)\pda:+/O|Vﬁ|pdx§ <1+Clzzc4>/g|e(u)\pda:,

where we also used (11).

We now prove (iv). By the definition of T'u, and since @ € W1?(O; R"™), we have
H (JruNO) = H" H(J,N(QNO))+H" (JaN(O\Q)+H" " (Jr,N(ONON))
=H" N, N(QNO))+H" Jr, N (0N Iw))
<H" N T, NQ) +H"H0w)
<(IT+e)H" (I, NQ),
where we used (a).

We now assume that u € L>®(Q;R"), and show that property (v) is satisfied. By
the definition of T'u we have

[Tl 2 (0rmy = max{|[u]| oe(anomrn), [[@l| oo 0\ }- (13)

We claim that there exists a constant ¢ = ¢(n, p, 2, 0) > 0 such that

im0 < e (el mzp) + Iullimaan) - (1)
Clearly (14), together with (13), would immediately prove property (v), and hence
conclude the proof of the theorem.
To prove (14), we start by showing that
lall=©omm) < csllallze@rn), (15)

for some positive constant c¢5 = ¢5(n, 2, O), where we set a(x) := Az + b, for every
x € R™ To this aim, let Rg and Rp denote the radius of the smallest open ball
containing {2 and O, respectively. Then, for any y € €2 we have

l|la|| Lo (o;rny = sup |Az + b| = sup |A(z — y) + Ay + |
zeO zeO
<|A| SUOP(\iU! + [y]) + [Ay + b < [A|(Ro + Ra) + |lal| L~ @rn)
xe

< (C(Ro + Rq) + 1) ||la|| L= @rn),

where C' = C(n, Q) is the positive constant given by Lemma 3.1. Hence (15) is
proved, with ¢; := C'(Ro + Rq) + 1.

Now, recalling the definition of @ in (12) and of ¢ in (10), and using (e) and (15),
we have

]| Lo (0ny = |0 + al| ooy < |0 Lo 0rn) + ||@l| Lo 0:irm)

IN

c4 ||0]| Lo (rny + csllal| Lo @mny = ca || — al| e @rn) + sl|al| Lo )

< ey ||l poe@mrny + (ca + cs)llall Lo rn).- (16)
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Note that by Lemma 3.1 we can estimate
lall =@z < Cllall@zny < Cllallzr@zn), (17)

where we set C' := C(Q,n,p) = C (E"(Q))ple Hence from (16) and (17) we have,
thanks to Theorem 2.1 and (9),

]| L 0ny < ca l|vllze(@mny + Cles + cs)llv — allwomny + Clea + ) ||v]| Lo umn
< (e3)'PC(es + cs)|le()|| ooy + (ca + CLY (Q)(ca + ¢5)) [[0]| Lo irn)
< (163) 70 ea + s )lle(w)l| poorasny + €1 (ea + CLY(Q)(ea + ¢5)) [|ufl oo @n)-

This proves (14) and concludes the proof. O

4. Preserving the trace of the extension

As already observed in the introduction, Theorem 1.1 does not ensure that we have
H Y (Jp,N(ONNO)) = 0, as it is often the case for extensions obtained by reflection
(see, e.g., [9, Theorem 1.1] in GSBV?, and [13, Lemma 2.8] for GSBDP? functions
on rectangles). One of the reasons why this is complicated is that, in the case of a
general Lipschitz boundary, reflecting across a portion of the boundary can cause
the derivatives of the function to ‘mix’. As a consequence, the symmetrised gradient
of the reflection is not controlled by the symmetric gradient of the original function,
but by its full gradient. Another difficulty is due to the presence of an ‘exceptional
set” w in the regularity result Theorem 2.1, where the approximate gradient of the
function u is not controlled (note that the £"-a.e. existence in €2 of Vu is guaranteed
by [8, Corollary 5.2]).

Indeed, a direct consequence of Theorem 2.1 is that there exists an infinitesimal
rigid motion a (namely an affine function a, with e(a) = 0), such that

/ |Vu — ValPdz < ¢(n, p, Q)/ le(u)|Pdx, (18)
Nw Q

as proved in [8, Theorem 1.1]. Hence Vu is only controlled outside w.

We now show that if we had a full control of Vu in 2, then we would be able
to construct an extension preserving the trace on 92 N O, by using the following
extension result for special functions of bounded variation (see [9, Theorem 1.1]).

Theorem 4.1. Letp > 1, let A, A" be open subsets of R™. Assume that A" is bounded
and that A is connected and has Lipschitz boundary. Then there exists an extension
operator L: GSBVP(A) — GSBVP(A’) and a constant ¢ = ¢(n,p, A, A") > 0 with

(i) Lu=u L"-ae. inA,
(ii) |V (Lu) [Pde+H" " (JpNA') < c(n,p, A, A) (/ |VulPdx +H" ' (J, N A)) ,
Al A

for every ue GSBVP(A). The constant ¢ is invariant under translations and dila-
tions. If in addition uwe L>(A), then Luc SBVP(A") N L*(A"), and ||Lul|peary <
[l oo () -
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Remark 4.2. The result in [9] is stated and proven in SBV?N L>, but the general
case of GSBV? for p > 1 follows immediately. In fact, a key tool of the proof in [9]
is the density lower bound proved in [25] (see also [24]), which is actually valid for
any p > 1 (see for instance [4, Theorem 7.21]). O

Remark 4.3. Although it is not explicitly mentioned in the statement, a careful
inspection of the proof of [9, Theorem 1.1] shows that the extension Lu can be
constructed so that H" ' (Jp, N (0AN A’)) = 0. O

We observe that if we had a Korn inequality of the type
[ 1Vu= Valrde < clon,p, D E (1.9), (19)
Q

where a is some infinitesimal rigid motion, and E,, is defined in (3), then the function
v:=L(u—a)+aec GSBV?(O;R"),

where L is the extension operator in Theorem 4.1, would provide an extension of u
to O preserving the trace on 02 N O, and satisfying the bound

E,(v,0) <c¢(n,p,Q,0)E,(u, ).

Unfortunately, (19) is not true in general. Note indeed that (19) would imply that
GSBDP(Q2) C (GSBVP(Q2))", while several examples show that the best possible
embedding is GSBDP(Q2) C (GSBV(2))", i.e., the summability of the approximate
gradient is no better than L' in general (see for instance [17, Example 2.1], and [30,
Example 2.6]).

In the two-dimensional case, however, we have a piecewise Korn inequality, proved in
[30, Theorem 2.1] (see also [30, Remark 5.6]), which leads to an extension preserving
the trace and satisfying a (slightly suboptimal) energy bound. We recall here the
result in [30].

Theorem 4.4. Let p > 1, let Q C R? be open, bounded with Lipschitz boundary
and let ¢ € [1,p). Then for every u € GSBDP(Q) there is a Caccioppoli partition
(Pj)32y of Q and corresponding infinitesimal rigid motions (a;)32, such that

(i) w:=u-— ianpj € SBVI(Q;R*) N L=(Q; R?),
(i) > HU(O"F) < elp,q) (! (Ju N Q)+ H!(00)),

(i) [ Vallaome < Qe amz:
Armed with Theorem 1.1, Theorem 4.1, and Theorem 4.4, we can now construct an
extension of a function v € GSBDP(2) in two steps. As a first step we construct a
‘local’ extension of u in a neighbourhood W of 92N O. Then in the second step we
go from a ‘local’ to the desired ‘global’ extension by means of Theorem 1.1. For the
local extension, the main idea is to use the reflection given in the following theorem
(see [9, Theorem 3.1]).
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Theorem 4.5. Let 2 C R” be an open set, and assume that A C 0S) is a bounded,
relatively open, nonempty Lipschitz set, with

A ccC {x € 99 :0Q has Lipschitz boundary at x}.

Then, there exists a bounded open set W C R™ with Lipschitz boundary, such that
A=W nNo, and a bilipschitz map ¢: W — W with ¢p = Id and p(W*) = WT,
where W =W NQ and W~ := W N (R"\ Q).

Let now ©Q,0 C R? be open bounded sets, and assume that € is Lipschitz and
connected, as in Theorem 1.1. Let p > 1, let ¢ € [1,p), and let u € GSBDP(Q).

Step 1: Local extension of u. Let W be the neighbourhood of A := 9Q2NO given
by Theorem 4.5. Since, from property (i) of Theorem 4.4, we have @ € SBVY(Q; R?),
we can extend each component of @ to W by means of Theorem 4.1. We then
obtain a function Lu € GSBVY(W;R?) such that Lu = u L*ae. in QN W,
Hl(JLa N (09 N W)) = O, and

/W|V(Lﬂ)|qu+7-l1(JLaﬂW) < ¢(q,9,0) (/|Vﬂ|qu+H1(JaﬂQ))

(9,02 0) (le()%, g a2y + H'(Ju N1 Q) + H(09) ) (20)

where the last inequality follows from properties (ii) and (iii) of Theorem 4.4.

Note that the function Lu is an extension of @, and not of u. To get the desired
extension, we need to add to u a function defined in the whole of W, that coincides
with Z;’;l ajxp; in QNW, and whose discontinuity set has H'-negligible intersection
with 92 N O.

This can be done in the following way. Let ¢ be the map given in Theorem 4.5,
that keeps A = 002 N O fixed. Then, observing that ¢ (ijmw) is the characteristic
function of ¢(P; N W) for every j € N, we can define ap as

Z anPjﬂW in W nN Q,

ap ‘= ;}1
Z a;¢ (xprw) in W\ Q.

L J=1

Then ap € SBD(W), and one can see that there exists a constant ¢(€2, O) such that

H' (Jop NW) < ¢(2,0) Y HY(OFy) < clp, ¢, 0)(H' (Ju N Q) + H' (09)), (21)
7=1

where the last inequality follows by property (ii) of Theorem 4.4.

Then, we have that 0 := Lu + ap € GSBD?Y(W) is the required ‘local” extension of
u to W. Indeed, 0 = u L%a.e. in QNW, H(J; N (OQNW)) =0, and by (20)

e m2zzy = LN a g2z < IV (LD Loy pese)

c(p,¢,9,0) (|| (@, gz + H (JuﬂQ)+7-[1(aQ)>.
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Moreover by (20) and (21),
HY (TN W) < HY(Jpa NW) +H (T, " W)
< &lp, q,Q,0) <||e(u)||ip(Q;R§yxn3) FHY(T,NQ) + Hl(aQ)> .

Therefore,

E(5,W) < &(p, 0,2,0) Jle(w)] S+ H (LN Q) + H(00)).

q
Lr (R

Step 2: Global extension. We now construct a global extension of u, namely we
further extend v from W to O. To this end we apply Theorem 1.1 to the function
0, and define v := T0 € GSBD?(0). Then v satisfies v = u L%-a.e. in QN O,
HY(T; N (02N O)) =0, and

E,(v,0) <c(p,q,Q,0)E, (0, W)
< e(p4.2.0) (Jle()l%, g paez) + H () + H'(O0))
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