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Introduction

Aim of this paper is to study a parabolic problem for the regional fractional p-
Laplacian with Robin (Venttsel’) boundary conditions in irregular domains via a
constructive approach. Namely, our goal is not only to study the problem at hand
but also to approximate the solution, if any, in terms of smoother solutions. This is
a key point also in view of numerical approximations.

Fractional operators describe mathematically many physical phenomena exhibiting
deviations from standard diffusion, the so-called anomalous diffusion. It is an im-
portant topic not only in physics, but also in finance and probability ([1, 26, 41, 43];
for a tutorial see [48]).

Several models appear in the literature to describe such diffusion, e.g. the fractional
Brownian motion, the continuous time random walk, the Lévy flight as well as
random walk models based on evolution equations of single and distributed fractional
order in time and/or space [16, 23, 40, 43, 46].

The diffusion processes — which often take place across irregular interfaces or bound-
aries — are governed, in some situations, by the regional fractional Laplacian, there-
fore a rigorous formulation is needed.

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag



510 S. Creo, M. R. Lancia, P. Vernole / M-Convergence ...

In the literature, results for boundary value problems for the regional fractional
Laplacian with Dirichlet, Neumann, Robin or Venttsel’-type boundary conditions
on Lipschitz domains, can be found in [20], [21] and [22] along with the physical
motivations. For the case of the fractional Laplacian with Robin boundary condi-
tions in Lipschitz domains, the reader is referred to the recent paper of Claus and
Warma [12]. The results on the regional fractional p-Laplacian in piecewise smooth
domains are more recent [19, 49, 50].

As concerning Venttsel’-type boundary value problems in irregular domains, possibly
of fractal type, among the others we refer the reader to [13, 35, 36, 37, 39]. The
Robin-Venttsel” problem for the (linear) regional fractional Laplacian in irregular
domains has been investigated recently in [14], where also a constructive approach
is developed. The nonlinear case of the regional fractional p-Laplacian is completely
unexplored and it will be object of our investigation.

As we will see, the Mosco-convergence (M-convergence) of suitable energy functionals
is a cornerstone for the constructive approach.

More precisely, in this paper we consider the following evolution problems for the
regional fractional p-Laplacian with dynamical Robin-Venttsel’ boundary conditions.

The problems can be formally stated as:

Be(t,x) + (=Ap)pult,x) = f(t,z) in (0,T] x Q,
(P)Q 2 4 NZY Dy 4 blufr~2u = f on (0,T] x 9Q,
(0, ) = uo(x) in Q,

and, for every n € N,

G (t, ) + (= Ap)5, un(t, x) = f(t,x) in (0,7] x Q,,
(Py) { 6,2 +J\/;?"(1*S)un + 0pb|uP2u = 6, f on (0,T] x OQ,

n oot

un (0, 2) = ul® (x) inQ,,

where  C R? is a three-dimensional Koch-type cylinder and {Q,} is a sequence of
suitable polyhedral domains approximating @) (see Section 1.1 for details).
Here (—=A,)5 and (—=4,)5, denote the regional fractional p-Laplacians (see (17)),

s€(0,1),p>1, /\/;f/(l_s)u is the fractional normal derivative to be suitably defined,

f, b, ug and u(()n) are given functions, while 7" and J,, are positive numbers.

Firstly, we will focus on giving a rigorous formulation of the parabolic problem for
the regional fractional p-Laplacian with dynamical boundary conditions in irregular
domains, and in suitable smoother approximating domains. Secondly, we will prove
that the approximating solutions of problems (f’n) converge in a suitable sense to
the (limit) solution of problem (P).

To this aim, we introduce a suitable notion of p-fractional normal derivative on
irregular sets, via a generalized fractional Green formula, and we prove that it is an
element of the dual of a suitable Besov space defined on 9Q) (see Theorem 3.2).
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We then consider the fractional energy functional E, ; defined in (8), which is proper,
convex and weakly lower semicontinuous, and the corresponding associated subd-
ifferential A,. In Theorem 4.6 we prove, via a semigroup approach, existence and
uniqueness of a strong solution for a suitable abstract Cauchy problem (P) for the
operator A,. We prove regularity properties of the semigroup, i.e. order-preserving
and non-expansive on L*°, in Theorem 4.5. By applying Theorem 4.8, we prove that
problem (P) is the strong formulation of the abstract problem (P). Similar results

for the approximating problems (P,) hold (see Theorem 4.9).
In order to study the asymptotic behavior of the approximating solutions, we con-

sider the fractional functionals E, ; and EY on L*(Q,m) and L*(Q, m,,) respectively
(see (6) and (7)). In Theorem 4.12 we study the asymptotic behavior of the solu-
tions of problems (P, ); the functional setting is that of varying Hilbert spaces (see
Section 1.3).

We use the notion of M-convergence [42] of the energy functionals adapted by T6lle
to the nonlinear framework in varying Hilbert spaces [45]. The M-convergence of the

functionals is equivalent to the G-convergence of their subdifferentials Aé”), which
in turn is equivalent to the convergence of the nonlinear semigroup generated by

—AM (see [3] and [9] for the case of a fixed Banach space).

In Theorem 2.6 we prove the M-convergence of the functionals, which yields the con-
vergence of the solutions in a suitable sense (see Theorem 4.12) via the convergence
of the semigroups given in [45, Theorem 7.24]. The choice of the factor §,, which
accounts for the jump of dimension between 0@ and 0Q),, is crucial in the proof of
the M-convergence.

We point out that our results can be extended to the more general class of Jones
domains [27] as in [14]. Here, for the sake of simplicity, we confine ourselves to the
model domain Q).

The plan of the paper is the following. In Section 1 we recall some preliminary
results on traces and varying Hilbert spaces. In Section 2 we introduce the energy

functionals E,gfl) and B, ; respectively and we prove the M-convergence. In Section
3 we recall the definition of fractional regional p-Laplacian and we introduce the
notion of weak fractional normal derivative by proving a generalized fractional Green
formula. In Section 4 we prove existence and uniqueness of a strong solution for the
corresponding abstract Cauchy problems and we give a strong interpretation. We
prove that the associated semigroups are Markovian. We also prove the convergence
of the solutions u,, to u in the framework of varying Hilbert spaces. In Section 5 we
discuss some open problems and make some comparisons with the linear case.

1. Preliminaries
1.1. The fractal domain

Given P, Py € RY, in this paper we denote by |P — Pp| the Euclidean distance in
RN and by B(Py,r) ={P € RY : |P — Py| < r}, for r > 0, the Euclidean ball. We
also denote by Ly the N-dimensional Lebesgue measure.

We denote by F' the Koch snowflake, i.e. the union of three co-planar Koch curves
Fy, F5 and F3 (see [17]).
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We assume that the junction points A;, A3z and Aj are the vertices of a regular
triangle with unit side length, i.e. |A; — As| = |A; — As| = |A3 — A5] = 1. For
i=1,2,3, F} is the uniquely determined self-similar set with respect to a family W?
of four suitable contractions w;i), e ,wff), with respect to the same ratio 1/3 (see
[18]). The Hausdorff dimension of the Koch snowflake is given by d; = {23. One
can define, in a natural way, a finite Borel measure p supported on F' by

W = 1+ o + 3, (1)

where f1; denotes the normalized d¢-dimensional Hausdorff measure restricted to F;,
for « = 1,2,3. Moreover, in the following we denote by F, the closed pre-fractal
polygonal curve approximating F' at the n-th step.

By Q C R? we denote the open bounded set having as boundary the Koch snowflake
F and, for every n € N, by Q,, C R? we denote the open bounded set having as
boundary F,.

We define the cylindrical-type surfaces S = F' x I and, for every n € N, S, = F, X I,
where [ = [0,1]. By @ we denote the open cylindrical domain having S as “lateral
surface” and the sets 2 x {0} and 2 x {1} as bases; in the same spirit, for every
n € N we denote by @, the three-dimensional cylindrical domain having S, as
lateral surface and the sets €, x {0} and €, x {1} as bases (see Figure 1.1). We set
Q=(Qx{0H)U(Qx{1})and Q, = (2, x {0}) U (Q, x {1}) respectively.

Figure 1.1: The fractal domain Q.

The pre-fractal domains (),, are non-convex and polyhedral domains such that

(1) @, is bounded and Lipschitz; (2) Qn C Qnir; (3) Q= U Qn.
n=1

1.2. Functional spaces and trace theorems

We begin by introducing suitable measure on the lateral surfaces S and S,. By ¢
we denote the natural arc-length coordinate on each edge of the polygonal curve
F,,. By d¢ we denote the one-dimensional measure given by the arc-length ¢. We
introduce on S and S,, the measures

dg =dup x dLy, and do=dlf xdL; (2)

respectively, where pp is the dp-normalized Hausdorff measure on F' given by (1)
and L, is the one-dimensional Lebesgue measure on I.
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Let G (resp. S) be an open (resp. closed) set of RY. By LP(G), for p > 1, we denote
the Lebesgue space with respect to the Lebesgue measure Ly, which will be left to
the context whenever that does not create ambiguity. By LP(0G, 1) we denote the
Lebesgue space on G with respect to a Hausdorff measure p supported on 0G. By
D(G) we denote the space of infinitely differentiable functions with compact support
in G. By C(S) we denote the space of continuous functions on S.

By W#?(G), where 0 < s < 1, we denote the fractional Sobolev space of exponent
s. We point out that it is a Banach space if we endow it with the following norm:

p
[ilfyeriey = bty + [ PG ac(onaento)

Moreover, for u,v € W*?(G) we set

u(y) P (u(z) — u(y))(v(z) —v(y))
(u,v)sp //GXG dLn(x)dLy(y).

|z —y| Ve

In the following we will denote by |A| the Lebesgue measure of a measurable subset
A CRY. For fin W*P(G), we define the trace operator ~y, as

1

Yof(z) == HOW B(z,r)NG

f(y)dLn(y) (3)

at every point z € G where the limit exists. The limit (3) exists at quasi every z € G
with respect to the (s, p)-capacity (see [2], Definition 2.2.4 and Theorem 6.2.1 page
159). In the sequel we will omit the trace symbol and the interpretation will be left
to the context.

We need two trace theorems, one for the pre-fractal and one for the fractal case. We
begin with the trace theorem in the pre-fractal case. For the proof we refer to [10].

Proposition 1.1. Let }10 < s < 1. Then WS_%’p(aQn) is the trace space to S, of
WeP(Q,,) in the following sense:

(i) 7 is a continuous and linear operator from W*P(Q,,) to W“%’p((’?Qn);

(ii)  there exists a continuous linear operator Ext from WP (0Qy) to WP(Q,,)

such that o o Ext is the identity operator in sti’p@@n).

As to the fractal domain @), we note that @ is a (¢, d) domain in the sense of Jones
[27] with boundary an arbitrary closed set in the sense of Jonsson [28].

We recall the definition of Besov spaces on an arbitrary closed set F specialized to
our case. For generalities on these Besov spaces, we refer to [28]. Let us suppose that
there is a measure p# on F satisfying the following condition: for 0 < d; < dy < N,
there exist two positive constants ¢; and ¢ such that

&k up(B(a,r) < pup(Bla, k) < & K p(Ble,r)) (4)

for all x € .7:", r > 0, k > 1 such that kr < 1. When d; = d», the set Fis a
d-set (see [29]). We remark that S is a (d; + 1)-set, while the boundary 0Q =
SU (2 x {0}) U (2 x {1}) is neither a 2-set nor a (dy + 1)-set.
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Definition 1.2. Let F C RY be an arbitrary closed set and pz be a measure
defined on F satisfying (4). The Besov space BLP(F) with respect to uz is the
space of functions such that the following norm is finite:

P — P )_u(y)|p (1 .
o = Wl + [ o B e Y@ s ). 9

|lz—y|<1

We define the measure ji supported on 0Q as dp = xsdg + xadLs.
The measure fi satisfies condition (4) with d; = 2 and dy = dy + 1.

We now state a trace theorem for functions in W*P(Q). For the proof, we refer to
Theorem 1 in [28].

Proposition 1.3. Let i < s < 1. BPP(9Q) is the trace space of WP(Q) in the
following sense:

(i) 7o is a continuous linear operator from W5P(Q) to BPP(0Q);

(ii)  there ewists a continuous linear operator Ext from BPP(9Q) to WP(Q) such
that o o Ext is the identity operator in BPP(0Q).

By (BP?(dQ))’ we denote the dual space of BP?(9Q), see [30].

1
From now on we suppose that — < s < 1.
p

1.3. Varying Hilbert spaces

In this subsection, we introduce the notion of convergence of varying Hilbert spaces.
We refer to [32] and [31] for definitions and proofs. The Hilbert spaces we consider
are real and separable.

Definition 1.4. A sequence of Hilbert spaces { H, }, .y converges to a Hilbert space
H if there exists a dense subspace C' C H and a sequence {Z, }, . of linear operators
Z,: C C H— H, such that

JLIEO | Znully, = |lully for any u € C.

We set H = {U,H,} U H and define strong and weak convergence in H. From now

on we assume that {H,}, .y, H and {Z,}, . are as in Definition 1.4.

Definition 1.5 (Strong convergence in H). A sequence of vectors {u, }, oy strongly
converges to u in H if u,, € H,, u € H and there exists a sequence {ﬁm}meN eC
tending to u in H such that

S Wi {| 2,6, — |, = 0.

Definition 1.6 (Weak convergence in H). A sequence of vectors {uy}, . weakly
converges to u in ‘H if u,, € H,, v € H and

(Un, Un)Hn — (u7 U)H

for every sequence {v,}, .y strongly tending to v in H.
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We remark that the strong convergence implies the weak convergence (see [32]).

Lemma 1.7. Let {u,}, .y be a sequence weakly converging to u in H. Then

SUp [|unl|, < o0, lully < Lm flun|y, -
n n—oo

Moreover, u, — u strongly if and only if ||u||g = nh_)ngoHunHHn

Let us recall some characterizations of the strong convergence of a sequence of vectors

{un},en in H.

Lemma 1.8. Let u € H and let {un}n € N be a sequence of vectors u,, € H,,. Then
{un}pen strongly converges to w in H if and only if

(un7 vn)Hn — (u7 /U)H

for every sequence {v,}, o with v, € H, weakly converging to a vector v in H.

Lemma 1.9. A sequence of vectors {uy}, .y with u, € H, strongly converges to a
vector w in H if and only if

“unHHn — HUHH and (Un, Zn(¢))m, — (u,0)u  for every o € C.

Lemma 1.10. Let {uy}, .y be a sequence with u, € H,. If ||| g, is uniformly
bounded, then there exists a subsequence of {un}, oy which weakly converges in H.

Lemma 1.11. For every u € H there exists a sequence {u,}
strongly converging to u in H.

nens With u, € Hy,

We now define the G-convergence of operators (see Definition 7.20 in [45]).

Definition 1.12. Letn € N, A,,: H,, — 2" A: H — 2 be multivalued operators.

We say that A, G-converges to A, A, % A, if for every [z,y] € A (i.e. x € D(A)
and y € A(z)) there exists [z,,y,] € A,, n € N such that z,, - = and vy, — y
strongly in H.

In the following we denote by L?(Q,m) the Lesbegue space with respect to the
measure m defined as

dm = dL; + dg, (6)
and by the space L*(Q,m,,) the Lebesgue space with respect to the measure m,,
given, for every n € N, by

dm, = xg,dLs + xs,,do, (7)

where 0,, is a given positive number and yg, and xg, denote the characteristic
function of @), and 5, respectively.

Throughout the paper, we define H = L?(Q,m), where m is the measure defined
in (6), and the sequence {H,}, .y by H, = {L*(Q) N L*(Q, m,)}, where m,, is the
measure defined in (7). We endow these spaces with the following norms:

lullzy = llullz2i) + lullza) Nullf, = lullZ g, + dnllulzzs,)-



516 S. Creo, M. R. Lancia, P. Vernole / M-Convergence ...

Proposition 1.13. Let ), = (%)n Then the sequence {H,}, .y converges in the
sense of Definition 1.4 to H.

For the proof, we refer to Proposition 5.13 in [34], where C' and Z, in Definition 1.4
are respectively C'(Q)) and the identity operator on C'(Q).

2. Energy functionals and M-convergence

From now on, let p > 2. Let b€ C (Q) be a strictly positive continuous function on
. We define the following energy functional for every u € H:

O3p5 lu(z) — u(y)] 1
/ [l acaeaea) + 5 [ ardg

E, |u| = ’ i
P, [ ] ifUED(Ep,s); ( )
400 ifUEH\D(Ep,s)v

where the effective domain is D(E,,) := {u € W*(Q) : u=0on Q}, and Cs,,
is a suitable positive constant depending on p and s, see Section 3.

Proposition 2.1. E,, is a weakly lower semicontinuous, proper and convex func-
tional in H. Moreover, its subdifferential OE, s is single-valued.

Proof. The functional E, s is clearly convex and proper. As to the weakly lower
semicontinuity, the thesis follows from the weak lower semicontinuity of the LP(S)-
norm and by proceeding as in [47, Theorem 3.1], see also [35, Proposition 2.3].
Moreover, from Proposition 2.40 in [5], 0E, ; is single-valued. N

Similarly, for every n € N and for every u € H,,, we define

C(3ps |U(I)_u(y)|p

E(ns) ul = QxQ
ol if u e D(E},’Q)
+00 if u e H, \ D(EM™),

with effective domain D(EY ) = {u e W*?(Q) : u=0 on Q,}. By proceeding as
in the proof of Proposition 2.1, the following result holds.

Proposition 2.2. Ez(ﬁ) is a weakly lower semicontinuous, proper and convex func-

tional in H,,. Moreover, its subdifferential GE&) is single-valued.

We point out that Propositions 2.1 and 2.2 can be proved also for 1 < p < 2.

We now introduce the notion of M-convergence. The definition of M-convergence of
quadratic energy forms is due to Mosco [42] for a fixed Hilbert space. This notion
has been adapted to the case of varying Hilbert spaces by Kuwae and Shioya (see
Definition 2.11 in [32]) and then extended to the case of proper convex functionals
in Banach spaces by Télle (see Section 7.5, Definition 7.26 in [45]).
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Definition 2.3. Let H, be a sequence of Hilbert spaces converging to a Hilbert
space H. A sequence of proper and convex functionals {E},’?} defined in H, M-

converges to a functional £, ; defined in H if the following conditions hold:
(a) for every {v,} € H,, weakly converging to u € H in H
lim B [v,] > By s[ul;

n—0o0

(b)  for every u € H there exists a sequence {w,, }, with w,, € H,, strongly converg-
ing to u in H, such that

lim E(” (wy,| < B, s[ul.

n—oo

We now prove two preliminary results.
Proposition 2.4. If {v,},.y weakly converges to a vector u in H, then {v,}, oy

weakly converges to u in L*(Q) and lim 5n/ Uy daz/gpu dg for every ¢ € C(Q).
n—oo S’n, S

For the proof see Proposition 6.6 in [34].
Proposition 2.5. Let v, — u in W*?(Q) and b € C(Q). Then

5n/ b|vn]pda—>/b\u]pdg.
S S

Proof. We adapt the proof of Proposition 7.4 in [15] to our case. It holds that

5n/ b v, | da—/b|u|p dg‘ < 5n/ blv,|" do — o / blul’ do
S s S Sn

5n/ blul’ do—/b|u|p dg‘ = A, + B,.
S s

For the term A,,, we have the following estimate:

p—1
A £ C0llo) Non = ullags,) (1enllngs,) + Illzags, )

_|_

Since v, weakly converges to u in W*P(Q) by hypothesis, v, is equibounded in

W*P(Q); hence v, strongly converges to u in W' (Q) for every 0 < [ < s.

We now consider the extension of v, —u in W (R?). From Theorem 3.6 in [15] it

follows that, if w € W5*(IR?), for <fp< 3
Cs

005y < 521015y (10)

where Cj is independent of n. Moreover, from Theorem 1 in [29], p. 103, it follows

that, for 0< 8 < 1, there exists a linear extension operator Ext: WH?(Q) — WA»(R3)

such that |Extw]? <C; ||w||Wﬁp (11)

W8P (R3)
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with C_’B depending on 3. Therefore we get
On [|lvn — u”LP(Sn) < Cf|Ext(v, — U)le,p(Rg) < Cllo, - UHWz,p(Q) )

hence A,, — 0 when n — +o00.

We now focus on B,,. Since u € W*P(Q), from [29, page 213] there exists a sequence
{wn} € C(Q)NWP(Q) such that |[wy, — ullyepg) — 0 as m — +oo. We then get

6n/ blul? d0—5n/ b|wy,|” do 5n/ b [wy,|” da—/b|wm|p dg‘
S Sn S s

/b|wm|p dg—/b|u|p dg‘.
s s

We proceed as above and we estimate the first term in the right-hand side with
[ — Wil yysn(q)- We estimate the third term with the same quantity by Theorem
1, Chapter V in [29]. Hence, for every € > 0 there exists m. € N such that these two
terms are smaller than ce. Since bw,, is a continuous function, if we take m > m,,
the second term in the right-hand side goes to zero for n — +oo from Proposition
1.13. O

B, < +

+

We now prove the main Theorem.

Theorem 2.6. Let 6, = (3174 = (3)". Let E,, and E be defined as in (8)
and (9) respectively. Then Eg;) M-converges to the functional E, .

Proof. We have to prove conditions (a) and (b) of Definition 2.3.
(a) Let v, € H, be a weakly converging sequence in H to u € H. We can suppose
vy, € D(E,(,f?) and

lim 77 [on] < oo,

otherwise the thesis follows trivially. Thus there exists a constant independent from
n such that

C3ps U ‘Un(l’) Un(y>|p —6n / p
— d’ d’. + do < C. (12

n

In particular we have that ||v,||ws»r(@,) < C. From Theorem 1 page 103 in [29], for
every n € N there exists a bounded linear operator Ext: W#?(Q,,) — W*P(R3) with

||EXt ’UnHWs,p(]RS) S CEXt ||Un||WSJ’(Qn) S CEXt C,

where Cpy¢ is independent of n.

We define 0,, = Extv,|q. Then 0, € W*P(Q) and ||0y,||wsr(q) < Cpxt C- Therefore,
there exists a subsequence (which we still denote by v,,) weakly converging to some ©
in W*?(Q); moreover, 0, strongly converges to ¢ in LP(Q) (and hence also in L*(Q)
since p > 2).
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From Proposition 2.4, v,, weakly converges to u in L*(Q). We now prove that o = u

in L?(Q), that is
/(@ —u)pdLs =0
Q

for every ¢ € L?(Q). We first note that
/(17 —u)pdLs = / (0 — 0y + 0 —u)pdLs
Q Q

_/Q(@_@n)gad@+/ (vn—u)gpdﬁg—l—/ (n — u)pdLs. (13)

n Q\Qn
We claim that each term on the right-hand side of (13) tends to zero as n — +o0.
From the strong convergence of 9, to © in L*(Q) and the weak convergence of v,

to u in L?(Q), we deduce our claim for the first two terms. As to the third, from
Holder inequality we deduce that

n—-+o0o

/Q N =0 425 < el (nlla) + IWlho@) O

since |Q \ Q.| — 0 as n — 400 and 0, is equibounded in W*P(Q) and in L?(Q).
Hence 0, = u in W*?(Q) and 0,, — u in LP(()). We now prove that

lim // vou (2)xan () 2 =0 4y (y)

n—00 | y|3p+3

-] bt st ALLa()ALa(y). (14)
QQxQ ‘x_y‘8p+3

We prove a preliminary fact. We recall that 0, converges to u weakly in W*P(Q)
and strongly in L?(Q). We set
~ () = 0n(y)
Un(2,Y) 1= Xau (@)X Qu () =5~
jz =yl

Since 0,, belongs to W*P(@Q)) and is equibounded, v,, belongs to LP(Q x @) and is
equibounded. Hence there exists a subsequence (still denoted by ©,) which weakly
converges to 0 in LP(Q x Q). We claim that

o(z,y) = u(z,y) := L_i(g) a.e., (15)
|z =yl

where u is the weak limit of v,, in W*?(Q)). We have to prove that
J[ ) - i )ete ) des@dLln) =0 Yo e @x @), (10
QxQ

where p’ denotes the conjugate exponent of p. We remark that, since p > 2, we have
p’ < 2. Moreover, we point out that we can suppose that ¢ € C (Q x Q); the thesis
will then follow by density.
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We add and subtract the following two terms on the left-hand side of (16):

// (2. 9)0(z, ) dLs(x)ALs(y) and // |x_ %3 ) ol 1) ALs(2)ALs (1),

QxQ

Hence the following holds:

u(z x,y)dLs(x)dLs(y 0—0p)p(z,y) dLs(z)dLs
//M )l y) //QQ ) dLs(x)dLs(y)
+f / Oa@) Z0n0) (o )xo. (9) — vol@)XoW))e(e y) dLs(@)dLs(y)
@xQ ’x—y’ P
<] ( W@ ““’”‘iﬁ‘lé))so(x,wdzg(a:)dcg(w 10 1 4 .
QxQ \ [z —y|» lz—y[

We study these three terms separately. As to [ 1("), since v,, weakly converges to v in
LP(Q x Q), we have I™ — 0.

n—-+0o00

As to 13", we point out that xo(#)xe(¥) = Xa. (T)Xe. (1) = X(@x@\(@.x@n (T, ),
since (), C ). Hence, from Hoélder inequality it follows that

0u(0)=0u(1) A
V= [[ P o) ) < il oua @
_y D
(@xQ\(@nxQn)

and the right-hand side tends to zero as n — +o0 since 0, is equibounded in W*?(Q).

As to I, we can rewrite it in the following way:

/ / ( — ff+<3y>90($,y) - Ms@(%@) dLz(x)dLs(y)
QxQ \a: -

P lz —y| 7

//QXQ g sp;s)w(x y) dL3(x)dLs(y)

L T e asac)

- / (6u(x) — u(2))n (x) dLs(z) - / (6 () — u(y))aly) ALs (),
Q Q

where  61(x) = /Q %dcg,@), baly) = /Q %dam
x—uy| x—uy|

We point out that both ¢; and ¢, belong to L” (Q). Hence, since 0, converges

strongly to u in LP(Q), from Holder inequality also I§”> tends to zero as n — 400,
thus proving (16).
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We remark that v,, = v, on ),,. Hence we have that

)Un(x) — vn(y) N u(r) — u(y)

sp+3 sp+3
|z —y[ >

lz —y| 7

X@n (T)Xqn (Y

in LP(Q x Q). From the lower semicontinuity of the norm, we get (14).
The thesis then follows from (14), Proposition 2.5 and liminf properties of the sum.

(b) We prove that for every v € H we can construct a sequence {wy,}, .y strongly
converging to v in H such that

E

D,s

[u] > Tim ESw,].

n—o0
We suppose that u € D(E, 5), otherwise E,, s[u] = +o00 and the thesis follows trivially
from Lemma 1.11. We set w,, := u|g,. By proceeding as in the proof of condition
(b) in Theorem 7.1 in [14], we have that w, strongly converges to u in H.

We now prove condition (b) of Definition 2.3 for w,,. We have that

T 3,p,s [wn () — wa(y)|P
lim E{"[w,] = lim < b //nxQn |x — dLs(x)dLs(y) +

n—oo n—oo
On
+— [ blw,|Pdo
P Js,

~ m ( S // Jule) ~ uly)P dﬁg(x)dﬁg(y)+5—n/ b|u|pda>
n—00 WX Qn |9U—Z/|Sp+ D Js,

Cgp |u(z) —u(y)l’ 1 /
L d d — [ blulPdg =FE

where the second-last equality follows from Proposition 2.5 and from the properties
of the pre-fractal domains (),,, see Section 1.1. This concludes the proof. [

The M-convergence of the energy functionals is equivalent to the G-convergence of
the associated subdifferentials, as stated in the following result.

Theorem 2.7. E]gfls) M-converges to E, s in H if and only if 8E,(,Z) G-converges to
0E, ;.

For the proof see Theorem 7.46 in [45].

3. The regional fractional p-Laplacian and the Green formula

The energy functionals introduced in the previous section naturally arise when con-
sidering Robin BVPs for the regional fractional p-Laplacian. In order to consider
a suitable weak formulation, a key step is to suitably generalize the notion of p-
fractional normal derivative to irregular sets (Lipschitz and fractals) via Green for-
mulas. We remark that the fractional normal derivative for smooth domains has
been introduced in [24, 25] for the case p = 2 and it has then been extended to the
case p > 2 in [49].
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We first recall the definition of the regional fractional p-Laplacian. We refer to [49]
and the references listed there.

Let s € (0,1) and p > 1. For G C RY, we define the space

p—1
LHG) = {u: G — R measurable : / ( [u(@)]
G

The regional fractional Laplacian (—A,)g is defined as follows, for z € G:

C—Apﬁﬂdx)Z:CW@@PWﬁjéhwx)—fﬂyﬂp2%§?éﬁ%%gdﬁN@D
(17)

UJ(I) _U’(y> dEN( )7

J— 3 -2
= Cyp, lim lu(z) — u(y)? To— g+

+
=0 {yeG:|z—y|>e}

provided that the limit exists, for every function u € £27!(G). The positive constant
Cn,p,s is defined as

8225F(p8+p+N—2)
Nyp,s = 2 . where I' is the Euler function.

72 D(1 — s)

Following Section 3 in [14], we prove a p-fractional Green formula for domains with
fractal boundary, which, in turn, allows us to define the p-fractional normal deriva-
tive on non-smooth domains. A key tool is the use of a limit argument since the
fractal domain () can be approximated by the increasing sequence of pre-fractal
domains @,,. We define the space

A ueLl” in the sense
V((=Ap)o, Q) = {u e W*P(Q) : (“Bplque L7(Q) in } ;

' of distributions and u = 0 on €
which is a Banach space equipped with the norm
lullv-ang.@ = lullw=r@) + I(=2p)0ull L (q)-

Analogously, for every n € N, we define the space V((—A,)7), ; @n) on @, as follows:

(=Ap)5,u € L7 (Q,) in the sense
V((=8)5,,Qu) = que W(@): "% e
of distributions and v = 0 on €,

We introduce also the space

1
5—57]7

Woo" (Sn) :i={u € LP(S,) : Jv € W*P(Q) s.t. v =0 on Q and v = w on S, }.

We now define the p-fractional normal derivative on Lipschitz domains.
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Definition 3.1. Let n € N and u € V((=4,), ,@n). We say that u has a weak

S—=, . . S*l> .
p-fractional normal derivative in (W, " "(S,))" if there exists g € Woo” "(S,)) with

» S,;J, = —/ (=Ap)5, uvdLs (18)

n

o 2 () — (@) (0la) ~v(w) .
/ / ) ) AL (x)dLa(y)

|z — gyl

for every v € W*P(Q,,). Note that in this case g is uniquely determined and we call

Cp,s/\/;f,(l_s)u := g the weak p-fractional normal derivative of u, where

C = (p — 1)014,,8 /OO ’t _ 1’(p—2)+1—sp _ (t Vi 1)p—sp—1 y
P sp—(p-2))sp—(p—2) - 1) e :

We point out that, when s — 1~ in (18), we recover the quasi-linear Green formula
for Lipschitz domains [10].

Writing 1 := s — =< > 0 we introduce the space

Bro(S) ={we Lp(S) : Jv e W(Q) s.t. v =0 on Q and yov = w on S}.

Theorem 3.2. (Fractional Green formula) There exists a bounded linear operator

A@p’(lfS) from V((—AP)SQ, Q) to (Bf;;g(S))’. The following generalized Green formula
holds for allu € V((—A,)3, Q) and v € W*P(Q):

c . <NZ)/(1—S)U’U> = —/Q(—Ap)zguvdﬁg

(BPR(S)),BUE(S)

s 2 () — () (0le) ~v(w) .
/ /Q . u(y)| AL (2)dLs(y).

|z =y

(19)

Proof. For u € V((—A,)p, Q) and v € W*P(Q), we define

(l(u),v) :=— / (—Ap)zzuvdﬁg + 032,}773 (u,0)ps
Q

From Holder inequality and trace theorems, we get

S CS, yS
[ {Uw) )] < 1(=2p)gullr @ vl @ + 5= lullwss@llvlwer@)
< Clullviany@llviwer@ < Cllullv-angollvlisgs)-

This shows in particular that the operator is independent from the choice of v and
it is an element of the dual space of B}((S).
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From (18) we have that

p'(l 3) 1 1 = — —A 2 d£
e <N;7 “ U>(WOS’OP’p(Sn))’,Wg’opw(Sn) /QXQH( puvdbs
Cs,6 o (u(z)—u v(z)—v
+ 3; //XQn(x)XQn(y)|U(x)—U(y)|p > (wlo) !9:<y—))y(!s£+3), w) dLs(7)dLs(y).
QxQ

From the dominated convergence theorem, we have

lim C'ps<./\fp (1=9)y, v>

T}Lngo(_/ (=Ap)puvdLs+
ngs // u(y) [P~ (u(r) —u(y))(v(r)—v(y)) d£3(x)d£3(y)>
nXQn

|z =y

s—l,p S—l,p
(Woo? ¥ (Sn)) Wy o P (Sn)

— / (—Ap)guvdLs + 032’p’8 (1, 0)p,s = (L(u), v)
Q

for every u € V((=A,)5,Q) and v € W*P(Q). Hence, we define the fractional
normal derivative on () as

'(1—s S 037 »S
<prsN5 . )U7U>(Bﬁjg(5))’,B§jg(S) = _/Q(_Ap)qud‘C3+ 2p (1, 0)p,s- N

Remark 3.3. We note that p’(1 — s) can be recast as 2 — 3, where § = 7;%_11 +1,
thus recovering the usual notation for the p-fractional normal derivative. Moreover,
we recover the Green formula proved in [38] for fractal domains when s — 1~ in (19).
Let ue V(—A,, Q) := {ue W'(Q) : —A,u € LP(Q) in the sense of distributions}
and v € W(Q). It holds that

lim (—Ap)squdﬁgz/ |VulP~2Vu Vo dLs.
Q

s—1— Q

As first step, we take v = u and u € C*(Q). In particular then u € C*(Q,,) for

(1-s)

every n and N "™y = 0 on 9Q,, pointwise (see [49]). From Definition 3.1 we have

lim [ xq,u(—4,)oudLls
s—1— Q

o lIIl OBps |u ( )‘
_ //Q P AL ). (20)

s—1— 1 — S
From [6, 7] and the properties of the Euler function, the limit in the right-hand side
of (20) is equal to / |VulP dL3. Then passing to the limit as n — 400 we get

Qn

lim lim [ xq,u(—=Ap)pudLls = lirf / ’Vu’pdﬁg_/lvu’pdﬁg.
n—-+0oo QTL Q

n—+00 s—1— Q

The claim then follows by density arguments. [
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4. The evolution problems
4.1. Abstract Cauchy problems
Let T be a fixed positive number. We now consider the abstract homogeneous

Cauchy problems

P { 4 Au30, tel[0,7]

u(0) = wy,

and, for every n € N fixed,

(P { O + A, 50, te[0,7]

wn(0) = ug”,
where A, and A§”) are the subdifferentials of E, ; and E,()Z) respectively, and uy and
ul" are given functions.

According to [4, Section 2.1, Chapter II], we give the following definition.

Definition 4.1. A function w : [0,7] — H is a strong solution of problem (P)
if u € C(0,T]; H), u(t) is differentiable a.e. in (0,7, u(t) € D(—A;) a.e and
9u 4 Aqu>0forae. te[0,7)

Similarly, an analogous definition of strong solution w,, of problem (P,) holds with
suitable changes.

From Theorem 1 and Remark 2 in [8] (see also [4]) we have the following result.

Theorem 4.2. Let p: H — (—00,+00| be a proper, conver, lower semicontinuous
functional on a real Hilbert space H, with effective domain D(yp).

Then the subdifferential Op is a maximal monotone m-accretive operator.

Moreover, D(p) = D(0¢) and —0¢ generates a nonlinear Cy-semigroup {T'(t)}i>o

on D(p) in the following sense: for each ug € D(yp), the function u := T(-)ug is the
unique strong solution of the problem

u€ C(Ry; HYNWL™((0,00); H) and u(t) € D() a.e.,
ou

E—i—@gp(u) 50 ae on Ry,

u(0,2) = up(z).
In addition, —0¢ generates a nonlinear semigroup {T(t)}1>0 on H where, for every
t >0, T(t) is the composition of the semigroup T(t) on D(p) with the projection on
the convex set D(¢p).

From Proposition 2.1, Proposition 2.2 and Theorem 4.2, we have that the subdif-
ferentials OF, s and aEf,f? are maximal, monotone and m-accretive operators on H
and H, respectively.

We denote by T}, s(t) and T, ) (t) the nonlinear semigroups generated by —0E, s and
—9E™ respectively.
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Proposition 4.3. T, ,(t) and T (t) are strongly continuous and contractive semi-
groups on H and H,, respectively.

For the proof see Proposition 3.2, page 176 in [44].

Actually, we can prove that the semigroups 7}, s(t) and Tég) (t) enjoy “stronger”
properties. We recall some definitions (see [11] for details).

Definition 4.4. Let X be a locally compact metric space and i be a Radon mea-
sure on X. Let {T(t)}s>0 be a strongly continuous semigroup on L?(X,f1). The
semigroup is order-preserving if, for every u,v € L*(X, ji) such that u < v,

Ttu <T(t)v Vt>0.
The semigroup is non-expansive on L4(X, f1) if for every ¢t > 0
IT()u = T()vllexm < llu—vlexn Yu€ LAX, 7)) N LIX, ).

The semigroup is Markovian if it is order-preserving and non-expansive on L> (X, fi).

Theorem 4.5. The semigroup {T, s(t)}+>0 is Markovian on H, i.e. it is order-pre-

serving and non-expansive on L*(2;m). The semigroup {Tp(f;) (t) }e>0 is Markovian
on H,, i.e. it is order-preserving and non-expansive on L (2, m,,).

Proof. By proceeding as in the proof of Theorem 3.1 in [35], see also [47, Theorem
3.4], the thesis follows. O

From Theorem 2.1, chapter IV in [4] the following existence and uniqueness results
for the strong solutions of problems (P) and (P,) follow.

Theorem 4.6. If uy € D(—As), then problem (P) has a unique strong solution
u € C([0,T]; H) defined as u = T, 4(-)ug such that u € WY2((6,T); H) for every
§ € (0,T). Moreover u € D(—A,) a.e. fort e (0,T), Vt2¢ € L*0,T;H) and
E,Ju] € L'(0,T).

Theorem 4.7. If ué") € D(—Ag")), then for every n € N problem (P,) has a

unique strong solution u, € C([0,T); H,) defined as u, = Tég)(-)uén) such that

u, € WY2((8,T); H,) for every 6§ € (0,T). Moreover u, € D(—AM™) a.e. for
€ (0,7), Vi ¢ 120,T; H,) and ESY[u,] € L*(0,T).

4.2. Strong formulations

We now prove that the strong solutions of problems (P) and (F,) actually solve
problems (P) and (P,). To this aim, a characterization of the subdifferentials of
E,. and E\ is a starting point.

We first consider the fractal case and provide a characterization of A;. We recall
that Q = (2 x {0}) U (2 x {1}).
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Theorem 4.8. Let u belong to D(E, ;) for a.e. t € (0,T], and let f be in H. Then
f € OE, s[u] if and only if u solves the following problem:

((—Ap)qu=f in L7 (Q),
_ Chs <N’p/(175)u, v> blu oS Tp
(P) 2 ) (BRE(S)B2L(S) + OlulP™u, v) 11 () 1o(s)
lu=0 in W 5P (Q).

Proof. Let f € 0E, 4, i.e. E, Y] — E,qu] > (f,v —u)g for every ¢ € D(E, ;).
This means that

/ F(—u)dLs+ / F(—u)dg < 1)
< Coas [ WA=V~ lule)ulu) Ly
< / t e ALy(a)Lsly) + / b(JP — lul) dg

By choosing ¢ = u + tv, with v € D(E, ) and 0 < ¢ <1 in (21), we obtain

t/ fvdﬁg—i—t/fvdgg
C’3ps |(u+tv)(z) — (u+tv) () |P — |u(z) —u(y) P
- //QXQ |z — y|spt3 dLs(z)dLs(y) +

If we take v € D(Q), from (22) we get

/fvd£3 Csp,s // 1| (uttv)(x) — (u+tv) (y) [P — |u(z) —u(y) [P AL (2)ALs ().

|z — y|sP+3
QxQ

By passing to the limit for t — 0%, we get

Cap,s 2 (u(z) —u(y)) (v(z) —v(y))
/fvdﬁg p / |u(x Y~ lz — y[pts dLs(x)dLs(y).
QxQ
By taking —v in (22) we obtain the opposite inequality, and hence we get
Cgps 2 (u(@) —u(y))(v(z) — v(y))
/fvdﬁg = // |u(z Y- [z — g3 dLs(x)dLs(y).
QxQ

Since v € D(Q) and p’ < 2 (since p > 2), it turns out that in particular f € L' (Q).
Hence, the p-fractional Green formula for fractal domains given by Theorem 3.2
yields that

(=Ap)gu=f nL7(Q) (23)
(and in particular in L?*(Q)).
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We go back to (22). Dividing by ¢ > 0 and passing to the limit for ¢ — 0%, we get

/fvd£3+/fvdg<

< i o ()~ u() () — o)
/ /Q . u(y)| 0L ()AL (o) +

|z — y[»T3
+ / blulP"*uvdg.
s

As above, by taking —v we obtain the opposite inequality, hence we get the equality.
Then, by Theorem 3.2 and (23) we have

fvdg = C,, </\/p/(1—s)u,v> +/ blulP2u v dyg. 24
/S e (BRE(S)),BYE(S)  Jg ul 24

Hence (24) holds in (B}§(S)) and since u € D(E), ;) we have u = 0 in W* » (Q)
(P

We prove the converse. Let then u € D(E, ) be the weak solution of problem (P).
We have then to prove that E, s[v] — E, s[u] > (f,v —u)y for every v € D(E, ). By
using the inequality

1
ol = 1bF) = [bI"~*b(a — b)
one gets

Epslv] = Epslu] > (25)

. i o () — (@) (0la) ~v(w) .
/ /Q . u(y)| AL (x)dLa(y)

| - ylsp+3

C'3 s )|p
blulP"2uv dg — p // dLsz(x)dLs(y —/bupdg.
/ [ QxQ |3U—y|s”+3 s(e)dLaly) s o

Since u is the weak solution of (P), by using as test functions v and u resp. we get

E, s[v] /fvd£3+/fvdg /fudﬁg—/fudg— (fov)m—(f,u)m,

i.e. the thesis. O]

Theorem 4.8 implies that the unique strong solution u of the abstract Cauchy prob-
lem (P) solves the following Robin problem (P) on @ for a.e. ¢ € (0,7] in the
following weak sense:

Gt z) + (—Ap)Hu(t,x) =0 for a.e. x € Q,
p'(1-5)
N (Gt Vs ) T Cos <N” " “><35:S<s>>cB£’;:§<s>
(P) + (b|u]p_2u,v)Lp/(S)7Lp(S) =0 Vv e Brg(S),
u(t,z) =0 in WS_%7P(Q)7
\u((),x) = up(z) in H,

where 7 := s — 224 df>0
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We proceed similarly in the pre-fractal case. We first provide a characterization of
A We recall that Q, = (€2, x {0}) U (Q, x {1}).

Theorem 4.9. For every n € N fized, let 6, = (3)", let u belong to D(ESY) for
a.e. t € (0,T), and let f be in H,.

Then f € 8E,(f;) [u] if and only if u solves the following problem:

(D)5, u=f in L (Qy),
Cp,s <./\/;§)/(178)’LL, /U>

+ 0 (blulP ™1, v) 1 (s, Lo (50)

s %,p s

1
- — 5P
Woo” (Sn)) Wy (Sn)

s—%,p
=0, ([, U>L2(Sn)7L2(Sn) Vv e Wy (),
u=70 in Wsﬁ%’p(Qn).

\

From Theorem 4.9, it follows that the unique strong solution wu, of the abstract
Cauchy problem (P,) solves (for each n € N) the following Robin problem (F,) on
Qn for a.e. t € (0,7] in the following weak sense:

(%_f(tv ) + (=Ap)0, un(t, v) =0 for a.e. z € Q,,
51’1, %7U +C s <N77/(1_S)un,v> s 1 g1
< ot >L2(Sn)7L2(Sn) P, p (W(‘)’O;7P(Sn))/7W(;7O;,p(Sn)
_ ) Y,
(Pn) +0n (b un|? 2un7U>LP’(Sn),LP(Sn) =0 Voe W™ (Sh),
un(t,2) = 0 i W (0,
L n(0,) = 0" () in H,

4.3. Convergence results

We now aim to prove the convergence of the pre-fractal solutions to the fractal one.
Let m and m,, be the measures defined in (6) and (7) respectively. We denote by dt
the one-dimensional Lebesgue measure on [0, 7.

We observe that L*([0,T] x Q,dt x dm,,) is isomorphic to L*([0,T]; H,) and that
L*([0,T] x Q,dt x dm) is isomorphic to L*([0,T]; H). If we define

K, = L*([0,T); H,) for every n € N and K = L*([0,T); H),

K,, converges to K in the sense of Definition 1.4, where the set C'is now C'([0, 7] x Q)
and Z, is the identity operator on C.

We denote by K = {U,K,} UK. We define strong and weak convergence in K
according to Definition 1.5 and 1.6 respectively. In the following we use either the
characterization of strong convergence in K given in Lemma 1.8 or the one given in
Lemma 1.9. For the sake of clarity, we recall them.



530 S. Creo, M. R. Lancia, P. Vernole / M-Convergence ...

Proposition 4.10. A sequence of vectors {u,}, .y strongly converges to u in K if
one of the following holds:

| 0l dt —— [ futo) o
(a) . v (26)
|ttt et == [ ptnnat

n—-+00 0

for every ¢ € C([0,T] x Q);
T

(b) /O(un(t),vn( N, At ——— [ (u(t), v(t))u dt (27)

n—-+00 0
for every sequence {vy}, oy strongly converging to v in K.

Remark 4.11. By proceeding as in Proposition 2.4, it follows that the weak con-
vergence in K implies the weak convergence in L2([0,T] x Q).

Theorem 4.12. Let H,, H, ESY, E,, and 6, be as in Theorem 2.6. Let T, (1),

T,s(t), u(()n) and ug be as in Theorems 4.6 and 4.7. If u(()n) — ug strongly in H and
there exists a constant C' such that

I (n)HD(A(.")) < C  for everyn € N, (28)

then

(i) {un(t)} converges to u(t) strongly in H for every fized t € [0,T];

(ii)) {un} converges to u in K.

Proof. The convergence in ‘H follows from Theorem 2.6, Theorem 2.7 and Theorem
7.24 in [45].

We now prove (ii). From Proposition 4.10(a), this amounts to prove

[unllk, = llullk (29)
and (U, D), = (u,P) Vo € C([0,T] x Q). (30)
Since Tp(,’? is a contraction semigroup, it follows that for a.e. ¢

ltnll 1, = TS g 1, < [l s < (31)

where C is independent from n. Thus the sequence {u,} is equibounded for t € [0, T'],
and from (i) we get

[en ()i, = Nl

Hence, from the dominated convergence Theorem (29) holds.
We come to (30). From i), it follows in particular that for every ¢t € [0, 7T

(un(t), (1)), — (u(t), 6()n V¢ € C([0,T] x Q).
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Since [(un(t), o(1)) .| < Cl9llcorxg)+ again from the dominated convergence

Theorem we deduce (uy, @)k, oy (u,¢)k, thus proving (30). O
n—-+0oo

5. Conclusions and remarks

There are some differences between the linear case p = 2 [14] and the nonlinear case
p > 2 investigated in this paper.

As in [14, Sections 5 and 6], existence and uniqueness results for the strong solutions
of problems (P) and (P,) (and consequently of the strong problems (P) and (P,))
can be proved also in the non-homogeneous case. When p > 2, we have neither an
explicit representation formula for the solutions of the abstract Cauchy problems nor
a priori estimates for the solutions. Thus, we cannot use the techniques of Theorem
8.1 in [14] to study the asymptotic behavior of the solutions for the non-homogeneous

problems.

Moreover, in Theorem 4.12 we studied the convergence of the pre-fractal solution wu,,
to the fractal solution u in the homogeneous case. Further convergence results, such
as the convergence of time derivatives and/or of the p-fractional normal derivatives
as in [14, Section 8], are still an open problem since the proves deeply rely on a
priori estimates for the strong solutions v and w,,.

We now stress the fact that, as in the linear case [14, Section 3], the p-fractional
Green formula, proved in Theorem 3.2, actually holds for more general extension
domains having as boundary either a d-set or an arbitrary closed set (see Definition
1.2). Moreover, it also holds for more general fractal geometries such as fractal
mixture cylinders in R? [33].

We also point out that our problem is a prototype. The results of the present paper
can be extended to more general nonlinear fractional operators; this is object of an
ongoing research.
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