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It is known that the volume functional ¢ — [ e~ ? satisfies certain concavity or convexity inequa-
lities with respect to three of the four linear structures induced by the order isomorphisms acting
on Cvxo(R"). In this note we define the fourth linear structure on Cvxo(R"™) as the pullback of
the standard linear structure under the 7 transform. We show that, interpolating with respect to
this linear structure, no concavity or convexity inequalities hold, and prove that a quasi-convexity
inequality is violated only by up to a factor of 2. We also establish all the order relations which
the four different interpolations satisfy.
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1. Introduction

In this note we study properties of the volume functional Vol (¢) := [ e~?, defined
on Cvxo(R"), the class of all lower semi continuous convex functions from R™ to
[0, 00] which attain the minimal value of 0 at the origin. As a first example let us
mention that the classical Holder inequality implies that log(Vol) is convex with
respect to the standard linear structure on Cvxg(R"), namely pointswise addition:

/ne—«l—Amw) < (/ 6—59) o (/ e—w)k_ 1)

We thus say that Vol is log-convex, or 0-convex, with respect to pointwise addition.
When p # 0, a functional F': Cvxy(R") — R is called p-convex, if for any A € [0, 1]
and ¢, 1) € Cvxo(R") one has:

F((1=Ng+ M) < (1= NF(@) + AF()?) .

Log-concavity and p-concavity are defined similarly. While Vol is not p-concave
with respect to pointwise addition (for any p), it does satisfy certain p-concavity
inequalities with respect to other linear structures defined on Cvxy(R"), which we
next describe.
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In [2], Artstein and Milman described all the order isomorphisms acting on the
class of geometric convex functions Cvxo(R"). They proved that up to linear terms,
there exist only two order reversing isomorphisms, namely the Legendre transform
L and the polarity transform A, and two order preserving isomorphisms, namely the
identity and the gauge transform 7. We refer the reader to [2] for the definitions and
a detailed description of these transforms. Each of the transforms induces a linear
structure on Cvxg(R"). For example, the inf-convolution ¢y of two geometric
convex functions ¢, ¢ may be defined as the pullback of standard addition under
the Legendre transform:
e == L7 (Lo + L) .

The renowned Prékopa-Leindler inequality (see [4, 5]) states that the functional Vol
is log-concave with respect to the linear structure [J. Namely, for all ¢, 1) € Cvxo(R")

and A € (0,1): . .
Loos (L) (L)

where pl\) = L7 ((1—=N) Lo+ L) denotes the average of ¢ and v with respect
to O. The linear structure induced by the polarity transform A was defined in [1] by:

Pl o= AT (Ap + AY)

and it was proven that Vol is (—1)-concave with respect to [J, namely:

-1
L= (5 ms) ®)
n T\ Jp e Jpae™

Here, ol0y\¢p = A7 ((1 — N\)Ap + AAY) denotes averaging the functions ¢, 1) with
respect to [J. In an analogous way, we define here a fourth linear structure on
Cvxo(R"), denoted by K, as the pullback of standard addition under the J trans-
form, that is:

PR = T (To+TY), and  oBuw =T ((1-NTp+A\T).

Our first result is a geometric description of X as the classical operation of radial
harmonic sum, applied to the epi-graphs, namely:

Lemma 1.1. Let ¢,1) € Cvxo(R™), and X € [0,1]. Then:

epi(pliy) = (((1 = A)epi(p)® + Aepi(y)” )°, (4)
where epip = {(z,2) € R* x R* : ¢(z) < z}.

In light of the log-convexity of Vol with respect to the standard linear structure
(Holder’s inequality (1)), and its log-concavity and (—1)-concavity with respect to
[0 and [ respectively (inequalities (2) and (3)), it is natural to ask whether Vol is
p-convex, for some p, with respect to X. In this note we provide a negative answer
to this question, but show that Vol does possess some convexity property, i.e. a
quasi-convexity inequality is satisfied up to a constant (in contrast to any type of
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concavity, which cannot be considered even in this weak sense, as shown in Corol-
lary 3.1). More precisely, for any p € [—o0, 00] we use the notation

Mya(a,b) = (1 - Na? + Abw)»

for the p-average of two non-negative numbers a, b, with weights (1 — \), A respec-
tively, and define:

f]Rn e_wlz)\w
Cp 1= sup .
T e | My (f]R" e, Jan 3*1/))
Clearly ¢, is decreasing in p, since M, »(a,b) is increasing. Theorem 1.2 states that
Coo > 1 (which implies ¢, > 1 for all p).

Theorem 1.2. There exist ¢, € Cvxo(R") and X € (0,1) such that:

max{/ e_‘P,/ e_w} </ e PRV,
n n Rn

Thus the answer to the question “is Vol p-convex with respect to X?” is negative (for
any p). However, up to a constant the answer is positive. More precisely, ¢, < 2.

Theorem 1.3. For any ¢, € Cvxo(R") and X € [0, 1], we have:

/ e Y < 9. max{/ e ?, / e‘w}.
RTL n n

The paper is organized as follows. In Section 2 we prove Lemma 1.1, and prove
pointwise order relations between X and the other three summations. In Section 3
we prove Theorems 1.2 and 1.3. In the Appendix we compute the asymptotics of
the lower bound on ¢, which was obtained in Theorem 1.2, and show that in fact
Coo > 1+ \/Lﬁ
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2. Order relations between the linear structures

In this section we provide a geometric description of X, and prove four (of the
possible six) order relations between the four linear structures +, 0, [, X. Below,
the term convex body refers to a closed, convex set K C R™ which contains the
origin.

In [3], Firey defined the polar mean K, of convex bodies Ky, K1 C R"™, using
Minkowski average and the duality map K — K°:={y : Vx € K, (y,z) < 1}:

Ky = ((1 = NKS + AKD)°.
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The body K is often called the radial harmonic average of Ky and K7, since:

pry, = M_1x(pKy, Prcy) s

where pg, is the radial function of K;. As mentioned in the introduction, Lemma 1.1
states that the operation X, corresponds to radial harmonic average of epi-graphs.

Proof of Lemma 1.1. Tt is known that epi(¢[dyn) = (1 — X) epi(¢) + Aepi(n), see
e.g. [2]. Denoting the reflection about R" x {0} by R(z, z) = (z, —z), it was shown
in [2] that epi(A¢) = R(epi(¢)°). Since R(K°) = (RK)° and J = Ao L = Lo A,
we have:

epi(T((1 = NTp +AT)) = epi(AL((1 — N)LAp + ALAY))
= epi(A((Ap)Or(AY))) = R(epi((Ap)Tr(AY))°)
= R(( (1 = A)R(epi(y)°) + AR(epi(s)°) )°)
= (1= A)epi(p)® + Aepi(e)” )°. 0

The four linear structures +, [, [, X offer four different ways to interpolate between
two given functions ¢,9 € Cvxo(R"). We now turn to establish order relations
between the four interpolations Uy, ), Ky, and ¢ 451 == (1 = AN)p + A,

First, let us consider two basic examples, one where the averaged functions ¢, 1 are
convex indicator functions, and one where they are norms (or more precisely, the
Minkowski functional of a convex body, defined by ||z|x = inf{t >0 : z € tK}).

Example 2.1. Let K,T be convex bodies such that ¢ = 1%, ¢ = 13* € Cvxo(R").
Since J1¥ = || - ||k, L1 = hk, and A1 = 1%, it may be easily checked that:

@D%d] — 1?{0\/717 @IX%’@D — 1?0K0+T0>0,
2
Ui =1%, @+1 ¢ = lknr,
where K VT denotes the convex hull of K and T'. Note that:

K°+T°\°  K+T
Kng(%) - ; CKVT. (5)

Thus the functions ¢ = 1%, ¥ = 1¥ satisfy the following inequalities:
plliy < o1y < Wi < o419
Note that all the inclusions in (5) are strict if K # T'. Thus for K # T we get:
iy £ ol @ +11p £ el (6)
Example 2.2. Let K, T be convex bodies with ¢ = || - ||k, ¥ = || - [|r € Cvxo(R").
Since J|| - |lx = 1%, L] - |k = 1%, and A|| - ||k = hxk, it is easy to check that:
PO = llwvr, ot =1 [lsegmoye,

el = || - gz, o1t = |- [[knr-
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By (5), the functions ¢ = || - ||k, ¥ = || - ||7 satisfy the following inequalities:
ng%dJ < @D%w < vt Y < @X’%w-
As before, assuming K # T we have:

pliy £ ey, M1t £ +1 1), (7)

From (6) and (7) we conclude that the functions ¢y and ¢y are not comparable
in general. Similarly the functions ¢ +, 1, pX\1) are not comparable, in general.
However, the remaining four pairs of functions do satisfy, in general, the order
relations exhibited in the examples above. That is, interpolating with respect to
+, X (induced by the two order preserving transforms) always yields larger functions
compared to 0, [J (induced by the order reversing transforms). More precisely:

Lemma 2.3. Let ¢,1) € Cvxo(R™). Then:
max {QOD)\w7 SODMb} S min {QO + wa SOMD} :

Proof. We need to prove the following four inequalities.
L ey <oy

2. oy < ey

3. ol <p+ay

4. ol < ey

The first inequality follows by letting * = y = z in the definition of the inf-
convolution:

(@Oa)(z) = nf - {(1=A)p(x) + M(y)} < (1= Ne(2) + Mp(z2). (8)

z=(1-N)z+Ay

For the second inequality, recall that duality is a “convex operation”, in the following
sense (see [3]). If K and T" are convex bodies and 0 < A < 1, then:

(1=XNK+XT)°C(1—=XNK°+ \T°. 9)
Combining the above with Lemma 1.1 we get:
epi(pBdyip) = ( (1 — ) epi(p)” + Aepi(y)°® )°
C (1= A)epi(p) + Aepi(y) = epi(pli),

which is equivalent to: e < ey, (10)

The third and fourth inequalities we need to prove, are in fact equivalent to the
second and first inequalities, respectively. To see this, first note that:

(T@)EA(T ) = Ly, (11)
(T)RNTY)) = o +a 1, (12)
T (Te) 1 (TY)) = oMo (13)

VA(
T ((
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Since J is order preserving, (8) implies that:

plhi = T (Te)OA(TY)) < T (Te) +x (TY)) = By,

Similarly, (10) implies that:

Pl = T (Te)ONTY)) < T (Te)RATY)) = p+a1). O

3. Convexity and concavity properties of Vol

We begin this section by noting that the geometric Example 2.2 demonstrates that
for any p, Vol is not p-concave with respect to X, i.e. Vol is not even quasi-concave.
Moreover, we show that in contrast to Theorem 1.3, a concavity inequality does not
even hold up to a constant. More precisely,

Corollary 3.1. The functional Vol is not quasi-concave with respect to X.

: Vol(pX,1)
M : f = 0.
oA {m {Vol(p), Vol(y)}
Proof. We may choose K, T to be boxes of unit volume, with intersection of arbi-
trarily small volume (we denote the volume of sets in R™ by Vol,,). Since we have
Vol(|| - ||) = n! Vol,,(L) for every convex body L, the functions ¢, ¥ of Example 2.2
satisfy:

Vol (¢ 1) L(KNT
min {Vol(p), Vol(¢)}  min {Vol,(K), Vol,(T)}
which as mentioned above, can be made arbitrarily small. O

We now turn to prove the main results of the paper. Recall that in [1], the measure

v on R" x RT was defined by dv = n(z)dzdz for n(z) = e = (%)HH, and it was

shown that for any ¢ € Cvxy(R"), one has:

v (epig) = / e, (14)

We shall rely on this fact in the proof of Theorem 1.2, when constructing a counter
example to quasi-convexity of Vol.

Proof of Theorem 1.2. Let us define the (decreasing) function G : [0, co] — [0, n!]
by G(t) = [ n(z)dz = fo% s"e~*ds. Since J(J¢) = ¢, we may rewrite (14) as:

[et=vigo= [ ar [ aee= [ c@oma 0

Since J (¢X)) = (1=N)T ¢+ AT, the problem boils down to prove the convexity

_1
of G. Differentiating twice we get G”(t) = (nﬁﬁ - (t— %H), thus G is concave on
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the interval [O
in [0

Therefore we shall choose ¢, 1) such that Jp, J attain values

/ e PN > (1—)\)/ e_‘p+/\/ e Y.

If we can also choose @, 1) with equal volumes fRn e ¥ = fRn e ¥, and such that the
above inequality is strict, the theorem will be proven. The first condition is satisfied
by choosing () = ¢(—x). For the second condition, it suffices that Jp, Jv be
supported on the same set, attain values in [0, +2] and such that Jp # J on a
set of positive measure. For example, we may choose them to be piecewise linear on
the cube. More precisely, let us denote the unit ball of [ by C' = [—1,1]", and the
half-space {z € R" : z; < n+ 2} by H, so that ||z|yz = max {0, n+2} We define ¢
by setting Jp = max {1¥, || - ||z}, that is:

max{O “2} xeC }

)

, n+2] to get:

— ? n+
jgp(x)—{+oo cx g C
By (15) we have:

Vol (¢Ry1) = / G (T (¢8,0)) (2)) da
- / G (1) () () + A (TY) () de
> (1) / G((T) (x)) dr + A / G (T¥) () du

= (1 — \)Vol (¢) + AVol (1) = max {Vol (), Vol (¢)},
which completes the proof. [

Remark 3.2. In the Appendix we show that in fact the functions ¢, ¢ satisfy:

Vol @Xlégb
max {V01<(90) , vzl Wy T \/817r_n o <%) ’ (16)

which implies that c,, > 1+ \/Lﬁ for some ¢ > 0.

Proof of Theorem 1.3. Recall that the function G(t ft z)dz is decreasing on
[0, o], therefore on every interval (bounded or unbounded) G attams its maximum
at the lower endpoint. In particular G((1 — A)a + Ab) < G(a) + G(b). Thus we may
use (15) again, to get:

Vol (X)) = . G (T (oXv)) () dz
- /nG((l =N (T¢) (x) + A (TY) (x)) da
< [ GuID @i+ [ G(T0) @) ds

= Vol () + Vol (¢) < 2 - max {Vol (), Vol ()} . -
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Appendix

We now turn to prove equation (16), which as mentioned in Remark 3.2, implies
that for some ¢ > 0 we have ¢, > 1 + \/Lﬁ We need to compute the volumes of

the functions ¢, 1, pX\1) defined in the proof of Theorem 1.2. Recall our notation
for the cube C' = [—1, 1] and the half-space H = {z € R" : 27 <n + 2}, and note

that Sy := ((1 = A\)H® + A\(—H)°)" is the slab {z € R" : =% < gy < 221

max {A\(—z1), (1 =Nz} :zeC

j(SD@AW(fL’):{ oo 2 dC

} = max {15, | - [|s,} -

Since J interchanges with taking a maximum (see [2]), we have:
p = (max {1, || - [a}) = max{ T, T - [lu} = max {|[ - [lc; 17},

and similarly pXy¢) = max {|| - |c, 13 }. In order to compute the volumes of ¢ and

o\ we require their level sets. At this point we choose A = %, which maximizes

Vol (pX,1), since A — Vol (K1) is concave and symmetric about A = 1. We get:

zC 2 <n+2
[—z,n+2] x [—2,2]"! n4+2<2

_J =C 12 < 2(n+2)
3 [—2(n +2),2(n +2)] x [—z,2]"' :2(n+2) <z } '

With the (volumes of the) level sets known, we may use Fubini to get:

Vol(p) = Vol(v) = / dp = /000 Vol,, (L.(p)) e *dz =

n+2 oo
= 2" / e Fdy + 20t / (n+242)2"te*dz =
0 n+2

= 2”/ e Fdy + 2"t / (n42—2)2" e ?dz =
0 n

+2

= 2"n!— 2”1/ (z—(n+2)2"le?dz =
n+2

I (—Z_(n+2)> 2 le=%dy

n+2 2

= 2"nl | 1— = 2"n! (1 — R(n)).

n!
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As for chI%ﬂ), we have:

Vol(pR ) = /epi (153 dy = /0 " Vol, (Lz(c,m%zp)) e*dz =

2(n+2) 00
= 2" / 2"e *dz + 2”/ 2(n +2)2" e dz =
0 2(n+2)

= 2"/ 2e Fdz — 2"/ (z—=2(n+2) 2" e "dz =
0

2(n+2)
2(n +2)) 2" e dz
= 2"n! (1 f2 nt2) )z )
n!
= 2"n!(1—r(n)).
oo (+2)"
Note that fn+2 2"e *dz < n!, and by Taylor’s expansion, > =1+0 (%) We
use these estimates together with Stirling’s formula \/’2“‘7'70 = (%)n . (1 +0 (%)) to

obtain a lower bound on R(n). After integration by parts we get:

RN R A
Rn) = E(T(E) —;/n e

+2

(1+0() 1T,

8mn n n!

> L —1+O(1>— L +O<1)
V8&mn N ns _\/87m n)’

To obtain an upper bound on r(n), we begin again with integration by parts:

— 1 (1+%)n+1 n\" (2 m 4 = n, —z
i) = ﬁ<— OC) () L

- oy oy oy
ev2mn e e)
To sum up, we have

Vol (o9, Lortn) 1= ()"

e

max (Vol (). Vol ()} 1~ R(n) ~ 1— - +0(2)

(- 0)) (o))

(e reG))
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