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1. Introduction

In this paper we consider linear boundary value problems for systems of the form

—div(C(z)p) =0, in ,
curl 8 = p, in €, (1)
C(x)p-n =0, on 0,

where (2 is a bounded, smooth, open subset of R?, C(z) is a symmetric tensor-valued
function in 2 with VMO coefficients, satisfying the standard hypotheses of elasticity
theory (see Definition 2.1), and x is a matrix-valued bounded Radon measure in 2.

In linear elasto-plastic models C(z) is the elastic tensor for a non homogeneous elastic
body and the gradient of the displacement field is decomposed in plastic and elastic
strain. The field 8 € L'(£2;R3*3) in (1) represents the elastic strain which, in the
presence of a non trivial plastic deformation (possibly due to non homogenous plastic
slips), may be non compatible, i.e., it may not be curl free. The incompatibility is
the effective result of a distribution of crystals defects (the dislocations) and the
measure j represents the dislocation density. Dislocations are topological defects
in the crystalline structure that, at a mesoscopic level, can be identified with loops
along which the strain has a singularity. In particular the strain field is curl free
outside the loops and has a non trivial circulation around the lines. Therefore these
singularities are nicely described by measures supported on 1-rectifiable closed curves

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag



570 A. Garroni, A. Malusa / Duality Arguments ...

with matrix valued multiplicities that depend on the underlined crystalline structure
and the orientation of the line, i.e., curl 3 = b ®@ 7H'|y (see e.g. [5], Section 2.2.,
and the references therein, for a detailed description of the kinematics of plastic
deformations). The topological nature of these defects is transparent in the fact
that the line v is a collection of closed curves with constant multiplicity b (the
Burgers vector) and it is translated in the constraint div g = 0. The collective effect
of dislocations produces an effective strain field g whose curl is given by an arbitrary
Radon measure as in (1).

We then prove that for every p such that div u = 0, there exists a unique distribu-
tional solution B € L*2(Q), R3*?) to the system (1).

Following [5] the result is obtained by decoupling the problem and finding the solu-
tion in the form = * 4+ Du, where curl f# = p and u is the solution of the elliptic
system

— div(CDu) = div(CpH), in €,
{ (CDu) = div(C") o

CDu-n=-Cp* -n, on 0f).

The existence of * € L3/2(Q, R**3) is guaranteed by the celebrated result by Bour-
gain and Brezis [4], while the existence and uniqueness (up to rigid infinitesimal ro-
tations, i.e., antisymmetric matrices) of a distributional solution u € W1%/2(Q; R?)
to the non variational problem (2) is obtained by adapting the method of duality
solutions for elliptic equations with measure forcing terms (see [6], [15], and, e.g.,
[2], (3], 19], [12], [13]).

In the second part of the paper we deal with the asymptotic behavior, as h — 0, of
the solution Sj of the problems
—div(Cp(x)Br) =0, in Q,
curl By, = pu, in €, (3)
Cr(z)Br-n =0, on 0f).
Assuming that the linear elliptic operators associated to the coefficients C;, G-
converge to the operator associated to Cy, under suitable uniform conditions for

Cp,, we prove the weak convergence in L%2(€, R?*3) of 3, to the unique (up to rigid
infinitesimal rotations) solution 3y to the problem

—div(Cy(2)By) =0, in Q,
curl By = p, in €, (4)
Co(x)By-n =0, on 0N.

This result is also obtained by decoupling the boundary value problems and by in-
vestigating the asymptotic behaviour of the duality solutions of elliptic systems with
non regular forcing terms under the assumption of G-convergence of the differential
operators. We conclude by discussing the special case of the homogenization.

Finally we remark that the duality arguments and therefore the regularity properties
assumed for the elastic tensor C are needed in order to deal with the cases in which
the curl of the strain [ is assigned to be singular. This is the case when the plastic
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strain is concentrated on low dimensional sets in R?. In particular in the presence
of single dislocations, when the measure p is concentrated on 1-rectifiable lines, the
field 3 is not in L% On the other hand if p € H~*(Q, R¥*?) the duality argument
is not necessary, the problem is variational and it can be studied minimizing the
corresponding elastic energy and the asymptotics can be obtained via ['-convergence.

2. Notations and basic hypotheses on the operators

In what follows 2 C R3? will be a open, bounded, simply connected set with C*
boundary, and M, (£2; R3*3) will denote the set of all bounded matrix-valued Radon
measures on ). The subspaces of R3*? of all symmetric matrices and of all skew-
symmetric matrices will be denoted by S and A, respectively.

If C = (alf), i,5,h,k € {1,2,3}, is a fourth-order tensor, and & = (&;), n = (1;;)
i,7 € {1,2,3} are square matrices of order 3, we set

3 B
C¢ = (Z a; fhk) Ce-n= Z a; fhkmg 1€l = (Z \fij’g)
i,j€{1,2,3}

h,k=1 1,5,h, k=1 i,j=1

Definition 2.1. Given ¢y, c¢; > 0, we denote by E(cy, c1,2) the set of all tensor-
valued functions C(x) = (a¥(x)), z € €, such that the following hold:

ij
(1) alf e L~(Q) for all ¢,5,h, k € {1,2,3};

(2) af]k =alt = ap, for all i, j,h,k € {1 2,3};

(3) ol +ET|? < C(x)E- € < p||§+ ET? for ae. x € Q, and for every & € R3*3.
Remark 2.2. The symmetry assumption in Definition 2.1 implies that C£ = 0 for

every £ € A. On the other hand, if C € E(cy,c1,Q), C(x)€ - £ is a positive definite
continuous quadratic form on S. [

For a matrix valued distribution V:  — R3*3 divV and curl V denote the row-
wise distributional divergence and curl of V' respectively. In particular, given a
tensor-valued function C: Q — R®*3)” and a matrix-valued function : Q — R3*3,
the vector div(A(x)B(x)): 2 — R3 has components

(div(CB)); Za <Za Bhk>, ie{1,2,3}.

h,k=1

3. Preliminary results on elliptic systems

In this section we recall the basic existence and regularity results concerning bound-

ary value problems for elliptic systems of PDEs of the form
—div(C(z)Dv) = divG, in , )
CDv-n=-G-n, on Of).

For G € L*(Q,R3*?) we deal with variational solutions in W12(2, R?). More pre-
cisely, a function v is a weak solution of (5) if v € W2(Q, R3), and

/(CDU-Dgocl:B: —/G-Dgpd$, Vi € WH(Q; R?).
Q Q
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Choosing as test function the rigid movement p(z) = {x+b, with b € R" and £ € A,

we obtain
/(CDU-ﬁda::—/G-gdx.
Q Q

If we assume that the coefficients C belong to the class (¢, c1,2), we have that

/CDU~§dx:/C§~Dvdx:O
) Q

so that the existence of a weak solution v to (5) implies that

/QdeeS. (6)

The compatibility condition (6) on the forcing term G must be required and the
solutions of (5) will be defined up to additive rigid transformations belonging to

R={p(x)=&x+b, beR" e A}
In what follows X,,, p > 1, will denote the set of admissible forcing terms in L?
X, = {G € L(Q,R**?) such that (6) holds true},

and, with a little abuse of notation, R+ will denote the following set

R = {u e W (Q,R?) ; /

udr =0, /DudwES}. (7)
0 0

The existence result below for (5) is based on the second Korn inequality (see, [11],
Theorem 2.5)

/\u|2dx+/ | Dul|? dz < 0/ |Du+ (Du)*Pdz,  VYu € WH(Q,R*)NR*, (8)
Q Q Q

and Lax-Milgram Theorem (see e.g.[13], Theorem 1.4.4).

Theorem 3.1. Suppose that Q is a bounded Lipschitz domain in R3, and let
Ce&(co,c1,2). Then for every G €Xy there exists a weak solution ve H' (2, R3) to
problem (5), unique up to rigid displacements in R, i.e., unique in R*:.

In what follows we will need a W'* estimate for the weak solution to (5) with forcing
term in LP, p > 2. The higher summability of the solution, valid for operators with
constant coefficients, fails to be true for general elliptic systems (see, e.g., [1]).

Hence, from now on, we assume in addition that the coefficients belong to VMO,
that is, setting

1
wa(C,r):= sup —/
BPgQa PST |BP| Bp

we assume that

C(s)— — [ )t

ds
|By| JB,

lim wq(C,r) =0. 9)

r—0t
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Theorem 3.2. Assume that Q is a bounded C' domain in R, p > 2, and that
C € &(co, €1,) is such that (9) holds. Then for every G € X, there exists a unique
weak solution v to (5) in WIP(Q; R3) N'RL which satisfies

/ CDv - Dpdr = — / G- Dypdz, Yo € Wl’p,(Q;R?’).
Q Q

Moreover, there ezists a constant C' > 0, depending only on p, ¢y, 1 2, and wa(C, 1),

such that ||’U||W1,p(Q7]R3) S CHGHLP(RSXB). (10)

Proof. See [13], Theorem 5.6.4. O

Remark 3.3. In what follows, we will consider as the unique weak solution to (5)
the one orthogonal to the set of rigid transformations R. ]

4. Existence

This section is devoted to the proof of the following result.

Theorem 4.1. Suppose that

(1) C e &(co,c1,R) satisfying (9);

(2) e My(Q;R3>*3) with divu = 0.

Then there is a distributional solution 3 € L3/%(Q,R3*3) to the system
—div(C(x)B) =0, in Q,
curl f = p, in €, (11)
CB-n=0, on 0f).

The solution is unique (up to an additive constant antisymmetric matriz), and there
exists a constant ¢ > 0, depending only on Q, wa(C,r), and ¢y, ¢y, such that

18 = Bl s/ m575) < el (€2), (12)

where B denotes the average of the antisymmetric part of B3, i.e.,
- 1
5 = sy (8= 5.
29| Jq

The proof is based on a suitable decomposition § = * + Du, with g* such that
curl g* = p, and u weak solution of an elliptic problem. The uniqueness then follows
by the linearity of the problem.

Concerning the purely incompatible part of 3, we use the following well-known result
by Bourgain and Brezis

Theorem 4.2. For every € M,(Q;R3*3) with divu = 0 there exists a field 8" €
L32(Q,R3*3) such that

(1) curl g =g,
(2) 18"l a2 (@raxsy < clpl(€2).
Proof. See [4], [5]. O
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Concerning the potential part Du of 3, we adapt to the problems of linear elasticity
the method of duality solutions for elliptic equations with measure forcing terms
(see [15], [5], [13]), in order to obtain a selected distributional solution u to the non
variational elliptic problem

— div(C(z)Du) = div(Cp*), in Q,
CDu-n=—-Cp* -n, on 0f),

with forcing term given by a field belonging to L%(Q; R3).

The starting point for the formulation by duality of elliptic problems is the following.
Let F' and G € Xs, and let w, v be the weak solutions to (5) with datum F' and G,
respectively. Choosing w as test function in the equation solved by v and conversely,
thanks to the symmetry of the tensor C we obtain

/G-Dwdx:/F-Dvdx. (13)
Q Q

If, in addition, G € L3(Q,R3*3), then, by Theorem 3.2, v € W3(Q,R3), so that
(13) is well defined when the forcing term F belongs to L2(€2, R**®) and the cor-
responding “solution” w belongs to W3/2(Q, R?). This fact inspires the following
definition of weak solution for (5) when the forcing term is in L%2(Q, R3*3),

Definition 4.3. Let C € &(cp,¢1,Q), and F € X3/. A function u is a duality
solution to the elliptic problem

—div(C(x)Du) = div F, in Q,
CDv-n=—F-n, on 012,

if uwe WH/2(Q,R?), and /

G-Dudx:/F-Dvdx for every G € X3, where v
Q Q

is the weak solution to (5).
Remark 4.4. Given u € W'/2(Q,R*) MR, and H € L3(Q,R?), and setting
— | H—-HT
G=H-H" with H:—/—,
9 Jo 2

we have that G € X3 and

/HDudx:/GDudx+H“/Dudx:/GDudx
[9] Q Q Q

where in the last equality we have used the fact that H* € A, and fQ Dudr e S. O

The next result shows that the duality solution exists, is unique (up to rigid trans-
formations in R), and it is the unique solution in the sense of distributions which
can be obtained as limit of variational solutions of the same problem.
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Theorem 4.5. Let C € E(co, c1,Q) satisfying (9), and F' € X3/5. Then there ewists
a unique function uw € W32(Q; R3) N RE, such that the following holds:
(1)  wis a duality solution to

{— div(C(xz)Du) = div F, in €,

(14)
CDu-n=—F-n, on 0S;

(2)  wis a solution obtained by approzimation: for every sequence (Fy) C X3 con-
verging to F in L3/%(Q, R3*3), the sequence vy, of solutions in W'2(Q, R3)NRL,
to the problems

(15)

— div(C(z)Dvg) = div Fy, in Q,
CDuvg -n=—Fj - n, on 02,

converges to u in the weak topology of W3/2(Q; R?).

(3)  w is a distributional solution to (14), and there exists a constant ¢ > 0, de-
pending only on ¢y, c1, Q and wa(C,r), such that

||u||W1>3/2(Q;R3) < CHF”L3/2(Q,R3X3)' (16)

Proof. For any given G € X3, let v € W3(Q; R?) be the solution to (5) with right
hand side div G. Let vy be the solutions to (15).

Since both v and v, are variational solutions, by the symmetry assumption on C,
we obtain that the equality

/Fk~Dvdx:/(Cka-Dvdx:/(CDU-kadx:/G-kadx (17)
Q Q Q Q

holds for every k£ € N, and hence we get the estimate

/G-kada:
Q

for every G € X3. Using the fact that the sequence F}, is equibounded in L3/2(, R3*3),
the regularity estimate (10) for v, and Remark 4.4, we conclude that

/G-kadx
Q

so that there exists a subsequence (still denoted by vy) converging to a function u
in the weak topology of W13/2(Q: R3).

< 1 Fkll oz @pasa [0llwrsoimsy < MIIGlLso;ms) (18)

< M,

1
1Dvkllpor2ipey = sup e
LEEGRR) GeL3(;R3) ||G||L3(Q%RS)

Since u is the weak limit of distributional solutions, it follows that it is also a
distributional solution, while the fact that w is a duality solution follows passing to
the limit in (17) as k — oo. Moreover, since W13/2(Q;R?) N R* is a weakly closed
subspace of W13/2(Q; R3), we also obtain that u € R*.

The estimate (16) follows from the very definition of duality solution. Specifically
as above we have

‘/G-Dudaj
Q

<N Fll sr2@rsnsylvllwrsrsy < ellF |l psreomsxa |Gllsors)
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for every G € X3, and hence, by Remark 4.4, for every G € L3(Q; R?), which gives
us equation (16).

It remains to show that the duality solution is unique in W*13/2(Q; R*)NR*. Suppose
that both u and w belong to R+ and satisfy (13). Then we have

/G[Du—DU] dr =0, VG € Xy,
Q
and, by Remark 4.4,
/ G[Du — Dv]dx = 0, VG € L¥(Q; RY).
Q

This implies that v = v in Q. In particular, we recover that the whole sequence vy
weakly converges to the solution u of (13).

Finally, if (Fj,) C L3(€: R3*3) is another sequence converging to F in L¥2(Q), R¥*3),
the previous arguments show that the sequence (vy) of solutions of the problems

with forcing term Fj, converge to the duality solution u of (14), which turns out
to be the unique distributional solution of problem (14) that can be obtained by
approximation. O

As a consequence of Propositions 4.2 and 4.5, we obtain the existence result in
elasticity stated in Theorem 4.1

Proof of Theorem 4.1. Let g* € L3%(Q,R**®) be as in Theorem 4.2. Since
F = Cp" belongs to L¥?(2,R3*®) and satisfies the compatibility condition (6),
by Theorem 4.5 there exists u duality solution to the problem

—div(C(z)Du) = div(CpH), in Q,
CDu-n=—-Cp*-n, on 0f2.

The field § = p*+ Du provides a distributional solution to (11). The uniqueness (up
to constant antisymmetric matrices) then follows from the linearity of the problem.

Finally, by Theorem 4.2(ii), (16), and the boundedness of the coefficients C, we get

1811 zer2(@maxay < 1B* (| er2(@maxa) + [[Dull oz paxay < Clul().

In particular, 8 € L*(2,R3*3), and

< OBz rsxsy < Clul(€2),

—a 1
7| = ‘m/g(ﬁ—fﬁ)dﬂf

and estimate (12) follows. O

Remark 4.6. The unique solution 5 to problem (11) admits infinitely many repre-
sentations of the form § = g* + Du, depending on the choice of §*. [
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5. (G-convergence for problems in elasticity

We are now interested on the behaviour of the solutions to (11) corresponding to
varying operators. In the framework of elliptic systems, the convergence of solutions
is encoded in the notion of G-convergence (see, e.g. [7], [8], [10], [14]).

Definition 5.1. A sequence of tensor-valued functions (C,) € E(co, c1,) is said
to be G-convergent to Cy € E(cg, c1,9) if for any f € W12(Q,R3) the solution
v € Wy (€, R?) to the Dirichlet problems

— le(Ch<SC)DUh) = f, in Q,

v, =0, on 0f)

converge in weak topology of I/VO1 ’Q(Q, R3), as h — 0, to the solution vy of the problem

— le(Co($)DUO) = f, in Q,
vy = 0, on 0f).

The main properties of G-convergence are the following (see, e.g., [8], Section 12.2).

Theorem 5.2.
(i)  The G-limit Cqy is uniquely defined.

(i) Let (Cy) be G-converging to Cy and let w, € WH(Q,R3) be such that we
have —div(CpDwy,) = g in W=H2(Q,R3). If wy converge to w weakly in
W2(Q,R3), then C,, Dwy, converge to CoDw weakly in L?.

(iii) The class E(co, c1,Q) is compact with respect to G-convergence;
(iv) The G-limit Cqy satisfies the two-sided estimate of Voigt-Reiss:

(fimccn™)

where the limits are understood in the sense of weak convergence in L?,

1
< (CO < lim Ch7
h—0

By Theorem 5.2(iii) every sequence C;, admits a G-converging subsequence. In what
follows we only consider G-converging sequences Cj, € £(cy, ¢1,€2) with coefficients
satisfying the following uniform V MO estimate: there exists a decreasing function
w: [0,1] = R such that lim,_,ow(r) = 0, and for every r € [0, 1]

1

E =15,
P 2

Cp(t)dt| ds < w(r), Vh. (19)

o)
sup  ——
B,cQ, p<r | Byl JB,

We show that the G-convergence implies also the convergence of the solutions to
elasticity problems.
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Theorem 5.3. Assume that the sequence (Cy) € E(co,c1,?) satisfies the uniform
VMO condition (19). If (Cp,) G-converges to Cy, then for every pu € My(§;R3%3)
the sequence [3;, of solutions to

—div(Cp(x)Br) =0, in €Q,
curl By, = u, in Q, (20)
Cunfp-n =0, on 0f2

converges weakly in L3/?(Q,R3*3) to the solution By to
—div(Cy(z)By) =0, in £,
curl By = p, in Q, (21)
CoBy-n =0, on L.

Proof. Given g* as in Proposition 4.2, let u; be the duality solution to the problem
—div(Cp(x)Duy) = div(C,p*), in £,
CrDup -n = —-Cpp" - n, on 02, .

Then uy, € WH3/2(Q, R33) NRL, there exists ¢ > 0, independent of h, such that

[unllwrszrsy < cll B4 L2 raxs), (22)
and / GDuy, dx = / Cpp" () Dvy, dx VG e X, (23)
Q Q

where v, € W3(Q,R3) N R+ is the solution to

— le((Ch<.Z'>DUh) = div G, in Q,

CpDuvy -n= -G -n, on 0Q.
On the other hand, given G € X3, by (10) there exists C' > 0, independent of h,
such that

[onllwrs@ms) < CllGI| s sy,

so that vy, converges, up to a subsequence, to a function vy in the weak topology of
Wh3(Q;R3). Then, by Theorem 5.2(ii) the sequence (Cj,Duvy) converges to CyDuy,
and vy is the solution to the boundary value problem

{— div(Co(x)Dvg) = divG, in Q,

(24)
CoDvg-n=—G - n, on 0f).

As a matter of fact, the whole sequence v, converges to vy, due to the uniqueness
of the solution of the limit problem (24).

Finally, by (22), also the sequence wu, converges, up to a subsequence, to a function
up in the weak topology of W13/2(2;R?), and a passage to the limit in (23) shows
that wug is the duality solution to the problem

—div(CyDuyg) = div(Cyp*), in Q,
Coug -n = —Cyp* - n, on 0f).
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The convergence of the solutions ), of the problems (20) to the solution f; of the
limit problem (21) now follows from the fact that g, = " + Duy,. N

As an example we finally observe that in the case of periodic rapidly oscillating coef-
ficients the effective behaviour of the corresponding incompatible fields is described
by the homogenized effective tensor characterized by the homogenization procedure
of the elliptic systems in elasticity.

Specifically, if Y denotes the reference cell Y = [0,1]*, let C = C(y) be a Y-
periodic tensor valued function in £(co, 1, Y) satisfying (9), and let us consider the

asymptotic behavior as ¢ — 0 of the solutions to the linear problems with rapidly

oscillating periodic coefficients C.(z) = C(%)

—div(Ce(x)p:) =0, in
curl 8, = p, in Q, (25)
C.6. -n=0, on 0f)

where 1 € M,(Q;R33). Tt is well known (see, e.g. [13]) that the sequence (C.)

is G-convergent to an effective operator with constant coefficients @, and that C €
E(Co, Cy, Q) .

Moreover, under the assumption that C is VMO, by Theorem 4.3.1 in [13], for every
G € X3 the variational solution v, € W13(Q, R?) to

{— div(Ce(z)Dv.) = div G, in Q, (26)

Cgl)v8 -.n=-G- n, on 0N
satisfies the estimate
HUEHWI’:;(Q,H@) < CHGHLJ(RJXJ)

with a constant C' > 0 independent of . Hence, following the lines of the proof of
Theorem 4.5, we obtain that the duality solutions to the problems

—div(C.(x)Du,) =div F, in €,
C.Du,-n=—F -n, on 0f, .
satisfy the estimate
HUeHWw/Q(Q;RS) < C||F|L3/2(Q,R3x3)
with a constant C' > 0 independent of ¢.

In conclusion, following the lines of Theorem 5.3 we obtain that, if C = C(y) is
a Y-periodic tensor valued function in E(c, c1,Y) satisfying (9), then for every
p € My (€;R33) ] the solutions . to (25) converge weakly in L%2(Q, R3*3) to the
solution S to the problem

— div(@ﬁ) =0, inQ,
curl 8 = p, in €,
@6 -n =0, on 0f).
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