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1. Introduction

In this paper we give a quantitative analysis of a theorem due to Fenghui Wang and
Huanhuan Cui concerning the strong convergence of a multi-parametric version of
the proximal point algorithm in Hilbert spaces.

The prozimal point algorithm (PPA) is recognized as a powerful and successful tool in
approximating a zero of a maximal monotone operator in a Hilbert space. The algo-
rithm was introduced by Bernard Martinet in [23] and studied by Ralph Rockafellar
in [25], where weak convergence for (PPA) was established. A counter-example by
Osman Giiler in [11] showed that, in general, one cannot guarantee strong conver-
gence for this iteration. This has prompted a series of variants in an attempt to
obtain strong convergence. Motivated by the success of the Halpern iterations in
fixed point theory [12], the Halpern-type proximal point algorithm (HPPA) was in-
troduced by Shoji Kamimura and Wataru Takahashi in [13] and, independently, by
Hong-Kun Xu in [29]. With given points u, zo, a regularization sequence of positive
real numbers (c,) and a sequence of errors (e,,), (HPPA) is recursively defined by

Zp+l = )\nu + (1 - )\n)Jcn(Zn> + €n, (HPPA)

where J. is the resolvent function associated with ¢, and the maximal monotone
operator. Strong convergence for (HPPA) was shown e.g. in [5, Theorem 2] and [29,
Theorem 5.1]. These two strong convergence results received quantitative analyses
in [20] and [24], respectively.
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A generalization to Banach spaces was discussed in [1]. This generalization received
a quantitative analysis by Ulrich Kohlenbach in [19].

Yonghong Yao and Muhammad Noor studied in [30] a generalization of (HPPA), in
an attempt to obtain a result of strong convergence, in Hilbert spaces, under weaker
assumptions. This generalization involves the use of several parameters and is called
the multi-parameters prozimal point algorithm (mPPA). This was partially achieved
in [30, Theorem 3.3], however a new condition was necessary that prevented the
reduction to (HPPA). A metastable version of this result was given in [7].

In this paper we give a quantitative analysis of a strong convergence result for
(mPPA) by Wang and Cui [28, Theorem 1]. Wang and Cui’s result can be viewed as
a generalization of previous results (see e.g. [13, 29, 22, 30, 4]). Indeed, it relies on
weaker conditions and enables a reduction to (HPPA). The output of our analysis
consists of explicit bounds on metastability properties (in the sense of Terence Tao
[27, 26]). Namely, we obtain functionals p and p such that for every natural number
k and function f: N — N the following properties hold

3 < gl )i € n S0 (1= 51 < 7 ) 1)
Sn < Bk, £)Vi € [, f(n)] (chxz» < k—il) , @

with the sequence (z,) defined by (mPPA). The properties (1) and (2) are the
metastable versions of the Cauchy property and the asymptotic regularity for (z,),
respectively. Notice that the original properties and their metastable versions are, in
fact, (ineffectively) equivalent. While in general one cannot guarantee rate extrac-
tion for such properties, the underlying theoretical techniques ensure that we are
always able to extract information for the corresponding metastable versions. For a
discussion on the history and relevance of the notion of metastability we refer to [18].

In this analysis, and similarly to previous analyses (cf. [7, 9, 20, 24]), we were guided
by Fernando Ferreira and Paulo Oliva’s bounded functional interpretation [10], more
specifically the classical variant from [8]. Functional interpretations are helpful to
navigate the original proof, to avoid certain non-essential principles used therein
(such as sequential weak compactness) and to obtain explicit bounds. The use of
functional interpretations to analyse mathematical proofs has been very successful,
particularly in areas such as approximation theory, ergodic theory, fixed point theory
and optimization theory. We refer to [17] and the book [15] for an overview of such
results. We would like to point out that, even though a proof-theoretical technique
underlines the analysis in this paper, no knowledge of Mathematical Logic is required
for the understanding of its results.

We work only with a weaker version of the metric projection principle where the
projection point, crucial in the original proof, is replaced by approximations. Also,
we bypass the sequential weak compactness arguments used in the original proof.
The way to deal with the projection argument and sequential weak compactness is
explained in full detail in [9] (these qualitative improvements first appeared in [16]).
Furthermore, the original proof has a discussion by cases which, in our quantitative
analysis, imposes a discussion by cases for each approximation to the projection
point. Namely, for each natural number k£ and function f, one must consider a
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“good enough” approximation to the projection point and carry out the discussion
by cases relative to that point.

The structure of the paper is as follows. In Section 2 we recall the relevant termi-
nology as well as some well-known results from the theory of monotone operators
in Hilbert spaces. We also recall some results necessary for our analysis. Also, in
Subsection 2.3 we give a detailed description of the original proof by Wang and Cui
in order to clarify the different steps that our analysis requires. The main analysis
is carried out in Section 3. As in the original proof we divide it into two cases
depending on whether a certain auxiliary sequence is eventually decreasing or not.
Some final remarks are left to Section 4.

2. Preliminaries
2.1. Background on monotone operators on Hilbert spaces

Throughout we let H be a real Hilbert space with inner product (-, -) and norm |-
We recall that an operator A : H — 2 is said to be monotone if and only if whenever
(x,y) and (2',y') are elements of the graph of A, it holds that (z —2',y — /) > 0.
A monotone operator A is said to be mazimal monotone if the graph of A is not
properly contained in the graph of any other monotone operator on H. We define
S := A~1(0), the set of all zeros of A. For a comprehensive introduction to convex
analysis and the theory of monotone operators in Hilbert spaces we refer to [2].

We fix a maximal monotone operator A and assume henceforth S to be nonempty.
For every positive real number o, we use J, to denote the resolvent function of A,
i.e. the single-valued function defined by J, = (I + cA)~!.

Definition 2.1. A mapping T : H — H is called nonezpansive if
Yo,y € H(|T(z) =Tl < llz—yl),
and firmly nonexpansive if
o,y € H (|T(x) = T(y)|* < llz =yl = [|(1d = T)(x) = (Id = T)()[|") -

Note that if 7" is firmly nonexpansive then it is nonexpansive. The set {x € H :
T(x) = x} of fixed points of the mapping 7" will be denoted by Fix(7T"). If T is
nonexpansive, then Fix(T) is a closed and convex subset of H. For o > 0, the
resolvent function J, is firmly nonexpansive and the set of fixed points of J, is S.
Consider the following multi-parametric version of the proximal point algorithm
introduced in [30],

Zna1 = AU+ Ynzn + Onde, (2n) + €0, (mPPA)
where u, zp € H are given, (¢,) C (0,400), (M), (6,) C (0,1) and (v,) C [0,1) such
that A, + v, +9, =1, for all n € N.

Sometimes it is useful to consider the following ezact version of the algorithm
(mPPA),

Ynt1 = At + VnYn + Onde, (Un), (mPPA,)
where u,yo € H are given, (¢,) C (0,+00), (A,), (6,) C (0,1) and (v,) C [0,1) such
that A\, + v, + 6, = 1, for all n € N.

Since we will only look at (mPPA,) as a way to prove strong convergence for (mPPA),
we will always assume that yo = 2.
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The following lemmas are well-known.

Lemma 2.2. (Resolvent identity) For a,b>0 and every x € H we have the identity

Jo(x) = Jp <§x + (1 - 2) Ja(x)) :

Lemma 2.3. ([22]) If 0<a <D, then ||J,(z) — z| < 2||Jy(z) — z|| for all z€ H.

Lemma 2.4. Let z,y € H and let t,s > 0. Then
(1) Nz +yll* < al® + 20y, 2 + y);
(2)  Ntw+ syll* = t(t +5) [lz]* + st + ) |lyl|* = st |z = y]*

We will use the following result due to Xu.

Lemma 2.5. ([29])Let (a,,) C (0,1) and (by,) be real sequences such that

i) > a, =o0.

(i) lima, =0.

(iii) limsupb, <0 or ) ay,|b,| < oc.

Let (a,,) be a nonnegative real sequence satisfying a,+1 < (1 — ay)a, + ayb,. Then

we have lima,, = 0.

In this paper we carry out a quantitative analysis of Theorem 2.6 below, due to
Wang and Cui, which relies on the following conditions

(C1) limA, =0,
(C2) > o0loAn =00,
(C3)

(C4) liminfo, >0,
(C5)

liminfe¢, > 0,

520 llenll < oo or lim 2l = o,

Theorem 2.6. ([28, Theorem 1|) Let (z,) be generated by (mPPA). Assume that
the conditions (C1)—(C5) hold. Then (z,) converges strongly to a point z € S (the
nearest point projection of u onto S).

2.2. Quantitative lemmas

We recall the notion of monotone functional for two particular cases. First consider
the strong majorizability relation <* from [3] for functions f,¢g: N — N.

g<*"f:=VnmeN (m<n—(g(m)<fn)Afim)<f(n)).

A function f : N — N is said to be monotone if f <* f, which corresponds to saying
that f is a nondecreasing function, i.e. Vn € N (f(n) < f(n+1)). We say that a
functional ¢ : N x NN — N is monotone if for all m,n € Nand all f,g: N — N,

(m<nAg<*f)—(p(m,g) <pn,f)).

A function depending on several variables (ranging over N or over NV) is said to be
monotone if it is monotone in all the variables.
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Remark 2.7. We usually restrict our arguments to monotone functions in NV,
There is no real restriction in doing so, as for f : N — N, one has f <* fmaj,
where f™ is the monotone function defined by f™*(n) := max{f(i) : i < n}. In
this way, we avoid constantly having to switch from f to f™®, and simplify the
notation.

Notation 2.8. Consider a function ¢ on tuples of variables z, y. If we wish to
consider the variables z as parameters we write ¢[Z|(y). For simplicity of notation
we may then even omit the parameters and simply write ¢(¥).

We will use the following lemma.

Lemma 2.9. ([20]) Let (s,) be a bounded sequence of non-negative real numbers,
with d € N\ {0} an upper bound for (s,), such that for any n € N

Sn+1 S (1 - an)sn + QpTn + Yns

where (a,,) C [0,1], (r,) and (v,) C [0,4+00) are given sequences of real numbers.
Assume that there exist functions A, R, G : N — N such that

(i) VkeN (%a@k),

=1

(i) VkeNVn> R(k) (m < L)

T k+1
G(k)+n 1
(ii) YVke NVneN <1_Z v < k+1)
Then vk € N ¥n > (k) (s, < L)
- "T k41
with 0(k) :=0[A, R, G, d|(k) = AN — 1+ [In(3d(k+1))]) + 1,

where N = max{R(3k +2),G(3k+2)+ 1}.

It is well-known that for a sequence (a,,) C (0, 1), having > «a,, = o0 is equivalent
to [[(1 — a,) = 0. An alternative version of Lemma 2.9 can be given where one
assumes the existence of a rate of convergence A’ for the product [[(1 — «,) instead
of a rate of divergence A for the sum ) a,, (see [20] and [14, Lemma 2.4]).

2.3. The proof by Wang and Cui

Let us discuss the proof of Theorem 2.6 in detail in order to better understand the
required steps of our quantitative analysis. We write J,, to denote J,, , for n € N.

(1) The proof starts by showing that ||z, — y,|| — 0, using Lemma 2.5. This allows
to reduce the convergence of a sequence (z,) given by (mPPA) to that of a sequence
(yn) given by the exact variant (mPPA,).

(2) By an easy induction argument it is shown that (y,) is bounded.

(3) Using Lemma 2.4 and the fact that the resolvent functions are firmly nonex-
pansive it is shown that
2
O (| Jn(yn) = yall™ < My + s — Sns, (3)

where o, M are positive constants and (s,,) is the sequence defined by s, := [|yn—2 %,
with z the projection point of v onto S.
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From this point on the proof proceeds by distinguishing two cases: (i) (s,) is

eventually decreasing, (ii) (s,) is not eventually decreasing. In each case it is shown
that (s,) — 0, which entails the result.

Let

(i)

(i)

3.

We
ceE

(Q1
(Q2
(Q3
(Q4
(Q5

(Q5

us describe how the proof proceeds in each case.

(s,) is eventually decreasing.

(a) Since (y,) is bounded we have that (s,,) is also bounded and therefore it is
convergent.

(b) By step 3 and the fact that A\, — 0 it follows that ||.J,,(y,) — yn|| — 0.

(c) From the previous step and Lemma 2.3 it follows that ||.J,(y,) — ynl — O.

(d) Tt is shown that s,11 < (1 — Ay)sn + 2\ (u — Z, Ypa1 — 2 ).

(e) Because of the sequential weak compactness, using the demiclosedness
principle [6] and the fact that Z is the projection point, it follows that
limsup(u — Z, Y11 — 2 ) < 0.

(f) By Lemma 2.5 one concludes that s,, — 0.

(s,) is not eventually decreasing.

(a) For a certain sequence 7(n) and ng € N, we have s;(,) < 5-(n)41, for n > ng.
By step 3 we have o H‘]T(”) (Yr(n)) — yr(")H2 < MA;(n). The sequence 7(n)
is obtained using [21, Lemma 3.1].

(b) Since A, — 0 and 7(n) — 0o one obtains that ||J-()(Yr(m)) — Yrm)|| — 0

(c) From the previous step using sequential weak compactness and the demi-
closedness principle, it follows that limsup(u — 2, ¥, — 2) < 0.

(d) The previous step implies that limsup(u — 2z, yr(n)+1 — 2 ) < 0.

(e) Since Srp) < 2(u — Z,Yr(n)+1 — 2) it follows that limsups;q) < 0 and
since (s,) C [0,400) one concludes that lim s,y = 0 and consequently
lim ST(n)+1 = 0.

(f)  The result follows because s, < S-(n)4+1-

Quantitative analysis

start by stating our quantitative assumptions. We assume that there exist
N\ {0} and monotone functions ¢, L, E : N — N and h : N — N\ {0} such that

VnEN(Anzﬁ»

)

) VkeNVn > (k) (A < ),
) VkeN (zf:";) A > k)

) VneN (min{cn,ég} > %),

a) Vk € Nvn e N (TEO0 el < ).

b) Vk € NVn > E(k) (“A—“ < ﬁ)

The first condition is a quantitative version of the fact that the sequence (A,) is
always positive. Condition (Q2) states that ¢ is a rate of convergence for the sequence
(A). Condition (Q3) postulates that L is a rate of divergence for the series ) >/ A,.
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Condition (Q4) expresses the fact that the terms of the sequences (¢,) and (6,,) are
bounded away from zero. Finally, the last two conditions express, respectively, that
the sequence of the partial sums (>, |le;||) is a Cauchy sequence with rate E, or
that the sequence (||le,|| /An) converges towards zero with rate of convergence E.

In the following we will assume, unless stated otherwise, that we are under the
conditions (Q1)—(Q4) and either (Qba) or (Q5b).

Notation 3.1. In order to make the notation less cumbersome we will write J,
instead of J,, and J instead of Ji.

The following functions are useful for our analysis.

Definition 3.2. We define functions (, @, ¢1, ¢9, f, r1,79,73,74 and ®, as follows.

(i) Givence Nand C:N — N, for all k&,n € N,
C(k,n) :=lc,Cl(k,n) :=c(k+1)C(n) —1 (cf. Lemma 3.14).
(ii) Given D e Nand L: N — N, for all k,n € N,
o(k,n) :=a[L,D](k,n) := L (n+ [In(12D*(k + 1))]) + 1
(we have o[L, D] = o[L,4D?], c¢f. Lemma 3.18).
(iii) Given D € N, for all k,n € Nand f: N — N,
¢1(k’ n, f) = ¢1[D](k7 , f) = f (QSQ(]{?,TL, f))>
with ¢o as defined below (cf. also Lemma 3.20).
(iv) Given D € N, for all k,n € Nand f: N — N,
¢2(ka n, f) = ¢2[D](k7 n, f) = maX{nv f(4D2(k+1)) (n)}
(cf. Lemma 3.20).
(v) Given k,D e Nand f,L:N — N, for all n € N,

f(n) = flk, f, L, Dl(n) := f(@(k,n)).
(vi) Given ce N, for alln € N, ri(n):=r[c|(n) :=12¢(n +1)* — 1.
(vii) Given k,D € N, for all n € N,
ro(n) := 1ok, D](n) := max{2(n + 1),128D(k + 1)*}.
(viii) Given k,¢,D € Nand £: N — N, for all n € N, r3(n) := r3[k, ¢, ¢, D](n)
= ( (max{96cD?*(n + 1)* — 1,256 D?(k + 1)*> — 1, 16¢(ra(n))?D?}) .
(ix) Given k,c,D € Nand f,¢,L: N — N, for all n € N,

ra(n) == ralk,c, f,£, D, L}(n) := 3(k + 1)(f(¢2(r1(n), rs(n), f +2)) +1).
(x) Given k,c,D e Nand f,¢,L:N— N, foralln € N,

(b(n) = (I)[kv ¢, f7 67 L? D](’TL) = (bl(rl(n)? 7”3(71), f_'_ 2)
Using the functions from Definition 3.2, we can now present the main functions.

Definition 3.3. Given natural numbers k, ¢, D €N and functions f,C, ¢, L:N — N,
we define for all n € N,

Z1(n) = Zi[k, f,c,C, 0, L, D)(n) := ((2(6D + 1) max{ry,rs} — 1,61 (r1, 73, f +2)),
abbreviating r; =r1(n), r3=r3(n) and ry=r4(n).
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Given natural numbers k, ¢, D €N and functions f,c,C, ¢, L, h: N — N, we define
&(n) =&k, f,e,C. L, L, D, h](n)
= ((max{16A(f(n))(k + 1)*(6D + 1), 4c(r2)*(6D + 1)}, f(n)),
for all n € N, abbreviating ro = ry(n), and also
Zo(n) = Z5lk, f,c,C, 0, L, D, h](n) == &(P(n)),
For every natural number n € N, we consider Z(n) := max{=;(n), Za(n)}.

Remark 3.4. It is easy to check that all the functions defined in Definitions 3.2
and 3.3, except ¢ and ¢, are monotone, provided that the parameter functions are
also monotone. For ¢, we always have monotonicity in n, f.In order to obtain also
monotonicity in k it is enough that f(n) > n. Similarly for ¢;.

We are now able to formulate our main result. We then show some easy conse-
quences, in particular a metastable version of Theorem 2.6 (cf. Corollary 3.10). For
each point z, below (s?) denotes the auxiliary sequence defined by ||y, — z||>.

Theorem 3.5. Let (2,) be generated by (mPPA). Assume that there exist ¢ € N\{0}
and monotone functions h : N — N\ {0} and ¢,L,E : N — N such that the
conditions (Q1)—(Q4) and either (Q5a) or (Q5b) hold. Let D € N\ {0} be such
that D > max{2||u —p||,|z0 — p||}, for some p € S. Let C: N — N be such that
¢n < C(n) for alln € N. Then for all k € N and monotone function f: N — N

1
In < u(k, f) 3z € Bp Vi € [n, f(n)] (sf < k—+1)’
where p(k, f) = max{a(k, ¢o(F, 71, f + 2)), ®(8(k, 2))}, with 7 := r(8(k,2)), @i :=
r3(B(k,2)), k :=32(k +1)2 — 1 and 7, f, 71,73, ¢2, ® as in Definition 3.2, Z(m) as
in Definition 3.3, with 3 as in Proposition 3.16 and Bp as in Notation 3.15.

In the conditions of Theorem 3.5, we have the following corollaries exhibiting, re-
spectively, a metastability bound and a metastable version of asymptotic regularity
for the iteration (mPPA,).

Corollary 3.6. For all k € N and monotone function f: N — N,
. 1
In < p(4(k+1)2 =1, f) Vi,j € [n, f(n)] (Hyz —yill < k——|—1>

Proof. By Theorem 3.5 there exists n < u(4(k + 1)> — 1, f) and z € Bp such

that for all ¢ € [n, f(n)], ||y — 2| < m Hence, for i,j € [n, f(n)] we have that

lyi — w5ll < llyi — 2l + g — 2]l < 25 -

Corollary 3.7. For all k € N and monotone function f: N — N, we have
(1) 3n <Ak, f)Vie [n, f()] (1) = vill < 557).

(i) 3n<ak+1 Vi€ n f)] (17 - vl < 57

where [i(k, f) := max{p(16c*(k +1)> = 1, f + 1), £(4cD(k + 1) — 1)} and
f(m) := f(max{m, £(4cD(k + 1) — 1)}).
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Proof. By Corollary 3.6 there exists ng < ju(16¢%(k 4+ 1)2 — 1, f + 1) such that

vi € fnn, Fro) (i =1l < 577

Let n := max{ng,{(4cD(k + 1) — 1)}. Observe that we have n < p(k, f) and
[n, f(n)] C [ng, f(no)]. Then, for i € [n, f(n)] we have that ||y;41 — il < m

and \; < m, by condition (Q2). We have that

1Ji(yi) = will < (13 (yi) — (Niw + viyi + 65T (ya) )| + Nlyisr — wil
< il i) = wll + % [1i(yi) = will + lyir —will -
Hence (1 —) [[Ji(yi) — will < AillJi(yi) — ull + [[yisr — will. Since
% 1 i(yi) — will < 0i 1 Ti(wi) — will < (Ao +00) [ Jiyi) — will = (1 — i) 1iyi) — will
and ||J;(y;) — u|| < 2D, we conclude that for i € [n, f(n)]

2cD c 1

i(vi) =il < el Jilyi) — i1 — Yill < = )
19000~ A L) —ul + el —ul S e 4 g =

This concludes the proof of part (i). Part (ii) then follows from Lemma 2.3. O

In the original proof, the convergence of (mPPA) is reduced to that of the exact
variant (mPPA.). The quantitative version of that reduction is shown in Lemma 3.9
provided that the sequence ||z, — y,|| is bounded as shown in Lemma 3.8.

Lemma 3.8. Consider a monotone function E : N — N. Let dy,dy,dy € N\ {0} be
natural numbers satisfying dy > max{||lu — p||, ||z0 — p||}, d1 > ZiE:(g) leil| + 1, for
some p € S, and dy > max{||z; —yi|| : i < E(0)}. Then

() VneN(llyn —pll < do);

(ii) if E satisfies (Q5a), then Yn € N (||z,, — yn|| < 2dy + dy);

(iii) if E satisfies (Q5b), then Vn € N (||z, — ynl| < d2).

Proof. Since the resolvent is nonexpansive we have
||Zn+1 - yn—i—l” S Tn ”Zn - yn” + 571 ||ann - JnynH + ||6n||

< Yo ll2n = Ynll + 0 |20 — ynll + llenll = (1= Ao) (20 — ynll + llenl] - (4)

We prove |y, —p|| < dp for all n € N by induction: |lyo — p|| = ||z0 — p|| < dp is
clearly fulfilled. As for the induction step we have

[yn1 = pll < A llu = pll + 30 [lyn =PIl 4 00 [lyn — P
= A llu = pll + (1= 2) lyn — pll < Ando + (1 = Ap)do = do.
Assume that E satisfies (Q5b). In particular, for £ = 0 we have for all n € N:

E(0)+n m E(0) m
> el <1 andforallmeN: > el <> el + Y el < di.
i=E(0)+1 =0 =0 i=E(0)+1

Then, similar to (i), one shows that ||z, — p|| < do + d;. Hence, for all n € N

120 = nll < llzn = 2l + [lyn — Il < 2do + di.
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Assume now that F satisfies (Qs). We show by induction that ||z, — y,|| < da, for
all n € N. Clearly ||z0 — yo|| < d2. Assume that ||z, — y,|| < da. If n < E(0), then
n+ 1 < FE(0) and therefore ||z,41 — Yni1]| < do. For n > E(0), we have |le,|| < Ay,.
Then by (4), the induction hypothesis, and the fact that dy > 1

HZTL+1 — yn+1H S (1 — )\n)dz + )\n S (1 — )\n>d2 + )\ndQ = dg. O
Lemma 3.9. Let (2,), (yn) be given, respectively, by (mPPA) and (mPPA.). Con-
sider monotone functions L, E : N — N such that L satisfies (Q3) and E satisfies
either (Qba) or (Q5b). Let dy, dy,dy € N\ {0} be natural numbers as in Lemma 3.8.

Define d := max{2dy + dy,dy}. Then the sequence (z, — y,) converges to zero and
has rate of convergence O, i.e.

1
> - <
Vkean_@@0<wn %H_k+1),

where O(k) := O[L, E, dy, dy, ds](k) :== L(E(3k + 2) + [In(3d(k + 1))]) + 1.

)
Proof. In the case when F: N — N satisfies (Qba), by Lemma 3.8, we have
| 2n — ynl| < 2do+d, for all n € N. By inequality (4) we can instantiate Lemma 2.9
with s, = ||zn — Unll, @n = A, 7 =0, 7 = |lenll, A= L, R=0and G = E. Hence

1
> — | < ——
Vk € N Vn > 6, (k) (||zn Yn|l < i 1) : (5)

with 6 (k) := L (E(3k +2) + [In(3(2dy + d1)(k+1))]) + 1.
In the case when E: N — N satisfies (Q5b), by Lemma 3.8, we have ||z, — y,|| < da

for all n € N. Instantiating Lemma 2.9 with s, = ||z, — Unll, a0 = A\n, ™0 = %,
V=0, A=L, R=F and G =0,
1
Vk € NVn > 0,(k = Unll < —— ), 6
w2 0u(8) (o=l < ) ©)

with 02(k) := L (max{E(3k +2) — 1,0} + [In(3d2(k +1))]) + 1. The monotonicity
of the function L implies max{6,(k),02(k)} < ©(k). From (5) and (6), we conclude
the result. n

In the conditions of Theorem 3.5 and Lemma 3.9, we have the following corollary
exhibiting a metastability bound for the iteration (mPPA).

Corollary 3.10. For all k € N and monotone function f: N — N,
1
< i < —
30 < vk, £) Vi € [n, f0)] (s = 5]l < ) where

v(k, f) = max{pu(36(k+1)2—1, f),0(3k+2)} with f(m) := f(max{m, O(3k+2)}),
i as in Theorem 3.5 and © as in Lemma 3.9.
Proof. By Corollary 3.6, there exists ng < ,u(36(k +1)2 -1, f) such that for all

1,J € [no,f(no)} it holds that ||y; — y;|| < k+1) Define

n := max{ng, O3k + 2)} < v(k, f).
Then clearly [n, f(n)] C [no, ]?(no)] and for i € [n, f(n)], we have i > ©(3k + 2).



B. Dinis, P. Pinto / Quantitative Results ... 739

Using Lemma 3.9 we conclude that

12 — 2l <z — will + llyi — w5l + Nly; u

< —
Z]H—k+1

Remark 3.11. The functional p defined by p(k, f) := v(k, f™%) satisfies (1), i.e.
the restriction to monotone functions in Corollary 3.10 poses no real limitation (cf.
Remark 2.7).

Using Corollary 3.7 and Lemma 3.9 we obtain a metastable version of the asymptotic
regularity for the iteration (mPPA).

Corollary 3.12. For all k € N and monotone function f: N — N, we have

(i) Fn < vk, f)Vi€ n, f)] (Ii(z) — 2ill < 517).

(i) In<v(2k+1,f)Vien, fn)] (I1J(2) = zll < 55).

where U(k, f) = max{f(2k + 1, f), O(4k 4+ 3)} and f(m) := f(max{m, O(4k + 3)}).

Proof. By Corollary 3.7 there exists ng < u(2k + 1, f) such that

i € . )] (1100) =l < 5o ).

V)

Let n := max{ng, ©(4k + 3)}. Then n < v(k, f) and for ¢ € [n, f(n)] C [no, f(no)]
we have that

[ i(2z:) = zill < Mz = will + lyi — Jalwa) || + 1 Ji(y) — Ji(20) ]|

1
<2z —y i — Ji(y)ll < —-
<2l + i~ H) € e

This shows part (i). Part (ii) then follows from Lemma 2.3. N

Remark 3.13. Similarly to Remark 3.11, the functional p defined by p(k, f) =
v(k, fm9) satisfies (2).

In the remainder of this section we carry out the analysis of Theorem 2.6 which
provides a proof to Theorem 3.5. We begin with a lemma relating the resolvent
functions J and J,.

Lemma 3.14. ([7]) Consider a monotone function C : N — N such that ¢, < C(n),
for allm € N. For any k,n € N and any z € H, we have

17(z) =2l < 7

1 1
s~ < (e - < ).

k+1
with ((k,n) := (e, Cl(k,n) = c(k + 1)C(n) — 1.

Notation 3.15. For p € S and D € N, we denote by Bp the closed ball centered
at p with radius D, i.e. Bp := {2z € H : ||z — p|| < D}. In the following, a point p is
always made clear from the context.

We recall the following quantitative result related to the projection argument.
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Proposition 3.16. ([24]) Let D € N\ {0} be such that D > 2||u — p|| for some
p € S. For any natural number k and monotone function f : N — N, there are
n < B(k, f) and z € Bp such that

17(2)==]l <

1 1
B —yl < — —5Y =2 S
A Vye D(|u<y> vl < g = ==y Z>—k+1>7

1
f(n)+1

where Bk, f) == BID](k, f) := 24D (w;R>(0)+1)2 with R := R[D, k] := 4AD*(k+1)?
and wy(m) := ws[D, f](m) := max{f(24D(m + 1)?), 24D(m + 1)*}.

The fact that we are working with almost fixed points instead of actual fixed points
creates a new error term P? in the main inequalities (cf. (7) and (8) below). Since
we can consider good enough almost fixed points z, this error P? can be made small
so as not to affect the convergence of the algorithm.

Lemma 3.17. Let D € N\ {0} be such that D > max{2 ||u — pl|, ||z0 — p||}, for
some p € S, and ¢ € N\ {0} satisfying (Q4). For alln € N and z € Bp we have

si1 S (L= A)(sp + P2) 420 (u — 2,Yng1 — 2) (7)
and [T (yn) — yn||2 <c (8D2)‘n + 5, = Sp1 + Pi) , (8)
where 57, = |lyn — 2II°, P; =21 Ja(2) = 2l Bl — 2l + [[Ja(2) — 2).
Proof. Let z be a point in Bp. Since the resolvent is nonexpansive we have
lyn = Jn(yn) = (2 = Tul2DI* = (10 (Yn) = yall = [ Ta(2) = 2[)”
= [T (wn) = yall* + [190(2) = 2l (=2 10 (yn) = gl + [ J(2) = 2])
> (| Jn(Yn) = Yall* + 117a(2) = 20| (= 2001 Ta(yn) = Ta(2) | + [ Jn(2) = =]
+llyn = 21) + [[Ja(2) = 2II)
= 190 (¥n) = yall” = 17a(2) = 2l (4]l = 2l + [[Ja(2) = 2] - (9)

Using (9) and the fact that the resolvent is both nonexpansive and firmly nonex-
pansive we derive

| (Yn) — Z||2 < (n(yn) = Tl + [|Jn(2) — Z”)Q
= 1 T0(yn) = Tn(2)I* + [11(2) = 21| 21 Jn(yn) = Jn(2)| + [[Jn(2) — 2])

< lyn = 217 =y = Jn(yn) = 2 + Ju(2)|
+ [1n(2) = 2l 2 llyn — 2l + [|Jn(2) — 2]

< lyn = 2017 = 19 () = yall* + 21 7a(2) = 2l (3 llya — 21| + [ Ju(2) — 2]} -

Then, the definition of y,,; and Lemma 2.4 entail

o~ — o~

Hyn+1 - ZH2 < ”7n<yn - Z) + 0n (Jn(yn) - Z>H2 + 2)‘n<u — Z,Ynt+1 — Z>
= Yn(Yn + 0n) [|Yn — Z||2 + 00 (VY + 6n) HJn(yn) - ZH2
- fynén H']n<yn) - yn”2 + 2)\n<u — 2, Yn+1 — Z>
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< Y0+ 80) 9 = 211 + 8n (v + 62) [llym = 21* = [0 (y) = 9all”
+2[1Jn(2) = 2] B llyn — 2l + 1 a(2) — 21 ]
= Va0 1T (¥n) = 4)I” + 22X = 2, Y1 = 2)
< (1= Aa) llya = 21° + 20w = 2, Y1 — 2)
— 62(29 + 6n) |11 (Yn) — |’
+2(1 = An) [1n(2) = 2l Bllyn — 2l + [ Jn(z) = =l -
We conclude that (7) holds. Also, since 6, (2v, + 6,) > 62 > £, we have

1
sz—i-l — 8, + Ans;, + - ||Jn<yn) - yn||2 < 2/\n<u — % Yn+1 — Z> + P, (10)

The inequality (8) follows from the fact that
2(u = 2, Yn1 — 2) < 2lu— 2| [Yn4s — 2] < 8D*. 0

To deal with the remainder of the analysis we must discuss two cases depending on
whether the sequence (s?) is decreasing or not.

3.1. First case

The first case that we are going to consider is the case where the sequence (s?) is
eventually decreasing. Our goal is to apply Lemma 3.18 below, which is a quan-
titative version of Lemma 2.5, with (v,) := P2, (r,) := 2(u — 2, Yn41 — 2), for an
adequate choice of z, in order to obtain a rate of metastability for (s?). The result

is an easy adaptation of [24, Lemma 14] for the case where (v,) = 0.

Lemma 3.18. Let (s,) be a bounded sequence of non-negative real numbers and
M € N a positive upper bound on (s,). Now consider sequences of real numbers
(M) C (0,1), (rn) and (v,) and assume the ezistence of a monotone function L
satisfying condition (Q3). For natural numbers k,n and q assume

. 1 1
il (4% S VS )

and sip1 < (1 — X)) (s; +v;) + Ny, for alli € N. Then
1
; P G
vi € lo(kn).d (s < )
with o(k,n) := o[L, M](k,n) :== L(n+ [In(3M(k+1))]) + 1.

Remark 3.19. Observe that since A, < 1, for all n € N, by (Q3) it follows that for
all n € N we have L(n) > n. Hence the function ¢ defined in Lemma 3.18 verifies
the condition o(k,n) > n, for all n € N.

In the original proof of Theorem 2.6, metric projection is used, followed by a sequen-
tial weak compactness argument. Sequential weak compactness can be eliminated in
a way similar to [7, 24]. This is to be expected in light of the arguments given in [9)].
The next result is an easy adaptation of [15, Proposition 2.27] (see also Remark 2.29
in the same reference).
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Lemma 3.20. Let D € N\ {0} be such that D > max{2|u —p|,|[z0 — pl|}, for
somep € S. For k,n €N, f:N — N monotone and z € Bp, if

Vi€ [n7¢1<k7n7 f)] (Siz—l—l < Sf) 5
then there exists n' < ¢o(k,n, f) such that

visj € ) (155 = 51 < g ) (1)
where ¢1(k,n, f) = ¢ [D](k,n, ) = f(d2(k,m, f))
and do(k,n, ) := ¢o[D](k,n, f) := max{n, f(4D2(k+1))(n)}.

Moreover, there isn' € {f®(n) :i < 4D?*(k + 1)} satisfying (11).

We will need the following particular instance of Lemma 3.20.

Lemma 3.21. Let D € N\ {0} be such that D > max{2|u —p|,|[z0 — pl|}, for
somep € S. Fork,n €N, f:N — N monotone and z € Bp, if

Vi € [n,¢1(k,n, f+1)] (Sf+1 < Sf) ,
then there exists n' < ¢o(k,n, f + 1) such that

1
vie b 500 (5= st < 1y ) (12

where ¢1, ¢o are as in Lemma 3.20.
Moreover, there is n' € {(f +1)D(n) : 4 <4D?(k + 1)} satisfying (12).

Proof. We may assume that f(n) > n, because otherwise the result is trivial. By
Lemma 3.20 we have that

. . z 4 1
Vi,j € [, f(n') +1] <|51 — S ‘ < k—+1) ;

withn' € {(f +1)D(n) : i <4D?*(k+1)}. If i € [0/, f(n')], theni+1 € [n/, f(n')+1]
1

i)
Z _ oR 4
and so ‘si 5¢+1| < &

Since ' > n and f(n') < f(¢2(k,n, f+1)) < ¢1(k,n, f+1), using the monotonicity
of the function f we have [n/, f(n')] C [n, ¢1(k,n, f + 1)]. Then for i € [0/, f(n')] it
holds that s — s7,; > 0 which entails the result. 0]
In the discussion of the first case we need a quantitative version of the fact that (y,)
is a sequence of almost fixed points for the resolvent function. This is accomplished
with Lemmas 3.22 and 3.23.

Lemma 3.22. Let D € N\ {0} be such that D > max{2|u —p||,||z0 — p||}, for
some p € S, and ¢ € N\ {0} satisfying (Q4). For m,n € N, f: N — N monotone
and z € Bp, if n > £(96¢D*(m +1)? — 1) and

1 1
Vi P NS G - . —
i € [n, f(n)] (Sl Sit1 = 12¢(m+1)2 " = 12¢(m+ 1)2) ’

then WGMJ@HOU@%ﬂMSE%J.

Proof. For i € [n, f(n)], we have i > n > £(96c¢D?*(m + 1)? — 1).
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By condition (Q2): A By inequality (8) we obtain

"= 96¢D2(m + 1)?

HJ( .>_ -||2<C 8D? N 1 n 1 o 1
WU =\ 96cD2(m+ 1)2 " 12e(m+ 12 12e(m+1)2) ~ A(m+ 1)2

Hence i fo0] (1500 0l < 5o )

and the result follows by Lemma 2.3. [

Lemma 3.23. Let D € N\ {0} be such that D > max{2|u —p||,||z0 — p||}, for
some p € S, and ¢ € N\ {0} satisfying (Q4). For m,n € N, f: N — N monotone
and z € Bp, if n > {((r; + 1)8D?* — 1) and

1
Vi 1 : o g APE<
1€ [n, ¢1(T17n7f+ )] <Sz+l =S 1 — r + 1> )

then In' < go(ri,m, f+1) Vien, f(n) (”J(%) —uill < m;%—l) ’

where r1 :=ry(m) = 12¢(m + 1)? — 1, as in Definition 3.2.

Proof. We may assume that f(n) > n, because otherwise the result is trivial. By
Lemma 3.21, there exists n’ € [n, ¢a(r1,n, f + 1)] such that

. / / z z !
e 1000 (5 =i € )

Since n’ > n and f(n') < ¢1(r1,n, f + 1) we have that n’ > ¢((r; + 1)8D? — 1) and
[0/, f(n')] C [n,¢1(r1,n, f + 1)], which implies that n’ > ¢(96¢D?(m + 1)*> — 1) and

1 1
Vi e [n' '<%_% < APF < )
ien, f(n))ls; S’+1_r1+1 T
1
Hence, by Lemma 3.22: Vi € [/, f(n)] ( I1/(s) = vi]l < j) 0
m

The analysis of the first case is concluded with the following result. It gives a rate of
metastability for the convergence of the sequence (s?) provided that z is a sufficiently
good approximation to the projection point and that the decreasing property of the
sequence (s?) holds long enough.

Lemma 3.24. Let D € N\ {0} be such that D > max{2|u —p||,||z0 — p||}, for
somep € S. Fork,m €N, f: N — N monotone and z € Bp, assume that

(i) Vie [7’3,051(7”1,7"3,]?4‘ 2)] (Sfﬂ < sf),

.. 1
(i) [[J(z) — 2] < Wf

(i) ¥y € Bp (I17y) —yll < 75 = (w— 20— 2) < it ).

N—

Then dn < E(k?,%(ﬁﬂ“saf‘F 2))Vi € [n, f(n)] <Szz < %ﬂ) ’

where @, f, ry:=ri(m), r3 :=r3(m), ¢1 and ¢y are as in Definition 3.2 and =, is
as Definition 3.3.
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Proof. Let ry :=r4(m) be as in Definition 3.2. By (ii), using Lemma 3.14 and the
definition of Z;, we have

- 1
Vi < oi(ry,rs, f+2) (sz(z) -2 < 2(6D +1) ) '

max{ry,rs}

Noticing that ||J;(z) — z|| < 1 and ||y; — z|| < 2D, for i < ¢y(r1, 73, f + 2), we have

B =2|Ji(2) = 2l B llyi — 2l + [|1i(2) — =l)

2(6D + 1) 1
< = : 1
~ 2(6D 4 1)max{ry,ry}  max{ry,r4} (13)

By (13), (i) and the fact that r3 > £(96¢D?*(m + 1)? — 1), Lemma 3.23 implies

< a4 2) W€ Fl 1] (1060 -l < ) ()

For i € [n, f(n)], we have that i + 1 € [n, f(n) + 1]. Hence ||J(yir1) — yis1]| < —.
It follows from (iii) and the fact that y;1 € Bp that

dn < ¢2(’f’1,7'3,fN+ 2)Vi € [n, ]?(n)] ((u — 2, Yiy1 — 2) < 6(k:1+ 1)> ) (15)

Since f(n) < f(¢o(r1, 75, f + 2)), we have ry > 3(k + 1)(f(n) + 1).

<f
Since f(n) < ¢1(7“1,7“3,]?+ 2), by (13) and (15) it follows that

In < Py, 73, f+ 2) Vi€ [7%]?(”)]

? L — 2,Yit1 — 2 !

Then from (16), by applying Lemma 3.18 with ¢ = f(n) := f(3(k,n)) and using
inequality (7) we conclude

1

In < dolr1, 73, | +2) Vi € [k, n), f(@ (K, n))] (sf < k—+1) :

which entails the result. O]

3.2. Second case

We are now going to consider the case where the sequence (s?) is not eventually

decreasing. For s : N — N and m € N we define a functional 7 as follows.

n n<m
7o (n) == < max{k € [m,n] : s, < spy1} n>mATk € [m,n|(sp < Spi1)
n n>mAVk € [m,n] (sgr1 < sk).

Remark 3.25. Given s : N — N and m € N, the definition of 7;;, implies imme-
diately that for all ¢ € N it holds that 7% (i) < i. Moreover, 75,(m) = m and for
n €N, if ;41 <s;, for all j € [m,n], then 775,(i) = i, for all i < n.
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The following proposition shows that the functional 7 is monotone in m and n,
respectively.

Proposition 3.26. Let s : N — N and m € N. The functional 7, enjoys the
following properties

(i) VieN (@) <m@+1); (1) YieN (r,0) < 704000).
Proof. (i): Ifi+1<m, then 75 (i) <i+1=75(i+1). Assume that i +1 > m.
Then ¢ > m. If 3j € [m,i|(s; < sj11), then clearly 35 € [m,i + 1](s; < s;41) and

s

75 (1) = max{j € [m,1] : s; < sj41} <max{j € [m,i+1]:s; <sjp1} =7, +1).
On the other hand, if Vj € [m,i] (sj41 < s;) then 75,(i) =i <i+1=75(i+1).
(ii): If i« < m, then we get 75(i) = i = 7,,.,(7). If i = m + 1, then we have
m(m+1) <m+1=75,(m+1). Ifi >m+1and Vj € [m,i|(sj41 < s;), then
clearly also Vj € [m + 1,i|(sj11 < s;) and 75,(1) =i = 75, ,(¢). If i > m 4+ 1 and
35 € [m,i](s; < sj+1), we have that either

VJ S [m + 1,i](8j+1 S Sj) (17)
or 3j € m+1,4](s; < Sjt1)- (18)
If (17) holds, then we must have s,, < s,,41 and hence 755, (i) = m <1 =75 _,().

If (18) holds, then

75(1) = max{j€[m,i] : s; < sjp1} =max{jem+1,d :s; < sj} =715,.,0). O

We recall that the original proof relies on [21, Lemma 3.1]. As it turns out, for our
quantitative analysis we do not need a full quantitative version of that result as the
following weakening is sufficient.

Lemma 3.27. Let s : N — N and m,r € N be arbitrary. If m > r and s,, < Spmi1,

then we have
Vi>m (T;;(z) > r Amax{s:s 5,5} < sTﬁl(i)H) )

Proof. We show first that

Sm < Sma1 — Vi >m (maX{STfn(i), si} < sTfn(i)H) (19)
Assume that s, < s,,41 and take arbitrary ¢ > m. Then

7 (i) = max{j € [m,i] : s; < Sj11}
and, in particular, s.s ;) < srs (5)41. We consider the following three cases:
(i) 75(i) =i, (i) 75(i) =i—1, and (iii) 75 (i) < i — 1.

(i): From s;s ;) < Szs (511, We get 5, < Sz ()41
(ii): This case reduces to s; < s; which is trivially true.
(iii): Note that for j € [755,(i) + 1,7 — 1] we must have s;;; < s;. Hence it follows
that s; < s;_1 < -+ < 872 (jy41. This finishes the proof of (19).
Assume that m > r. Then by part (i) of Proposition 3.26, for i > m, it follows that
75(i) > 15,(m) = m > r, which concludes the proof. O

In the following, since we are going to use sequences (s7) that involve a parameter

z € H, we simplify the notation writing 77, instead of 75 .
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Lemma 3.28. Let D € N\ {0} be such that D > max{2|u —p||,|[z0 — pl||}, for
somep € S. For k,m,n €N, f: N —= N monotone and z € Bp, assume that

() nerm)Asi<si,, () [76) -2l < gha

(i) Yy € By (I75) — ]l < 5 = (u— 2,5 — ) < gt

Then e fo] (55 < )

where (, o and r3 as in Definition 3.2 and & is as in Definition 3.3.

Proof. In this proof we omit the parameter z, whenever possible, and write s(.),
7a(-) and P instead of s, 7:(-) and Pp), respectively. By Lemma 3.27 we have

Vi>n (Tn(l) > r3(m) Amax{s., @), 5} < Sr(i)+1) -
Let i € [n, f(n)]. Since s, ;) < S7,(i)+1, by inequality (8) we have that
2
1700 W) = Yraii||” < 8¢D*Ariy + cPriy (20)
In consequence of the monotonicity of ¢ and the definition of r3(m) we have

7u(i) > € (16¢(ra(m))*D?) . (21)

8cD? 1
(i) = 16¢(ro(m))2D? — 2(ry(m))2’ (22)

Hence, by (Q2): 8cD?\

By (ii), the monotonicity of ¢ and the definition of & we have

1

) =21 = Saetratmy@D + 0. 7 + 1
Since 7,(7) < i < f(n), by Lemma 3.14 we have
1

H‘]Tn(i) - ZH = 4¢(ro(m))2(6D + 1)

(<1).

Then, since Hym(i) — zH <2D,
Pr) =2 H‘]Tn(i)(z) - Z” (3 Hy'rn(i) — ZH + ||J7n(i)(z) — ZH)

26D+1) 1
= de(ry(m))2(6D 4+ 1) 2¢(re(m))?

(23)

Combining (20)—(23) we conclude that

2 1 1 1
JTn % ™(1)) = Y (i S +c = .
1m0 m) = w0 ll” < 50005 * 5 = Gt

By the definition of ry(m) we conclude that
1

17700 Wra0) = 0| < TmgpT e

The definition of r9(m) and Lemma 2.3 entail that HJ(yTn(Z-)) — yTn(i)” <
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1
We show that I . —
¢ enow e "0 = By (k + 1)

Indeed, by the definition of £ we have
1

& =2 = ek + PED+ 1, ) U
Then, by Lemma 3.14, for n’ < f(n)

(25)

[ (2) — 2| < (6D +1)

1
16h(f(n))(k +1)?
< f(n) and h(i) < h(f(n)).

Since h is monotone and i < f(n) we have 7,,(7)

: <1
~ = TeEr e = Y

Then HJTn(i)
Hence P, 2(6D +1) = !
™D = T16h(i)(k + 26D + 1) 8h(i)(k + 1)’

By (Q2) and the the fact that 7,,(1) > r3(m) we obtain A, ;) < m
the definition of (mPPA.) and the fact that ||y, ) — u < 2D entail

. Then,

[9r) = Yra 1| = Ao W) = @) + 07 (Yra) = Ty W) |
<A@y [y = ull + 0y 19700 W) = vl (26)
< 2D)r i) + || Tty W) = Yo ||
Hence, using (24), we derive that

2D 1 1
vl < Gpet i * D0 1 6abth+
1

2(k+1)

|4ty —

which trivially implies that ||yTn<,-) = Yr ()41 || < (27)

Since yr, ;) € Bp and ||J(yr,4)) — from (iii) we obtain

Yra )|| — m+1’

) < o
k12

We have that ||u — z|| < 2D. Then, using (28)

(U= 2,Yru(i) — (28)

(U= 2,Yr ()41 — 2) = (U = 2, Yr ()41 — Yrn(i)) + (U — 2, Yr (i) — 2)

1
<= 2] [[gra@r = Yo || + (@ = 2,950 — 2) < 60k + 12

By (10), using (25), condition (Q1) and the fact that h (7,(7)) < h(i), we derive
STn(i) S 2<'LL -z, yTn(i)+1 - Z> + h (Tn(l)) (STn(i) - STn(i)"Fl + PTR(Z))

< 2= 21111 = 2) (7)) Pry < 7 )
S 2\U = 2 Yr (i) +1 — R Tn\? (i) = 4(]{Z+1)2
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Observe that
VSt (@) +1 = Hyrn(z') -z (ymi) - Z/rn(z')+1) || < VS t+ Hym(z‘) - Z/rn(z')+1H . (30)
Then, by (27), (29) and (30) we have

1 1 1
, < — )
VIO S AT T2 T o1 1) k41

Hence 5., ;)41 < m < %H, which entails the result. O]

3.3. Putting it together
We are now able to prove our main result.

Proof of Theorem 3.5. By Proposition 3.16 there exist mo < 3(k,Z) and z € Bp
such that 1

[J(2) — 2| < o) 1+ 1

1 1
d B —yl < AV A Sy )
an Vy € Bp (||J(y) yll < T (u=zy-z< 32(k + 1)2)

Consider r; and r3 to be, respectively, the natural numbers 7 (mg) and r3(my).
Observe that by monotonicity (cf. Remark 3.4), r; <7 and r3 < 7.

We may assume that f(r3) > r3. Indeed, if f(a(k,r3)) < r3, then f(r3) < rs by
monotonicity and the fact that a(k,r3) > r3 (cf. Remark 3.19). Notice that by the

definition of ¢ we obtain r3 <7 < ¢9(7, 7, fv—l— 2). Again by monotonicity and the
fact that o (k,r3) > r3 we would then have that r3 < u(k, f) and the result would be

trivially true. The condition f(rg) > rg implies that ¢o(ry, r3, ]7+ 2) < ¢o(7,m, fv+ 2)
and consequently ¢ (7,73, J?+ 2) < (7,7, f+ 2).

If Vi € [ry, 1 (r1, 73, f +2)] (57, <s7),

then by Lemma 3.24, there is n < &(k, ¢o(r1,73, f +2)) < pu(k, f) such that
1
; G
vie fn f0) (5 < 1 )
On the other hand, if s? < s? ., for some n € [rs, ¢1(r1, 73, F42)]=[rs, ®(mg)], we get
1 1 1
J(z) —z|| < = < < )
& =21 2 51 = @@y 1 = G 1
By Lemma 3.28, we conclude that there is n < ®(myg) < u(k, f) such that
1

Vi € [n, f(n)] (55 < m) . O

4. Final remarks

We observe that the conditions (Q1)—(Q4) together with either condition (Q5a) or
(Q5b) allow the sequence (7,,) to be identically equal to zero and so, by taking that
choice for (7,), the iteration (mPPA) reduces to (HPPA). In that case, condition
(Q4) can be written as Vn € N (min{c,, (1 — X,;)?} > 1) and a quantitative version
holds with the same bounds. In fact, that quantitative version is a generalization
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of previous analyses [20, 24], as Theorem 2.6 has weaker conditions than those of
[29, Theorem 5.1] and [5, Theorem 2]. However, the analyses in [20, 24| are still of
interest as the bounds obtained there are much simpler than the ones obtained in
this paper.

Under the quantitative conditions (Q1)—(Q4) together with either (Q5a) or (Q5b),
in Corollaries 3.6 and 3.10 we gave explicit bounds on the metastability of the
iterations (mPPA) and (mPPA.), and in Corollaries 3.7 and 3.12 we computed a
bound on (the metastable version of) the asymptotic regularity of these iterations.
Let us argue that these results provide a quantitative version of Theorem 2.6. By
Corollary 3.6 it follows (ineffectively) that (mPPA.) is a Cauchy sequence. Hence
it converges strongly to a point y € H. By Corollary 3.7 and the continuity of the
resolvent functions it follows that 3 must be a fixed point, and therefore a zero of
the operator A. Furthermore, one can argue that ¥ must be the projection point of
u onto S. Indeed, consider the sequence (si) with 2z a projection point. One can
argue, as in Lemmas 3.24 and 3.28, to conclude that Theorem 3.5 holds with z =z
for every k and f. Notice that one cannot guarantee the third assumption in neither
of those lemmas. However, those conditions are only required to show equations
(15) and (28), respectively, which follow from the fact that (v — 2,y — Z) < 0 and
the fact that y = limy,,. Since Theorem 3.5 is always true with z = 2z, we conclude
that y must be the projection point. By Lemma 3.9 one concludes that the iteration
(mPPA) must also converge strongly to a zero of the operator, namely the projection
point.
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