Journal of Convex Analysis
Volume 28 (2021), No. 3, 771-794

On Some Nonlinear Parabolic Equations
with Nonmonotone Multivalued Terms

Mitsuharu Otani*

Department of Applied Physics, School of Science and Engineering
Waseda University, Tokyo, Japan
otaniQuwaseda.jp

Vasile Staicu'

CIDMA - Center for Research and Development in Mathematics and Applications
Department of Mathematics, University of Aveiro, Aveiro, Portugal
vasileQua.pt

Received: February 26, 2020
Accepted: April 26, 2020

We study the local and the global existence of solutions to a class of nonlinear parabolic initial-
boundary value problems driven by the equation

Ou (x,t)
ot

— Au(z,t) € =00 (u(x,t)) + G (x,t,u(x,t), (x,t) € Qr,

where 0® denotes the subdifferential (in the sense of convex analysis) of a proper, convex and lower
semicontinuous function ®: R — [0, 00], € R¥ is a bounded open set, T > 0, Q7 := Q x [0, 77,
and G: Qr x R —2F is a multivalued mapping whose growth order with respect to u is Sobolev
sub-critical.

We prove two local existence results: one for the case where the multivalued mapping u — G (-, -, u)
is upper semicontinuous with closed convex values and the second one deals with the case when
u+— G (-, u) is lower semicontinuous with closed (not necessarily convex) values. We also give
two types of results concerning the global continuation of local solutions. One is for any large data
and the other one for small data. Finally, we exemplify the applicability of our results.
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1. Introduction

In the present paper we deal with the following nonlinear parabolic inclusion

ou (x,t)
ot
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— Au(z,t) € =00 (u(z,t)) + G (z,t,u(x,t)),(z,t) € Qr (1)
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coupled with initial-boundary conditions:

{u(:v,t):(), (z,t) € 092 x 0,77, (2)

u(x,0) =ug(z), v €.
Here € is assumed to be a bounded open subset of RY with smooth boundary 9,
T >0, Qr := Q x [0,T], 0P denotes the subdifferential (in the sense of convex
analysis) of a proper, convex and lower semicontinuous function ®:R — [0, oo] and
G: Qr x R —2% is a multivalued mapping.

Such inclusions appear naturally in the study of parabolic problems with disconti-
nuous nonlinearities which arise from simplified models in the description of porous
medium combustion (see [12], [13]), chemical reactor theory (see [14]), and game
theory (see [11] and [18] for details and their references). It is well known that such
problems need not have a solution, and to guarantee the existence of a solution, we
need to extend the discontinuous nonlinearity to a multivalued mapping by filling
the jumps at the discontinuity points of the nonlinearity (see [25]).

The dynamic (parabolic) problem with discontinuities are not investigated so exten-
sively as the corresponding stationary problem. However, several methods has been
developed and involved during the last decades to study the existence of solutions
to parabolic boundary value problems with discontinuous or multivalued nonlinear-
ities: upper and lower solutions together with a generalized iteration method in [7],
[6]; pseudomonotone operators, multivalued analysis together with truncation and
penalization techniques and the method of upper lower solutions in [24]. Upper and
lower solutions method was also involved in [8] and [9] to prove the existence and
extremality of solutions for initial boundary-value problem to parabolic inclusions
whose multivalued nonlinearity is characterized by Clarke’s generalized gradient of
some locally Lipschitz function, and also in [5].

We also refer to [3] where existence results were obtained for homogeneous Cauchy-
Dirichlet problem of a class of parabolic equations with either Carathéodory or
discontinuous nonlinear terms; and [16] where the existence of solutions to parabolic
problems with discontinuous and nonmonotone nonlinearity was obtained by passing
to a multivalued version by filling in the gaps at the discontinuity points. Many
results have been obtained in a variational framework since the pioneering work
of Chang [10] dealing with partial differential equations involving a discontinuous
reaction term.

The goal of this paper is to adapt and improve the techniques and arguments de-
veloped in [23] for the stationary case, in order to obtain existence results for the
parabolic inclusion (1) with the initial and boundary conditions (2) which generalize
corresponding results given by many authors, especially given in [21], [22].

Our approach uses tools from the multivalued analysis, together with the theory
of nonlinear operators of monotone type and methods from the theory of nonlinear
evolution equations.

We prove two local existence results: one for the case where the multivalued mapping
u — G (-,-,u) is upper semicontinuous (u.s.c.) with closed convex values and the
second one deals with the case when u — G (-, -, u) is lower semicontinuous (l.s.c.)
with closed (not necessarily convex) values.
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For both cases, following the strategy in [21], we apply Schauder-Tikhonov-type
fixed point theorems for the mapping G: h — G(z,t,uy), where uy, is the unique
solution of the equation (1) with G(z,t,u) replaced by h. With the aid of results in
[23], it is shown that G becomes u.s.c. or Ls.c. with respect to the weak topology
of H := L*(0,T; L*()) according to the case where u — G (-, -, u) is u.s.c. or Ls.c.
respectively.

Another crucial step is to show that there exists R > 0 such that G maps the set
Kr:={heH; |h|ly <R} into itself. For this purpose, we rely on the arguments
developed in [21, 23] based on some interpolation inequality.

Our advantage here lies in the fact that our treatment allows Sobolev sub-critical
growth order of G(z,t,u) with respect to u, which are not achieved in other papers.

We also discuss the extension of large or small local solutions along the line of
arguments developed in [21].

The paper has the following structure. In Section 2, we recall some notations and
basic definitions from the nonlinear operator theory and multivalued analysis used
in the following sections. In Section 3 we prove some auxiliary results. Section
4 is devoted to local existence of solutions to problem (1) — (2). We obtain two
such existence results: one for the case where G is closed convex valued, upper
semicontinuous with respect to the third variable (Section 4.1) and the other for
the case where the multivalued mapping G is lower semicontinuous with closed (not
necessarily convex) values (Section 4.2). In Section 5 we study the global existence
of solutions, namely, the existence of large global solutions without assuming the
smallness of the given data (Section 5.1) and the existence of small global solutions
when the given data are sufficiently small (Section 5.2). In Section 6 we exemplify
the applicability of our results.

2. Notations and preliminaries

For easy reference, in this section we recall some notations and basic definitions from
the nonlinear operator theory and the multivalued analysis, that we shall use in the
sequel. For further details we refer to [1], [2], [4] and [19].

Let X and Y be topological spaces and 2¥ be the family of all subsets of Y. A
multivalued mapping F': X — 2V is said to be upper semi-continuous (u.s.c., for
short) on X if for every zp € X and for each open subset V' CY such that F' (zy) C V,
there exists a neighborhood U of zg such that F' (z) C V for all x € U. We say that
the multivalued mapping F': X — 2Y is lower semi-continuous (1.s.c., for short) on
X if for each 2y € X and for every yy € F' (x¢) and any neighborhood V' of y, there
exists a neighborhood U of xy such that F' (z) NV # @ for all z € U.

Equivalently, a multivalued mapping F: X — 2Y is upper semicontinuous on X if
and only if, for every closed subset C' of Y the set

FT(O)={zeX F(x)nC # 2}
is closed in X, and lower semicontinuous on X if and only if
Ft(C):={zeX:F(x)CC}
is closed in X for each closed subset C' of Y.
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It is well known that if F: X — 2Y is upper semicontinuous on X with closed values,
then its graph
Gr(F) ={(z,y) e X xY:yeF(x)}

is closed in X xY. Conversely, if F: X — 2 has a closed graph and if for each z € X,
there exists a neighborhood U of z such that F (U) := |, F (z) is precompact,
then F'is u.s.c. on X.

zeU

By a selection of a multivalued mapping F': X — 2¥ we mean a function f: X =Y
such that
f(x) € F(x) forall z € X.

Let (£2,%) be a measurable space. We are particularly interested in the case where
¥ is the o-algebra £ (Qr) of Lebesgue measurable subsets of Qr = 2 x [0, 7], with
T >0 and Q C RY a given open set, as well as the case when ¥ = L (Q7) ® B (X),
where X is a Banach space and £ (Qr) ® B (X) is the product o-algebra on Qp x X
generated by sets of the form A x B with A € £L(Qr) and B € B(X) with B (X)
being the Borel o-algebra of X.

Let (X, ||-||) be a separable Banach space. A multivalued mapping with closed values
U: Q — 2% is said to be X-measurable (or simply, measurable) if for every open set
U C X, we have

U™ (U) ={weQ:V(w)NU #£ 2} € X%.

It is known that ¥: ) — 2% is measurable if and only if for every x € X, the map
wd(z,V(w)) =inf{||lz—z||:2€ ¥ (w)}

is a measurable RT = R* U {oo}-valued function (see [19], Corollary 19, p. 142).

A multivalued mapping ¥: Q — 2¥ with nonempty values is said to be graph mea-
surable if
Gr(U) ={(w,2) eQxX:2ze¥(w)}eXB(Y).

For multivalued mappings with closed values, the measurability implies the graph
measurability, while the converse is true if ¥ is complete.

Let L? (§2) be the Banach space of (equivalence classes of) measurable functions
u: © — R such that x — |u(z)[" is Lebesgue integrable, endowed with the usual

norm
U||;p = u ()P de)”.

A set K C LP(9,Y) is said to be decomposable if for all u, v € K and all A € ¥ we
have uxa + vxa\a € K, where x4 denotes the characteristic function of A defined
by xa(z) =11if z € A and x4 (z) = 0 otherwise.

Clearly the set Sy, is decomposable.

In the remaining of this section we collect some definitions and properties concerning
maximal monotone mappings.

Assume that H is a real Hilbert space with inner product (-,-), and norm ||| ,.
Assume A: H — 27 is a maximal monotone operator. The minimal selection (or
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minimal section) of A is the function AY: H — H satisfying the following conditions:
A% (z) € A(x) and [|A% (z)]l,; = inf {[|¢]l; : € € A(2)} Vo € D(A).

Recall that, the graph of any maximal monotone operator is demiclosed, i.e., closed
in H x H,, , where H,, denotes the space H furnished with the weak topology.

Let o: H — R := RU{+o0} be a lower semicontinuous convex function. We say
that ¢ is proper if its effective domain

D () ={x € H:p(x) < +oo0}
is nonempty. The multivalued mapping dp: H — 2% defined by

Op(r)={9€H:9p(y) —p(r)>(g,y—x)y forally € H} (3)

is called the subdifferential of ¢ (in the sense of convex analysis). It is known that the
subdifferential Oy of a proper lower semicontinuous convex function ¢ is a maximal
monotone operator and

D(0p):={x € H:0p(x)# 2} C D(p).

We shall use 0% instead of (8(,0)0 to denote the minimal selection of the maximal
monotone operator dy.

3. Auxiliary results

In this section we always assume that € is a bounded open subset of RY with finite
Lebesgue measure denoted by [Q2], N > 1, &: R — [0, 00] is a proper convex and
lower semicontinuous function, 7' > 0, Q7 := Q x [0,T], and H := L*(0,T; L*(Q)).

Definition 3.1. Let G: Qr x R —28 be a multivalued mapping. The multivalued
mapping G': H—2" defined by

Gu)={geH: gxt)eC(xtuxt) ae (z,t)€Qr} (4)
is called the realization of G in H.

Definition 3.2. We say that the realization G of G in H is a.e.-demiclosed if for any
sequence (), oy Of functions from @7 into R which converges almost everywhere
in Qr to a function u: Q7— R and for any sequence (gy),,oy of functions from Qr
into R such that

gn (2,t) € G (x,t,uy, (z,t)) for each n € N and almost all (z,t) € Qr,

which converges weakly in H to a function g € H, then one has g € G (u), that is,
g(x,t) € G(x,t,u(x,t)) for almost all (z,t) € Qr.

Proposition 3.3. Let G: Qp x R =28 be a multivalued mapping with nonempty

closed convex values such that :

(i)  For almost all (x,t) € Qp, G (x,t,-) : R — 28 is upper semicontinuous,

(ii) For eachu € R, G (-,-,u) : Qr — 2% is L (Qr)-measurable.

Then the realization G of G in H is a.e.-demiclosed.
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Proof. Assume (u,), oy and (gn),, oy are sequences of functions from Q7 into R such
that (un),cy converges almost everywhere in Q7 to u: Qr— R, (g,),,cy converges
weakly in H to a function g € H and

gn (z,t) € G (x,t,uy, (x,t)) for ecach n € N and almost all (x,t) € Q7.  (5)

Since (gn ),y converges weakly in H to a function g, there exists a sequence (hy,),,cy
of convex combinations of { Ins Gn+1," " s gk(n)} , which converges strongly in H to
the function g. Here we put, for each n € N,

k(n)

hy (z,t) = Z a; (n) gi (x,t) for (z,t) € Qr,

where a; (n) € [0,1] for n < i < k(n) and ngl) a; (n) = 1. Then there exists
a subsequence of (hy,), .y denoted again by (hy) which converges to ¢g almost
everywhere in Q7. Let
Qo ={(x,t) € Qr; u, (x,t) = u(z,t), h,(x,t) = g(x,t), G(x,t,-) is us.c.
and g, (z,t) € G(x,t,u, (x,t)) foreach ne N}.

neN>

(
Clearly Q7\Qp is a null set. Now let (z¢,%y) € Qp and let V' be an open half-space
in R such that G (xg, to, u (zo,t)) C V.

By virtue of the upper semicontinuity of G (o, tg, ) at u (zo, to) , there exists a neigh-
borhood U of u(xo, ty) such that G (x¢,ty,u) C V for all u € U. Since (u, (7o, t)),en
converges to u (xo,tg) as n — 0o, there exists ny € N such that w, (xo,tg) € U for
all n > ngy, whence follows that G (o, t, u, (zo,t0)) C V for all n > ny.

Here we note that by (5), gn (%o, %) € G (20, to, un (o, to)) C V for all n > ny and

k(n)
hn (l’o, tg) = Z a; (n) g; (Io, to) € co ( U G (ZL’Q, to, Un (iL’Q, tg))) C V, (6)

=n n>ngy

where co stands for the convex hull. Now, passing to the limit n — oo, in (6) we get
g (zo,t9) € V. This is true for each open half-space V containing G (x, ty, u (o, to)) .
Since G (zo, to, u (zo, o)) is a closed and convex set, we find

G (fﬂo, th U (l’o, tO))
= ﬂ { V;V open half-space in R with G (o, to, u (zo,5)) C V }.
Thus, we conclude that

g (x,t0) € G (xg,to,u(xg,tg)) for each (xg,tg) € Qo,
which completes the proof. [

Assume now that ®: R — [0, +o0] is a proper lower semicontinuous convex function
with @ (0) = 0 and define the functional ¢ by

%/QHVu(:c)HiQ dx+/Q<I>(u<x))d:v if weDl(p),

+ 0o otherwise,

p (u) = (7)
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with domain D (¢) = {u € H} (Q) and & (u) := / P (u(z))dr < +oo }
Q

Then ¢ becomes a proper lower semicontinuous convex functional from H into
[0, +00] and its subdifferential is given by

0p (u) = =Au+ 0P (u) (8)
where Au is the Laplacian of v € H} (), with domain
u€ H?(2) N Hy(S2), there exists b€L2(Q)}

D(0¢) = {u € D(yp) : such that b(z) € 0®(u(z)) a.e. x € Q

Moreover, if z=—Au+b € dp (u) with b € 9P (u), then it holds that
21172 > | Aullze + [1BlI7: and (=Au,b)y >0, (9)

(see Lemma 1 in [23]). Thus we have the following standard result from Komura-
Brézis theory (see Theorem 3.6 of H. Brézis [4]).

Proposition 3.4. For any h € H and ug € D (p), the problem
ou
ot
w(z,t) =0, (x,t)€dQx[0,T], (En)
u(z,0) =ug(x), z €,

(x,t) — Au(x,t) € =0P (u(z,t)) + h(x,t), (z,t) € Qr,

admits a unique solution u € C([0,T]; L*(Q)) satisfying %%, Au € L*(0,T; L*(Q)).

We introduce now the following growth condition on G.

(GC) We say that a multivalued mapping G': Q7 x R — 2% satisfies (GC), if there
exist nonnegative numbers k € [0,1), ¢, C, and a function a(-) € L*(Q7)
such that for a.e. (z,t) € Qr and for all v € D(0®) we have

G (2, w)l[[* < la(2,8) |+ [0°® (u)|” + Cy Ju ™, (10)
where |||G (z,t,u)||| :=sup{ |¢] ; £ € G (x,t,u) } and 1 < ¢ < 2* with

00 if N=1or 2,
2" = (11)
28 if N >3.

Here we introduce the multivalued mapping Gg, S € (0,7] (which plays an impor-
tant role in the later arguments) by

gS (h') = {g € L2 (QS) 3 g (Zlf,t) € G(x7tvuh (QT,t)) a.e. (Zlf,t) € QS } ) (12)
with
NGs (M)l 12qs) = supf llg (&, 1)l 2qy) 5 9 (2,1) € G (2, tun (2,8)) 1, (13)
where uy, is a solution of (E,). For R > 0, S € (0,7T], we put
K3 = {h € L*(Qs); |Ihll72qq < B} (14)

Then one can show that G maps K% into itself for a sufficiently small S.
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Proposition 3.5. Assume that ®: R — [0, +00] is a proper lower semicontinuous
conver function with ® (0) = 0 and G: Qr x R — 2% satisfies (GC) . Let ug € D (i)
and set 4 3
2 .
e = ma { 2 ol g e ) 1} (15

Then there exists a positive number Ty depending on k, ||al| 1 g, and p(ug) such

that Gr, () maps K into itself.

To prove this proposition, we prepare the following lemma.
Lemma 3.6. Let g € (2,2*), then for any n > 0, there exists K, (n) > 0 such that
2(g—1 2
lul 752 < llDul7e + Ky ) IVull}. Vu e HX(Q) N HY(Q),

20q—1) i Ne{1,2} or N>3andg< =D (16)
= 2+% z'fNESandq>2(]]\y—__21).

Proof. For the case where N € {1,2}, (16) obviously holds with = 0, since H} ()
is continuously embedded in L"(€) for all r € (1, 00).

For the case where N > 3 and 2(¢ — 1) < %, equivalently g < 2%\[__21),

n=0and y=2(q— 1), since H} (Q) is continuously embedded in L3~ (Q).

we can take

As for the case N > 3 and ¢ > 28{,\[:21), the following interpolation inequality holds
(see, e.g., [20])

Jtll oy < Ca | Sullfs [Vl 12” Vu € HA(Q) N H(9), a7
1 1 2 N -2
mze(rﬁ)+<1‘9>w= (18)

where Cgy is the embedding constant. Hence we have
2(—1)8=(N—-2)qg—2N +2>0,

so 2(¢—1)60 < 2 holds if and only if ¢ < 2*. Then applying Young’s inequality
with the following Holder conjugate exponents

/ 2 2
(p, ) = ((N_Q)q_2N+272N—(N_2)Q>’

2(q—1
we get lull5273) < mllAully, + Ky () [Vl
4(¢=1) _ p/  (N—=2) g—2N42
with Ky (n) := CEN ™ () p iy e
4(q—2)
d =2(qg—1)(1-6)p =2 > 2. ]
an v=2(¢-1)(1-0)p N (N_2)q

Proof of Proposition 3.5. For the case where ¢ € (1,2], there exists ¢ € (2,2")
such that |u|*“™ < [u|*@ + 1, G satisfies (GC) with ¢, |a| replaced by g, and
|CL‘ + Cq < Ll (QT) .
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Hence we have only to consider the case where 2 < g.

Let h € K% and multiply (E,) by 2, (t) = —Auy (t) + by (1) € dp(uy(t)) with
by (t) € 0P (uy, (t)). We then get

d 1 1
E@(Uh(t)) +llzn @72 < lzn @72 1RE))7: = 5 th @72+ = ||h(7f)||i2
and sup 2¢(up(t) / || zn (t ||L2 dt < 2¢(ug) + R2. (19)
0<t<S

Here since (9) assures that ||Auy, (2)]|7 4 |bn (8|72 < ||z ()||32, we can obtain the
following estimates

S S
/Ha%(uh)”; dtg/ lon (0|12 dt < 20(us) + R, (20)
0 0
S
/ A ()2 dt < 2o(uo) + B2, (21)
0
sup ||[Vun ()| <2 sup o(up(t)) < 29(ug) + R (22)
0<t<S 0<t<S

1—k
Then in view of (15) and (20), we have 2 (ug) + R* < (T + 1> R?, and

S
kAH&@&%wﬂdﬂgk@@W@+R)§k(1+—z—)R, o

1—-k
HaHLl(QS) < TR2~

Furthermore, by virtue of Lemma 3.6 with n = ( k), (21), (22) and (23), we get

[Tl at <y [ o @l 4,5, ) [ 19l
1—k :
<:—ZER2+C7K() (—Z—+4) R'S. (24)
Therefore, (10) together with (23) and (24) gives

1G5 (B P = / 1IG oty a2 dr e

Qs
/mxtmmmm/mﬂ1%\Mﬁ+C/WMHMMt
Qs
1—k 1—k\ 1—Fk 1—k
< - - ’y—2 2
_( 1 +k( 1 )+ 1 +CqKq(n)( 1 +1) R S)R

< (k + Z (1—k)+ CyKy(n) <% + 1) ’ RV‘QS> R (25)
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Here we take a (sufficiently small) Ty € (0, 7] such that

1—k 2 1—Fk
C, K, (n) (T + 1) RV2T, = - (26)

Then, by (25) and (26) we easily see that Gz, maps K} into itself. O

Remark 3.7. Supose that (GC) is satisfied with £ = 0 (in (10)). Then it is clear
that we can repeat the proof of Proposition 3.5 with ® (u) = 0 and 0® (u) = {0} .

Therefore the local existence results (Theorems 4.1 and 4.2 to be given later) hold
true with ® (u) =0 and 0® (u) = {0} .

4. Local existence of solutions
4.1. The upper semicontinuous case

In this section, we give an existence result for problem (1) — (2) for the case where
the multivalued mapping G has closed convex values, upper semicontinuous with
respect to the third variable. Namely we assume the following condition on G :

(HS) G: Qr x R — 2% is a multivalued mapping with closed convex values satis-
fying the following conditions:

(i) For almost all (z,t) € Qr, G (z,t,-) : R — 2% is upper semicontinuous,
(ii) For each u € R, G (-,-,u) : Q7 — 2% is £ (Qr)-measurable,
(iii) The growth condition (GC) is satisfied.

Our result for this case can be stated as follows:

Theorem 4.1. Assume that ®: R — [0, 0] is a proper lower semicontinuous convex
function with ® (0) =0, and G: Q7 x R — 2% is a multivalued mapping with closed
conver values satisfying (HE). Then for each ug € D(¢) = HE(Q) N D(®), there
exists Ty = To(p(ug)) > 0 such that (1)—(2) admits a solution u on [0, To] satisfying

{ u e C([0,Tp); HY(Q)), ®(u(x,t)) is absolutely continuous on [0, Ty], @)

ug, Au, 0°®(u(t)) € L*(0, Ty; L*(Qp)).

Proof. Let K7 be defined by (14) with S = Tj. Then obviously K is a compact
subspace of the space L? (0, Ty; L*(12)),, , the space L*(0, Tp; L*(92)) endowed with the
weak topology. Since by Proposition 3.5, Gz, (+) defined by (12) with S = Tj, maps

Kgo into itself for a sufficiently small 7}, in order to prove that Gy : K? 5 2K s
upper semicontinuous, it suffices to show that its graph is closed in (Kgo)w X (K?)w,
as is stated in Section 2. This part is essentially done in Lemma 3.11 of [21] in an
abstract form. However for the sake of completeness, we repeat the same idea
reflecting our present specific setting.

Let (hy),cy converge weakly in L*(0,Ty; L*(€2)) to some h € K} and assume that
gn € Gr, (hy) is such that (gn),y converges weakly in L?(0,Ty; L*(2)) to some
g € L*0,Ty; LA()), ie., gu(,z,t) € G (x,t,up, (x,t)) and uy, (x,t) is a solution of
the problem
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Dy — Dy, € 0B (up,) +hy  (2,1) € Qnp,
Uhn <t) |8Q =0 te (Oa TD)? Uh,, (O) = Ug.

Multiplying (28) by uy,,, we get

1d ~
5 gl Olz= + IVun, (Ol72 + @ (un, (2,)) < [1hn (2) [|z2llun, (8)]] 2.
Since (hy),cy is a weak convergent sequence in L?(0, Tp; L*(2)), 1hnll z2(0.1:22(0)) 19

bounded. Hence we get

sup ||up, (t)||z2 < Co, (29)
0<t<Ty

where Cj is a constant depending on ||ug||z2 but not on n . Furthermore multiplying
(28) by z, = —Aup, + b, with b, € 0P (uy, ), we have

d
7P (un, () + Iz ()72 < Nhallz2 ]| 2a(E)]] e

Then integrating this over (0,¢) with ¢ € (0, Tp], we obtain

sup { ||V, (0)]|7: + @(u(t) } + [ [za(t)]7dt < Oy,

0<t<To 0

where C} is a constant depending on ||Vugl||z2 and ®(ue) but not n. Therefore by
(9), we get
2 2 2
HAUhnHm(QTO) + ||anL2(QTO) < ”ZHHL2(QTO) < Ch (30)

whence follows the boundedness of ||dus, (t)/dt| 12(qy,)-

Hence, by Ascoli’s theorem, we find that there exists a subsequence of (uy,)
denoted again by (uy,) such that

neN»
neN?

up, — u  strongly in C([O,To]§L2(Q)) and a.e. in Qr,
0 0 .
&Uhn N &u weakly in L2(QT0)7

_ Auhn JEEAN —Au Weakly ln L2(QT0)7

by = b€ 0P (u) weakly in L*(Qq).

Passing to the limit in (28), we find that u gives a solution of (Ej).

Since g, € Gr, (hy) = G (- un, (+)) = G (up,), up, — v a.e. on Qg and (gn),cy

converges weakly in L2(Qg) to g, Proposition 3.3 assures that g € G (u) = G (-, u (+)),
which together with the fact that u is a solution of (E}) implies g € G (h). Note

that the argument here does not depend on the choice of subsequence of (us, ), cx-

Thus the graph of Gy, (-) is proved to be closed in (K%) X (K%),_, whence follows

the upper semicontinuity of Gr, (+) : KR — 9K
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Then the Kakutani-Ky Fan Theorem implies that there exists h € K?, a fixed point
of Gr, (+), that is, u; satisfies
P — Dy (w,1) € ~0% (u (2, ) + G (.t ug (,1)) , (2,1) € Qn,
uploa =0 t€(0,Ty), uzp(z,0)=wuy €

Therefore uy gives a solution of (1)—(2). O

4.2. The lower semicontinuous case

In this section, we are concerned with problem (1)—(2) for the case where the mul-
tivalued mapping G is lower semicontinuous with closed (not necessarily convex)
values. Namely, the multivalued mapping is assumed to satisfy the following condi-
tion:
(HZ) G: Qr x R — 2% is a multivalued mapping with closed values such that:
(i) For almost all (z,t) € Qr, G (z,t,-) : R — 2% is lower semicontinuous,
(ii)) G:Qr xR — 28 is £L(Qr) ® B(R)-measurable.
(iii) The growth condition (GC) is satisfied.

Then our result for this case is stated as follows:

Theorem 4.2. Assume that ®: R — [0, 00] is a proper lower semicontinuous convex
function with ® (0) = 0, and G: Qr x R — 2% is a multivalued mapping with closed
values satisfying (HZ). Then for each ug € D(p) = HY(Q) N D(®), there exists
To = To(p(ug)) > 0 such that (1) admits a solution w on [0,To] satisfying

ue C([0,Tol; HA(Q)), ®(u(z,t)) is absolutely continuous on [0, Tp],

(31)
ug, Au, 0% (u(z,t)) € L*(0,Ty; L*(Qr,)).

For the proof of this result, the following fact plays a crucial role.

Lemma 4.3. Assume (HZ) and let S € (0,Ty] where Ty is the positive number given
by Proposition 3.5. Then the mapping Gs defined by (12) is lower semicontinuous
from L*(Qs),, into L* (Qs),, where L*(Qg),, denotes the space L* (Qs) endowed
with the weak topology.

Proof. To check the lower semicontinuity of Gg, we have to show that
G5 (C) = {h e L2(Qs) : Gs () € €'}

is closed in L?*(Qg),, for any subset C which is closed in L?(Qg),. To this end, let
C' be closed in L*(Qg), and let (hy,), .y be a sequence in G (C') weakly convergent
in L?(Qs) to some hy € L*(Qs). Take any element gy € Gs (ho). Then go (x,t) €
G (x,t,up, (x,t)) a.e. (z,t) € Qg and uy, is a solution of problem (E},) with h = hq.

In order to prove that go € C,let p € L?(Qs) be a fixed function such that p (z,t) > 0
on Qg and fo (x,t) dxdt = 1. For each n € N we define 1,,: Qs — R by

p(z,1)

n (2, t) =d (g0 (x,1),G (z,t,up, (x,t))) +

= inf {|go (x,t) —y|; v € G(x,t,up, (z,t))} + p(i’ t). (32)
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Since G is £ (Qg) X B(R)-measurable (cf. (i7) of (H%)) and since uy,, is also mea-
surable, we have

Gr(Q) N (Gr (up,) X R) € £ (Qs) ®B (R) @B (R) .

Let A, (z,t) :== G (x,t,up, (x,t)). Since the map n: Qs x R x R — R defined by
n(z,t,y) := (z,t,up, (z,t),y) is obviously measurable, we get

Gr(An) =0~ (Gr(G) N (Gr (un,) x R)) € L(Qs) ® B(R),

which implies the measurability of (z,t) — G (z,t,up, (z,t)). Then by using Theo-
rems 6.5 and 5.8 of [17], we can easily see that for each n € N, 9, (+) is a measurable
function, hence the multivalued mapping

(JI,t)HB[gO(CL’,t),wn(]?,t) ] :{yER; ‘go($=t)—y| S%(l’at)}

is also measurable (because it is the composition of the measurable map (x,t)
(go (x,t), 1y, (2,t)) and the Hausdorff continuous map (w,r) — Blw,r] ). For each
n € N, the multivalued mapping

(x,t) = Ty (z,t) := Blgo (z,t) , ¢ (x,t) | NG (x,t,up, (z,1))

is seen to be measurable and with nonempty values (see (iii) of Theorem 3.5 in [17]).

Then, by the Kuratowsky-Ryll-Nardzewski Theorem (see Theorem 5.1 in [17]), there
exists a measurable map g, : Qs — R such that g, (z,t) € ', (z,t) a.e. (z,t) € Qs.

Since (hy),,cy is bounded in L? (Qg) , by virtue of the growth condition (GC), we
can show as in the proof of Proposition 3.5 that |[|Gs (hn)l||2(g,) is bounded, whence

follows the boundedness in L? (Qs) of (gn),cy -
(9n)pen » again denoted by (gn),,cp, such that

Then there exists a subsequence of

(gn)peny converges weakly in L*(Qg) to some ¢°. (33)
On the other hand, as in the proof of Theorem 4.1, we can find that
up, — Up, strongly in L? (Qg) as n — oo.
In particular, up,, (v,t) = up, (x,1) as k — oo ae. (z,t) € Qs

along some subsequence (uhnk) ren OF (W) e

Hence, recalling that the lower semicontinuity of u — G (z,t,u) implies the upper
semicontinuity of u +— d (v, G (z,t,u)) (see Proposition 2.26 of [19]), we easily see

n (x,t) = 0asn — oo ae. (z,t) € Qs,
hence gn (x,t) = go (z,t) asn — oo a.e. (z,t) € Qg. (34)

By Egorov’s theorem, for any £ > 0, there exists a closed set A. C Qg such that
(9n)pen converges to go uniformly on A, and p(Qs\A:) < e.
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Therefore we get, for any ¢ € C§° (Qs),

’//QS (9" (z,1) = go (z,1)) @ (1) dxdt‘

n—oo

lim //QS (gn (z,t) — go (z,1)) p (x,1) da:dt’
< tim [ o 1) = g0 0, 0) b (o) o

n—o0

n—oo

+ Tm // (n (@) — g0 (2.0)] | (x, £)] daclt
QS\AE

< (Il9nll2(gs) + 190120y ) Il 2000

whence follows ¢° = go. Thus we find that g, — go weakly in L? (Qg) as n — oo.

Recall that g, (z,t) € G (x,t,up, (x,t)), hence g, € Gs (h,) C C and C is assumed
to be weakly closed in L? (Qg) . Then we find that gy € C. Since this holds true for
any go € Gs (ho) , we conclude that hy € G& (C), therefore G& (C) is closed in the
weak topology. Il

Proof of Theorem 4.2. Let KY be defined by (14) and let G, (-) be defined by
(12) with S = Ty, where T is a positive number given by Proposition 3.5.

Then obviously K= is a compact subspace of the space in L? (0, Tp; L*(Q)),, , the
space L2(0, Tp; L*(2)) endowed with the weak topology, and Gr, (-) maps K} into
itself.

Since G is closed valued and satisfies the growth condition (GC), it follows that
Gr, (h) is a closed decomposable nonempty subset of L? (Qr,) . Moreover, by Lemma
4.3, Gr, is lower semicontinuous from L*(Qr,), into L? (Qr,),, , hence by Frysz-
kowski’s theorem [15] there exists a continuous function g: K& — K7 such that

g (h) € Gz, (h) for each h € Kg.

Since g: KR — K7 is continuous from L2 (Qn,),, into L*(Qr,), » by Schauder-
Tikhonov’s fixed point theorem, there exists h € Kg“ a fixed point of g. Therefore
h=g(h) €Gr, (h), hence h(z,t) € G(x,t,up(x,t)) for ae. (z,t) € Q. Thus uy

is a desired solution of (1)—(2). O

5. Existence of global solutions

Before discussing the existence of global solutions, we prepare the following alterna-
tive lemma concerning the maximal existence time of local solutions.

Theorem 5.1. Let u (t) be a local solution of (1) given in Theorem 4.1 or Theorem
4.2. Let T, be the mazximal existence time of u, i.e.,

T Ty € (0.7] u(t) can be continued up to [0, Ty
m = Su 3 : . . .
Pt as a solution of (1) satisfying (27).

Then one of the following alternatives (i) or (ii) holds:
(i) T,=T, (i) T,<T and tl}rTrl ¢ (u(t)) = +oo.
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Proof. To verify the assertion, it suffices to check (i7). Suppose that T,, < T and
tlim ¢ (u (t)) = 400 does not hold, which implies

m

htr}l%gfgp (u(t)) = co < +o0.

Therefore, there exists a sequence (), such that t, T, as k  +oo and
ty Ty ask /+ooand ¢ (u(ty)) < co+1VEk €N, (35)

Then we repeat the same arguments as those in the proofs of Theorems 4.1 and 4.2,
essentially the same arguments as in the proof of Proposition 3.5 with the initial
time ¢ = 0 and the initial data ¢ (ug) replaced by t = t; and ¢ (u (tx)) .

Recalling (15), (26) and (35) , we can find the existence time 75 = § > 0 independent
of k, such that u can be continued up to [tx, tx + J] as a solution of (1).

Since tp T, as k / +o0o, there exists kg € N such that
)
0<Tm—tk<§ for all k> k.

Especially t — wu (¢) can be continued up to ty, + 6 > 1), + g, which contradicts the
definition of T,. O

Thus Theorem 5.1 assures that in order to show that existence of global solutions,
it suffices to establish the a priori bound for ¢ (u (t)).

5.1. Large global solutions

Here we discuss the existence of global solutions without assuming the smallness
of given data. The following result says that (GC) with ¢ = 2 yields a sufficient
condition for the global continuation of local solutions.

Theorem 5.2. Assume that growth condition (GC) is satisfied with q = 2. Then
the local solutions of (1) given in Theorem 4.1 or Theorem 4.2 can be continued
globally up to [0,T].

Proof. Let u(t) be the local solution of (1)—(2) on [0, S] given in Theorem 4.1 or
Theorem 4.2, i.e., u satisfies

du

ot
with b(z,t) € 0P (u(x,t)), g(x,t) € G(x,t,u(x,t)) for ae. (z,t) € Qs.
Multiply (36) by b (z,t) € 0P (u(z,t)) and we get

(x,t) — Au(z,t) + b (z,t) = g (2,1), (36)

d~ 1 1
720 )+ (=Au,b) + 16172 = (9:0) 2 < Nlgll 2 1Ml 2 < 5 llgll7 + 3 o172 -

Since (GC) with ¢ = 2 we obtain

9 (@, ) < Ja(z,t) |+ k [6°® (u (z, )] + Cs |u(z,1)]”
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and (9) assures (—Au, b);» > 0. Therefore

o)+ 5 I < gl @, + 2 el (3D

Next multiply (36) by —Aw (z,t). Then we get

Vu ()llz2 + [Au (Ol 72 + (—Lu,b) 1

th‘
1 Cy

—|rAu<>||L2+—||a<> —||a° O[5, +

2 S lu®lz:, ie,

% IVu@®)lz: + 1Au @)z < lla@)ll, +k[|0°(u (t))HLZ +Collu(@)llz2. (38

Then, multiplying (37) by 2/(1 — k) and adding to (38), we obtain

% (vl + 2w w)

2k s C, ,
< _— 2 N 2 9
<2 E (a0, +Clu 1) < 222 (ool + Iva 0l o9

where we used the Poincaré inequality
A ull72 < || Vul7. for all u € Hy (Q), (40)

where \; is the first eigenvalue of —A with the homogeneous Dirichlet boundary
condition. Then applying Gronwall’s inequality for ||V (u ())||7. + 12 ®(u (1)), we
obtain

2~
IVu (B)[I7 + T o)
2 = 2—k 2=k Cy
IVuollz- + T 2o + 7 llallpiop | e vt e 0,9],

which gives the uniform a priori bound for ¢ (u (t)) on [0, 5] for all S € [0,T]. O

5.2. Small global solutions

In this subsection we are concerned with the existence of global solutions when the
given data are taken sufficiently small. Our result on the existence of small global
solutions is stated as follows.

Theorem 5.3. Assume that growth condition (GC) with 2 < q < 2* is satisfied.
Then there exists a (sufficiently small) number ro > 0 such that if |||alll; < ro
and ¢ (ug) < 19, then local solutions given in Theorem 4.1 or Theorem 4.2 can be
continued globally up to [0,T]. Here we put

t+1
llalll, == sup / 1 ()11 gy s,
t

0<t<o0o

@ ()] 1(qy @s the zero extension of |l (t)| gy to [0,00).
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To prove this result we prepare some lemmas.

Lemma 5.4. Let (GC) with 2 < q < 2* be satisfied. Then there exists a (sufficiently
small) number €9 > 0 such that

(~butb= g = 1 IValfa+ (1= VE) 8w - 5 le@ln (41

>\1 1
Hu”L2 T o la ()]l s (42)

holds for all b(z,t) € 0P (u(x,t)), g (x,t) €G(x,t,u(x,t)) and u satisfying ¢ (u) < eo.
Proof. We first recall the embedding

Ky llully < IVl Vu e HE (@), Vg e (1,27 (13)
By virtue of (GC) and (40) we get

(—g,u)2 > /(|a(ac 25)|2 +C’2 lul®™ 1—1—\/_‘80 ‘) |u| dz

Q

A 1
> =/ Cyllullze = 71 lullz2 — o e Ol = \/E/ b lu[ dz (44)
Q
1
> =/ Cy llull7 !VUHLz ~ o IOl = VE (b, u)

where we used the fact that |0°® (u)| < |b] and || |u| = b(z,t) - u(x,t) a.e. Since
b e 0P (u) and ¢ (0) = 0, we have

(—But by = [Vuls + (), (bu)p > B(a). (1)
Hence, by (44), (45) and (43), we obtain
(—Au+b—g,u);.

1
> 5 IVuls + (1= VE) 80) = VG lully - 5 la Ol
1 _ ~ 1
> (5 - Vary IVl ||Vu||iz+(1—¢%) B~ 53 o )l

2
q—2

1
Here we define ¢g > 0 by ¢y = 3

1
4O

Then we easily see that
1 q q—2 1 . . 1 2
5 VO KT Vul|7." > 1 for all u satisfying 3 |Vuol|72 < eo.

Consequently we obtain

1

1 ) ~
_ _ 5 > 5 _
(—Au+b—g,u), 4HVUHL +<1 \/E> D(u)— N

la @, if o (u) <e. O
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The next lemma is essentially proved in Lemma 4.3 of [21].

Lemma 5.5. Let f € L' (0,T) and j () be an absolutely continuous positive func-
tion on [0, S] with 0 < S < T such that

SiW+6i(1) <If (@] ae ten,s], (46)

where § > 0. Then we have

§(0) < e50) + ——— I (17)

1 _ _
where ||f||, = sup / |f (s)|ds and f(-) is the zero extension of f(-) to [0, 00).
t

0<t<oo

Proof. To derive (47), it suffices to see that (46) gives
j0) <5 (0" / £ s <G O+ [ F(s) e s
0

— r —on 1 - 1
o>e&+2/ F)lerds <O+ 35/l O
n=0""

Lemma 5.6. Let (GC) with 2 < g < 2* be satisfied, and let u (t) be a local solution
of (1) on [0,S] with S € [0,T]. Then there exist ¢ > 0 and N > 0 independent of
T such that Ney < ¢ and for any r € [0,£1], ¢ (uo) <% and |||al||, < r* assure

¢ (u(t)) < Nr? for allt € [0,5]. (48)

Here ¢ is the number given in Lemma 5.4.

Proof. We first note that multiplication of (1) by z (t) = —Au (t)+b(t) € dp (u (1))
with b(t) € 00 (u(t)) and (GC) give

S @®)+ e < 5 1= Ol + 3 g Ol

1 1 1 k
< S 12 @+ 5 la @l +5C lu @I, + 5 00t ®)]5.

where g (z,t) € G (x,u,u(z,t)) a.e. (z,t) € Qg.. Furthermore the argument for (24)
with n = (2C,) " yields

1 1 1
3Callu I < {1801 + 5605, (567 ) VUl
q

Hence we obtain by (9)

Cotu(®) + 1 1 Au Ol + ﬂ I (1)1 (49)

1 1
< 5l + 56 (57 ) IV Ol
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1 1 N2 1 1\ 2
H N=2+———|-4+27C,K,| — N+ — | = 50
o +1—e_4~Ale {2_‘_ S q<20q)< l+)‘) 2}’ ( )
2 1 1 1
N =—+——F——, 2,=max2,—— 7.
' A 1_6—%/\1 g { 1—\/%}

Suppose that (48) does not hold. Then from the continuity of ¢ (u (t)) with respect
to t € [0,5], there exists ¢; € [0, 5] such that

@ (u(t)) < Nr? for all t € [0,¢;) and ¢ (u(t;)) = Nr*. (51)

Since ¢(u(t)) < Nr?<egy for all t€[0,t;], multiplying (1) by u(t) we get by (41)

1d 1 1
57 1t @7 + 9 # ((®) < o5 lla @l ae t€[0,4] (52)
d 9 A 2 1
and by (42): = llu ()l + 5 llu ()llz2 < S=lla ()0 ae € 0.1]. (53)

Then Lemma 5.5 together with (53) gives

sup |u ()[[72 < lJuollze + ———lllalll,
0<t<ty 1—e 2 M
2 1 1
< |=—4+ ————|7r*= Ny 54
< A1+1_6Hl}r o (54)

Moreover integrating (52) over [t,¢ + 1], we obtain

t+1
- 2 2 2 1
up [ Fu(s))ds < 2 lalll + 2 sup o) < 2% (— ; Nl) " (55)
2\ 2 0<t<S 2 \ N

0<t<o0o
t

where @ (u (s)) denotes the zero extension of ¢ (u(s)) to [0,00). Here we note that
for any z € dp (u), we get

~ A
121l 2 llull 2 2 1(z,u) 2] 2 [Vull72 + @ (u) 2 @ (u (1) 2 Ve (u) ?1 el 2

A
whence follows ?130 (u) < ||2l132, Yz € dp (u), Yu € D (D). (56)

Hence, in view of (49), we have

o)+ 2 g (u )

< 5l Ol + 56,5, (557 ) Go ) ¥ e D), (57)
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Since v > 2, taking Nr? < gy < 1 without loss of generality, we obtain by Lemma
5.5 together with (55) and (57):

1 1 12 1 1 2%
plult) <o)+ — Sllall 2o (o) (5 m) 5]
1 1 J-2 1 1 2k
=14 ——<-—+2727 C K, | — — 4+ N = 2 < Nr?,
e (et () (o) 3 e
which leads to a contradiction. OJ

Now we are ready to give a proof for Theorem 5.3.

Proof of Theorem 5.3. By virtue of Theorem 5.1, to assure the existence of a
global solution, it suffices to give a priori bound on ¢ (u (¢)) . Indeed due to Lemma
5.6, we obtain the a priori bound for ¢ (u (¢)) independent of 7. O
6. Examples

In this section we exemplify the applicability of our results.

6.1. The case where D (®) = R!

As a typical example, let 3(-) = @ (-) be a maximal monotone graph in R! x R!
such that ® (0) = 0 and

10°® (u)| > lufP"t = Cy forallue D(®)=R! 1<p<oo, C; >0. (58)

We also introduce a class of continuous functions C,, by the following: f € C,, if
and only if f: R! — R! is continuous and satisfy

If (W)]> < Co+ ku)® + C, [u*Y | Vu e RY, (59)

where 1 < ¢ < 00, Cy >0, C, > 0 and k € [0, 1) are constants.

In the following we consider the case where

G (z,t,u) = Gy (u) + f. (z,t), with f. € L* (Qr). (60)

6.1.1. The upper semicontinuous case

Take fi, fi, 1o, fa € Cpy, such that
fl_ (u) < f2_ (u) Vu € (_0070]7
fif () < [ (u) Yu € [0,+00),
fa (0) < fi7(0),

[ (), fy ()] if w <0,
and define Go(u) =14 [fif (W), f ()] if u>0, (61)
L (0), 5 (0)] if uw=0.
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Then it is easy to see that G (z,t,u) = Gy (u)+ fe (x,t) is a closed convex and upper
semicontinuous multivalued function satisfying (i) and (i7) of (Hf,). We here note
that there is no continuous selection of Gy (-) .

Since f;, fi7, fif, f5 € Cpq, by virtue of (58) and (59), there exist C; > 0, C, > 0
and k € [0,1) such that

11G (.t )| < Oy (14 |fe (@, 0)) + K [0°0 (w)]* + C [uf ™) vu e R (62)

The existence of local and global solutions of our equation with (58), (60) and (61)
falls into the following two cases:

(I) The case where ¢ <2 or 2 < g < p < 0.

By Young’s inequality, for any € > 0, there exists C. > 0 such that
207V < eu?PV 4 C (lu> +1) for all u € R".

Then (62) is again satisfied with ¢ = 2 (without assuming ¢ < 2*). Therefore, by
Theorem 4.1 and Theorem 5.2 our problem (1)—(2) admits a global solution for all

uo € D (p) = Hy () N D(®) and f, € L* (Qr).
(IT) The case where 2 < g < 2*.

Even for the case p < ¢, (62) with 2 < ¢ < 2* implies (GC) with 2 < ¢ < 2*. Then
Theorem 5.3 assures that our problem (1)—(2) admits a global solution if ¢ (ug) and
[ 1foC )| !1 are sufficiently small.

6.1.2. The lower semicontinuous case

Take [T, f~ € C,, and —oo <19 < r; < +00 such that
f7(u) < f7(u) Yu € (ro,m1)
and define
{fT(u)} it 7 < wu(when ry < +00)
Go (u) =< {f~ ()} if u <ro(when — oo < rg) (63)
[~ (), [T (W] NQ, if w e (ro,m1)

where Q,, := {q € Q: 10"q € Z} with n sufficiently large so that, for all u € (rq,r1),
[f~ (), [T (W] NQ, # 2.

Then it is easy to see G (+) is lower semicontinuous and closed but not convex valued
and there is no continuous selection of Gy (+) .

Since f* € C,, implies (62), G (x,t,u) = Gq (u) + fe (x,t) satisfies (HZ) . Hence for
the existence of local and global solutions, we again have the same two classifications.

(I) The case where ¢ <2 or 2 < g < p < 0.

Theorems 4.1 and Theorem 5.2 assure the existence of global solutions for problem
(1)—(2) for all ug € D () and f. € L* (Qr) .
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(IT) The case where 2 < ¢ < 2*.

Theorem 4.1 assures the existence of a local solution for all ug € D (¢), whereas
fo € L? (Q7) and Theorem 5.3 assure the existence of global solutions to problem
(1)—=(2), if ¢ (uo) and ||| ] fe(,-)?] ‘1 are taken sufficiently small.

Remark 6.1. Let p < ¢ and 2 < ¢ < 2*. Then (59) is satisfied with C, and Cj
replaced by suitable ones. Then as is stated in Remark 3.7, the assertion in (II)
above holds true with ® (u) =0 and 0® (u) = {0} .

6.2. The case where D (®) is precompact

Here we consider the case where D (®) is precompact, i.e.,

D(®)={ueR": ®(u) <+oo} C[a,b] with —oco<a<b< +oc.

Typical examples are given by:

0 ifuc€ela,b],
1. P (u) = Iap) (u) = { +0o0 other\[zvise], o
{0} if we(ab),
—00, 0] if u=a,
and O (u) = 0oy (u) = Eo +oo; if  u=b
> if u¢la,b];
- [ h(u) ifue(ab)),
9, P (u) = Oy (u) = { +oo  otherwise, o)

where h € C' ((a,b) ; R') is convex and satisfies

lim h(u)= lim h(u)= +oo.

u—ra+0 u—b—0

B (u) if ué€(a,b),
o if u¢(a,b).

We again define Go(u) by (61) or (63) and G (x,t,u) by(60). Then, since we have
D (81jay) = [a,b] and D (0®;,) = (a,b), we can verify (GC) with k =0, C;, =0
under the condition that f*, f* € C(R';R'). Hence, Theorem 5.2 assures the
existence of global solutions of (1) for every ug € D (¢) and f. € L? (Q7) .

Then we have 0 (u) = 0Py, (u) = {
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