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We provide a short proof of following theorem, due to Delbaen and Orihuela and independently,
Pérez-Aros and Thibault. Let A be a nonempty closed and bounded convex subset of a Ba-
nach space (X, - ||) and let W be a nonempty weakly compact subset of (X, | - ). If we have
xg € {z* € X* :sup,c4 2*(a) < 0} and argmax(y*|4) # @ for each

y* e {z* € X* :sup,cq x¥(a) <0 and sup,cw [(@* — z§)(w)| < 1},

then A is weakly compact.
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1. Introduction

Recently, several authors, building upon earlier results contained in [2, 5, 6, 7, 10,
11, 14], have independently derived the result stated in the abstract, see [3, 13]. In
this paper we show how this result may also be obtained as a consequence of the
convex analyst’s version of the James Weak Compactness Theorem, given in [8],
along with the aid of the Brgndsted-Rockafellar Theorem.

We shall begin with some basic notation and assumed terminology. In this short
note all normed linear spaces will be over the field of real numbers (denoted R). If X
is a set and f: X — (—o00,00] is a function, then Dom(f) := {x € X : f(x) < oo}
and we say that f is a proper function if Dom(f) # @. Furthermore, we define
argmax(f) :={x € X : f(y) < f(x) for all y € X}.

We shall call a proper function f : X — (—o00,00], defined on a vector space X,
(over the real numbers) a convez function if, for each x,y € Dom(f) and 0 < A < 1,
fAz+1=Ny) < Af(z)+(1—=N)f(y) and we call a function f : (X,7) — (—o0, 00]
from a topological space (X,7) lower semicontinuous if for each r € R the set
{r € X : f(z) < r}is a closed subset of (X, 7). This is equivalent to saying that
the epigraph of f epi(f) := {(z,r) € X xR : f(z) < r} is closed in X x R, (with
the product topology).

In addition to these definitions we need the notion of an e-subdifferential. Suppose
that f : X — (—o00, 0] is a proper function on a normed linear space (X, || - ||) and
x € Dom(f). Then for any 0 < e, we define the e-subdifferential 0. f () by,

O-f(x) :={z* e X*:2*(y — ) < f(y) — f(x) + ¢ for all y € Dom(f)}.
ISSN 0944-6532 / $ 2.50 © Heldermann Verlag
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In the special case when ¢ = 0 we simply call the e-subdifferential the subdifferential
and we denote Jyf(x) by Of(x).
Finally, we define Dom(0.f) := {x € Dom(f) : 0.f(x) # @}.

Theorem 1.1. (Brgndsted-Rockafellar, [1, Lemmal) Let f : X — (—o00,00] be a
proper convex lower semicontinuous function defined on a Banach space (X, || - |).

Then given any point xy € Dom(f), 0 < e, 0 < X and any z§ € 0-f(xo), there exist
x € Dom(f) and z* € X* such that

e df(x), |r—xo| <e/X and ||x¥—z5] < A

For any x in a normed linear space (X, ||-||) we shall define ¥ € X** by, Z(2*) := z*(z)

for all 2* € X*. Then, x — 7, is a linear isometric embedding of (X, | - ||) into
(X**,|| - |I"). In particular, if (X, | -||) is a Banach space, then X := {Z : z € X}
is a closed linear subspace of (X** || - ||*).

Proposition 1.2. Let f : X* — (—o00,00] be a proper convex lower semicontinuous
function defined on the dual of a Banach space (X,||-1). If 0 < e < oo and

df(z*) C X for all z* € Dom(df), then O.f(x*) C X for all z* € Dom(f).
Proof. This follows directly from the Brgndsted-Rockafellar Theorem. 0

In addition to the Brendsted-Rockafellar Theorem we need the following convex
analyst’s version of the James Weak Compactness Theorem.

Theorem 1.3. (Generalised James’ Weak Compactness Theorem, [8, Thm. 4.13])
Let (X, || - ||) be a Banach space and let U be a nonempty open convexr subset of
(X* |- 1I). If f : U = R is a continuous convex function and 8f(z*) N X # @ for
all 2* € U, then df(z*) C X for all 2* € U.

A more general version of Theorem 1.3 is given in [9, Theorem 2.13].

Corollary 1.4. Let f : X* — (—o0,00| be a proper convex lower semicontinuous
function defined on the dual of a Banach space (X,| -||). If 0 < e < oo, Dom(f)
is an open subset of (X*,| - ||I*) and Of(z*) N X # @ for all z* € Dom(f), then
O.f(z*) € X for all z* € Dom(f).

Proof. Since f is a proper convex function, Dom(f) is a nonempty convex set, and
by assumption, also open. Therefore, by [12, Proposition 3.3|, f|pom  is continuous.

Hence, by Theorem 1.3, df(z*) C X for all 2* € Dom(f). The result then follows
from Proposition 1.2. Il

2. Main results

Next, we need to recall some basic facts from convex analysis. Their proofs are
included for completeness.

Lemma 2.1. Let : X — R be a convex function defined on a normed linear space
(X, || -]]) and let p : R — (—00,00] be a proper increasing convex function on R. If
(i) o € X, (ii) ¢¥(z0) € Dom(yp), (iii) Dom(p) is an open sub-interval of R and
(iv) ¢ is differentiable on Dom(p), then (g o)) : X — (—o0, 00| is a proper convex
function and ' (1(zy)) - 94 (x0) C Dlsp 0 ) (v).
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Proof. Firstly we note that Dom(po1) = ¢~} (Dom(yp)). Since zo € 1! (Dom(yp)),
p o1 is a proper function. Let x,y € Dom(p o ?) and let 0 < A < 1. Then,
YAz 4+ (1= N)y) < Ap(x) + (1 — N)(y). Now because ¢ is increasing,

o)Az + (1= XNy) = p((Ar + (1= Ny)) < pMp(x) + (1 = A)b(y)).

Finally, from the convexity of ¢,

(M) + (1 = N(y) < Ap(¥(2)) + (1 = N)p(d(y))
= Apoy)(x) + (1= A)(poy)(y).
Let 2* € 0¢(x¢) and let z € Dom(p o1)). Then a*(x — x¢) < ¢(x) — ¥ (z). Since ¢
is an increasing function and ¢ is differentiable at 1 (x¢) € Dom(p), 0 < ¢'(¥(x0)).
Therefore, (' (1(z0)) - 2°)(z — 20) < ¢ (¥(0)) (B() — (o). (+)

Next, as ¢'(1(xg)) € dp(1(x)), or more precisely, the mapping y — ¢’ (¢ (x¢))y is
a member of 0p(1(xg)), we have that

' (1(20)) ((x) — ¥ (w0)) < @(¥()) — p((x0)) = (o P)(x) = (oY) (). (¥%)
By combining the inequalities (x) and (**) we obtain
(' (¢ (20)) - %) (x — o) < (P o)(2) = (w0 ¢)(w0)-

Since x € Dom(p o 1)) was arbitrary, ¢'((x)) - 2* € 9(p 0 1)(xo). This completes
the proof. n

Lemma 2.2. Suppose that p; : X — (—00,00], 1 < j < n, are proper convex func-
tions on a normed linear space (X, || - ||) and {e; : 1 < j < n} are non-negative real

numbers. [f To € nlgjgn Dom(aajgpj): then Zlgjgn 65j¢j(xo> - ae(Zlgjgn @j)(lh);
where € 1= i, €j-

Proof. Straightforward after recalling Dom(}, .., ¢;) = ;<;<, Dom(p;). O

To establish our main theorem we need one more ingredient, that is, the notion of
the Fenchel conjugate.

Let (X, ||-]|) be a normed linear space and let f : X — (—o0, oc] be a proper function,
then the Fenchel conjugate of f is the function f*: X* — (—o00, 00 defined by,

f1(@") = supla” = fi{w) = sup (2" = f)(x).

x€Dom(f)
It is well-known and easily verified that f* is convex and lower semicontinuous on
(X* |- II"), see [8, Theorem 5.2 part (i)].

Proposition 2.3. ([8, Theorem 5.2 part (iv)]) Suppose that f : X — (—o0, 0] is a
proper function on a Banach space (X, ||-|) and suppose that 0 < e, x* € Dom(f*),
x € X and f*(2*) —e < (2" — f)(x), then T € O-f*(z*).

Proof. Suppose that 0 < ¢, z* € Dom(f*), x € X and f*(z*) —e < (2" — f)(x).
Let y* be any element of Dom(f*). Then,

w(y'—a") = y@) —a(2) =y (z) - f(@)] = [2"(z) — f(z)]
< (o) = f@)] = [f @) —e] S 7 y) = f1@7) e
Since y* was arbitrary, T € 0. f*(z*). N
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Proposition 2.4. Let f : X — (—o00, 0] be a proper function defined on a Banach
space (X, || - 1]). If z* € int(Dom f*) and 0 < e, then {z € X : f*(z*) —¢ <
(x* — f)(x)} is bounded in (X, | - ||).

Proof. Let z* € int(Dom f*) and 0 < e. Since Dom(f*) is convex, int(Dom f*)
is convex and nonempty as z* € int(Dom f*). Therefore, by [12, Proposition 3.3],
f*|int(Dom g+) is continuous. Moreover, by [12, Proposition 1.11], Of*|int(Dom f+) is
locally bounded on int(Dom f*). Thus, there exists a 0 < ¢ and an 0 < M such
that (i) Blz*,d] C int(Dom f*) and (ii) ||y*™*|| < M for all y** € Of*(B[z*,]). Let
A:=¢/0. Then ||z|]| < A+ M forallz € {y € X : f*(z*) —e < (" — f)(y)}. To see
this, let z € {y € X : f*(a*) —e < (" — f)(y)}. Then ¥ € 0.f*(z*). Thus, by the
Brgndsted-Rockafellar Theorem, there exists y* € B[z*, 0] and y** € Jf*(y*) such
that [y —Z| < A. Hence, [lz]| = |[Z]] < [|7 —y™[| + [ly™]| < A+ M. O

Theorem 2.5. Let [ : X — (—o0,00] be a proper function defined on a Banach
space (X, || - ||) and let g : X* — (—o00, 00| be a proper lower semicontinuous convex

function such that Dom(g) is an open subset of Dom(f*) and dg(x*) N X #+ & for
all z* € Dom(g). If Of*(z*) N X # & for all z* € Dom(g), then for every 0 < e
and every xf € int(Dom f*), {x € X : f*(xf) —e < (xf— f)(x)} is relatively weakly
compact.

Proof. We shall first consider the case when zf € Dom(g) C int(Dom f*). Let
0 < e be an arbitrary positive real number. By Proposition 2.4 we know that
{r e X: f(a}) —e < (xf— f)(x)} is bounded in (X, || - ||). Let h: X* — (—00, 0]
be defined by, h := g+ f*. Then h is a proper lower semicontinuous convex function
and Dom(h) = Dom(g) N Dom(f*) = Dom(g). By Lemma 2.2, Oh(z*) N X # @ for
each z* € Dom(h). Therefore, by Corollary 1.4, d.h(z*) C X for all 2* € Dom(h).
Now, by Lemma 2.2, dg(z*) 4+ 0.f*(2*) C 0.h(z*) C X for all * € Dom(h).
Since dg(z*) N X # @ for all z* € Dom(h), it follows that d.f*(z*) C X for all
x* € Dom(h). Here we used the fact that if A and B are subsets of a vector space

V and S is a subspace of V such that A+ B C S, ANS # @ and BN S # &, then
AC Sand BCS.

On the other hand, by Proposition 2.3,
(FeX:f(a")—e< (2= f)(x)} Co.f*(z*) for each z* € Dom(f*).

Since 0. f*(xf) is weak™ closed it follows that

(FeX:f () —c< (- flx)} Co.f(z)CX.
Hence, {x € X : f*(zf) —e < (x5 — f)(x)} is relatively weakly compact.

We now consider the general case. Let 2§y be any element of int(Dom f*) and let y§
be a fixed element of Dom(g). By Proposition 2.4,

M i=sup{fla : 7 € {y € X : f*(a5) — < (a5 — F)(9)}} < oo.

Let & be any positive real number greater than ||y — a§||M + ¢ + f*(y5) — f*(zf)
and let x € {y € X : f*(z}) —e < (x} — f)(y)}. Then,
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o) = [ (xg) —el + e+ (yo) = f7 ()]
< (wo = (@) + e+ (yo) — [ (x0)]
= (Yo — (@) + (25 — yp) () + [e + f*(y5) — f*(a0)]
< (o = @) + llzg = wollllzll + e + F*(wo) — f(20)]
< (Yo — D) + [lag — yoll M + [e + " (y5) — [ (2p)]
< (v — f)lx) +€.

Therefore, v € {y € X : f*(y5) — € < (y5 — f)(y)} and so

{ye X: () —e < (5= N} S{y e X: A (y) —&" < (55— Nw)}-
Hence, {y € X : f*(x§) —e < (z§ — f)(y)} is relatively weakly compact. O

We now consider an application of Theorem 2.5.

Let A be a nonempty bounded subset of a normed linear space (X, || -||), then the
support function for the set A is, 04 : X* — R, which is defined by

oa(z") :==sup{z*(a) : a € A} = sup{a(z*) : a € A} for all z* € X*.

Let K :=sup{||a]| : a € A} =sup{]|a|| : a« € A} < o0, (since the set A is bounded).
Therefore, the functions {a : a € A} are pointwise bounded and K-Lipschitz on
(X*, |- I*)- As 04 is the pointwise supremum of the family {a : a € A} of pointwise
bounded linear K-Lipschitz functions, o4 is itself convex and K-Lipschitz. [Recall
the general fact that the pointwise supremum of a family of convex functions is
convex and the pointwise supremum of a pointwise bounded above family of K-
Lipschitz functions is again K-Lipschitz.]

Lemma 2.6. Let A be a nonempty bounded subset of a normed linear space (X, ||-||).
If x* € X* and x € argmax(x*|4), then T € doa(z").

Proof. Suppose that 2* € X* and = € argmax(z*|4), i.e., z*(x) = oa(z").
Let y* € X*. Then, since x € A,

2y —a") = (" —2")(x) = y'(z) = 27(2) = y"(z) — oa(@’) < 0aly’) — oa(z”).

Since y* € X* was arbitrary, T € do4(z*). O

Theorem 2.7. Let A be a nonempty closed and bounded convex subset of a Banach
space (X, || - ||) and let W be a nonempty weakly compact subset of (X,| - ). If
xf € {x* € X* i supyeq 2*(a) < 0} and argmax(y*|4) # @ for each y* € {x* € X*:
SUPLea T¥(a) < 0 and sup,ew |(2* — xf)(w)| < 1}, then A is weakly compact.

Proof. We shall apply Theorem 2.5. Let f denote the indicator function of the
set A, ie., f(x) == 0if x € A and f(x) := oo otherwise. Then f* = o4 and
int(Dom f*) = Dom/(f*) = X*.

Let us firstly recall that all weakly compact sets are norm bounded. This is a
standard application of the uniform boundedness theorem, [4, page 66]. Secondly,
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by replacing the weakly compact set W by the weakly compact set W U —W, and
relabelling, we may assume that the set

{z* € X" :supz*(a) < 0 and sup |[(z" — z5)(w)| < 1}
acA wew

={z" € X" :04(2") <0 and ow(z* — x3) < 1}.

For each a € R, let ¢, : R — (0, 00] be defined by,

oa—T

() L ifr<a

x) =

7o oo otherwise.

Then each ¢, is a proper increasing lower semicontinuous convex function on R
with Dom(p,) = (—o0, ). Furthermore, each ¢, is differentiable at each point of
Dom(py).

We now consider three auxiliary functions. ga : X* — (0,00}, gw : X* — (0, 0]
and g : X* — (—o00, 00] defined by, g4 := @o o oa, gw(z*) :== (1 0 ow)(z* — xf) for
all z* € X* and g := g4 + gw. By Lemma 2.1, g4 and gy are proper convex lower
semicontinuous functions with Dom(g4) = {2* € X* : 04(2*) < 0} and Dom(gw ) =
{z* € X* : oy (2" — xj) < 1}. Therefore, ¢ is a proper lower semicontinuous convex
function with

rye{r* € X :04(2") < 0 and oy (2" —x5) < 1} = Dom(ga) N Dom(gw ) = Dom(g).

Note that Dom(g) is an open subset of (X*, ||-||*), as both 04 and oy are continuous
functions. Next, by assumption and Lemma 2.6, we have do4(z*) N X # @ for
all z* € Dom(g) and so by Lemma 2.1, dga(z*) N X # @ for all 2* € Dom(g).
Furthermore, since W is weakly compact, (z* — z)) attains it maximum value over
W for every z* € X*, and so by Lemma 2.6 and Lemma 2.1, gy (z*) N X+
for each z* € Dom(g). Therefore, from Lemma 2.2, dg(z*) N X # @, for each
x* € Dom(g).

Now apply Lemma 2.6 and Theorem 2.5 to deduce that {z€ X : f*(0)—1 < —f(z)}
is relatively weakly compact. Since f*(0) =0,

[reX:f(0) -1 —f@)} ={reX: fx) <1} = A
This completes the proof. [

It is interesting to see that all three approaches to the proof of Theorem 2.7 given
in [3, 13] and the present paper, are distinct. In the paper [3] the authors revisit
and refine the proof of James’ Theorem. Whereas, in [13], the authors reapply
and extend an idea from [6, 7|, to reduce the problem to an application of the
classical James’ Theorem. In this paper we showed that Theorem 2.7 follows from
[8, Theorem 4.13].

Next we recall the definition of a slice of a nonempty set. Suppose that A is a
nonempty subset of a normed linear space (X, || - ||), z* € X*, sup,cs 2*(a) < 00
and 0 < g, then a slice of A is the set

S(A,x*e):={x € A: (sup{z*(a) :a € A} —¢e) < x*(2)}.
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We end this paper with the following simple result that may be of some independent
interest.

Proposition 2.8. Let A be a nonempty closed and convex subset of a Banach space
(X, |I-1l) and suppose that 0 < e < oo, z* € X* and sup,c 4 x*(a) < co. If S(A,x*,¢)

*

s weakly compact, then A C X.
Proof. Let A be a nonempty closed and convex subset of X. Suppose that z* € X*,

SUPgeq T¥(a) < 00, 0 < ¢ and S(A,z*,¢) is weakly compact. We shall use the fact

that if C' is a weakly compact subset of (X, | ), then ¢ =0 C X. For more
details see, [8, Remark 2.25].

Our first goal is to show that W N a C{a:ae S(A 5)}w*, where
W= (2%)" (s —g,00) = {2 €X™:s —e < 2™(2")} and s:=sup{z*(a):acA}.

To this end, let x** € WnN A andlet V be an arbitrary weak* open neighbourhood
of x** in X**. We will show that V' N {a a € S(A z* )} # @; from which it will

follow that 2** € {a: a € S(A,z*,e)}

Now, W NV is also a weak® open nelghbourhood of ™ in X**. Therefore we have
(VNAW)NA +# @, since 2 € A . Choose ap € Asothat ap € (VNW). In
particular, ap € W and so (s —¢) < ag(z*) = 2*(ap). Therefore, ag € S(A, z*,¢) and
soayg € VN{a:ae S(A, z* ¢)}; which shows that VN {a:a € S(A,z*¢)} # 2.

Since V' was an arbitrary weak* open neighbourhood of ** we obtain in consequence
w

that 2™ € {a : a € S(A, x¥, 5)}w and since x** was an arbitrary element of W N A

we get that Wna C{a:aecS(A ")}

w*

*

Next, because S(A,z*, ¢) is weakly compact, {a:a € S(A,x*,s)}w C X. Thus,
WnA CX.

— *

We now use this to show that A C X. To achieve this goal we shall consider an
arbitrary element z** € A . Let a € S(A,2*,e/2) # @. Then,
(s —¢) < (s—¢/2) <z*(a) =alz").

Therefore, @ € W. Since (X**, weak™) is a linear topological space and W is weak*
open we have, by the continuity of the mapping, A\ — Ax** 4+ (1 — \)a, the existence
of a 0 < < 1 such that 5:6** + (1 — §)a € W. Furthermore, from the convexity

——w*

ofA 5x**+(1—5)a€A andsoz = 51’**~|—(1—5)a€ WnA C X. By
rearranging this expression and using the fact that X is a vector subspace, we have

that z** = 67 1(z* — (1 — d)a) € X. Since z** was an arbitrary element of A we
have that A CX. [



802 D. J. Farrell, W. B. Moors / An Application ...

References

[1]  A.Brondsted, R. T.Rockafellar: On the subdifferentiability of convex functions, Proc.
Amer. Math. Soc. 16 (1965) 605-611.

[2] B.Cascales, J.Orihuela, A.Pérez: One-sided James’ compactness theorem, J. Math.
Analysis Appl. 445(2) (2017) 1267-1283.

[3] F.Delbaen, J.Orihuela: Mackey constraints for James’s compactness theorem and
risk measures, J. Math. Analysis Appl. 485(1) (2020) 123764, 15 pp.

[4]  N.Dunford, J.T.Schwartz: Linear Operators. I: General Theory, Interscience Pub-
lishers, New York (1958).

5]  R.C.James: Weakly compact sets, Trans. Amer. Math. Soc. 113 (1964) 129-140.

[6] W.B.Moors: On a one-sided James’ theorem, J. Math. Analysis Appl. 449 (2017)
528-530.

[7]  W.B.Moors: Weak compactness of sublevel sets, Proc. Amer. Math. Soc. 145 (2017)
3377-3379.

[8]  W.B.Moors: A gentle introduction to James’ weak compactness theorem and beyond,
Methods Functional Analysis Topology 25(1) (2019) 35-83.

[9]  W.B.Moors, N.O. Tan: An abstract variational theorem, J. Convex Analysis 26(4)
(2019) 1125-1144.

[10] J.Orihuela: Conic James’ compactness theorem, J. Convex Analysis 25(4) (2018)
1335-1344.

[11] J.Orihuela, M. J.Ruiz Galan: A coercive James’s weak compactness theorem and
nonlinear variational problems, Nonlinear Analysis 75(2) (2012) 598-611.

[12] R.R.Phelps: Convex Functions, Monotone Operators and Differentiability, 2nd ed.,
Lecture Notes in Mathematics 1364, Springer, Berlin (1993).

[13] P.Pérez-Aros, L. Thibault: Weak compactness of sublevel sets in complete locally
convez spaces, J. Convex Analysis 26(3) (2019) 739-751.

[14] J.Saint-Raymond: Weak compactness and variational characterization of the con-

vewxity, Mediterranean J. Math. 10(2) (2013) 927-940.



