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We study the homogenization of a class of energies concentrated on lines. In dimension 2 (i.e.,
in codimension 1) the problem reduces to the homogenization of partition energies studied by
L. Ambrosio and A. Braides [Functionals defined on partitions in sets of finite perimeter. II: Semi-
continuity, relazation and homogenization, J. Math. Pures Appl. 69 (1990) 307-333.] There, the
key tool is the representation of partitions in terms of BV functions with values in a discrete set. In
our general case the key ingredient is the representation of closed loops with discrete multiplicity
either as divergence-free matrix-valued measures supported on curves or with 1l-currents with
multiplicity in a lattice. In the 3 dimensional case the main motivation for the analysis of this
class of energies is the study of line defects in crystals, the so called dislocations.
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1. Introduction

In the present work we consider energies concentrated on lines of the form

Oy, 0(y),7(y)) dH' (y), (1)

QN

where v is a l-rectifiable set in 2 C R™ given by the union of closed loops, the
function 6 : v — Z™ is a vector-valued multiplicity, constant on each closed loop of
v, and 7 : v — 8" is the tangent vector defined H'-a.e. on ~v. The main result
of the paper concerns the homogenization of energies of this class. This can be
expressed as the characterization of the limit of scaled energies

3

oG rw) o). )

as € — 0 when 9 is periodic in the first variable.

The main motivation for the study of the energies above comes from the analysis
of dislocations in crystals. Dislocations are defects in the crystalline structure of
metals that are crucial for the understanding of plastic behaviours. At a continuum
level they can be interpreted as line singularities carrying an energy of the form
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above, where the multiplicity # is the so-called Burgers vector which belongs to a
lattice (which is a material property), that we can assume to be Z™. The function
¥ represents the line tension energy density that can be computed a la Volterra (see
e.g. [7]) using continuum elasticity.

The asymptotic behaviour of energies of the form (2) can be expressed in terms of
the computation of their I-limit with respect to a suitable convergence. In a two-
dimensional setting this has been carried over in [2] in a BV setting. Indeed, in that
case the system of lines can be interpreted as the set of the interfaces of a Caccioppoli
partition, or, equivalently, the set of discontinuity points of a BV-function taking
values in a discrete set. In that functional setting energies of the form above can
be analysed as I'-limits with respect to the BV-convergence. In higher dimension,
instead of identifying systems of loops with partitions, they can be interpreted as
divergence-free measures or 1-rectifiable currents without boundary. Throughout the
paper we will make use of those two standpoints interchangeably, taking advantage
of the possibility of choosing the most suited of the two in technical points. The
corresponding equivalent notions of convergence makes it possible to study energies
(2) in terms of ['-convergence.

The main result of the paper is that, under suitable growth assumptions of v the
[-limit of energies (2) as ¢ — 0 exists and can be written as

Uhom (0(y), T(y)) dH' (y) (3)

QN

for a suitable function y,,,. Furthermore, this function can be characterized by an
asymptotic formula.

In order to prove that the function given by the asymptotic homogenization formula
gives a lower bound for the I'-limit, following [5], we make use of Fonseca and Miiller
blow-up technique [10]. This method, originally introduced to deal with relaxation
problems, works nicely with homogenization problems as well. Here, as in [6], it
will be useful to rephrase the problem in terms of closed 1-rectifiable currents, as
this allows an easy treatment of the possibility of fixing boundary conditions, which
is a technical point necessary to carry over the blow-up method. In order to prove
the upper bound we proceed by density using the homogenization formula explicit
construction of recovery sequences. We will need some results on divergence-free
measures for which we refer to [6] instead.

2. Formulation of the problem

Let 2 C R™ be an open set with Lipschitz boundary. Let ¢ : R"xZ™x 8" — [0, 0)
be the energy density of the energy (1). We assume that v ia a Borel function and
satisfies

col0|< Y(y,0,7) < 10 co,c1 >0, Vy eR", ¥r € "', VI eZ". (4)

A convenient framework to represent the set of admissible configurations is the one
of divergence-free matrix-valued measures or alternatively of 1-rectifiable currents
without boundary.
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2.1. Representation with measures

Following [6], we will denote by MST)(Q) the set of divergence-free (in the sense of
distribution) measures p € M(§2; R™*™) of the form

p=0x7TH' 7,

where 6 : v — Z™ is a H'L ~-integrable function, v a 1-rectifiable set and the map
T 19 — 8" ! its tangent vector defined H'-a.e. on . The divergence-free conditions
read as
/ 0-(Dor)dH' =0, (5)
”
for all ¢ € C3°(;R™). So that, for any u € Mgf”)(ﬂ) the energy in (1) is denoted
by
Fw) = | 9(u.0().7(4)) dH'(y) . (6)
My

In particular by the growth condition (4) we deduce that the energy
F(p) > colul (),

and it is coercive with respect to the weak® convergence of measures. Indeed a
sequence with bounded energy is in particular bounded in the total variation, and
therefore it is compact in the weak® convergence. The fact that Mf{[‘)(ﬂ) is closed
with respect to the weak™ convergence can be seen, as already mentioned, in a very
efficient way by using the approach of geometric measure theory, i.e., the setting of
rectifiable currents a la Federer and Fleming extended to the case of currents with
vector multiplicity.

2.2. Representation with integral 1-rectifiable currents

We denote by Rq(€2,Z™) the set of Z™-valued 1-rectifiable currents. Let 6, v, T be
as before, then T' € R(Q2,Z™) is a functional on the space of smooth compactly
supported 1-forms that admits the following representation

(T, ) = /9<¢; TYdH' € R™, Vo € CF(Q,R"). (7)

We recall that the boundary of a 1-rectifiable current 7" is the O-current (07, ¢) =
(T, do) for all ¢ € C°(Q); finally a current is closed or without boundary if 9T = 0.
We denote by R$(€2, Z™) the set of currents in Ry (2, Z™) which are closed.

Now there is a 1-to-1 correspondence between measures in MST)(Q) and currents
in Ry(2,Z™) with no boundary. Indeed it is immediate to see that the diver-
gence free condition (5) translates in the condition of having zero boundary for the

corresponding currents. Therefore for any p € M((iT)(Q) we denote by T'(u) the
corresponding current in R$ (2, Z™) and for any T' € R§ (2, Z™) we denote by pu(T)

the corresponding measure in /\/lg?)(ﬂ)

In particular given p € J\/lgfn)(Q) the mass of the associated current 7'(u) is given
by
M(T () = [l (2).
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Moreover the weak™ convergence of a sequence of measure p; translates exactly in
the weak™ convergence of the corresponding currents 77}, i.e.,

lim (T, 0) = (T.¢) Vo € C(QR").

The advantage of using the language of rectifiable currents relies on a rich the-
ory which guarantees a structure result which allows to characterize all currents in
RE(Q, Z™) as a countable family of Lipschitz closed loops with constant multiplicity,
a compactness result for sequence with bounded mass in R$(€, Z™) (see [9]), and a
good approximation of currents (and therefore of the corresponding measures) with
polyhedral currents (i.e. currents in R{(£2,Z™) supported on polyhedral curves).
These results in the formulation that is needed here are recalled in the Appendix.

Our results will be mainly stated using the more familiar notation of measures,
but throughout the paper, especially in the proofs, we will use the two notations
interchangeably, making sure to highlight the advantages of one over the other.

3. The homogenization theorem

We now state the main result of this paper which concerns the homogenization of
the energies concentrated on lines.

In the following 2 C R"™ is a bounded, open set with Lipschitz boundary and the
function ¢ : R" x Z™ x 8”1 — [0, 00) is a Borel function satisfying (4).
Additionally we assume that 1 is 1-periodic in the first variable and we define

- [ w(g,wy),r(y))dw(w we M Q). ®)

€

The main result of this paper is the characterization of the I'-limit of the functional
F,ase— 0.

We stress that a ['-convergence result must be complemented by a compactness
result: together they guarantee the convergence of minima. Here compactness in

the class Mf{f”)(Q), as we noted, is a consequence of the divergence free constraint.
This is the first point in which the already mentioned equivalence between the
representation with measures and the one with 1-currents gives the its contribution.

Theorem 3.1. (Compactness) Let p. € M(ST)(Q) be a sequence of measures satis-
fying F-(pe) < C for some C > 0, then there exists a measure j € ./\/lgfn)(Q) and a
subsequence (pie,) such that p., =

Proof. The result is an immediate consequence of the lower bound for the energy
density ¢ given by (4). Indeed F.(u.) < C implies that

el @) =0 [ JoLlmantw) < C.
QNye

Then, up to a subsequence the sequence of measure p. weakly® converge to some

matrix valued Radon measure . In order to conclude it is enough to show that the

limit measure has the right structure, i.e., it is concentrated on a 1-rectifiable set

and its density is of the form 6 ® 7, in other words it belongs to Mgfn)(Q)
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This is an immediate consequence of the result of compactness of 1-rectifiable cur-
rents with integer multiplicity. Indeed the family of currents T'(j.) satisfy

M(T(Ms)) <C M(((“)T(p@)) =0

and hence up to a subsequence it converges to a current in 7' € RS (2, Z™). Then

w(T) € /\/lgfn)(ﬂ) and it is the weak® limit of the corresponding subsequence of
e [

Remark 3.2. This compactness result clarifies the importance of the divergence
free condition for the measures p. It is indeed easy to construct a sequence of
measures supported on 1-rectifiable sets with integer multiplicities (equivalently a
sequence of integer 1-currents) which converges to a measure which is not supported
on curves, for instance which converges to the n-dimensional Lebesgue measure. This
can be done by taking a collection of many uniformly distributed short segments.
In this example the corresponding current has large boundary and therefore the
compactness result does not apply.

Moreover the above theorem sets the right topology in which we have to study the
I'-limit of the F.. ]

Before stating the theorem, it is useful to introduce the following notation. For all
t € 8! choose a rotation O; € SO(n) with Ose; = t. Then, for every h,l > 0 we

define the rectangle
I 1 hoh]"
t f— —_— — p— [— fa—

of height h and a side [, centred at the origin, and one side parallel to the direction
t. If the rectangle is centred in a point x € R™ we denote it by Rfyh(x). Similarly we
denote by Q! (z) the cube of side h, and one side parallel to the direction ¢, centred
at x € Q, i.e., Q) (x) = R}, (x). If 2 =0 we drop the x and write Q7.

Theorem 3.3. (Homogenization) Assume that 1, satisfying (4), is 1-periodic in
the first variable, then the functionals F. in (8) I'-converge as ¢ — 0, with respect
to the weak® convergence of measures, to the functional defined by

r ( ) /mQ 77Z)h0m(677—)d,;l-[1 M € M((iT) (Q)
hom\M) = v

400 otherwise,

where for all b € Z™ and t € S"! the effective energy density is given by

1
Ynom(b.1) = Jim fmf{ Uy 6(0), T0)dH W) - o € MGP(QS),
o QLMY
supp(pu — b @ tH' (IR N Q%)) C Qty}- (9)

Proof. The proof of the lower bound is given in Subsection 3.2 and uses the char-
acterization of the effective energy density by means of the asymptotic formula
(studied in Section 3.1). The proof of the upper bound is instead given in Section
3.3. ]
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3.1. The cell problem formula

A key ingredient is the analysis of the cell problem formula in (9) which characterizes
the effective energy.

Here and in the rest of the paper it is convenient to introduce the localised functionals
for every Borel subset A C R" and a measure y =60 @ 7H!l_ v € MST)(A),

Fo(u, A) = /Amzp (g,9,¢> dH!. (10)

In the next proposition we prove that the energy density ¢,om is well defined through
an asymptotic formula. Moreover we show that it is rather flexible and thanks to
the periodicity of 1 is not sensitive to the translations. As a consequence we will
get the continuity of ¢yon.

Proposition 3.4. (Homogenization formula) Let (z7) be a family of points in R™,
with T € R and ¢ as in Theorem 3.3. Then for allb € Z™ and t € S™! the limit

T—oo

1
lim — inf { / V(y, 0, 7)dH p =0 7H' v € MST)(QtT(xT))
Qb (zr)My
supp(p — b @ tH'L (zr +tR)) C QtT(xT)}

exists and it is independent of (xr). Therefore it coincides with Ypem(b,t).

Proof. Let 4;(z7) be the straight line parallel to ¢ passing through zr, i.e., Y (zr) =
xp+tR and denote 7; = 4;(0). Note that, in general, the line 4;(z7) may not intersect
the set of points in Z".

Let S>> T'. Fix L > n and consider the family of equispaced points (z;) on Y (zs)
with spacing 7'+ L. For each point z; consider the point y; € x7 + Z" such that

[y; — zl< V/n. (11)

Let pM) = 01 @ 7MH_~T) be a test measure for the minimum problem

mT) = inf {Fl(u, Q4 (x7)) :;LGM((&”) (R™), supp(p—b&@ tH'L Y (zr)) C QtT(fFT)}(m)

1
such that  Fy(u™, Q%(zp)) = / (y, 0D, 7T an < m™ + T (13)

QL (zp)My(™)
Let J be the set of indices such that Q% (y;) C Q%(zs) and
Rsr = Qs(xs) \ [ J (@7 (y)-
jeJ
Hence define the function h/(z) = 2 — zr + y; and the measure

i = Z hg (D) L Q4 (y;) +b@tH' L (5i(xs) N Rs.r).

jeJ
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Note that the measure hg ™) is nothing else than the measure obtained from p(*)
translating the support from the cube Q. (xr) to the cube Q% (y;), i.e

W™ =00 (- —2p +y) @ 7D (= 2p + y ) H'L (v — 2r +y;),
; 1
therefore by the choice of y; we have Fl(héu(T), Q4 (y;)) <mT) + T

From i*®), we can obtain a divergence free measure (%) = 9 & TEHILFE) in
Q%(xs), by connecting through a segment each endpoint of YI) +y; — z7 on y; + Q%
to 4:(xs). In doing so we have obtained a test measure for m'® (see Figure 3.1).

Figure 3.1: A test measure for m®).

1 1
The conclusion follows if we prove limsup —=m®) < liminf —m®.

S—o00 T—o0

In fact, using 1) we get

1 1
“m® < 2 / 0, 7)) ap!
m
S -8 Q% (xs)MyS) W )
1 , 1
— s Y RO g [ vl b
et Rs Mt (zs)

1 S 1 1 1 S
< | = (T) 4 — —qq1 Y =
<3 {T—l— L} (m + T) + S’H (Rsr Nyi(xs))c+2Cy/n {T—i—L]

N I ()

where we have used the choice of y(*) as in (13) and (11) to control the contribution
of the segments in the measure 7). The conclusion follows taking the limsupg
first and then the liminfr_, . O

Remark 3.5. Once the existence of the limit is proved it is also easy to see that
this is not only independent of the choice of x1 but also uniform in x7. Indeed, by
periodicity, we can assume that x7 € 1(0) which is compact, and then we deduce
the uniformity.

An important consequence of the above characterization of 1y, is its continuity.

Proposition 3.6. (Continuity of ¥yom) For allb € Z™ and t,t' € 8" ' let Ypom be
as in Theorem 3.3. Then the following continuity property holds

[¥hom (b, ) — Pnom (b, )< c[b][t — ¢,
with ¢ > 0 a constant that depends only on Ynom.-
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Proof. We prove this property by means of the asymptotic formula. Suppose that
Uhom (b, 1) > Ynom(b,t). Fix € > 0 and let MIET) be a test measure for the minimum
problem mgT) in (12) (Proposition 1.12, with 7 = 0), such that

| 0 < m® (14)

oD

'/
Qrije-—v N i

\

0
0
e

/
/ \_~ \\Q{l"

Figure 3.2: The construction of the measure ﬁE/T), for simplicity ¢’ = e;.

From ,ugT), we can obtain a test measure ﬁE,T) for the problem

inf {/ U(y, 0, 7)dH' : p € ./\/lg?)(]R"), supp(u—bt'H' L (YR)) C Q§+T|t_t,|}
Q}

Tyt Y

proceeding as in Figure 3.2 (with support on the bold line), adding two segments to

obtain the divergence free condition in Q% +TY—t] 2 Q% for the measure ﬁi,T) and to
get the right boundary condition. Then it is easy to see that
n_ 1 @
¢h0nl(b7t ) - Tmt
1 N €
S T(/ , T @Z}(yvé\t(’T)? t(’T )dHl / T ¢(y70£T)7Tt(T))dH1) + T
Q%+T|t t/ \rﬁt(’ ) Qt ﬂ'y( )

and using the estimate from above for ¢ and by construction of il we have

1(T

1 €
< —clb|T|t — t|+=.
(") < —clblTlt — ¢+

7~/)h0rn(b t )
We conclude taking the limit 7" — oo and by the arbitrariness of €. To obtain the
inequality with the opposite sign is enough to swap the roles of ¢ and t'. Il

Finally we show that the asymptotic formula still holds if we replace the boundary
condition with an approximate boundary condition. This point is essential in the
proof of the lower bound.

To this aim we need the following technical lemma which allows one to modify the
boundary value of a converging sequence of measures with a small change in the
corresponding line energy.
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Lemma 3.7. Let u; € M((ffn)(Qﬁ) be a sequence of divergence free measures in Q'
with .

sup|p;|(Q1) < M < oo (15)

j

and p; = = b@tH'L (RN QL) € M{P(QY). Then, Ve > 0, Yoy € (0,1/2)
there exist a sequence 6;, 0p/2 < 0; < &g and a sequence fi; € ./\/lgfn)(Q’i) such that
fij = il (Q1_s,)° +btH L (Q1\ Q_s,) + v, where v; € [M(Q)]™*" is such that
supp(v;) C 0Q1-5; and |v|(QY) < € for every j large enough (by (Q]_;,)°
denoted the interior of the cube (Q_,)).

we have

Proof. Fix e € (0,1) and dy € (0,1/2) two independent parameters and consider
d, the distance function from 90Q%. We now slice the measure fi; = p; — ¢, with
o = b@tH'L (tR), through the function d, Lipschitz continuous with Lip(d) = 1.

Let 7; and é\] be the support and multiplicity of fi;, respectively. Now the idea
is to exploit the weak* convergence of ji; to zero in order to find a ¢, for which
supp p; N 0Q1_s; is the boundary of weighted segments with small mass; this will
allow us to construct the measure v; in the statement. Even though this can done

by hands using the measures in ./\/lg?)(Q) it is convenient also in this case to use the
tools of currents which give a more general argument not confined to the case of 1
dimensional objects.

We denote 7; = T(Ji;) the current associated to 7i; and for every d € [0, 8] we

consider the current obtained by slicing YA} along the level sets of the function d
which we denote by

T, 6+]) = (OT)) L {z : d(z) > 6} — O(T;_{z : d(z) > 6}).
Since T; = 0 in Q% we have T;[d, 6+] = —9(T;_{xz : d(z) > 6}), i.e.
G50 = [ (Vo nan
v;N{d>d}
for all p € C°°(QY). For slicing of currents it holds

do R ~
T 0, 54]) ds < Lint Moy or () <My (F) (16
2
do . ~
and / Foy . st Dl st]) ds < Lip(@)Fq,  (T)). (17)

5 1-50/2
2

)

where Fg(T) denote the flat norm of the current 7' (see the Appendix). Since,
by (15), the sequence YA} is equi-bounded in mass, from (16) we get that, for a.e.

5 € (d0/2,00), M(T}[d, d+]) is finite. Hence, since fj[d, d+] is a O-rectifiable current
for almost every 9, we have

M(Tild,s+) = D> 16(@)],  |6;(x)[>1 (18)
r€0Q1_sMY;
where the sum runs through a finite number of points z1, ..., xy;, with multiplicity

~

6;(z;) and positive orientation if 7; exits from ()1_s at z; (these oriented points

together with their multiplicity give the boundary of T\J L Q1-s)-
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Moreover by (15), we can exploit the equivalence between weak* convergence and

convergence in the flat norm [11, Theorem 31.2], and from the fact that fj -0 to
obtain the convergence to zero of the flat norm. Therefore Vo < %05 we can find

J, € N such that Fo: (T;) < o for all j > J,. Thus, by (17), for each j > J,,
1-8g/2
the sets

4
A= {5 e 2,00 Fop_ piamen Bl < 5ob 9
have positive 1-dimensional Lebesgue measure. In fact
. o ~ 0o ~ o
|A5] < 40/ Fau . antd@=sy(Tild, s+]) ds < 4_FQ1 o2 13) < s
do
hence |Aj| = - — |Af] > ik 0.

Now, for each j > J, choose a ¢; such that §; € A; and the sum (18) runs through
a finite number of points.

To get to the conclusion, we first show that the following minimum problems, well
defined by our choice of d;, have solution. By definition, for every j > J,,

FQt_sntd@)=6) (Ty[d, 6,+])
= 1nf{M( ) + M(B ) Supp(R ) Supp( j) C 8Q1_5j7Rj + aBJ — j\}[d, 5]_|_]}

Since R; is a Z™-valued O-rectifiable current, then M(R;) > 1 and from

Fo o antdw=sp(Tild; 05+]) < e <1
we can conclude that R; = 0. It follows that, for every j > J,,

For  agd@=s,3(T5ld, 6;+])

1-50/2
= inf{M(B;) : B; € Ri(Q%;Z™),supp(B;) C dQ1_s,, OB; = T;[d, 5;+]}

It’s easily checked that, for all j > J,, the set over which we take the above infimum
is not empty. Hence Vj > J,, by means of the direct method, there exists a 1-
rectifiable current S; € R1(Q%,Z™) that satisfies the following properties

(i) supp(S;) C 9Q1-s;;
(if) M(S;) = FQi,%/Qm{d(z)zéj}(fj [d,0;+]) < 550 <&
(iii) 0S; = T;[d, d;+].
Now we conclude defining v; = p(S;) for j > J, and otherwise
v; =b@ tH'L( ﬁ—aj)o_ﬂjL( 'i—dj)o O

Remark 3.8. By a scaling argument the result in Lemma 3.7 still holds in the
domain @%. Moreover by a diagonal argument under the assumptions of Lemma

3.7 one could show that, for every d, there exists a sequence fi; € MST)(QtT) such
that i; — b® tH' [ Q% with supp(fi; — b @ tH'L Q% +v;) C Qra1_s):
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Moreover, exploiting the construction of zi; and its decomposition in mutually sin-
gular measures we also deduce that

h}“ Fy(py, QtT) = 1i§n Fy (g, QtT(ps)) +Fb® tH! LQtTa QtT \ QtT(k&))- (20)

A further diagonal argument produces a sequence fi; such that fi; S tH QY
with supp(fi; — b @ tH' L Q% +v;) CC Q% and

lim £ (2, Q) < lim Fy (, Q). O (21)

Using the above lemma we finally prove the following proposition which is essentially
the I'-convergence result when the limiting configuration is given by the measure
ot = bR tHL (tR), i.e., straight with constant multiplicity.

Proposition 3.9. Let (yr) be a family of points in R™, with T € R and ¢ as in
Theorem 3.3. For allb € Z™ and t € 8! we define

www:mﬁgggﬁqumwwmeM$Mwmm%®w#um+mwﬂ@.
Then Uhom (b, t) = (b, t).

Proof. In order to show one inequality we construct a sequence p; admissible for
the definition of ¥*(b, t).

As above by the periodicity of the problem we can reduce to the case in which
yr, = 0. For any T' > 0 we consider a family of equispaced points (x;) with spacing
T on tR. Given ¢ > 0, thanks to Remark 3.5, we can find T large enough such that

we find ,LL(T) = G(T) ® T; Mt ) a test measure for the minimum problem m")
in (12) with z7 = x; such that
1 (T) () 43,1
@D(y, 9@ ) Tg ) dH S ¢hom(ba t) +E. (22)
T St @™
In particular we have that supp(u!”) — b @ tH!L (fR)) C Qb (z;). With this condi-

(T)

tion we can rescale and glue the measures p;”’ and construct a sequence which is

admissible for ¢*(b,t). Precisely, given L > 0 we define the function f/*(z) = £
and denote I = {i : Q?F/L(xi/L) C Qi}, RY = tR\ Uier, Q7 (2i/L), then the
measure

pe = ) L Qhyp (@i /L) + b @ tH L (RN RY)

i€ly,

is divergence free and satisfies u;, — b® tH'L (tR) as L — oo. Therefore using the
notation puy = 0 ® T, HL v, we have

Fy
L

@)= [ () ) o) =

= 3 ), Qe D)+ [ )i )

i€l
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=Y LA Q) + [ wpbdr

L t
i€l R ﬁQl

< 812) 7 (Wrom(0,1) +) + oM (R 0 Q)

L|T

< |:T:| z(¢h0111(b7 t) + 6) + Cl|b|%

Thus ©*(b,t) < ¥uom(b,t) + € which gives one inequality.

In order to obtain the opposite inequality it is enough to observe that given L
and fixing a sequence p7, admissible for the minimum problem *(b,t), by means of
Remark 3.8 and (21), we find a sequence fi, satisfying supp(fir —b@tH'_tR) CC Q!
such that

limLinf F%(/lL, Q) < limLinf F%(ML, Q). (23)
Rescaling by L the measure fi, := f(ji) satisfies supp(jip —b@tH'LtR) CC QF,
and mth) < %F1(/1L,Q3:) = F (fi, Q1)
which together with (23) concludes the proof. O

Remark 3.10. From the proof of the above proposition we also deduce that given
beZm™and t e S for all R > 0 there exists a sequence p; 5 b @ tdH' L tR such
that supp(p; — b ® tdH' _tR) C Q%(x;) and nom (b, t)R = lim;_, F. (115, Qr(x;)).

O

3.2. Proof of the liminf inequality by blow-up

We are ready to prove the Theorem 3.3. We start by proving the liminf inequality,
i.e., we need to show that for all u; € Mgfn)(Q), pj — pand g; — 0 one has

From(p) < liminf FL (p;).
j—00

Let €5, p; be as above; it’s not restrictive to suppose that liminf; F (u;) is finite
and, by compactness (Theorem 3.1), u =0 @ TH'I ~ € Mg}”)(Q)
We head to the conclusion in three steps.

Step 1. (localization and decomposition) For all j € N we denote v; the positive
measures

Vj =¢<§>9j>TJ)H1L’Yj- (24)
J
which is the energy density of the localised functional
Pl = [ o( Lty )i (25)
Aﬂ’Yj Ej

By the assumptions on v, the sequence v; is equi-bounded hence, by compactness,

there exists a positive Radon measure v on €2 such that, up to a subsequence, v; — v.
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Now consider the Radon-Nikodym decomposition of the measure v with respect to
the 1-dimensional Hausdorff measure restricted to 7, i.e.,

v=gH'l y+v° (26)

d
dHlVL’y
respect to H'l_~ and the singular part is denoted by v* (and it is a positive measure
as well).

where g = is the density of the part of v which is absolutely continuous with

Step 2. (definition of the blow-up) Let zo € 2N~ be a Lebesgue point for g with
respect to H'L_~y. We can write
v(Qp(%0))

M@
g(wo) = plg(% ,Hl(QZ(fEO) NA) - pl—>()+ P) (27)

where t = 7(x¢) and the last equality holds for H'-a.e zy € v by the Besicovitch-
Marstrand-Mattila Theorem. The Besicovitch derivation theorem ensures that H!-
a.e Tg € QN+ is a Lebesgue point for v with respect to H'L_~, i.e., a Lebesgue point
for g; moreover we can also assume that x is a Lebesgue point for # and 7. By the
definitions of H!-rectifiability and approximate tangent space we can assume that
Hl-a.e ry € v N Q satisfies the following property

O(z0 + py) ® T(x0 + py)H L % bR tHL (tR) (28)

with b = (), in every open, bounded subset of R"; in fact it follows from Theorem
3.13 that ~ is the union of countably many closed Lipschitz curves on which 6 is
constant, hence 6 is H'L ~-measurable and integrable. Since v is finite, we have
v(0Q!(w0)) = 0 up to at most countably many p > 0. For all such p it holds

v(Qp (o)) = Jim. v;(Q(20))- (29)
Moreover for every p > 0 we have
20 . —
0(wo + py) ® 7j(wo + py)H' L % = O(wo + py) ® (0 + py)H' L % (30)

as j — 4o00.

Then by a diagonalization argument on (27), (29), and (30) we can extract a sub-
sequence p; such that

dv . v;(Q}, (w0))
=1 ! ) 1
9(o) dHIL (z0) jggo’l-ll(Qfaj(xo)ﬂv) (31
O30+ piy) © Ty + pyy) 'L 2 S b (HI L (1R) (32)
J

and £ — oo as j — oo.
J

Step 3. (lower bound for the blow-up) Recalling the expression of v; and (27),
(31) is equivalent to

1
g(zo) = lim — " (3 0;, Tj) dH*. (33)
Qb (@) \E
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By a change of variable we get

1 .
L ¢(i,m)d%1= / w(&xﬁj(mx),n(pjas))dw. (34)
Pi Jab, @y \Ei QGEHM; N\

Then denoting by fi; = 0;(p;z) ® Tj(pjx)HlL% which, in view of (32), satisfies
i = b®tH'L (tR), we have

g9(zo) = lim Fl; (ﬂp@fi (ﬂ)) :
J—00 &5 p]

Now applying Proposition 3.9 we conclude that
g(xﬂ) 2 whom(ba t)
Therefore for H'-a.e. 2y € QN+~ one has

dv
dH'_~

(20) 2 Ynom(0(o), T(20)). (35)

Step 3. (conclusion) The liminf inequality is achieved by integrating over QN ~. In
fact from (24) and (35) we get

dv
V(0 z/ M > (6, 7)dH.
(©) Qny dH' L v Qny Yo (,7)

Since v; — v, it follows that liminf; ., () > v() and so, as desired,

lim inf F._ () = liminf v;(Q) > v(Q) > Vnom (0, T)AH = From(11).

Jj—00 J

Jj—o0 QNry
3.3. The limsup inequality

We complete the proof by exhibiting the construction of a recovery sequence, i.e.,

m)

given a target measure p € ./\/lf1f (€2) we have to find a sequence ., € MST)(Q)

such that p, = pand
lim sup FEj (Mt‘j) S Fhom(ﬂ)

Jj—00
for all e; — 0. Using a standard diagonal argument it suffices to show the con-

struction for a dense family. Here we consider the set of measures in MST) (©2) which
are supported on a polyhedral curve ~. This density result is a consequence of the
corresponding result for currents (see Appendix).

Step 1. (polyhedral measures) Now let p = S b @ t;H' v € MY (R") be
a polyhedral measure, in the sense that the 7; are disjoint segments (up to the
endpoints), b; € Z™, t; € S L fori =1,...,N. Let v = UY ;. We cover v N Q,
up to a H!l-null set, with NV families of countably many disjoint cubes denoted by
{QF = QU (Tri)}ren, @ =1,..., N, which are contained in 2 and have the property
that v N QF = v, N QF with ; through the centre of the cube so that

MLQf = bl (%9 tiHl L (ilfk’i + th)

fori € {1,...,N}. In particular Y, rp; = H'(y;) for every i = 1,..., N.
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By Proposition 3.9 and Remark 3.10, for all k € N and i € {1,..., N}, there exists
a sequence [L];J’_i € Mﬁ{?(@f) with
M’;j ol Qr, Supp(u’;’.i — b @tH' L (2, + Rt)) C QF,

and lim ng(,uf’_i, QF) < T ithom(bi, t:). (36)
J J '

Finally define p., = Zfil Y ke //;]1". The properties of u;“ imply p., € M((;fn)(Q),
e, = and limy F.,(pte;) < Fhom(pt), which concludes the proof for y polyhedral.
Step 2. (general measures) Finally, we deduce the inequality for all measure

W e /\/l((iT)(Q) We first extend p to a measure Eu € MST) (R™), with
lnl€4](25\ ) = 0
6—0

where Qs = {z : dist(z,Q) < 0} (see the Appendix). By Theorem 3.14 there

exist a sequence of polyhedral measures i € MST) (R™) and a sequence of C' and
bi-Lipschitz maps f; such that

e = (Fe)s€pl(R") = 0, [ fix — llee = 0, [[Dfi = Id][ e — 0.

This implies y, — Ep. By Lemma 3.16, the continuity of 1o in t € S** and the
invariance under deformations of the multiplicity map one obtains

From (1, €2) < From ((fr)s€11, €0) + clle = (fr)s€pl
< Fhom(Eu, s, ) (L + | D fiy = 1d|| ) + cllpr — (fe)s€pll  (37)
where 6 = ||fr — z||L~ — 0. Taking the limit in (37) we get
lim sup From 1k, Q) < Fhom (14, Q) = Fhom (1) (38)

k—o00
It then follows from the lower semicontinuity with respect to the weak* convergence
of I'-limsup, F,, the definition of I'-lim sup, Step 1 and (38) that, as desired,

[-limsup F;, (1) < limkinf(F— lim sup F, (1))
J J

< hmklnf Fhom (,uk) < lim sup Fhom (,Uk) < Fhom (ﬂ)
k

Appendix: Some results for rectifiable currents

For convenience of the reader here we give the basic definitions and properties for
currents in the form that is used in the paper.

Mass of a current: The total variation of the rectifiable current in (7) is the
measure ||T|| = [§|H'L ~, its mass is

M(T) = |IT]|(2) = / 0laH",

and it gives the weighted length of the current T" with respect to the Euclidean norm
|-| on Z™.
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Moreover for any open subset W C Q we denote My, (T)) = ||T||(W) and we can
define the support of the current 7" as supp||7|

Flat norm: Theflat norm of the k-current T is defined as follows: forall W ccC (2 let
Fy(T) :=inf{Mp(A)+ My (B): T =A+0B, AcRx(QL,Z"), BERk1(Q,Z™)}.

For example, the flat norm of a O-current given by to point x; and x5 with multiplicity
+1 and —1 respectively is the length of the segment connecting x; and x,.

Theorem 3.11. (Theorem 31.2, [11]) Let T;,T € R1(2,Z™) be such that
sup(Miy (7;) + My (9T})) < oo
1=
for all W CC Q. Then Ty = T if and only if Fyw (T; — T) — 0 for every W CC Q.
Slicing of 1-currents: For a current 7' € Ry(£2,Z™) with My (T") + My (0T) < 0o

for all W CcC Q and a Lipschitz function f : R™ — R, one can define the slice of T’
through fint € R as

TIf t—] = (T {a: f(x) <1}) - (OT) {z: f(x) <1}

T(f, t+] = 7))L {x: f(x) >t} —0(TL{z: f(x) > t}).
Up to an at most countable set of points t € R for which

M(TL Az - f(z) = t}) + M((OT) L A{x : f(x) =t}) >0,
we have Tf,t—]=TI[f.t+] = T|[f.t].

These are the main properties of the slicing that we need in the paper (see Section
4.2.1 in [8]):

(i) suppT'[f,t+] C f~H{t} NsuppT;
(ii) for all —oo < a < b < oo we have

b
/ M(T(f. t+]) dt < Lip(f)|T|{z : a < f(x) < b}:

(iii) T[f,t+] is a O-current for a.e. t € R;
(iv) if suppT C K, K C R™ a compact set, then

/ Ficn ooy (T1f, 1)) dt < Lip(f)Fx(T).

Push forward of l-currents: For a bi-Lipschitz map f : R"™ — R", the push-
forward fyT" of T' is the current

(LT, 6) = /f O O ) ) (39)

where 7' it the tangent to f(v) with the same orientation as 7, which satisfies
T (f(x)) = D, f(x)/|D-f(z)|, and D, f(x) denotes the tangential derivative of f
along ~, which exists H!-a.e. on « since f is Lipschitz on v; if f is differentiable in
x then D, f(x) = Df(x)r(x).
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Finally we state some additional results on which the proof of the liminf inequality
also relies. Although both are known results in the theory of scalar currents [8,
Subsection 4.2.24, Theorems 4.2.16], we refer to [6, Theorem 2.4, Theorem 2.5] for
their Z™-valued version and proof. The first one is a compactness result in the class
of 1-rectifiable currents without boundary, that, in the liminf, ensures that the limit

measure belongs to the space MST)(Q)

Theorem 3.12. (Compactness) Let (T}),en be a sequence of rectifiable 1-currents
without boundary in R,(R",Z™). If

sup M(T}) < oo
jeN

then there are a current T' € Ry (R™, Z™) and a subsequence (T}, )ken such that

T;, —T.
The second theorem gives a characterization of the support of a closed 1-rectifiable
current.

Theorem 3.13. (Structure) Let T' € Ry(R";Z™) with 0T = 0 and M(T) < oc.
Then there are countably many oriented Lipschitz curves ~; with tangent vector fields
7 1 v — S and multiplicities 0; € Z™ such that

T, 6y =36, / (6(2); 7)) dH (z) Vo € CF(R" R").

i€N i

Further, Z]Oi\Hl('yi) < v/mM(T).

)

Finally we recall the approximation result for currents with polyhedral currents (this
is a classical result for scalar currents. For currents with vector value multiplicity
the proof can be found in [6], while the corresponding result for k-currents con be
found in [4]).

Theorem 3.14. (Density) Fiz e > 0 and consider a Z™-valued closed 1-current
T € Ri(Q,Z™). Then there exist a bijective map f € C*(R™;R™), with inverse also
C', and a closed polyhedral 1-current P € Pi(R",Z™) such that

M(fiT = P)<e
and |IDf(x) —Id|+|f(x) —z|<e VzeR"
Moreover, f(x) = x whenever dist(z,suppT) > €.

It is important to notice that the deformation result given above guarantees that a
current T" without boundary can be approximated by polyhedral currents without
boundary, or, equivalently, divergence-free measures. In particular one should note
that the multiplicity map is invariant under deformation through a bi-Lipschitz
function.

The theorem is given on R"™ but a local version can be deduced using the extension
lemma recalled below [6, Lemma 2.3].
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Lemma 3.15. (Extension) Let Q@ C R"™ be a bounded Lipschitz open set. For
every closed rectifiable 1-current defined in ), T € R1(Q,Z™), there exists a closed
rectifiable 1-current ET € Ry (R™Z™) with ET1-Q = T and M(ET) < cM(T).
The constant ¢ depends only on 2. Moreover, lims_,o M(ETL (25 \ Q2)) = 0, where
Qs = {x : dist(x,Q) < d}.

Finally we include the following lemma [6, Lemma 3.3], again useful in proving the
limsup inequality.

Lemma 3.16. Assume that ¢ : Z™ x 8"! — [0,00) is Borel measurable, obeys
$(0,8) = 0, (b, 1) = clb| and

(b, 1) — (U, 1)< cfb—V|+clpl[t —¢'].
Let p, p' € M((jT)(Q) Then for any open set w C §) we have

|E(p,w) — BE(u',w)|< clp — p'|(w).

Further, if f : R™ — R"™ is bi-Lipschitz then for any open set w C R"
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