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1. Introduction

The aim of the paper is to prove weighted John-Nirenberg and sharp Trudinger type
inequalities for measure-valued (o, p)-Lagrangeans.

We recall that in the classical setting of Sobolev spaces W*?(R™) with kp = n, k€N,
N.S. Trudinger proved the continuous embedding

Wo?(Q) C exp La1(Q) (1)

where exp LT (Q) denotes the exponential type Orlicz space endowed with the norm

[/ :mf{bo:/QeXp«Iu(;)I)Jl)dx .

and (2 is an open subset of R” with finite measure (see [29] and [18]).

Similar results have been obtained independently by V.I.Yudovich in [30] and
S. 1. Pokhozhaev in [26]. The previous integrability result was improved by R. S. Stri-

chartz who pointed out that the power —*- can be replaced by ~P— if u belongs to

the Bessel space VVO "(Q) (see [27)). Later on, K.Hansson in [ ] and H. Brézis
and S. Wainger in [2] established the so called sharp Trudinger inequality. More
precisely, they proved the continuous embedding

WEn(Q) € B, (9) (2)

€ Q dty =
where ||u||BWn(Q) = (/0 u*(t)n(ln(u))—n?>

t

and u*(t) denotes the non-increasing rearrangement of u (see, for example, [18]).
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The sharp Trudinger inequality implies the Trudinger embedding mentioned before
but it is stronger as the inclusion BW,,(Q2) C exp L=»-1(2) is proper (see e.g. [11]
Section 3).

Functional inequalities of the previous mentioned type can be also obtained by using
the capacitary estimates of Maz'ya in [20]. For a more exhaustive discussion on this
topic in the classical setting of domains of R™ we refer to the interesting survey by
L. Tartar [28].

There is a vast literature concerning this type of functional inequalities also in
the setting of abstract metric and quasi-metric spaces (see [10] and the references
therein). Similar results to those of the present paper have been obtained by
P. Hajtasz, P. Koskela [10], B. Franchi, C. Pérez, R. L. Wheeden [8], J. Maly J., L. Pick
[18], [19] P. MacManus, C. Pérez [15], [16], E. Mbakop in [21]. In particular, Mbakop
in [21] establishes Trudinger type inequalities for (1, p)-Lagrangeans.

The main tools of the previous works are dyadic sets, covering techniques, classical
good A—inequality, maximal operators. The approach of our paper is based on Riesz
potential estimates in the spirit of [17] and [4].

The measure-valued Lagrangeans on homogeneous spaces have been introduced in
the paper [17] of J. Maly and U.Mosco in order to describe the dynamics of very
general self-similar structures and, in particular, of the most common fractals. In
fact, in the fractal case, the gradient and hence the associated Lagrangean cannot
be defined point-wise because the structure is not differentiable: a way to overcome
this difficulty consists in defining the Lagrangean as a measure on the space, by
stating the gradient-like behavior in a suitable form. Self-similar variational fractals,
introduced by U. Mosco in [23], provide examples of (1,2)-Lagrangeans. For p # 2,
we can consider the p-Lagrangeans corresponding to the nonlinear energy forms
on Koch curve type fractals (see [3], [5]), on Sierpinski gaskets and on larger class
of fractals called weakly completely symmetric fractals (see [12]). In [17], Sobolev
inequalities and embedding in Lorentz spaces for measure-valued («, p)-Lagrangeans
on homogeneous spaces X have been proved by using an approach based on Riesz
potential estimates when ap < v, where v is the dimension of the homogeneous
space X. In [4], using similar techniques, three different situations a = 1, p < v,
a=1,p=vand a > 0, ap > v, have been faced. Weighted Sobolev inequalities
and embedding in weighted Lorentz spaces have been proved in the first case, John-
Nirenberg type inequalities are established for the second one and Morrey type
inequalities have been obtained in the last one.

In the present paper, we consider the case («,p)-Lagrangeans for any positive «
with ap = v on a quasi metric space X = (X, d, m) where m is a non negative
Borel measure satisfying a doubling condition in a given ball (see assumption (L1)).
We prove embeddings in weighted Lorentz spaces (see Proposition 4.4) and weighted
John-Nirenberg type inequalities, for weights belonging to the Muckenhoupt class
Ao (m), (see Theorem 4.1). Moreover, we establish sharp weighted Trudinger in-
equalities assuming that the space X is connected (see Theorem 5.3). We note that
inequality (37) can be compared to embedding (2).
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In fact we have

o QL pdt  p [ 2 TP
/0 OGO T =01 ), (ln<|{:cef2:|u(sc)|>y}|>> v

(see Theorem 2.1 in [6]). As it is proved by H. Brézis and S. Wainger (in the classical
setting [2]) sharp Trudinger inequalities imply the exponential Trudinger embedding
(see Theorem 5.5). Actually estimate (37) is stronger than estimate (48): in fact,
the integral in (48) may be finite in cases when the integral in (37) diverges (see,
e.g. Section 3 in [11]). Moreover, we recall that if we do not assume the space X to
be connected then Trudinger type inequalities may not hold true. We refer to e.g.
[15] for discussion and examples.

To our knowledge sharp weighted Trudinger inequalities for («, p)-Lagrangeans on a
quasi-metric space are new. Moreover we think that our approach is rather flexible
and it is also adapt to study measure-valued Lagrangeans scaled according to refined
power laws and more general weights introduced in [25] and in [22] to treat the
Lagrangeans for fluctuating fractals and for scale irregular mixtures (see [24] and
[1]). We note that U. Mosco and E. Mbakop (see [25] and [22]) study the case ap < v
and, to our knowledge, the limiting case ap = v has not yet been addressed for this
type of (o, p)-Lagrangeans.

The plan of the paper is the following. In the second section we define the measure-
valued («, p)-Lagrangeans on homogeneous spaces under the assumption of the weak
chain rule which is more general than the one required in [17] (see Remark 2.1). In
the third section we introduce the Riesz type potentials and we give a quantitative
estimate in term of parameters (see Theorem 3.1). In Section 4 we deal with John-
Nirenberg inequalities (see Theorem 4.1). First we establish weak inequalities for
measure-valued (o, p)-Lagrangeans (12) (see Proposition 4.2). Inequality (12) is new
in this framework and it can be seen as an improvement of inequality (10) in [17]
as it allow us to treat the case ap = v. Then we use the weak chain rule condition
(see (L4)) to prove the weighted John-Nirenberg inequality (10). This inequality
can be seen as an improvement of John-Nirenberg inequalities in [4] as it allow us
to consider the case o # 1. We note that condition (L4) plays a role similar to that
of the truncation properties (see e.g. [10] and [20]) which are commonly used for
obtaining strong type inequalities from weak type ones. In Section 5 we prove sharp
weighted Trudinger type inequalities (see Theorem 5.3) and exponential weighted
Trudinger embeddings (see Theorem 5.5).

2.  («,p)-Lagrangians on a homogeneous space X

We recall the definition of (a,p)-Lagrangeans on a homogeneous space X (as in
[17]). We suppose that

(L1) X = (X,d,m) is a locally compact quasi-metric measure space with a non-
negative Borel measure satisfying the doubling condition. More precisely, X is a
locally compact topological space endowed with a quasi-distance d: X x X — RT
such that d(z,y) > 0 if and only if = # y; d(z,y) = d(y, x); for all z,y,z € X with
cr > 1 we have d(z, z) < cp(d(x,y) + d(y, 2)).
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The (quasi-) balls B(z,r) = {y : y € X, d(z,y) < r}, x € X, r > 0 form a basis
of open neighborhoods in X (see e.g. Theorem 2 in [14]). The measure m is a non-
negative Borel measure on X satisfying the doubling condition within a given ball
Bi* = B(z,Ry), z € X, Ry > 0, that is, there exists a constant v > 0 such that, for
every o € (0, 1), there exists a constant ¢cp > 1 (possibly depending on o) such that

0< <i>um(B(x, s)) < epm(B(x,r)) (3)

s

for every x € B(z,0R) and for every 0 < r < s, B(x,s) C B(z, Ro).

We denote by C(X) the space of continuous functions on X and by M™*(X) the
space of non-negative Radon measures on X. For every ball B = B(z,r) we set

|B| =m(B), 1B=DB(x,7r), 7>0

and from now on we denote by ug the mean of the function v on the ball B with
respect to the measure m, that is,

i),
ugp = — | wdm.
1Bl /s

(L2) L£® :C — M™(X) is a map which associates with each function u from a
given subspace C C C(X) a measure £ [u] € M*(X). We denote by (X, LP) the
homogeneous space X with a Lagrangean £,

We suppose that, for a given p > 1 and a > 0, the following family of Poincaré
inequalities holds:

Moreover we suppose that

(L3) there exist constants 7 > 1 and c¢p > 0 such that we have

! / = gl dm < cpr® ) / AR
B, )] S =B s

for every u € C and for every B(z,r) C B(z, Ry).

To establish strong type estimates (see Theorems 4.1, 5.3 and 5.5) we will require
that the weak chain rule holds as in [25]:

(L4) for every function u € C and every non-negative real-valued function g €
CY(R), with ¢’ bounded on R, we have g(u) € C and the following inequality holds
in measure-valued sense

LPg(u)] < max|g' ()" x g0 £ [u].

Remark 2.1. The property (L4) is weaker that the one assumed in [17]: we remark
that this weak chain rule property is satisfied also by Lagrangeans of fractional order
a, possibly of non-local Besov type (see [25]). O

The measure £ [u] satisfying the previous property is called the (o, p)-Lagrangian.
We note that from condition (3) we derive the following eccentric doubling condition.

Proposition 2.2. Foranyo € (0,1), let R < CT(fTOJFU). Then there exists a constant

cg > 1, such that the eccentric doubling condition holds, that is, for every x € B(z,0R)
and 0 < r < R we have

es|Bla,r)| = (%) 1B R, (5)
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Proof. We observe that if z € B(z,0R), then
B(z,(1 —0)R) C B(z,crR) C B(z, Ro)

hence condition (5) follows from (3):

Bl > 6 (B er ) > 5 (B (- o) R)
> G R
and so cp = 5 x )Y O

l1—0

From now on, we use both the inequalities (3) and (5) hence our setting will be the
fixed ball B = B(z, R) where R is as in Proposition 2.2.

3. Riesz type potentials

We introduce the Riesz type potentials as in [17] Let o such that 0 < cro < 1.
Let B = B(z, R) be the fixed ball where R < We define the kernel for z,
ye B, >0,

(c+)

r
5 Z |B e ( ) ; |Bk($)| k()

where By(x) = B(x, 1), with r, = 227%0R, fork =1,2,... with

O<0§1—CTU

2¢ct

We note that if the measure of the balls depends only on the radius then this Riesz
kernel is symmetric. In general the symmetry fails, but for doubling measures the

ratio 5 5
is bounded. In [17] the following Theorem 3.1 is proved: here we recall the proof

because we are interested in the exact expression of the right hand side of estimate
(6) in term of the parameter 3.

Theorem 3.1. Suppose that (L1) holds. Let G C B(z,0R) be a measurable set.
Let &g be a positive number and let B belong to the interval (0,v —eqy) then for every
y € B(z, R) we have

/G]Z?(x,y)dm( z) < 3 Lo (:g:)ﬂ/y (6)

for every 0 < B < v —eq, where ¢ is a constant depending only on cg, cr, ¢p, V, €

and 0.

Proof. If x € B(z,0R) and xp,()(y) = 1, then x € B(y,ry) and, by definition of
0, r, and o,
B(y,rr) C B(x,2crry) C B(z,R) :

in fact, if ¢ € B(y,ry), then
(¢, x) < er(d(C,y) + d(y, @) < er(re + ),
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if ( € B(x,2cyry) then
d((,z) < cp(d(¢,z) + d(z,2)) < cr(2ermi + o R)
and cp(2crr, + oR) < 20%21_’“156%13 +croR< R—croR+croR = R.
Hence the doubling condition (3) implies
|B(y, )| < |B(x, 2¢rri)| < ep(2er)”|B(x,71)|

B
,
d —k__ d < ep(2er)rl.
an | s e)dmia) < ep(er) s} 7)
By (5) we have / ixB ) (@)dm(z) < CER”rﬁf"@. (8)
¢ |Br(x)| N * 1B
TK+1 |G| /v TK
We choose K such that < <—> < — and using (7), (8) we obtain
T1 |B| T1
’ )= [ v @m(e)
I3 (x,y)dm(x) = /—X x)dm(x) =
/G ,3( ) ( 2 Jg |Bk($)| By (y) (

i
— < Z +Z> LmXBk(y)(x)dm(x) <

1<k<K k>K

< %R“rf{”% + cp(2cr)” 252i lrf( <
< grporn (Y cppoery 2 me ()
= c(B)R? (%)B/V )
As ﬂlirgl+ Be(B) = % we deduce that
/Gfg(x,y)dm(x) < C%R’B <%>B/V
for every 0 < 8 < v — g9, with ¢ depending only on cg, ¢, cp, 6, €9 and v. [

4. John-Nirenberg type inequalities

In this section we state John-Nirenberg type inequalities in the case ap = v also
with a weight w belonging to Muckenhoupt class A (m) (see [4] for the case a = 1).
We recall that a weight w (that is, a nonnegative locally integrable function) belongs
to Muckenhoupt class A (m) if and only if there exist positive constants C'4__ and
0 < s <1 such that

- m(E)

w(E) < Ca. (W)sww) o)

for every ball B and every measurable set £ C B where w(E) := [, wdm (see [9]).
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Theorem 4.1. Suppose that (L1), (L2), (L3), (L4) hold withap =v, p > 1, v > 1,
and T >1, 0 <croT < 1. Let w € Ay(m), then for every u € C we have

ju—C]

1
inf —— exp
CeR |B(z,0R)| / o v 1 1/p
B(z.0R) o\ R} <_|B(Z’R)| Joor dﬁ(p)[u]>

wdm < ¢y (10)

with the constants c¢; and co depending only on cg, cr, ¢p, ¢cp, 0, T, V, p, S and on
the constant C'y_ of the weight w.

To prove Theorem 4.1 we firstly show the embedding into weighted Lorentz spaces
then we establish Sobolev type inequalities for any exponent k£ and we take into ac-
count the particular form of the constant appearing in the Sobolev type inequalities
(in the spirit of [10]).

Proposition 4.2. Under assumptions (L1), (L2), (L3) with ap =v, p > 1, v > 1,
7>1,and 0 < cr70o <1 the following weak type inequality holds: for every u € C
such that

udm < =, (11)

N | —

) * P pU p—1 1 P
Blz,oR)N{u> 1} < c(C*(8))PR*|B(z, R)|* >MB(L)OM< u] (12)
1-6

1
with 0 < 6 < L where cCr) = | ———— (13)
p

6% (p—1)
P
1-—

1-6

—~
D=
N—

and c is a constant depending only on cg, cr, cp, v, cp, T, 0, and p.

Proof. We can assume [, dLP[u] < co. Set
G={r e B(z,0R): u(x) > 1}

where 0 < er 70 < 1. We consider a point x € G and then define B = B(z, R),
B = B(z,R/T), By = B(z,m:), By = B(x,7/7), 1), = 2V 7*0R, k = 1,2, ... with

g L-croT (14)

2¢2,
We note that, for every k =1,2,...,

. 2¢cr0
Bla,r) € B, 228y ¢ b, By

T T

in fact, r, <7 < 2cr0R and if ¢ € B(z, 22%%) | then

T

d(¢; 2) < er(d(C, @) +d(z,2)) < ex

1_
Locror g

TCT

Let Ifﬁ(p)[u](x):/Bfg(x,y)dﬁ(p)[u](y). (15)
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By using (11) and the continuity of u we obtain

1 S
5 S |u(x) - UB| S |Z(u3k+1 - uBk) +u31 —Uup
k=1

o, ¢]
< (Z lug,,, —ug |+ lug, — UB|> :

k=1

Hence assumption (L1) and its consequence (5) imply

1
§§(U$ —up) <Z

1
U — Up dm—l—A—/ u— upsldm
| Bk| |Bl| A’ B|

‘BkJrl’ By

= B 1Byl s, |31 IBI
- 1 1

SZCD A lu—ug |dm + cpf™— /|u—uB\dm
pe i VA | B

By assumption (L3), we obtain

1 > v Tk v ]. () 1/p
5 < lu(@) —upl <2 epep(T)7 (5 [ ALVl
k=1

|Bk’ By,

We evaluate the first term

f}rk)z (|;k| dﬁ(p)[ ])1/p= 3 r,f’( L dﬁ(p[ ]>1/p6( 1 dg(p)[ ])6

k=1 By k=1 | Bk| B, | Bi| By
2y | B| )1/p—6( v 5

< ot dct) rP—— | dLP[u]
,; ¢ (IBk 1Bl /5 " 1Bxl Ji,

1/p—6 =\ 2(1-9) —u(1/p—95) 5 Vom0 v g ’
< CEp 7”15 Tk PR/ ( /dﬁ [ ]) ( L p)[ ])
— | B "Byl Js,

1p=6 e (1-ps) (1 NS s (T ») ’
_ i pE AL vo=1/p) (e [ qp .
CE (31, 2 1] J,

We apply the Holder inequality to the sum in the last line of the previous inequality
and we obtain

00 v/p 0 s -
Z 5(1-1/p) [ Tk ALV | < < Tzé(l—l/p)li(;>1 5 (Iigﬁ(p)[u](x)y
‘Bk‘ By, k=1 ’

= (OR)"I-UPC(5) - <I]§ r® [u](x)>5

where the constant C*(¢) is the value given in (13).
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Then we have

1/p
1 < 2fu(x )—uB\<2CP{9 CERP(’;|/d‘C []) +

TP

C* (852 I/P 591/61 1/p)R (1-6) 1 d,C(p) =0 IB ﬁ(p) 0
+C7(9) B/, [u] v LV [ul(z)

=X+Y (16)
Now we discuss two cases.
If the first addendum X in (16) exceeds the second one Y, then we have

4 . (1 1/p
1<2X = Lo ey R <_/ dﬁ(”)[u])
TP |B| Jp

|G|6 P-1) (4CP) —vp v 1 (p)

and then we have proved (12). If the second addendum Y in (16) exceeds the first
one X, then we have

1 <2y = L0 3)27 ep P 0gr-1/m RE(-D (lé‘ / dﬁ(p)[u]>
B

TP

1/p—5 E)

(1§£<p> [4] (:1:)) .

We apply Holder inequality and we obtain:

\G!=/ dm < 2L 0 (8)27 ep cP00r50-1/0) R (10,
G

. <ula| / AL u ])UH/G(Ifﬁ(p){u](x>)5dm

P ()2 ep eyt~ Per 0 REO),

(g feoa) ™ ([ oo e

By using Fubini’s theorem and Theorem 3.1 with § = % we obtain

4Cp

7-p

|G‘ < 4CPC*((5) }E/pféeyé(l—l/p)R%(l—cS)'
T 1 1/p—6 o
( /dc(m[ ]) (/ p?c(?)[u](x)dm) G
| Bl G 7
= 4c,,p C*(0)2" cp cl/p769”5(1_1/p)R§(1_5)~
( /ddp ) (/ /IBdm )AL [u] (y )) Gl
| Bl G’
4Cp

P 0 (8)2" epef” UM R,

(,;/dﬁ(p)[ ]>1/M </B VR (ED d£<p>[u](y>>6,G|15,

where c is a constant depending only on cg, c¢r, ¢p, v, p, T and o.

Tp



480 R. Capitanelli, M. A. Vivaldi / Sharp Trudinger Type Inequalities ...

1 1/p
Hence |G|'™*07% < cC*(8)c?~* 01~ 1/p( )|BI°" ¥ R¥ <® / dﬁ(p)[u]) ,
B

where C*(¢) is the constant in (13) and c¢ is a constant depending only on cg, cr,
¢p, v, cp, p, T and 0. As 97901 <1 P70 < /P and (2)? < max{1, ()7}, we
have proved inequality (12). N

Now as in [4] we show that the following embedding into weighted Lorentz spaces
holds. We note that condition (L4) plays a role similar to that of the truncation
properties (see e.g. [10] and [20]) which are commonly used for obtaining strong
type inequalities from weak type ones.

Proposition 4.3. Suppose that (L1), (L2), (L3), (L4) hold with ap = v, p > 1,
v>1,andT>1,0<cror < 1. Let w € Axs(m). Then, for every u € C, there
exists a median uy; such that, for every 0 < § < %,

\

w({B(z,0R) N |u — up| > t}))

CDC/

O-V

-5 1
|B| B(z,R)

where the constant ¢ depends only on cg, cr, cp, v, p, cp, 0, and T.

< (@) ( =) Rw(B(z, 0 R)) LW (17

Proof. Since w € A,(m) (see (9)) we deduce from inequalities (12) and (3) that
for every v € C such that f (2.R/") vdm < 1 7 we have

1
|B(z,R/7)]

d(p—1)

<w(B(z,aR)ﬂ{v21})> T <

o

Ccp Cil/s (p—1)é (p—1)5 1
<o (=)o@ R e o) S e [ ael oy
) z,R

with the constant ¢ depending only on cg, cr, cp, v, p, cp, o, and 7. We choose uy;
in a such way that

|B(z, B/7) N {u > upr}] Z%!B(ZaR/T)l, (19)
and |B(z, R/7) N{u < wup}| > %’B(Z,R/T)l. (20)

Without loss of generality we assume that uy; = 0. Let ¥ € C*(R) be such that
¥ =0on (—00,3], ¥=1on[l,400), 0 < ¥ < lon (3,1),0 < ¥ <4 on (i 1).

2
For the given function u and a positive number ¢ we set

v () =0 (@) for w>0, and v (z) =10 (_“t(x)) for u < 0.

Since v;” < 1, we have (see (

L _IBGR/T) N {u > 0}

(2 R/T |/ B/ - |B(z, R/7)] =

|B(z, R/7) N {u > 0} 1
- |B(z, R/T)| -2
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Applying (18) to v;” we obtain

6(p 1)

(w(B(z,0R) N {u > t}))é(ps_l)

(Bz.oR)N {of 2 1) <

O—I/

1/s
ep OV \ (o1 so-n 1
< ES *(S\P oV T v
< C( ) (C*(9))PR'w(B(z,0R)) |B(z, R)| / %R *

In a similar way, since v, < 1, we have (see (19))

.
_ v, dt <
‘B(Za R/T)| B(z,R/T) !

and applying (18) to v, we obtain

DO | —

pl)

5(17 1)
<

(w(B(z,0R) N {—u > t})) < (w(B(z,0R)N{v, >1}))

Cp Cl/s (p—1)8 . Y 5(p—1) 1 B
< C( AOO) (C (5))pR w(B(z,aR)) s m/B( - dﬁ(p)[vt ]

Then, we obtain that

0-11

(p—1) 5(17 1)
<

s CD i‘/s p—1
(w(B(z.oR) N {lu] > 1)) _c(%)( ”(C*(é))pRyw(B(z oR)

|BZR’/7;R ZR’/ZR ' 21)

By property (L4), we have that

Llof] < AP Ll (t/2<u<r) (22)
and Lloy | < PP LIufX t72<—u<ty- (23)
We obtain by using (22) and (23)
- cy: -
(w(B(z o R)N{Jul>t1) 5 < do (A=) 03 () R w(B(, o R) 5 7
o
1
— ( / dL® ] + / d£<p>[u]) : (24)
|B| Bn{t/2<u<t} Bn{—t<u<—t/2}
We define Fr(t) = / dL® [u], t>0
Bn{0<u<t}
and F~(t) = / dL® [u], t>0.
BN{—t<u<0}

From (24) we obtain

5(17 1)

s(p—1 Cp i\/s (p—1)0 _
(w(B(z, o R)N{|u| >}))" < 4c (JL) (C*(8))PR*w(B(z, 0 R)) "5 7.

- % (F*(t) ~ F*(t/2) + F~(t) — F~(t/2)), (25)
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then /0 T (Bl o R) O {[u] > 1)) 25

5(17 1)

1/s 0§
§4C<CDC )(” P (0)P R w(B(z, 0 R))

g [ (o= -Fe) T

[0 - rram)§ = / / r%- | / Y ) -
- ([, 0= [ o)

_ lim (/QTFWt)@—/Z/TF*(t)%) < 2 F¥(c0)

Since

T—o00

/OOO Y (w(B(z,0R) N {|u| > t}))

i\ -1 -
< ()" o )R w(B(z 0 B) ™ )ﬁ / qL®
B

O—V
where the constant ¢ depends only on cg, ¢r, ¢p, v, p, cp, 0, and 7. Il

We proceed now t(2) prove the following weighted Sobolev type inequalities for every
k > k =max(p, >57).

Proposition 4.4. Suppose that (L1), (L2), (L3), (L4) hold with ap = v, p > 1,
v>1 and 7 > 1,0 < cpor < 1. Let w € Ay(m), then we have for every

k> T = max(p, 22)

1/k 1/p

1
s _ d <ckV R | ———— [ de® 26
Bamy [ vl wim| <o pres T K0 IED
B(ZUR) B(z,R)

where uyy s the constant appearing in Proposition 4.3 and c is a constant depending
only on cr, v, p, cp, Ccp, cp, 0, s, T and on the constant Ca__ of the weight w.

Proof. From Proposition 4.3 we deduce that the function u — u,; belongs to the

weighted Lorentz space Lq(]f*’p)(B(z, oR)) with k* = )5, and (see [6])
=l ey < 27)
Oy \ -1 us 1
<c (CD—Aw) e (07 (6)) BYw(B(z, 0 R)) dLP[u].
o 1B|
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In fact, we have (see Theorem 2.1 in [6])

il = [ @€V = 1 [Twile € 2 ut@)] > gy

where u; denotes the decreasing rearrangement of u with respect to the weight w.
We note that, if ¢ < p%l, then k* > p and by embedding properties of Lorentz
spaces (see [31])

11
o= watllyear < (5)7 7 = warl g (28)
Hence </ u — upr|F w dm)ﬁ < c(%)rk7 (k*)%C*(é)
B(z,0R) k
1/5 (p—1)¢ 1
CDO > P v 1 1 / P
— = Ry (w(B(z,0R))* (— ac u) 29
(= B RN (g [ e (29)
For every k > k, we choose § = §;, = —s)k, and we note that (k*)& < e+ and
lim &~ Remn O (8,) = L
k—00 svin2
Then, from (29) (for every k > k) we derive
1/k 1/p
1
k (p)
— d < k; k(p 1)Rp drl 30
Bremy [ mdan < el K
B(z,0R) B(z,R)

where ¢ is a constant depending only on cr, v, p, cp, ¢p, cg, 0, s, T and on the
constant C4_ of the weight w. This completes the proof of Proposition 4.4. O

We are now in position to prove Theorem 4.1

Proof. We remark that, when k < k, we have the estimate

1 . 1/k 1 -
g A —— U — Upp wdm) §<—/ U — Upp wdm)
(’B<Z7 UR>| B(z,0R) ‘ | |B(Za UR)' B(z,0R) | |

We expand the exponential in a power series and using the previous estimates to
bound the sum of the series:

1 / exp |u — um| wdm =
_— X
B(z,0R o £ LK 1/p
Bz o R)| Jpom) cer—! R¥ <|73(,1zR) b)) dﬁ(p)M)

==

_Zl/ l = vl wdm =
N B(z,0R 2 oR) K! 2 v 1/p -
| ( )| B(z,0R) cer-IRp (m fB(z,R) dﬁ(?)[u])
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(X +z>|BMR

0<k<K]

'/ % . - v 7y | wdms
B(z,oR) ™\ ¢ 51 R (m fB(z,R) L [U])

The convergence of the series follows from Stirling’s formula k! ~ k*e=*v/2rk. O

5. Sharp Trudinger type inequalities

In this section we prove sharp Trudinger type inequalities for measure-valued La-
grangeans assuming that the space X is connected (Theorem 5.3). We remark that
if the space X is not connected the sharp Trudinger inequality fails (see, for instance,
[15] for discussion and examples).

To prove Theorem 5.3 we firstly establish weak inequalities (similar to inequalities
(12) in Proposition 4.2), and then we use the weak chain rule condition (L4) as in
the proof of Proposition 4.3.

We recall that each connected doubling space satisfies a chain condition (see e.g.
[10] or [16]). This means that for every point = and for any numbers r, R such that
0<r<R<1/4diam(X) and X \ B(x, R) # () we can pick a finite chain of balls
that joins B(z,7/2) to X \ B(z,2R) (see [10], p. 29).

According to the approach of [10] (see Section 6 of [10]), in the following Proposition
we adapt the chain condition to our setting.

Proposition 5.1. In the previous assumptions and notations, for every T > 1,

there exist constants N, M and L such that, for every point v € B(z,0R) and for

any numbers r, R* such that 0 < r < R* < 4feT and B(z,R) \ B(z,R*) # 0, we

can pick a finite chain of balls B, k = 0, -, -, ,h (h € N) that joins B(x,r/2) to
B(z,R) \ B(x,2R*). The chain has the following properties:

) BiC B(z,R/T)\ B(z,R*) and B} C B(z,71);
(2)  N-'diam(B;}) < dist(x, Bf) < Ndiam(B}) fori=0,1,2.... h;
) there is a ball B; C B N B} | such that By U B}, C MB; C B(z,Ry) for
i=0,1,2....,h—1;
(4)  no point of B(z, R) belongs to more than L balls TB}.

Proof. For every integer j between 1 and M* = 5 + [lg,

2 p*

T et Ay = Aj(x)
denote the annulus A;(z) = {y : 22 < d(y,z) < 2B} For every positive e,
as m is doubling, we can cover each annulus A; by at most N* (open) balls of
radii equal to 54CTR with centers in the annulus A; where N* is independent of

and j. The balls B corresponding to the annuli A;, j = 1,-- -, M* together with
B(z,7/2), B(z,R) \ B(z,2R*) form an open cover of B(z, R).
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As B(z, R) is connected and contains a point inside B(z,r/2) and another point
outside B(x,2R*) we can pick a chain of balls that joins B(x,r/2) to B(z,R) \
B(x,2R*). The required chain Bf, i = 0,.....h, is then obtained as the collection
of the balls 2B from the balls B different from B(z,7/2) in this chain. When ¢ is
sufficiently small, depending only on 7 and c¢r, the balls 27 B with B corresponding
to A; and the balls 27B" with B’ corresponding to A; do not intersect, provided
j—il =2

It is easy to verify that if ¢ < ﬁ then the ball Bj does not intersect the ball

B(x, R*); moreover if R* < % then the ball B is contained in the ball B(z, R/T).

2. R*
TT ]

To complete the proof of condition (1) we note that the choice of M* =5+ [lg,
implies that the ball B; is contained the ball B(z, ).

We also point out that the constant /N in condition (2) depends only on ¢y and € as

we can choose N = %{:’5) O
From Theorem 3.1, we obtain the following weak type inequalities. The spirit of the
proof is the same of the proof of Theorem 4 in [17] concerning the case ap < v. In

order to treat the case ap = v, we follow some ideas from [10].

Theorem 5.2. Suppose that (L1), (L2) and (L3) hold with ap = v, p > 1, v > 1,
T>1,and 0 < epro < 1. Assume that B(z, Ry) is connected. Let u € C, with

1 / 1
_ udm < —. (31)

|B(Zu R/T)| B(z,R/T) 2

Let €q be a positive number then, for ¢ > max(p, V_VaO),
{x € B(z,0R) : u(z) > 1}|(%_f2) <
1/p
1 p=1 (l—%) v 1 (p)
<cqiq» |B|'e @'R» <— dLP [u] , (32)
|B(Za R)| B(z,R)

where ¢ is a constant depending only on cg, cr, cp, v, p, T, cp, €y and 0.

Proof. We can assume [, dLP[u] < co. Set

G ={zr € B(z,0R) : u(x) > 1},
where o satisfies 0 < cy7o < 1. We consider a point z € G, (according to Section
2) we denote B = B(z, R), B = B(z,R/7), and B; = B(z,r;) where r; = 0 R2' .

For every element u € C there exists a radius 7, such that for every ball B C B(x,rp)
we have |u(xz) — ug| < 1/4 and, as the point x belongs to G, we have
1
u(a) — gl = ulw) —up > 3

hence up —upl > fug —u()] = |u(z) = upl = 1/4 > fu(z) — ug|

and then lu(x) —ug| < 2lug —upgl

Now we choose the parameters r and R* of our chain. We set r = rx = OR2'"K
where the integer K is such that OR2VK < (see Section 2) and R* = B0 where

~ Srter
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6 is defined in (14). Let B} = B(a:z,rk) k = 0,--- h where r; = 58}§ch and
xy € A; for some j € {1,2,.., M*}, ¢ = 5CTT7 we deduce that 7B}, C B;. Moreover
By, UB; € Bj, k=0,---,h — 1 and there exist at most N* balls B}, of the chain

having centers in the annulus A;.

We consider the chain associated with x, rg, R*, hence

N | —

h—1
< lu(@) —up| <2 (upy,, —upy) + up; —ug| <
k=0

h—1
<2 ( (lusy,, =g, | + lus; g, |) + lug; u3|) .

k=0

We use the properties of the chain condition (in particular, B, C Bi.1 N By,

Bf  UB; CMB, C B(z,Ry), k=0,---h—1, B; C B\ B(x, R*)) and assumptions
(3) (its consequence (5)) and (4) to obtain

h
1 2NR
< lu(e) — up| <2 (2007 3" [ fu |+ (% /| —ug)
B ;|Bk| B; F ]B\ “s
h
v 1 1/p
< 2cpd 2MY * ;< dr® )
< 2ep{ cDZm) yTB;|/TB* o)) "+
v l/p 2NR
+2M"ep(ry 5 / dLt) +c /CM@ }g
o9 (1o " $C B g
1/p
< 2cpi 2M"cp (ry */ d/J(p) +
(o (|B| .
_ INR ! L/p
v T IRy [ — (p)
+<2M cp(cs)rT +cE(TR*))R (|B|/Bd£ [u]) }

(we recall that £ = 5T).

N —

'UN

We evaluate the first term in the previous estimate as in the proof of Proposition
4.2, more precisely for ¢ > p

h 1 1/p
) dL®[qy =
kz::( k) (‘TBZ‘ /TB;; [ ]>
v (1 / ?
)p 2 dLP[u
(sz\ | ]>
I BIE () ( / dc@)m)
TB;

Q=

I
x>~ —
HM} ”MD
— —

(’fqu*l/ AL )Z
_ ((ﬁ)ih—;ﬂ /TB;‘“(”)[“O

Qe

D=
Q=
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By Hoélder’s inequality we obtain

> D)

1/p

1
(p) <
(’TBz’ /TB;; i M) N
(Z |TB |q P T'k 5 t12>p—1> (Z/ dﬁ(p)[u])
ke L TB;

=1 k

. rkz */ dﬁp))
(kl |7 Bil By

The first term can be estimated by summing over the balls B} corresponding to an

annulus A; = A(4CTR*, 4;{?) By the construction of the chain there are at most

N* balls of radii equal to 54CTR with N* independent of x and j. Let be I} ; the set
of indices k corresponding to A;. Then

SN

S =
Q=

.m

h b M* e
11, v v p glol, o vrow. p
(zawq et >) (S rsiepi | <
L 11 7ederR* 11y eder R* T
< (ep)PVa(N* p%( (B 0 r (— ) (= %‘q%)”‘l) T<
S R O (Lt <
p—1 v_ v v, v 11 v v 1 ijl
< (N*)7 (cp)YP Y (cdepR*)a < (1) »Ta |Bls » Rv a ( — ) <
oli @) T
. p-1
< (4er) T (N5 (cp)!/7 V9| B3~ 7 RO ( e > B
2lim @)t

4 - v_

:( ( )) p ’B‘EfﬁRgiﬁ chp;Tl‘ ’EfﬁRp %7

with the constant ¢ depending only on cg, v, p, N*. Here we have used the fact
that e <1, 7>1, R> R" and

cg) .4 p—1

li = N*ct! .
qggo q e vpln2

The second term can be estimated by using property (4) of the chain condition. We
note that the inclusion 7B; C B; holds for every k = 1, -, -, h for some j € {1,...M*}
due to the choice of the external radius R* and we have B; C B.

h %‘% 1_1
Hence we obtain <Z / acw® [u]) < (L / acw® [u]) :
1 /B B

The third term can be estimated by using the previous subdivision according annuli
A;, taking into account that in the chain there are at most N* balls of radii equal
to €22 with N* independent of j. We recall that according to definition (15)

1BL0u](x) = /B 18 (2, )dLP ] ().
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By the choice of the external radius R* we have 7B; C B; C B,

(1 |mﬂﬂ )S

20R I !
< *_—V (1—* E < B a
_@NT@MJ m|m/M ) e (12Llul())

with the constant ¢ depending only on cg, ¢r, v, o, p, N*, 7 and 6. Then, we have

1 <cRr —/dﬁp u) -
(31 [, e
|B| Jg !

If the first term on the right hand side of (33) exceeds the second one, that is,

1 <cRv —/dﬁp u)
(wB ]

then we obtain immediately

) li u 1 1/p

If the second term on the right hand side of (33) exceeds the first one, that is,

-a\v:

p—1 v_ v ]_ %_é 1
<cqgv Rv @ | — () B p(p) a
1<cqg? R ( B /B L [u]> <IE L [u](x)) : (35)

then by Holder’s inequality, we obtain

(!;\ / AL ]> /G<[];3£(p)[u]($)>;dm(a:) <
(ulg‘ / dLP [u ]>1/p1/q (/G[?£<p)[u]($)dm(x))é ey

We use Fubini’s theorem and Theorem 3.1 for g = g with ¢ > max(p,

3=
Q=

ol

G| < g7 R¥

p—1

<cgr R

kSN
Qm“

“—) and we
0

obtain

bl v 1/p=1/q @ 11
Gl <ed's w7 (L facon) ([ ([ 12 pan) acvli) 68 <
| S\
1, 1/p—1/q 1 Y =
<oy RE (1 / d,c@)[u]> ( / ddp)[u](y))q G i R <G'> <
v |B| JB B | B

11w (1 1/p -1 (]G] Ve
<cqiq 7 Rv ( /dﬁ() ) G| ( ) Bla,
B [ | | B |
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1/p

) 1_1 1op=1 L1y 1 )

that is, |G|'"" @) < cqig™® |B|'a @ Ry (—/ dLP) [y] (36)
|B(Z7 R)| B(z,R)

with the constant ¢ depending only on cg, cr, cp, v, o, 7, p, N, M, L and cp. This

concludes the proof. [

Now we prove sharp Trudinger type inequalities for measure-valued Lagrangeans.
More precisely, we establish the following theorem.

Theorem 5.3. Suppose that (L1), (L2), (L3), and (L4) hold with ap = v, p > 1,
v>1,7>1and0 < cror < 1. Assume that B(z, R) is connected and w € As(m)
(see (9)). Then

o0 1 1
inf < cR' — | dr®
é’%R (/0 (hl( ew(B(z,0R)) ))pfl dt) ~ cR ’B‘ /B L [u] (37)

w(B(z,0 R)N{|u—C|>t})

for every u € C, with the constant ¢ depending only on cg, cr, cp, v, p, cp, 0, T, S
and the constant C4_ of the weight w.

Remark 5.4. We note that inequality (37) can be compared to embedding (2). In
fact we have

it —p o l=p
/0 o ()" = ;%/0 (" em ;||Z|(x)| ) v

where u*(t) denotes the non-increasing rearrangement of u (see, for example, [18]
and Theorem 2.1 in [6]). O

Proof. Since w € A (m) (see (9)) we deduce from inequalities (32) and (3) that

1 1
for every v € C such that BER] fB(LR/T) vdm < 3
p(g—1)
(w(B(z,0R)N{v >1}) % <
c Cl/s M P, D (¢—1) 1
<o (ﬂ) * it R'w(B(z,0R)) P / dCP],  (38)
g ’B(ZaR)l B(z,R)

where ¢ > max{p, ﬁ}, we denote p/ = }% and the constant ¢ depends only on

CE, Cr, Cp, U, D, Cp, 0, €9 and 7. As in the proof of Proposition 4.3 let u,;s be a
constant (depending both on the ball B and the function u) such that

B(z, B/1)N{u > un}| > %|B(z, R/7)| and | B(z, R/7)N{u < up}| > %|B(z, R/7)|.

Without loss of generality we assume that uy; = 0. Let U be a C! function on R

such that ¥ =0 on (—00,3], ¥ =1 on [1,00),0 < ¥ < 1on (31),0< ¥ <4on
(3,1). For the given function u and a positive number ¢ we set

of (z) = U (@) if w>0, and v () = (_1‘;5”)) if u < 0.
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Since v;” < 1, we have

- o |B(z, R/7) N {v; > 0}
|B(z, R/7)| /B(Z,R/T) vt = |B(z, R/T)|
|B(z, R/7) N {u>0} 1

= BGRN 2

dt <

Applying (38) to v;” we obtain

(w(B(z,0R) N {u > t})) 7 < (w(B(=z,0R) N {vif > 1}))7 <

1/s q—1 1/p
cp O >q2 1opt /
<c|———= aq » w(B R .
< ()7 b T uB e om)E R (o [
In a similar way, applying (38) to v, , since

1 1

_ v, dt < =

‘B(Z, R/T)| B(z,R/T) ! 2

we obtain

(w(B(z,0R) N {~u > 1}) 7 < (w(B(z0R) N {o; > 1})[7 <

/s g=1 1/p
CDCA >q2 1 p—1 a1 1 /
< "> q p B R .
_c( — q7q 7 w(B(z,0R)) ( B Joen

Then, we obtain that

g—1 CDCil/S Ty o1 g—1 v
(w(Blz,oR) N {Ju] > 1)) < e (2 2= ) 7 ghgF w(B(e,0R) ™ RE-

O-V

w(B(z,0R) N {|u| > t})) o
w(B(z,0R)) av

1/s
(CDCA/(”)qqz 1 p—1

that is ( <c qiq » Rp

ew(B(z,0R))

Lot 4 = o B RN ) (10)
p—1

with 7 = max(L, p—1, ;8}’:3) then (in particular) T > ‘qu—j and from (39) we derive

w(B(z,cR) N {|u] > t})\? = = w(B(z,cR)N{|u| > t})\ %
< ew(B(z,0R)) > sers ( w(B(z,0R) )
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From (40) we derive e =

( ew(B(z,0R)) >Z
w(B(z,0R) N{|u| > t})

and hence (taking into account (41))

1/s _
CDCA{X)QT;P;I;WLEK
1<e¢ - er ed qiqr Rp-
o

Again from (40) and (42) we derive

1 tp Cj‘/s 2 py S P R
e’w(B(z,a'R)) p—1 S C ( = °°> q (E) P er ea qu Rp.
I CEGemausm ) ”

! o) ! o)
N —— ALP) [y ) +(—/ dmu—> ,
(|B<Z,R>| e E ] BB om0

and taking into account that q% < et and e @ < 1 also
1

<
cw(B(z,0R)) =l =
(S oratusm ) ”

v 1 )+ 1/p 1 ®) 1/p
< c¢Rv —/ dL™ [y > +<—/ dL® v) ;
(|B(z,R)| B(z,R) e |B(z, R)| B(z,R) ]

where the constant ¢ depends only on cg, cr, cp, v, cp, 0, p, 7, s and Cy__. By pro-
perty (L4), we have that

(43)

Llvf] < 4pt_p£[“]X{t/2<u<t} (44)
and Llv, | < AP LUl X gt /2« —u<ty- (45)
We obtain by using (44) and (45)
1

ew(B(z,0R)) _
(1n(w(3(z,az~z)m{|u|>t})))p !

1
< cRVtTP— ( / dLP[u] + / ac® [u]) .
’B| Bn{t/2<u<t} Bn{—t<u<—t/2}

We define
Fr(t) = / dLW[u] fort>0, and F~(t) = / dLW[u] for t > 0.

Bn{o<u<t} Bn{—t<u<0}

From (46) we obtain
1

B o S CR”t_”%((F+(t)—F+(t/2))+(F‘(t)—F‘ (t/2))) (47)
In(GEGemamusm ) |51
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!

and then / dt <
0 (11’1( ew(B(z,0R)) ))p—l

w(B(z,0 R)N{|u|>t})

P arpe N ~ _ dt
<cR |F|/o ((F7() = F7(t/2)) + (F7(8) = F7(t/2))) 7

Since
0 2T 2T
/ (FH(t) —F*(t/2))ﬂ = lim (/ FJr(t)ﬁ —/ F*(t/Q)@) —
0 t T—o00 2/T t 2/T t
2T T 2T 2/T
i ([rof- [ o) - ([ rof- [ rof
T—00 2/T t l/T t T—00 T t 1/T t
<In2 F*(o0)

o dt
and, in a similar way, / (F(t) — F’(t/2))7 <In2F (c0) we obtain
0

/°° v dt < cR" 1 /dﬁ(p)[ ]
CIU 707 u.
ew(B(z,0R)) . =
0 (1n(w(3(z,03)m{|u\>t})))p ! 1B| /s

. -1 1
Homco / dt < cR”—/ dL® [y,
; (ln( ew(B(z,0R)) )p*l ’B‘ B []

w(B(z,0 R)N{|lu—unrs|>t})

for every u € C, with the constant ¢ depending only on cg, ¢, cp, v, p, cp, 0, T, S
and C4_ of the weight w. This completes the proof of Theorem 5.3. O

It is well know that estimate (37) in Theorem 5.3 implies the following Trudinger
type inequality: we refer e.g. to the paper [2]. Actually estimate (37) is stronger
than estimate (48) in fact the integral in (48) may be finite in cases when the integral
in (37) diverges, see e.g. Section 3 in [11].

Theorem 5.5. Suppose that (L1), (L2), (L3), (L4) hold withv > 1, ap =v, p > 1,
v>1,andT>1,0<cror <1 Let we Ax(m) and B(z, R) be connected. Then
for every u € C,

D
p—1

. 1 u—C]
inf ——— / exp wdm < cq, (48)
CeR |B(z,0R)| N I 4L 1/p

B(z,0R) 3 |B(z,R)| JB(z,R)

where the constants cs and ¢y depend only on cg, cr, cp, cp, 0, T, V,p, S and on the
constant C'a_ of the weight w.

Remark 5.6. Theorem 5.5 can be directly proved by repeating the steps of the
proof of Theorem 4.1 and by replacing Proposition 4.2 by Theorem 5.2. O
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