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Introduction

Let I C R be an interval and F': R — R be a fixed function. Recall ([1]) that the
function f : I — R is F-convez if for every x,y € [ and t € [0, 1] it satisfies the
following inequality:

flte+ (1 =t)y) <tf(x)+ (1 =0)f(y) =t =) F(z —y). (1)

Such functions were defined in the context of strongly convex functions. If we take
F(z) = cz? with ¢ > 0 we get the definition of strongly convex functions introduced
by Polyak (see [22]). But note that from F-convexity we can also obtain another
concepts of convexity. Namely:

o for F(z) = cx? with ¢ € R we get the definition of c-conver functions introduced
by Vial (see [25]);

o for F(x) = —ca? with ¢ > 0 we get weakly convex functions investigated by
Aussel, Daniilidis, and Thibault (see [4]);

o for F(x) = —c|z| with ¢ > 0 we get c-convex functions introduced by Luc, Ngai,
and Théra (see [9], [12]);

o for F(z) = —c|z|P with ¢ > 0 and p > 0 we get approzimately convex functions

of order p introduced by Nikodem and Péles (see [18])

o for F(x) = —|z|w(]z|) with nondecreasing, upper-semicontinuous function w :
[0,400) — [0,400) such that w(0) = 0 we obtain the definition of semiconvex
functions introduced by Alberti, Ambrosio and Cannarsa (see [6]).

We can thus treat F-convexity as a generalization of presented convexities. Different
kinds of convexity were investigated and developed by many authors. It appears that
convexities have many interesting properties themselves, but they are also useful in
different branches of mathematics, economics and engineering — examples can be
found in the mentioned literature and for instance in [2, 3, 5, 7, 8, 10, 11, 13, 15, 16,
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17, 19, 20, 23, 24, 26]. We will discuss continuity and differentiability of F-convex
functions from a geometric viewpoint.

1. Main results
1.1. Geometric view of F'-convex functions

Let I be a nonempty and open subinterval of R. It is well known that f: I — Risa
convex function if and only if for all zq, x5 € I (71 # x2) the adequate part of its graph
lies below the secant line passing through the points (x1, f(z1)), (22, f(22)), i.e.

flz) <U(z), =z €[z, 2] U [we, 1],

where [(z) = ax + b. And the coefficients a, b are in the forms:

‘f(%) 1’ vy f(x1)

_ flza) 1 b— Ty f(22)
T 1 ’ I 1 '
i) 1’ i) 1

For strongly convex functions a similar result was obtained by Merentes and Niko-
dem in [16], namely f : I — R is a strongly convex function with modulus ¢ if and
only if for all 1,79 € I (z; # x3) and the function I(z) = cx? + ax + b passing
through the points (z1, f(x1)), (2, f(x2)) we have

flz) <l(x), =z € [r1,22)U[20,71].

In this case coefficients a and b have the following forms:

flzy) —ca? 1
flxg) —cx? 1
T 1
T 1

a =

An analogous result for F-convex functions looks as follows.

Theorem 1.1. Let I be a nonempty and open subinterval of R and F': R — R be a
fized function. If a function f : I — R is F-convez, then for all x1,x9 € I (1 # x2)
we have

f(z) <Uz), z €[z, ] U [z, 2], (2)
where I(x) = ~vx? + ax + b is a function passing through the points (x1, f(z1)),
(22, f(22)) and v = 2822 Moreover, if F(0) < 0, then (2) implies that f is a

(z1—22)
F-convex function.

Proof. Fix different points 1,75 € I and put v = (F(x; — x2))/(z1 — 22)%. Let
I[(z) = y2® + ax + b be a function passing through the points (z1, f(z1)), (22, f(z2)).
Observe that for all ¢ € [0, 1] we have
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L(ty + (1 — t)xy) = 7 (try + (1 — t)20)” + a (tzy + (1 — t)zy) + b

= (%23 + 2t(1 — t)zwy + (1 — 0)*22) + a (txy + (1 — t)zy) + b

= t(yx? + axy +b) + (1 — t)(ya5 + axg + b) — vt(1 — t) (2] — 23129 + 73)
= tf(x1) + (1 =) f(2) = (1 = t)(21 — 22)°

=tf(z1) + (1= 1) f(z2) — t(1 = O) F(21 — z2).

So for all ¢ € [0, 1] we get the equality
L(ter + (1 —t)zo) =tf(x) + (1 — 1) f(ae) —t(1 —t)F (21 — xa). (3)
Therefore, for an F-convex function f and x € [z, 29| U [x2, 21| we obtain

f(x) = fter + (1 = t)az) <tf(zy) + (1 — 1) f(a2) — (1 — ) F(21 — 22)
=1 (txy 4+ (1 —t)xg) = l(2),

and this is inequality (2). Assuming now inequality (2) and using (3) we have

(4)

=tf(z1) + (1 —1) f(z2) — t(1 — ) F (1 — x2)
for all different z1, 29 € I and t € [0,1]. So we have (1) for all different 1,29 € I.
Under the condition F'(0) < 0, inequality (1) is also true for the same zy,x9. It
means that f is an F-convex function. ]

Remark 1.2. Using standard methods of linear algebra we conclude that we have
exactly one function I(z) = yx? + ax + b passing through the points (z1, f(x1)),
(1’2, f(fEQ)) and

’f(l'l) -yt 1

flwe) —ya3 1‘
a = s b:

, 5t

T 1 T 1 ( )
Ty 1 9 1

where v depends on x; and 5. Il

This remark shows that regardless of a function F' we have a similar situation as in
case of strong convexity, namely each adequate part of the graph of f lies bellow
the parabola. But, in contrast to strong convexity, for F-convexity the coefficient of
2?2 does not need to be constant. The coefficient of 22 is constant if the differences
between arguments are the same, respectively. Now, using the identity

tr+ (L=t =tz + 1 = )lyl* =t =tz -y, 2,y €R, (6)

we get the following corollary.
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Corollary 1.3. Ifa function f : I — R is F'-convez, then for all xy,y, € I (1 # y1)
the function g(-) = f(:) — Fler—yy) (+)? satisfies the following inequality

(x1—y1)?
gtz + (1 —t)y) <tg(z)+ (1 —1t)g(y) (7)

for all z,y € I such that x —y = x1 —y; andt € (0,1). Moreover, if F(0) <0, then
we get a converse implication.

Proof. Fix x1,y; € I (z1 # y1) and put g(-) = f(-) — F(m—yl)( )2, If fis an F-

(z1—y1)?

convex function, then multiplying (6) by & F(xl y)1 and subtracting it from both sides

Fzi—y1)
(z1—y1)?
and adding it to both sides of inequality (7) we get (1) for all different =,y € I —
because x; and y; are arbitrarily chosen. Taking into consideration the condition

F(0) <0, inequality (1) is also true if z = y. O

from inequality (1) we get (7). If ¢ satlsﬁes (7), then multiplying (6) by

1.2. Continuity of F-convex functions

As we already know, convex functions defined on an open real interval must be
convex. It appears that considering some conditions weaker than convexity, we
can also obtain continuity — for example, c-convexity, approximate convexity and
semiconvexity (in the sense mentioned in the Introduction) force continuity. For
F-convexity, we have the following theorem.

Theorem 1.4. Let I be a nonempty and open subinterval of R and F : R — R be
a fized function. If a function f : I — R is F-convex, then it is continuous.

The proof of this theorem is an immediate consequence of the following two lemmas,
which say that F-convex functions are upper-semicontinuous and lower-semiconti-
nuous, respectively.

Lemma 1.5. Let I be a nonempty and open subinterval of R and F': R — R be a
fixed function. If a function f : I — R is F'-convex, then it is upper-semicontinuous.

Proof. Fix an arbitrary point o € I. We show that f is upper-semicontinuous at
xo. Take points yg, 2o of interval I such that yy < z¢g < z9. From Theorem 1.1 we
get the inequalities

f(z) <l(x) for z € [yo,x0], and f(x) < k(x) for z € [0, 20],

where [ and k are the parabolas passing through the points (zo, f(x0)), (yo, f(v0))
and (zo, f(x0)), (20, f(20)), respectively. Moreover, the functions [ and k are con-
tinuous. The following inequality is thus true

liminf f(z) < f(xg).

T—T0

Which means that f is upper-semicontinuous at xy, and consequently f is an upper-
semicontinuous function. ]

Lemma 1.6. Let I be a nonempty and open subinterval of R and F': R — R be a
fized function. If a function f : I — R is F'-convezx, then it is lower-semicontinuous.



M. Adamek / On F-Convex Functions ... 765

Proof. Fix an arbitrary point xo € I. We show that f is lower-semicontinuous at
xo. Let’s take a point yy (xo # yo) such that

x0+|x0—y0|elandx0—|x0—y0|el. (8)
Define a function g : I — R by the formula

F(fﬁo - yO)xQ

g(ﬂ?) = f(.T) - (xO _ 90)2

Of course, f is lower-semicontinuous at x, if and only if g is lower-semicontinuous
at xg, and by Corollary 1.3 ¢ satisfies the inequality

gtz + (1 —t)y) <tg(z)+ (1 —1t)g(y) 9)

for all z,y € I such that x —y = x¢ —yo and t € (0,1).

Suppose that ¢ is not lower-semicontinuous at xy. Therefore, there is a sequence
(x,,) of elements of I and € > 0 such that

n1—1>r—|r-100 Ty = Xo, Ty F To (10)
and g(z) — € < glao). (1)

By (8) we can take sequences (y,,) C I and (¢,) C (0,1) such that

Tn —Yn = Lo — Yo (12)
and o = tpxy, + (1 — t,)Yn- (13)
Observe that nl_lgloo Yn = Yo and nl_l)IJ’I_loo t, = 1. (14)

From (11) the value M := sup {g(z,) : n € N} < g(zo). Therefore, applying (9),
(12), (13) and (14) we get

g(:Uo) < tng(xn) + (1 - tn)ﬂ(yn) <t M + (1 - tn)g(yn)

—t, M
and consequently % <g(yn), neN,
which yields lim g(y,) = +o0.
n—-+00

But this is impossible, because from Lemma 1.5 the function ¢ is upper-semiconti-
nuous. This contradiction ends the proof. O

1.3. Differentiability of F'-convex functions

As we know, convex functions defined on an open interval are one-sided differentiable
and their left-hand derivative is not greater than the right-hand derivative. For F-
convex functions, we can obtain a similar result, namely
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Theorem 1.7. Let I be a nonempty and open subinterval of R and F : R — R be
a fized function. If liminf,_ .o Fz(f) > —o0, then every F'-convex function f: 1 — R
has one-sided derivatives at each point x € I and f' (z) < f' (x).

Proof. From the assumption, there is » > 0 such that

c:= inf F(z)

o<|z|<r a2

> —00

The function f is F-convex, thus we get the following inequality

fltz+ (1 =t)y) <tf(z) + A=) f(y) - ct(l = t)(z — y)°

for all 2,y € I such that 0 < |z —y| < rand ¢t € (0,1). For z = y the above
inequality is also true. Using now identity (6) we conclude that the function g

defined by formula
9(@) = f(z) —ea®, wel, (15)

satisfies the inequality

gtz + (1 —t)y) <tg(z)+ (1 —1t)g(y)

for all x,y € I such that |z —y| < r and ¢ € (0,1). Thus the function ¢ is locally
convex, which together with the result from [18] means that g is a convex function.
Taking into consideration (15) we conclude that f has one-sided derivatives at each

point x € I and f’ (z) < f (). O

Observe that the condition lim inf, ,o(F'(z)/2%) = —oo does not imply the inequality
fr < fjr We consider an example.

Example 1.8. The function defined by the formula f(z) = (Jz| —1)? (x € (—1,1))
is F-convex with F(z) = 2 — 4|x|.

Proof. This can be seen using a geometric view of F-convex functions. For all
x € (—1,1) the value of Féf ) is negative, therefore inequality (2) is true if and only

if for all z1, 29 € (—1,1) such that zo < 0 < x; there is f(0) < [(0). We calculate
1(0) which is equal b in (5).

1(0) = U @2) =938) = s/ (@) +9aD)

1 — X9
_ r1f(22) — T2 f(21) + yr122(21 — @)
1 — T
r1—x 2_ xr1—x
(1(fa] = 12 = @a(jan| = 1)? + E=222 M0z g (2 — )
N 1 — X9
Cwy (3 4 200+ 1) — wo(af — 20 + 1) + (@1 — @y — 4)T32 1
B Ty — T2 o
Hence, f is F-convex, but we have liminf, .o(F(x)/z%) = —oo and, moreover,

2= 7.(0) = f,(0) = 2. 0
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Taking into consideration the proof of Theorem 1.7 we can deduce the following
corollaries.

F
Corollary 1.9. If —00 < liminf f) < 400, (16)
x—0 x

then each F-convex function f : I — R is c-convex (in the sense of Vial).

Proof. Observe that there exists a decreasing and tending to zero sequence (r,)

such that ¢, = infoc|g<r, % > —oo. The sequence (c¢,) is non-decreasing and

bounded, thus it has a limit ¢. From the proof of Theorem 1.7 we conclude that the
functions

gn(2) = f(2) — cpr®, z €1,

are convex for each n € N. Thus the function g(z) = f(z) — cz? is convex and it
means that f is c-convex. O

This result generalizes the results obtained by Nikodem and Péles in [18]. Namely,
they showed that if a function is approximately convex of order p > 2, then it must
be convex. We obtain it from Corollary 1.9 fixing F(x) = —ca?. It is also related to
Rolewicz’s result [24], stating that if a function f: I — R is a-paraconvex, that is

fte+ 1 =t)y) <tf(z)+ (1 =1)f(y) +ca(lr -y (17)

for all z,y € I and t € (0,1), where a : [0, +00) — [0, +00) is a fixed nondecreasing
function and ¢ > 0, must be convex if lim,_o+(a(z)/2?) = 0 and f is absolutely
continuous. Of course, in our result we have F-convexity which is a stronger con-
dition than (17), provided F' is a nondecreasing and even function. But we do not
need absolute continuity of f.

Based on the results presented in [14] we can conclude that there is no F-convex
function if liminf,_,q(F(z)/x?) = 4+o00. This can also be concluded from our inves-
tigation in a different way.

Corollary 1.10. [f liminf, . % = +o00, then an F-convex function f : 1 — R
does not exist.

Proof. If there was an F-convex function f, than the function f(-) — ¢(-)? would
be convex with arbitrarily large ¢, which is impossible. ]

Remark 1.11. Ifliminf, % = —00, then an F-convex function f : I — R does
not need to be c-convex (see Example 1.8).

In [18] the authors proved that convexity property is localizable in the following
sense: a function f : I — R is convex if and only if for each point x € I, there exists
a neighbourhood U of x such that f is convex on U N 1. Using this result and taking
into consideration Corollary 1.9 and its proof we get:

Corollary 1.12. Let a function F : R — R satisfies (16). If a function f : I — R
is locally F-converx, then it is c-convex.
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Proof. Let U, denote the neighbourhood of = such that f is F-convex on U, N I.
Each function gn defined in the proof of Corollary 1.9 is convex on the interval

U, N (:E — - 3). This means that g, are locally convex and consequently

convex. Therefore as in the proof of Corollary 1.9, f is c-convex. ]

1.4. An F-convex function as a sum of two functions

From the results presented in [21] we conclude that for each function f: I — R of
the form f = g+ h where g : I — R is convex and h : I — R is 3-Lipschitz, i.e.

1
hw) = h(y)| < 5le—yl, wyel,

the following inequality holds
flte+ 1 =ty) <tf(z)+ (1 —1)f(y) + (1 =t)|r -y

for all z,y,€ I and t € (0,1). It means that f is F-convex with F(z) = —|z|. In
Theorem 1.13 we propose a generalization of this result. Observe that for a function
F: R — R with the property

F(tx) > tF(x), x€Randte(0,1), (18)

and each function f : I — R of the form f = g + h, where g : I — R is convex and
h : I — R satisfies the condition

2(hx) = h(y)) < —F(z —y), (19)
we have
fltz+ (1 =t)y) =g(te+ (1 —t)y) +htz+ (1-1)y)
<tg(x) + (1 =t)g(y) +t (h(tz + (1 = t)y) — h(z)) + th(z)
+ (1 =t) (h(tz+ (1 = t)y) — h(y)) + (1 = t)A(y)
tf(x) + (1 =t)f(y) = stF((L=t)(z —y)) — 3
@)+ (1 =0)f(y) = 5tA=F((x—y)) — 3
tf(z)+ (1 =6)f(y) —t(1 = O)F (x —y).

IN 1A
~

In view of the above we get:

Theorem 1.13. Let F': R — R be a fized function satisfying (18). Then for each
function f : I — R of the form f =g+ h where g : I — R is convexr and h: I — R
satisfies condition (19) the function f is F-conver.

Corollary 1.14. If a function f : 1 — R is of the form f = g+ h where g: I — R
is convex and h : I — R satisfies the Hélder condition with an exponent p € (0,1]
and constant L = %, then f is an approximately convex functions of order p. For
p =1 we get the result obtained by Pdles [21].
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At the end we present a few simple observations connected with condition (19).

Observation 1.15. (1) If F(x) = —|z|, then condition (19) becomes the upper
estimation of Lipschitz condition.

(2) If p > 0 and F(x) = —|z|P, then condition (19) becomes the upper estimation of
Holder condition.

(3) If F(x —y) > 0 and F(y — ) > 0 for some different z,y € R, then a function h
such that = and y belong to its domain and (19) holds does not exist.

(4) If lim, ,o(F(z)/x) = 0 and a differentiable function h satisfies (19), than h is a
constant function.

References

[1] M.Adamek: On a problem connected with strongly convez functions, Math. Inequal.
Appl. 19(4) (2016) 1287-1293.

[2] A.Aleman: On some generalizations of conver sets and convex functions, Math.
Revue d’Analyse Num. Théorie I’Approximation 14 (1985) 1-6.

[3] P.Albano, P. Cannarsa: Structural properties of singularities of semiconcave func-
tions, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 28(4) (1985) 719-740.

[4]  D.Aussel, A.Daniilidis, L. Thibault: Subsmooth sets: functional characterizations
and related concepts, Trans. Amer. Math. Soc. 357(4) (2005) 1275-1301.

[5]  W.W.Breckner, G.Kassay: A systematization of convexity concepts for sets and
functions, J. Convex Analysis 4 (1997) 1-19.

[6] G.Alberti, L. Ambrosio, P.Cannarsa: On the singularities of convex functions,
Manuscripta Math. 76 (1992) 421-435.

[7] P.Cannarsa, C. Sinestrari: Convexity properties of the minimum time function, Calc.
Var. Partial Diff. Equations 3 (1995) 273-298.

[8] B.D.Craven: Mathematical Programming and Control Theory, Chapman and Hall,
London (1978).

9] A.Jofré, D.T.Luc, M. Théra: e-subdifferential and e-monotonicity, Nonlinear Ana-
lysis 33 (1998) 71-90.
[10] A.Jourani: Subdifferentiability and subdifferential monotonicity of ~y-paraconvex

functions, Control Cybernetics 25(4) (1996) 721-737.

[11] M. Kuczma: An Introduction to the Theory of Functional Equations and Inequalities.
Cauchy’s Equation and Jensen’s Inequality, 2nd ed., Birkhauser, Basel (2009).

[12] D.T.Luc, H.V.Ngai, M. Théra: On e-convezity and e-monotonicity, in: Calculus
of Variations and Differential Equations, A.loffe, S. Reich, and I. Shafrir (eds.), Re-
search Notes in Mathematics, Chapman & Hall, Boca Raton (1999) 82-100.

[13] D.T.Luc, H. V. Ngai, M. Théra: Approzimate convex functions, J. Nonlinear Convex
Analysis 1(2) (2000) 155-176.

[14] J.Maké, K. Nikodem, Zs. Pales: On strongly (o, F)-convexity, Math. Inequal. Appl.
15(2) (2012) 289-299.

[15] B.S.Mordukhovich: Approxzimation Method in Problems of Optimization and Con-
trol, Nauka, Moscow (1988).



770

[16]

M. Adamek / On F-Convex Functions ...

N. Merentes, K. Nikodem: Remarks on strongly convex functions, Aequat. Math. 80
(2010) 193-199.

C. P. Niculescu, L. E. Persson: Convex Functions and Their Applications. A Contem-
porary Approach, 2nd ed., CMS Books in Mathematics, Springer (2018).

K. Nikodem, Zs. Pales: On t-convex functions, Real Analyis Exchange 29(1)
(2003/2004) 219-228.

K. Nikodem, Zs. Pales: Characterizations of inner product spaces by strongly convex
functions, Banach J. Math. Anal. 5(1) (2011) 83-87.

H. Ngai, J.-P. Penot: Approzimately conver functions and approximately monotonic
operators, Nonlinear Analysis 66 (2007) 547-564.

Zs.Péles: On approzimately convez functions, Proc. Amer. Math. Soc. 13(1) (2003)
243-252.

B.T.Polyak: Ezistence theorems and convergence of minimizing sequences in ex-
tremum problems with restrictions, Soviet Math. Dokl. 7 (1966) 72-75.

A.W.Roberts, D. E. Varberg: Convex Functions, Academic Press, New York (1973).

S.Rolewicz: On «(-)-paraconver and strongly o(-)-paraconvex functions, Control
Cybernetics 29(1) (2000) 367-377.

J.-P.Vial: Strong and weak convexity of sets and functions, Math. Oper. Research
8(2) (1983) 231-251.

L. Zajicek: Differentiability of approximately convex, semiconcave and strongly para-
convex functions, J. Convex Analysis 15(1) (2008) 1-15.



