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1. Introduction

Dirichlet forms were introduced by Beurling and Deny [4, 5] as an abstract version
of classical potential theory. The basic example is the Dirichlet integral

I(u) = / |Vu(z) |2z 1)

for an L?-function on a domain 2 C R™. Since the Sobolev space W12(Q), on which
I is finite, is dense in L?(Q). I is densely defined in L?  and one puts D(u) = oo if
w is not in W12(Q). The Dirichlet integral I has some nice properties. It is convex
and lower semicontinuous on the Hilbert space H = L*(€2). It can be turned into a
bilinear quadratic form I(u,v) = [,(Vu(z), Vu(z))dz. This form is symmetric and
positive definite. If we denote the Hilbert space product by (u,v), we can introduce
the Laplace operator A (with the usual sign convention that makes it a nonpositive
operator) via

I(u,v) = (u, —Av) = (vV=Au,v/—Av) (2)
on a dense subspace of H, its domain of definition D(A). A generates the heat
semigroup, which in turn describes random walks on 2. The theory of Dirichlet
forms provides an abstract version of these relations. One considers some Hilbert
space H, often assumed separable, in order to facilitate convergence notions, and
one considers a nonnegative definite bilinear form A that is defined on some linear
subspace D(A) of H. Usually, A is assumed to be symmetric [10], but the theory
can also be developed without that assumption [26].

For our purpose, it is important that the nonnegativity makes A(u,u) convex. In
fact, since A(u —v,u —v) > 0, the bilinearity of A implies the Cauchy-Schwarz

inquality Au,v) + A(v,u) < A(u,u) + Av,v), (3)
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and this in turn yields, for 0 <t <1,

Altu+(1—t)v, tu+(1—t)v) < (F+t(1—1)) A(u, w)+((1—t)* +t(1—1)) A(v,v)
=tA(u,u) + (1 —t)A(v,v) (4)

When u ¢ D(A), one puts A(u,u) = o0o. Some further assumptions are needed
in the theory of Dirichlet forms. The form should be closable, i.e. admit a closed
extension, that is, an extension that is lower semicontinuous w.r.t. convergence in
H. Even if the form is not closable, it admits a relaxation A, the largest lower
semicontinuous form with

A(u,u) < A(u,u) for all u € H. (5)

For a closable form, A is the smallest closed extension, called its closure. A closed
form A is called Markovian if whenever u € D(A), then also

v=(0Vu)Al(=inf(sup(u,0),1) € D(A) and A(v,v) < A(u,u). (6)

That is, we can truncate u from above and below, or equivalently, project its values
onto the interval [0, 1] without increasing the value of A. Note that this interval
is a convex subset of the real line R, the range of A(u,u). Of course, a property
analogous to (6) then holds for any other interval of the form [0, a] for a > 0 or
[b,0] for b < 0. This cut-off property is important for showing the regularity of
minimizers.

A Dirichlet form then is defined as a closed Markovian bilinear form, and as men-
tioned, mostly assumed symmetric. A Dirichlet form then generates a structure
analogous to that described for the classical Dirichlet integral above. We shall
henceforth also assume that the Dirichlet form A is symmetric, Such a Dirichlet
form then defines a non-positive definite self-adjoint operator L on H that satisfies
on its domain of definition D(L)

A(”a”) = —<LU7U) = (V —Lu, v _LU>7 (7)
where the last relation holds for all u,v € D(FE).

Umberto Mosco has applied the theory of Dirichlet forms with great success to
composite media [28] and fractals [29]. The point is that such structures are often
difficult to describe explicitly, and while they may obey variational properties, the
corresponding variational principle can then not be written down explicitly, but only
described asymptotically. Therefore, a theory is needed that can treat variational
integrals abstractly, without depending on their explicit form, and at the same time
allows for suitable notions of convergence in order to recover the properties of the
structure from an asymptotic analysis. That theory, as Umberto Mosco argued
with great success, is the theory of Dirichlet forms, and he has fashioned it into the
appropriate tool to understand such structures in much detail. In particular, he has
developed appropriate notions of convergence.

Now the present author in his work on generalized harmonic mappings into met-
ric spaces has encountered a somewhat analogous problem in a nonlinear setting.
When the metric space (Y, d), the target of a generalized harmonic map u, does not
have a differential structure, we cannot directly define a derivative Vu, and there-
fore, we cannot write down the nonlinear version of the Dirichlet integral. Instead of
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derivatives, we only have distances d(u(x),u(y)), and we can define approximate
Dirichlet integrals through such differences, when the points  and y in the domain
get closer and closer. It seemed therefore natural to try to extend the theory of
Dirichlet forms to such a nonlinear setting, and this is what will be recalled here.

For our purposes, the crucial properties of Dirichlet forms then are lower semicon-
tinuity, convexity, and the fact that we can project onto certain convex sets in the
range. The main argument of the present contribution then is that convexity leads
to a natural generalization of the linear structure in the classical Dirichlet form
theory. Convexity will allow us to extend many of the basic constructions of that
theory to the nonlinear setting of metric spaces of nonpositive curvature. This will
include resolvents and semigroups as well variational aspects and the regularity of
minimizers. In particular, fundamental constructions developed by Umberto Mosco
for Dirichlet forms can naturally be extended to spaces of nonpositive curvature.
This will be our first theme, see Section 3. The second theme is concerned with
the regularity of minimizers. Again, Umberto Mosco has fashioned the appropriate
tools in the context of Dirichlet forms, in his work with Marco Biroli. In particular,
they obtained an abstract Harnack principle. In the same way that the Dirichlet
integral (1) can be extended for maps u : 2 — N into a Riemannian manifold N (see
for instance [21]), Dirichlet forms can be extended from a Hilbert space of the form
L?(92) to mapping spaces L?*(€, (Y,d)) into metric space (Y,d) (and of course for
domains that are more general than subsets of R™). We shall describe that theory
in Section 5 and then use the Harnack principle of [6] to show the regularity of local
minimizers.

I thank the referee for a very careful reading of this paper.

2. Spaces of nonpositive curvature

For our purpose, we first need to explain the geometry of nonpositive curvature. We
shall summarize the theory developed in [14]. Let (Y, d) be a metric space in which
any two points can be connected by a shortest arc. Shortest arcs are geodesics, and
we always parametrize them proportionally to arclength. Such a Y is connected,
and we also assume that it is simply connected.

The key assumption for this paper is that (Y, d) be nonpositively curved in the sense
of Alexandrov [1] (for systematic expositions of the theory, see [3, 18]). This means
that the distance function is at least as convex as the Euclidean distance ||. — .|| in
R2. Formally, this can be expressed as follows. Whenever

v:[0,b) =Y and 7:[0,b] — R?

are geodesic arcs (to repeat, parametrized by arclength) (5 as a Euclidean geodesic
is simply a straight line) and if p € Y and p € R? and satisfy

d(p,7(0)) = |[p = 5O)| and d(p,~(b)) = llp = F(®)l, (8)
then for all t € [0, b] d(p,y(t)) < |p—A@)]. 9)

In particular, Euclidean spaces have nonpositive curvature, and since we do not re-
quire our spaces to be locally compact, also Hilbert spaces are nonpositively curved.
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In the rest of this section, we shall assume, even where not explicitly mentioned, that
(Y, d) is such a space on nonpositive curvature. An easy consequence of nonpositive
curvature is

Lemma 2.1. If(Y,d) has nonpositive curvature in the above sense, then the geodesic
arc between any p1,pr2 € Y is unique and depends continuously on py and ps.

Another consequence is Busemann’s condition:
Lemma 2.2. Let~y; : [0,b;] — Y,i = 1,2 be geodesic arcs with v,(0) = 72(0). Then
d(71(b1),72(b2)) = 2d(71(b1/2), 12(b2/2), (10)

that is, geodesics are diverging from each other at least as fast as in the Fuclidean
case.

The notion of nonpositive curvature enjoys the following iteration principle [15, 16].

Theorem 2.3. Let (Y,d) be a metric space of nonpositive curvature. Let (X, u) be
a space equipped with a measure . Then the L*(X, w; Y, d) of maps into the metric
space (Y, d), where the L*>-metric is defined by

fumyzﬂfmmmmww (11)

is again a metric space of nonpositive curvature.

Here, we may want to choose some base map ¢, : X — Y and take the space of
all f: X — Y with d*(f,go) < co. Of course, when Y is a linear space, we may
naturally choose gy = 0.

Proof. A geodesic between fy, fi € L*(X, u; Y, d) is given by the family of maps

fi(x) = 2(t) (12)
where v, : [0,1] — Y is the geodesic in Y from fy(x) to fi(z). The nonpositive
curvature (9) then extends to the L?-space by integration. O

This is a reason why we did not require that (Y,d) be locally compact. In fact,
even it were, then L?(X, u;Y,d) in general is no longer locally compact (unless X is
finite).

Nonpositive curvature in this sense has many further nice consequences. In parti-
cular, it implies the uniqueness of mean values (we shall call them Karcher means,
as Karcher developed them as a systematic tool in Riemannian geometry).

Lemma 2.4. Let py,...,pm €Y. Thenthere ezists a unique p = m(py, ..., pm) €Y with

p = argmin,y Z d*(q,pi). (13)
i=1

If v:[0,b] = Y is a geodesic arc, then m(y(0),~v(b) = ~v(b/2).

Definition 2.5. A function F': Y — R U oo is called convez if for any p,qg € Y

Flm(p.0)) < 5 (F(p) + F(g)). (14)
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It was already observed in [14] that on spaces of nonpositive curvature, we have a
version of Jensen’s inequality which in this simple situation can be formulated as

Lemma 2.6. LetY have nonpositive curvature, F :' Y — RUoo convex. Then, for
P1y---Pm €Y, we have

E(m(py,...,pm)) <

ZF(Z%) (15)

Jensen inequalities on more general metric spaces were obtained in [23, 24, 32].

Definition 2.7. The set C' C Y is conver if whenever py, py € C, the geodesic arc
between p; and po is also contained in C'. For any B C Y its conver hull C'(B) is
the smallest convex set C' C Y with B C C.

The convex hull is unique because the intersection of two convex sets is again convex.
In a space of nonpositive curvature, points outside a convex set can be uniquely
projected onto its closure (which is also convex).

Lemma 2.8. Let C'CY be a convex set. Then for anypy € Y there exists a unique
p = m(po, C) in the closure C with

d(po,p) < d(po,q) for all g € C. (16)
This point p = m(po, C) is called the projection of py onto C.

Corollary 2.9. If C CY is conver and p1, ...,pm €C, then also m(py,...,pm) €C.

In fact, if m(py, ..., pm) were outside C, we could project it onto C' by Lemma 2.8
without increasing (13), contradicting either its minimizing property or its unique-
ness.

Lemma 2.10. The convex hull of B can be iteratively constructed by starting with
Co := B and defining C,, 11 as the union of all geodesic arcs between points in C,.

Then, c(B)=|JCn. (17)
Corollary 2.11. The convex hull of a separable set is separable.

We can now introduce one of the fundamental concepts of [14].

Definition 2.12. p, € Y is called the weak limit of a sequence (p,)neny C Y if for
every geodesic arc v with (0) = pg, the projections 7(p,,~y) converge to py.

Of course, in a Hilbert space, this reduces to the standard concept of weak conver-
gence. The point we want to make here is that the notions of Hilbert space theory
around weak convergence naturally generalize to spaces of nonpositive curvature.
In that sense, it was proved in [14] that nonpositively curved spaces are weakly
compact, that is

Theorem 2.13. FEvery bounded sequence (p,) C Y contains a weakly convergent
subsequence.

In order to strongly distinguish ordinary convergence, that is, convergence w.r.t. the
metric d, from weak convergence, we shall also call the former strong convergence.
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We also have an analogue of the Banach-Saks lemma.

Theorem 2.14. For a bounded sequence (p,) C Y, after selection of a subsequence,
the mean values m(py, ..., pn) converge to some py € Y for n — oo.

We recall the

Proof. Let py be the weak of a subsequence, again denoted by (p,) for simplicity.
When the sequence itself converges (in which case of course the limit is pg), then also
the mean values converge. Thus, we have to consider the case where the sequence
does not converge. Then, after further selection of a subsequence, there is some

> () with
K W dQ(po,pn) > n for all n, (18)

and hence we may also assume lim d?(py, ¢,) = n > 0. Since (p,) does not converge,
it cannot be a Cauchy sequence, and so, we may also assume

d*(Dm, pn) > 1 for all m # n. (19)

We now claim that we can find a subsequence (as always without changing the
notation) with

1
d* (Do, ™(Pums Yn)) + d*(Po, T(Pry Ym)) < —form <n (20)

where 7 is the geodesic arc from py to pr. In fact, that d*(po, 7(pn,Vm)) can
be made small for m < n is a consequence of the weak convergence, and that
d*(po, 7(qu, ) can be made small then follows from this and (19). The latter can
be seen by contradiction. Otherwise d?(po, 7(pp,¥m)) — 0 for some fixed m and
n — infty, while d*(po, T(pm,Vn)) > o for some o > 0. But the convexity of the
ball B(pm, d(pm, 7 (Pm,Vn))) vields a contradiction.

The proof is then completed by comparison arguments. We consider any geodesic
startting at the weak limit pg. As a consequence of nonpositive curvature (see for
instance (11)), the distances from the p,, then are not smaller than the comparison
Euclidean distances. Therefore for any point on that line different from the weak
limit pg, the sum of the squared distances eventually becomes larger than that from
po- Therefore py asymptotically becomes the mean value. O

A Banach-Saks lemma on more general metric spaces was obtained in [32].

As a consequence, we have

Corollary 2.15. Let F': Y — RUoo be a convex function on a metric space (Y, d)

of nonpositive curvature. If F' is lower semicontinuous, that is, whenever p, — p in

Y, then
F(p) < liminf F(p,), (21)

n—oo

then it is also weakly lower semicontinuous, that is, (21) also holds when the p,
converge to p weakly.

Proof. Let p, converge to p weakly. After selection of a subsequence, we may as-
sume that lim F'(p,) exists. Then by Theorem 2.14, after selection of a subsequence,
the family of mean values ¢, = m(p1, ..., p,) converges (strongly) to p.

By Jensen’s inequality (Lemma 2.6), we obtain F(p) < liminf F(g,) < lim F(p,),
if F'is lower semicontinous. O
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3. Nonlinear Dirichlet forms

Let Z be a topological space that for simplicity (so that we can work with sequences
instead of filters) satisfies the first axiom of countability. For a functional

F:7Z —-RU{to0}, welet D(F)={z€Z:F(z) e R}
be its domain of definition. Let F,: Z — RU {400} be functionals.

Since the aim of the theory is to find minimizers of such functionals and their
possible limits, we shall assume that the functionals are bounded from below. In
order to stress the analogy with Dirichlet forms, we assume that the infimum of each
F,, (although, strictly speaking, we would need that only for their possible limits,
under the notions of convergence to be introduced shortly) satisfies

;Ielg F.(z)=0. (22)

Moreover, we shall be mostly interested in convex functionals. In order to have an
appropriate notion of convexity, we therefore have the case in mind where Z is a
metric space of nonpositive curvature.

Below, we shall utilize a technical notion, that of a Rellich condition. It abstracts
Rellich’s theorem that a bounded sequence in the Hilbert space L*(Q2) for an open
domain € C R? whose Dirichlet integrals are bounded contains a convergent subse-
quence.

Definition 3.1. F: Z — R, U {oco} satisfies the Rellich property if every bounded
sequence (u,) in Z with liminf F'(u,) < co contains a convergent subsequence.
n—o0

The sequence F,: Z — R, U {oo} satisfies the asymptotic Rellich property if ev-
ery bounded sequence (u,) with liminf, ., F,(u,) < co contains a convergent
subsequence.

For variational purposes, one needs notions of convergence under which the min-
imizers of a sequence of approximating functionals converge to minimizers of the
limit functional. Inverting the historical order, let us first discuss de Giorgi’s gen-
eral notion of I'-convergence [9, 8] (see [7] as a textbook reference and [22] for a
short introduction). Here, we do not yet need the assumption (22).

Definition 3.2. A sequence (F),)en of functionals I'-converges to the functional
F: 7 — RU{£o0}, or shortly, FF =T" — lim,, o, Fy,, if
(i) if (zn)nen C Z converges to z € Z, then F(z) < liminf, . F,(,), and

(ii) for every z € Z, there exists some sequence ((,)neny C Z converging to z that
satisfies F'(z) > limsup,,_, Fn(Ga)-

The first condition here is the important one; the second condition only serves the
purpose of normalization. I'-limits have some useful properties

(1) I-limits are lower semicontinuous.

2

(2)
(3) If z, is a minimizer of F},, and if z, — z, then z is a minimizer of F.
(4)

4

If all the F), are convex, then I'-lim F), is also convex.

If Z is second countable, then every sequence (F,),en of functionals possesses
a ['-convergent subsequence.
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The notion of I'-convergence naturally fits with variational constructions like that
of a relazation, to be recalled below.

In [27, 28], with convex sets and functionals in mind, Mosco had defined a different
notion of convergence. When viewed from the perspective of I'-convergence, it can
be seen as a stronger notion that amounts to replacing (i) by

(i) if (zn)nen C Z weakly converges to z € Z, then F(z) < liminf, . F,(z,).

We then have the analogue of Lemma 2.3 in [28].

Lemma 3.3. If the family (F,) satisfies an asymptotic Rellich condition, then it
['-converges to a functional F if and only if it converges to F' in the sense of Mosco.

Of course, convergence in the sense of Mosco implies ['-convergence. Therefore,
it needs only be shown that I'-convergence implies convergence in Mosco’s sense.
The crucial point in Mosco’s proof is that since a weakly convergent sequence is
bounded, by the asymptotic Rellich property, we can extract a (strongly) convergent
subsequence.

Mosco’s approach, however, allows for further insight as we shall now describe. For
every functional F' as above, there exists a largest one among the lower semicon-
tinuous functionals G with G(u) < F(u) for all u. This functional is called the
relazation F of F, given by

F(u) = min{lim inf F(u,):u, — uin Z for n — oo}

n—oo

Its domain of definition satisfies D(F) C D(F).

To now make closer contact with Mosco’s theory of variational convergence [28],
we introduce the notion of the Moreau-Yosida approzimation (called Deny-Yosida
approximation by Mosco, but we follow here the terminology of [2]) of a convex
functional F’

FA) = if (AF(9) + (2, )} (23)

Importantly, here we assume that Z is a metric space, and in fact, we want it to
be a space of nonpositive curvature, in order to have d? be strictly convex in a
quantitative sense. The purpose of the Moreau-Yosida approximation is precisely to
regularize a given functional by adding a strictly convex penalty term. By tuning
the parameter \, we can start at any given pont x for A = 0 and try to move towards
a minimizer of F' for A — oco. — Of course, we could develop a corresponding theory
on other metric spaces that support such a family of strictly convex functions.

We observe the following inequality
FMz) < AF(x) for all z, \. (24)
We also need the resolvents Jyx that satisty.
FANx) = AF(Jyx) + d*(z, Jyz),

assuming that the infimum in (23) is achieved, which is the case, for instance, if F’
is convex, # oo, and lower semicontinuous.
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Of course, the resolvents cannot distinguish between constants, that is, the func-
tionals F' and F' + ¢ with ¢ € R have the same resolvents. This problem is avoided
by the normalization (22).

We can then extend Mosco’s theory [28].

Definition 3.4. The convex functionals F,, : Z — R, U {oo} Mosco-converge to
the functional F if for every A > 0, the Moreau-Yosida approximations (£,,)* of the
relaxations of the F, converge to F* pointwise in Z, or equivalently (assuming the
normalization (22)), if the resolvents J, \ of the relaxed forms F, converge to the
resolvents J,.

A result of [19] generalizes Mosco’s characterization of his notion of convergence to
the nonlinear setting of the present contribution.

Theorem 3.5. If (F,),en Mosco-converges to F, then (F,) also T'-converges to
F. The converse holds when the F, : Z — R, U {oco} are conver and satisfy an
asymptotic Rellich property.

The advantage of the concept of Mosco-convergence then lies in the fact that it
provides a concrete criterion to verify I'-convergence.

4. Regularity theory

In [6], Biroli and Mosco considered certain families of Dirichlet forms that describe
the variational behaviour of possibly highly nonhomogeneous and nonisotropic ma-
terials. They proved a Harnack inequality for their local solutions. From the per-
spective adopted in this contribution, the important achievement of [6] is an abstract
and structural version of Moser’s Harnack principle [30, 31] which constitutes one
of the most fundamental contributions to the regularity of partial differential equa-
tions (see [20] for a textbook presentation). The Harnack inequality can be seen as a
quantitative version of the maximum principle for elliptic and parabolic differential
equations and therefore allows for quantitative estimates for their solutions.

In [6], Biroli and Mosco derived such a Harnack inequality for minimizers of Dirichlet
forms. To get such an inequality, some further conditions need to be imposed on
the Dirichlet form. We shall now recall them. Let (X, ) be a locally compact,
separable metric space with a positive Radon measure p with supp(u) = X. Let
E(-,-) be a Dirichlet form on L?(X, ). We assume that E(,-) is strongly local in
the sense that
E(u,v) =0

whenever v is constant on some neighborhood of supp(u). We also assume that E
can be represented as

E(u,v) = /n(u,v)(dw) (25)

where 7(+,-) is a Radon-measure valued, nonnegative, bilinear form on D(FE). By
the representation theorem of Beurling-Deny, this is possible under rather general
circumstances, see [10]. We consider the bilinear form

(u,v)1 := (u,v) + E(u,v)

on D(E) and let || - ||y be the norm induced by that bilinear form.
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We assume that E admits a p-separating core I', that is, a subspace of D(E)NCQ(X)
that is dense in CJ(X) w.r.t. the uniform norm and dense in D(E) w.r.t. |- ||; and

that has the following separation property: For any x,y € X,z # y, there is some
¢ € I' with

n(¢,¢) < pon X, and ¢(x) # ¢(y).

F then induces the metric
dg(z,y) = sup{p(x) — o(y) s ¢ € I',n(d, ¢) < pon X}

on X. We assume that the topology on X induced by the metric dg coincides
with the original topology of X. Biroli-Mosco [6] then imposed the following crucial
conditions

(A1) (Ball doubling property): The measure y has the ball doubling property w.r.t.
dp. That means that there exist constants ¢y < oo and rg > 0 such that the
balls B(x,r) :={y € X : dg(x,y) <r} for z € X,0 < r < ry satisfy

p(B(x,2r)) < cop(B(,7)).

(A2) (Poincaré inequality): For any X, € X, there exist constants 0 < A < 1,
c1 < 00, s.t. for every zg € Xo, r > 0 with B(zg,7) C X, and every u€ D(E),

Jue) ~ wpnlPa(de) < cr® [, u)de,
B(zo,Ar) B(zo,r)
where 1 denotes the mean value of u on a set €2, that is,

o = argurin, [ Ju(e) - qlPulde).
Q

Under these assumptions, Biroli and Mosco could derive a Harnack inequality. In
[17], we have used their inequality to obtain the following version. We shall formulate
it with the following notation for v € L*>(X)

Uy g = SUPV, UR:= ][ vp(dx)  on the ball B(zg, R) C X.
B(:C(),R)
B(zo,R)

Theorem 4.1. There exists a constant 0y, such that for all weak subsolutions
ve DE)NL®(X,u) of (Lv > 0) and all R > 0 with B(xy,4R) € X we have

vy r < (1 —090)viar + dovr. (26)

This tells us that the quantitative control of a subsolution gets better and sharper
if we move further inside the domain on which it is defined.

From their Harnack inequality, Biroli-Mosco [6] can also derive estimates for Green
functions of such operators L that generalize the classical estimates that are collected
in [13]. We shall also use those estimates below.
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5. Generalized Dirichlet forms

In Section 3, we have seen that Mosco’s convergence theory for Dirichlet forms can
be extended to convex functionals on spaces of nonpositive curvature. There, we
have considered such a functional as a nonlinear version of a Dirichlet form. In other
words, we have replaced the Hilbert space underlying a Dirichlet form by a metric
space of nonpositive curvature. Of course, Hilbert spaces fall into that class (they
have zero curvature), and so, this is a natural generalization. Now, the prototype
of such a Hilbert space is L?(X, ), where X is a topological space equipped with a
measure yu, for instance L?(Q) for an open 0 C R" with the Lebesgue measure, as
explained in Section 1. It is therefore also natural to replace that Hilbert space by
the L?-space L?(X,u;Y,d) of maps into a metric space (Y,d), where as in (12) the
L?-metric is defined by

P(f.g)12 = /X P (f(2), g(x)) du(z). (27)

In the sequel, we shall assume that (X, u) is a locally compact, separable metric
space with a positive Radon measure p with supp(p) = X satisfying the properties
of Biroli-Mosco [6] as presented in Section 4.

When we extend a Dirichlet form on the Hilbert space L?(X, u) = L*(X, u;R) to
such L?-mappings, the bilinearity is replaced by the Quadratic contraction property:
If f: X — (Y,d)isin D(F) and g: (f(X),d)(C (Y,d)) — (Z,d') for some metric
space (Z,d') is a Lipschitz mapping, i.e.

d'(9(p), 9(q)) < Ad(p,q) for all p,q € f(X)
for some constant \, then go f € D(F)) and E(go f) < NE(f).

We note that this quadratic contraction property implies the Markov condition (6).

As before, we require lower semicontinuity, as well as a density property that ex-
tends the requirement that D(E) N L*(X, u; R) be dense in L*(X, u; R). If for every
Lipschitz map g : (Y,d) - R, go f € D(E), then also f € D(FE).

In a variational setting, one then seeks local minimizers of such Dirichlet forms.

Here, u : X — Y is a local minimizer if for every x € X, there is some radius
R, > 0 such that for all 0 < R < R,

E(up,r) < E(vB@,Rr))

for every v € L*(B(x,R,),u;Y,d) with u = v on B(z, R,)\B(x,R). (Here, up
denotes the restriction of u to the set B C X. Our generalized Dirichlet form
naturally restricts from X to B.

In [17], a regularity theorem for local minimizers was obtained.

Theorem 5.1. Suppose E is a generalized Dirichlet form satisfying the assumptions
that we have stated. Let (Y,d) be a metric space of nonpositive curvature. Then
every local minimizer of E is Holder continuous.

Such a Holder regularity was independently obtained by F. H. Lin in a somewhat dif-
ferent context. He used an elegant compactness argument that needs the assumption
that the target (Y, d) be locally compact.
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Under additional assumptions on the domain X, local minimizers are even Lipschitz
continuous, as was recently shown by H. C.Zhang and X.P.Zhu [33].

To conclude this paper, we present the crucial step in the proof of Theorem 5.1 from
[17], a telescoping lemma (a strategy originally developed in [11, 12]) that yields a
self improving property when restricting the local minimizer to smaller balls.

Lemma 5.2. Let (Y,d) be a metric space of nonpositive curvature, and u: X — Y
be a local minimizer for E. Let p € Y. Suppose B(xg,4R) € X.

Then, v(z) = d*(u(x), p) (28)

is a subsolution for the selfadjoint operator L associated with the Dirichlet form E,

and with |B(zg, R)| := u(B(xo, R)), we have

RQ

|B(zo, R)| / n(u, u)p(dz) < c5(viar — V4 R) - (29)

B(.to,R)

Proof. We have Lv > 2n(u,u) (30)

by the nonpositive curvature of ¥ (see Lemma 5 in [17]), that is, a quantitative
version of the subsolution property of v. This comes from the strict convexity of d?
on a space of nonpositive curvature, see Section 2.

We then use the mollified Green function G*(x,y) on B(zg, R) relative to B(xg, 2R),
with B(zg,4R) € X. We have

G®(xo,") € Do(E, B(xo,2R)) (:= closure of D(E) N CY(B(xo,2R)),

and it is characterized by the relation

/ n(p(x), G (20, 2))dz = ][ () u(de) (31)

B(z0,2R) B(zo,R)

for all ¢ € D(F) with supp ¢ € B(xz¢,2R). (For R — 0, we obtain the usual Green
function; with the mollification, we avoid the latter’s singuliarity.)

_ |B(a0,4R)|

We then define the test function w®(z) : 7 G" (20, 7).
. 1
It satisfies / n(p(x), wh(z))dz = o3 / o(x)p(dx) (32)
B(x0,2R) B(zo,R)

for all ¢ € D(E) with supp ¢ € B(zg,2R). We can then invoke the estimates for
G" of [6],

0<wf <~y in B(xg,2R) (33)
wi® >~ >0 in B(xg, R) (34)

for constants 71,7y, that do not depend on R.
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z 1= v — v44p then satisfies

= — / n((w)?, 2) since w® € Dy(E, B(xg,2R))

B(z0,2R)

= —Q/U(wR,sz) + 2/zn(wR,wR) < —2/n(wR,sz) since z < 0.

Using (32), (33), (34), we can then apply the Harnack inequality of Theorem 4.1 to
obtain the desired estimate,

c B(xzg, R
n(u,u) < 5#42 / (Vyar —v) < C4M(U+,4R — VUR)

R2
B(zo,R) B(zo,R)
B(zg, R
> 65%(%@4}2 - U+,R)- O
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