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1. Introduction

The vector equilibrium problem plays an important role in nonlinear analysis; vec-
tor optimization problem and vector variational inequality problem are its special
cases. Necessary and sufficient conditions for solutions of vector equilibrium prob-
lems have attracted attention in recent years. There are many papers deal with
second-order and higher-order optimality conditions (see, e.g., [2, 3, 8, 9, 11, 12,
18, 19, 20, 21, 24, 25, 26], and the references therein). The notions of contingent
epiderivatives and hypoderivatives have provided good calculus rules for establish-
ing necessary and sufficient optimality conditions for vector optimization problems
∗Corresponding author.
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(see, e.g., [1, 10, 12, 13, 14, 25, 26], and the references therein). For example,
Rodríguez-Marín and Sama [22] have studied existence, uniqueness and proper-
ties of contingent epiderivatives, relationships between them and their applications.
Jiménez, Novo and Sama [14] established necessary and sufficient optimality condi-
tions for strict minimizers of a vector optimization problem in terms of contingent
epiderivatives and hypoderivatives of scalar functions associated with positive polar
cone of ordering cone. Especially, Li, Zhu and Teo [15] proposed the concept of
new generalized second-order contingent epiderivatives and discussed relationships
between second-order contingent epiderivatives. On using this new second-order
contingent epiderivatives, a second-order sufficient and necessary optimality condi-
tion for set-valued optimization problems is derived. It is actually a generalization
of the known corresponding results in the literature (see, e.g., [1, 11, 13, 15], and the
references therein). Up to now, the second-order necessary and sufficient optimality
conditions for vector equilibrium problems in terms of contingent epiderivatives and
hypoderivatives are still open questions.
The purpose of this paper is to investigate the existence and the uniqueness of
second-order contingent epiderivatives and establish the second-order necessary and
sufficient optimality conditions for efficiency of constrained vector equilibrium prob-
lems in terms of contingent epiderivatives in Banach spaces.
The remainder of the paper is organized as follows. In Section 2, after some pre-
liminaries and notations, existence, uniqueness and some properties of second-order
contingent epiderivative are derived. In Section 3, we provide a second-order nec-
essary and sufficient condition for weakly efficient solution of vector equilibrium
problem with constraints (VEPC) in terms of contingent epiderivatives. The illus-
trative examples for obtained results in Section 2 and Section 3 also are provided.
As applications, in Section 4, we derive a second-order necessary and sufficient op-
timality condition for Henig efficient, globally efficient and superefficient solutions
to the (VEPC).

2. Preliminaries and definitions

Now let X,Y, Z and W be real Banach spaces, C be a nonempty subset in X, Q ⊂ Y
be a convex cone, which defines a partial order on Y. Let S be a solid convex cone in
Z. Given a vector bifunction F : X ×X → Y such that F (x, x) = 0 for all x ∈ X,
and the constraints functions g : X → Z, h : X → W. Let us consider the following
vector equilibrium problem with constraints:
(VEPC) Find x ∈ K such that F (x, y) ̸∈ P (∀y ∈ K),

where P is a convex cone in Y and K is the feasible set of problem (VEPC)
K = {x ∈ C : g(x) ∈ −S, h(x) = 0}.

In case that intQ ̸= ∅, if P = −intQ, the vector x ∈ K is called a weakly efficient
solution to the problem (VEPC). If P = −Q \ {0}, then the vector x ∈ K is said to
be an efficient solution to the problem (VEPC).
Let Y ∗ be the topological dual space of Y . Denote the dual cone of the cone Q by

Q+ := {ξ ∈ Y ∗ | ⟨ξ, q⟩ ≥ 0 ∀ q ∈ Q},
where ⟨ . , . ⟩ denotes the coupling between Y ∗ and Y .
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The quasi-interior of Q+ is defined as

Q♯ := {ξ ∈ Y ∗ | ⟨ξ, q⟩ > 0 ∀ q ∈ Q \ {0}}.

A nonempty convex subset B of Q is called a base of Q, if 0 ̸∈ cl(B) and Q = cone(B),
where cone (B) = {tb | b ∈ B, t ≥ 0} is the cone hull of B. Note that Q♯ ̸= ∅ if and
only if Q has a base B. Furthermore, a cone which has a base must be pointed. Let
B be a base of cone Q. We set

Q∆(B) = {ξ ∈ Q♯ | ∃ t > 0 such that ⟨ξ, b⟩ ≥ t ∀ b ∈ B}.

Then Q∆(B) ̸= ∅. If B is a base of Q, one has 0 ̸∈ clB, and hence, by the separation
theorem 3.6 [5], there exists ξ ∈ Y ∗ \ {0} such that

r := inf{⟨ξ, b⟩ : b ∈ B} > ⟨ξ, 0⟩ = 0.

We set VB =
{
y ∈ Y | | ⟨ξ, y⟩ | < r

2

}
.

The notion VB will be used throughout this paper. It is well-known that for each
convex neighborhood U of the origin in Y with U ⊂ VB, cone(U + B) is a pointed
convex cone such that the inclusion Q \ {0} ⊂ int cone(U +B)] holds.
The following definitions are needed in the following
Definition 2.1. ([6, 7, 16]) A vector x ∈ K is called a globally efficient solution to
the VEPC iff, there exists a pointed convex cone H ⊂ Y with Q \ {0} ⊂ intH such
that

F (x,K) ∩
(
−H \ {0}

)
= ∅.

Definition 2.2. ([6, 7, 16]) A vector x ∈ K is called a Henig efficient solution to
the VEPC iff, there exists some absolutely convex neighborhood U of 0 with U ⊂ VB

such that
cone

(
F (x,K)

)
∩
(
− int[cone(U +B)]

)
= ∅.

Definition 2.3. ([6, 7, 16]) A vector x ∈ K is called a superefficient solution to the
VEPC iff, for each neighborhood V of the origin, there exists some neighborhood U
of the origin such that

cone
(
F (x,K)

)
∩ (U −Q) ⊂ V.

Remark 2.4. The relationships among the three kind of efficient solutions are as
follows.
(i) For the case that intQ ̸= ∅, if the vector x is a globally efficient solution

(or efficient solution) of problem (VEPC) then the vector x is also a weakly
efficient solution of problem (VEPC). In fact, it follows from the fact Q\{0} ⊂
intH that intQ ⊂ intH, and so, F (x,K) ∩ (−intQ) = ∅.

(ii) (see Long et al. [16]) If x is a superefficient solution of problem (VEPC), then
x is also a Henig efficient solution of problem (VEPC).

(iii) (see Gong [6, 7]) If the base B is bounded and closed, then a Henig effi-
cient solution of problem (VEPC) is also a superefficient solution of problem
(VEPC).
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Additionally, int(Q+) = Q∆(B), where int(Q+) denotes the interior of the dual
cone Q+ of Q with respect to the strong topology β(Y ∗, Y ), where the sets

ω =

{
n⋂

i=1

{
y∗∈Y ∗ : sup

a∈Ai

| ⟨y∗, ai⟩ | < ϵ
}
:
Ai (i = 1, 2, ..., n) are bounded sub-
sets of Y, ϵ > 0, n ≥ 1, n is integer

}

form a base of neighborhoods of the origin of the dual space Y ∗ of Y with
respect to β(Y ∗, Y ).

For M ⊂ X, the closure and the interior of M are denoted by clM, intM , respec-
tively; R (resp., N) is the set of the real (natural, respectively) numbers; one writes
tn → 0+ stands for the sequence of positive numbers (tn)n≥1 with limit 0. Given a
set-valued mapping F : X ⇒ Y, the effective domain, the graph and the epigraph of
F are defined respectively by

domF = {x ∈ X |F (x) ̸= ∅},
graphF = {(x, y) ∈ X × Y | y ∈ F (x)},

epiF = {(x, y) ∈ X × Y : x ∈ domF, y ∈ F (x) +Q}.

For the sake of brevity, one writes F (M) =
⋃

x∈M F (x), and the profile mapping
F+ : X ⇒ Y is defined for any x ∈ domF as

F+(x) = F (x) +Q.

For all x ∈ C, let us denote by H := h−1(0) = {x ∈ X : h(x) = 0} and the mapping

(F (x, . ), g) : X → Y × Z

be defined as (F (x, . ), g)(x) = (F (x, x ), g(x)) for all x ∈ X.
Finally, for all x ∈ K, we denote f(x) instead of F (x, x) for all x ∈ X.

To give some definitions concerning second-order contingent derivatives and epi-
derivatives, the following tangent sets will be used.

Definition 2.5. ([1]) Let M be a subset of X and x, u ∈ X.
(i) The second-order tangent set T 2, the adjacent set A2, and interior tangent set
IT 2 of M at x in the direction u is defined as

T 2(M,x, u) =
{
x ∈ X : ∃ tn → 0+,∃xn → x s.t x+ tnu+ 1

2
t2nxn ∈ M ∀n

}
,

A2(M,x, u) =
{
x ∈ X : ∀ tn → 0+,∃xn → x s.t x+ tnu+ 1

2
t2nxn ∈ M ∀n

}
,

IT 2(M,x, u) =

{
x ∈ X :

∀tn → 0+, ∀xn → x s.t x+ tnu+ 1
2
t2nxn∈M,

for all sufficiently large n

}
.

(ii) T 2(M,x, 0) (resp., A2(M,x, 0), IT 2(M,x, 0) are called the tangent (resp., adja-
cent, interior tangent) cone of M at x, and are denoted by T (M,x) (resp., A(M,x),
IT (M,x)).
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It should be noted here that if x ̸∈ clM then all the above tangent cones are empty,
and if u ̸∈ T (M,x), then all the above second-order tangent sets are empty.
Proposition 2.6. ([8, 11, 12, 15]) Let M be a subset of X and let x, u ∈ X. Then
(i) IT 2(M,x, u) ⊂ A2(M,x, u) ⊂ T 2(M,x, u) ⊂ cl cone[cone(M − x)− u];

(ii) IT 2(M,x, u) = IT 2(intM,x, u), and if u ∈ bd[cone(M − x)],
then 0 ̸∈ IT 2(M,x, u);

(iii) If u ̸∈ T (M,x), then T 2(M,x, u) = ∅. Furthermore, if M is convex, intM ̸= ∅
and u ∈ T (M,x), one has the following:
(iv) IT (intM,x) = int cone(M − x), and consequently, 0 ̸∈ int cone(M − x)

for x ̸∈ intM ;

(v) If A2(M,x, u) ̸= ∅, then IT 2(M,x, u) = intA2(M,x, u) and
clIT 2(M,x, u) = A2(M,x, u).

Definition 2.7. ([1, 17]) Let f : X → Y be a mapping, x ∈ X and (u, v) ∈ X × Y.

(i) The contingent derivative of f (resp., f+) at a point x is defined as

graph
(
Dcf(x)

)
= T (graph(f), (x, f(x)))(

resp., graph
(
Dc(f+)(x, f(x))

)
= T (epi(f), (x, f(x))

)
.

(ii) The second-order contingent derivative of f (resp., f+) at a point x in the
direction (u, v) is defined as

graph
(
D2

cf(x, f(x), u, v)
)
= T 2(graph(f), (x, f(x)), (u, v))

(resp., graph
(
D2

c (f+)(x, f(x), u, v)
)
= T 2(epi(f), (x, f(x)), (u, v))

)
.

(iii) The contingent epiderivative of f at a point x is defined as

epi
(
Df(x)

)
= T (epi(f), (x, f(x))).

(iv) The second-order contingent epiderivative of f at a point x in the direction
(u, v) is defined as

epi
(
D2f(x, f(x), u, v)

)
= T 2(epi(f), (x, f(x)), (u, v)).

Definition 2.8. ([17]) Let M be a nonempty subset of Y .
(i) y ∈ M is an ideal minimal point (resp., ideal maximal point) of M with respect

to Q iff y ≼ a (resp., a ≼ y) for any a ∈ M. The set of all ideal points is denoted
by IMin(M |Q) (resp., IMax(M |Q)), where y ≼ x iff x− y ∈ Q for all x, y ∈ Y.

(ii) y ∈ M is an efficient point of M with respect to Q iff a ≼ y , for some a ∈ M,
implies y ≼ a. The set of all efficient points of M is denoted by Min(M |Q).

Some characterizations on the existence of second-order contingent epiderivative can
be stated as follows.
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Proposition 2.9. Let k : X → Y, x ∈ X, u, v ∈ X×Y and assume that the cone Q
has a compact base B. Then for any x ∈ dom(D2

ck+(x, k(x), u, v)) the second-order
contingent epiderivative D2k(x, k(x), u, v)(x) exists if and only if

IMin(D2
ck(x, k(x), u, v)(x)|Q) ̸= ∅

and D2k(x, k(x), u, v)(x) = IMin
(
D2

ck(x, k(x), u, v)(x)|Q
)
.

Proof. Take x ∈ dom(D2
ck+(x, k(x), u, v)) such that D2k(x, k(x), u, v)(x) exists.

Then, in a similar way as in the proof of Proposition 3.2 of [23], in which

Min(D2
ck+(x, k(x), u, v)(x)|Q) is replaced by Min(Dc(f +Q)(x)(u)|Q),

we deduce that Min(D2
ck+(x, k(x), u, v)(x)|Q) ⊂ D2

ck(x, k(x), u, v)(x). (1)
By virtue of the definition of second-order contingent derivatives of k and k+ at
(x, k(x)) in the direction (u, v), it follows that

D2k(x, k(x), u, v)(x) ∈ IMin
(
D2

ck+(x, k(x), u, v)(x)|Q
)
. (2)

Combining (2) with Proposition 2.2 in Luc ([17]) yields that

D2k(x, k(x), u, v)(x) ∈ Min
(
D2

ck+(x, k(x), u, v)(x)|Q
)
. (3)

It follows from (1) and (3) that

D2k(x, k(x), u, v)(x) ∈ D2
ck(x, k(x), u, v)(x). (4)

On the other hand, it is obvious that

D2
ck(x, k(x), u, v)(x) ⊂ D2

ck+(x, k(x), u, v)(x) ⊂ D2k(x, k(x), u, v)(x) +Q. (5)

Making use of (4), (5) and Definition 2.8(i), one obtains the following relation

D2k(x, k(x), u, v)(x) ∈ IMin
(
D2

ck(x, k(x), u, v)(x)|Q
)
.

Since Q has a compact base B, the cone Q is pointed, and so the conclusion follows.
The converse follows immediately and the proof is complete.

Example 2.10. Let X be a real Banach space with the norm ∥.∥X , and

Y := l2 = {x = (xn)n≥1 ⊂ R :
∞∑
n=1

x2
n < +∞},

the Banach space with its usual norm ∥(xn)n≥1∥ =

√√√√ ∞∑
n=1

x2
n.

By (en)n∈N we denote its standard unit base. Moreover, we consider in l2 the natural
ordering cone Q := L2

+ = {x = (xn)n≥1 ⊂ l2 : x1, x2 ≥ 0, xi = 0 ∀ i ≥ 3}.

Let the mapping k : X → l2 be given as

k(x) =


∑n

i=1 ∥x∥Xei, if ∥x∥X = 1
n
, n ∈ N,

∥x∥2X(e1 + 1
2
e2), if ∥x∥X ̸∈ { 1

n
: n ∈ N}.
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For x = 0, u ∈ X, v = 0 ∈ l2, we set

B = {x = (xn)n≥1 ⊂ L2
+ : x1 + x2 = 1}.

It can be seen that B is compact convex and 0 ̸∈ clB. For all x = (xn)n≥1 ∈ L2
+,

there exists t ≥ 0 and b ∈ B such that x = tb, that is, L2
+ = cone(B). Indeed,

if x1 = x2 = 0, we can choose t = 0, otherwise, we will choose t = x1 + x2 > 0 and
b = (x1

t
, x2

t
, 0, 0, . . .) ∈ B. By definition, B is a base of Q = L2

+. By direct calculation
one obtains for every x ∈ X.

dom(D2
ck+(x, k(x), u, v)) = X, D2

ck(x, k(x), u, v)(x) = {(2∥u∥2X , ∥u∥2X , 0, 0, . . .)}
Therefore, for each x ∈ X, the value of the second-order contingent epiderivative
D2k(x, k(x), u, v)(x) exists if and only if

D2k(x, k(x), u, v)(x) + L2
+ = D2

ck+(x, k(x), u, v) + L2
+,

which is equivalent to D2k(x, k(x), u, v)(x) = (2∥u∥2X , ∥u∥2X , 0, 0, . . .).

Proposition 2.11. Let k : X → Y, x ∈ X, u, v ∈ X × Y, and Q ⊂ Y be pointed.
Then for each x∈dom(D2

ck+(x, k(x), u, v)), D
2k(x, k(x), u, v)(x) exists if and only if

IMin(D2
ck+(x, k(x), u, v)(x)|Q) ̸= ∅

and D2k(x, k(x), u, v)(x) = IMin(D2
ck+(x, k(x), u, v)(x)|Q).

Proof. It follows from (2) and the pointedness of the cone Q.

Proposition 2.12. Let k : X → Y, x ∈ X, and cone Q ⊂ Y be pointed. If the
second-order contingent epiderivative of k at x in the direction (u, v) ∈ X×Y exists,
then it is unique.

Proof. Due to the result of Proposition 2.11, the conclusion follows.

Proposition 2.13. Let k : X → Y, x ∈ X. If the second-order contingent epi-
derivative of k at x in the direction (u, v) ∈ X × Y exists, then Q is closed.

Proof. It can be easily seen that, for every x ∈ dom(D2
ck+(x, k(x), u, v)),

D2k(x, k(x), u, v)(x) ∈ IMin(D2
ck+(x, k(x), u, v)(x)|Q),

which is equivalent to

Q = D2
ck+(x, k(x), u, v)(x)− {D2k(x, k(x), u, v)(x)}, (6)

as was to be shown.

Proposition 2.13 is illustrated by the following example.

Example 2.14. Let X,Y be two real Banach spaces, x := 0 ∈ X, let u ∈ X be
arbitrary, v := 0 ∈ Y. Fix y0 ∈ Y and consider the mapping k : X → Y be defined
by k(x) = y0∥x∥2X for every x ∈ X.
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By an easy computation, one obtains

D2
ck+(x, k(x), u, v)(x) = 2∥u∥2Xy0 + clQ ∀x ∈ X.

Hence, for each x∈X, the second-order contingent epiderivative D2k(x, k(x), u, v)(x)
exists if and only if

D2k(x, k(x), u, v)(x) +Q = D2
ck+(x, k(x), u, v)(x),

and so, Q = 2∥u∥2Xy0 −D2k(x, k(x), u, v)(x) + clQ.

This helps us to conclude that Q is closed, as was to be shown.

Proposition 2.15. Let k : X → Y, x ∈ X, u, v ∈ X × Y . Assume that Q is
pointed and there exists y ∈ Y such that D2

ck+(x, k(x), u, v)(x) ⊂ y + Q for all
x ∈ L := dom(D2

ck+(x, k(x), u, v)). Let Ψ be a function from L to Y defined by

Ψ(x) = IMax({y ∈ Y : D2
ck+(x, k(x), u, v)(x) ⊂ y +Q}|Q) (x ∈ L).

Then the following conditions are equivalent:
(i) D2k(x, k(x), u, v)(x) exists for every x ∈ L;
(ii) Ψ(x) ∈ D2

ck+(x, k(x), u, v)(x) for every x ∈ L.

Proof. Arguing similarly as in the proof of Theorem 5.6 [21, p. 755] with noticing
that the vector x is replaced by u, the second-order contingent derivative

D2
ck+(x, k(x), u, v)(x) is replaced by DcF+(x, y)(u),

and dom(D2
ck+(x, k(x), u, v)) is replaced by πXT (epiF, (x, y)),

the desired conclusion follows.

Example 2.16. Let the spaces X,Y and the vectors x, u, v, k be given as in Exam-
ple 2.10. Consider the cone

Q := l2+ = {x = (xn)n≥1 : xn ≥ 0 ∀n ≥ 1}.

It is obvious that Q is pointed. We take y0 := (2∥u∥2X , ∥u∥2X , 0, 0, . . .) ∈ l2. Taking
into account the obtained result in Example 2.10, we conclude that L = X and

D2
ck+(x, k(x, u, v))(x) = y0 + l2+,∀x ∈ L.

Making use of the result of Proposition 2.11 to deduce that D2k(x, k(x), u, v)(x)
exists for all x ∈ L. On the other hand, it follows from Corollary 5.3 [22] that
Ψ(x) = y0 for all x ∈ L. Hence, condition (ii) is satified.

Remark 2.17. If cone Q has a compact base B, then by taking account of Propo-
sition 2.9, it follows that Proposition 2.15 is still hold where the profile mapping k+
is replaced by k.



D. V. Luu, T. V. Su, N. C. Dieu / Second-Order Efficiency ... 911

3. Second-order conditions for efficiency

In this section, we derive second-order necessary and sufficient conditions for weakly
efficient solutions of the problem (VEPC) in terms of contingent epiderivatives.
From now on, if not otherwise stated, for each x ∈ K, we always assume that there
exist u ∈ IT (C, x)∩IT (H, x) and (v, w) ∈ Dc(f+, g+)(x, (f, g)(x))(u)∩(−Q)×(−S)
such that the following conditions hold:
(A) D2(f, g)(x, (f, g)(x), u, (v, w))(x) exists for all

x ∈ dom
(
D2

c (f+, g+)(x, (f, g)(x), u, v, w)
)

;
(B) (f, g)(K) ⊂ D2(f, g)(x, (f, g)(x), u, v, w)(x) +Q× S for all x ∈ M ;
(C) The following regularity condition holds:{

z ∈ Z : (y, z) ∈ cone
(
(f, g)(K)

)}
+ cone(S + w) = Z.

It is worth mentioning here that when we study a nonsmooth vector equilibrium
problem using the tool of second-order contingent epiderivatives, the existence of
these epiderivatives must be guaranteed, thus condition (A) plays a key role for
establishing optimality conditions for the efficient solution types of problem (VEPC)
via the second-order contingent epiderivatives, while the condition (B) helps us
to construct both necessary and sufficient second-order optimality conditions, it
means that the assumption (B) is used to replace the cone-convexity of objective and
constraint functions and so these condition cannot be deleted in all the statements.
In fact, as we know in the vector optimization theory that if all the objective and
constraint functions of vector equilibrium problems are cone-convex on a convex set
C and if this condition is removed then the necessary optimality condition cannot
be the sufficient optimality condition (see Gong [6, 7] for more details). Finally,
the regularity condition (C) is used for obtaining the Kuhn-Tucker type necessary
second-order optimality conditions from the Fritz John type necessary second-order
optimality conditions, it means that for a pair (λ, η) ∈ (Y × Z)∗, not both zero,
under the regularity condition (C), it ensures that λ ̸= 0. Notice that the regularity
condition (C) can be viewed as one of the constraint qualifications in the vector
optimization theory, and moreover, the assumptions (A)-(C) are not coincide with
the existing one in the literature (see, e.g., [1, 3, 8, 9, 10, 11, 12, 15, 19, 22, 23, 24,
25, 26] and the references therein).
The following example illustrates the preceding hypothesis mentioned.

Example 3.1. Let X = Y = Z = W = l2 be the space of sequences (xn)n∈N ⊂ R for
which

∑∞
n=1 x

2
n is finite with the norm ∥(xn)∥ =

(∑∞
n=1 x

2
n

) 1
2 . By (en)n∈N we denote

its standard unit basis. Let C be a closed unit ball in the space l2, x = 0 ∈ C, the
natural ordering cones on l2 be

Q := l2+ = {(xn)n∈N ⊂ l2 : xn ≥ 0 ∀n ≥ 1},

S := l2− = {(xn)n∈N ⊂ l2 : xn ≤ 0 ∀n ≥ 1}.
Fixing u0 ∈ l2 \ {0} with

∥u0∥ ≥
√
2

2
, i0 ∈ N, x0 = (x0

n)n∈N ⊂ l2, 0 < x0
i0
≤ x0

i ≤ 2∥u0∥2 (∀ i ≥ 1),
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the mappings f, g, h : l2 → l2 are defined respectively by

f(x) =

{∑n
i=1 ∥x∥ ei, if ∥x∥ = 1

n
, n ∈ N,

−∥x∥2 ei0 , if ∥x∥ ̸∈ { 1
n
, n ∈ N},

g(x) =

{∑∞
i=1 ∥x∥2 x0

i0
xiei, if ∥x∥ = 1

n
, n ∈ N,∑∞

i=1 ∥x∥2 x0
i ei, if ∥x∥ ̸∈ { 1

n
, n ∈ N},

h(x) = 0 for all x = (xn)n≥1 ∈ l2.

Then the feasible set of problem (VEPC) is of the form K = K1 ∪K2, where

In = { 1
n
: n ∈ N},

K1 = {x = (xn)n≥1 ∈ C : xn ≥ 0 (∀n ∈ N), ∥x∥ ∈ In},
K2 = {x = (xn)n≥1 ∈ C : ∥x∥ ̸∈ In}.

By direct calculation we get IT (C, 0) ∩ IT (H, 0) = l2, and for all u ∈ l2

Dc(f+, g+)(x, (f, g)(x))(u) = {(v, w) ∈ l2 × l2 : v ∈ Q, w ∈ S}.

Thus for any u ∈ l2, we obtain the following result

Dc(f+, g+)(x, (f, g)(x))(u) ∩ (−Q)× (−S) = {(0, 0)}.

Taking u = u0, v = 0 ∈ l2, w = 0 ∈ l2. For all x ∈ M = l2, it results that

dom(D2
c (f+, g+)(x, (f, g)(x), u, v, w)) = l2,

D2
c (f+, g+)(x, (f, g)(x), u, v, w)(x) =

=

{
((yn)n, (zn)n) :

yi0 ≥ −2∥u0∥2, yi ≥ 0 (∀ i ̸= i0, i ≥ 1),

zi ≤ 2∥u0∥2x0
i , ∀ i ≥ 1

}
,

(ax, bx) = ((0, 0, . . . , 0,−2∥u0∥2, 0, . . .), (2∥u0∥2x0
1, 2∥u0∥2x0

2, . . . , 2∥u0∥2x0
i0
, . . .)),

which means that the second-order contingent epiderivative of (f, g) at (x, u, (v, w))
exists. We see that Assumption (B) be valid. In fact, for all x ∈ M = l2, we have

D2(f, g)(x, (f, g)(x), u, v, w)(x) +Q× S = {(ax + q, bx − s) : (q, s) ∈ l2+ × l2+}.

For all (y, z)∈(f, g)(K), there exists x = (xi)i≥1∈K such that (y, z) = (f(x), g(x)).
If ∥x∥ = 1

n
and xi ≥ 0 ∀ i ≥ 1, then (y, z) = (

∑n
i=1

1
n
ei,

∑∞
i=1

1
n2x

0
i0
xiei). Obviously,

1

n2
xix

0
i0
≤ x0

i0
xi ≤ ∥x∥x0

i0
≤ x0

i0
≤ 2∥u0∥2x0

i (∀ i ≥ 1),

which yields that (y, z) ∈ D2(f, g)(x, (f, g)(x), u, v, w)(x) +Q× S.
If ∥x∥ ̸∈ { 1

n
: n ∈ N}, then (y, z) = (−∥x∥2ei0 , ∥x∥2x0

i0
ei0)).

Evidently we have ∥x∥2 ≤ 2∥u0∥2 and ∥x∥2x0
i0
≤ 2∥u0∥2x0

i0
(∀ i ≥ 1).
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This helps us to conclude that

(y, z) ∈ D2(f, g)(x, (f, g)(x), u, v, w)(x) +Q× S,

such that Assumption (B) holds. Finally, we check that{
z ∈ l2 : (y, z) ∈ cone

(
(f, g)(K)

)}
+ cone(l2−) = l2.

From the fact cone(l2−) = l2− ⊂ l2 it follows that{
z ∈ l2 : (y, z) ∈ cone

(
(f, g)(K)

)}
+ cone(l2−) ⊂ l2.

Take an arbitrary x = (xn)n≥1 ∈ l2; then we have x =
∑∞

i=1 xiei. We set

I+ = {i ∈ N : xi > 0} and I− = {i ∈ N : xi ≤ 0},

and define x = E + F :=
∑
i∈I+

xiei +
∑
i∈I−

xiei.

Evidently, F ∈ l2− and E ∈ {z ∈ l2 : (y, z) ∈ cone((f, g)(K))}, which proves the
assumptions (A)–(C) hold.

Until now, for the sake of brevity in the statements we set

M := dom
(
D2

c (f+, g+)(x, (f, g)(x), u, v, w)
)
,

and (ax, bx) := D2(f, g)(x, (f, g)(x), u, v, w)(x).

A necessary and sufficient optimality condition for weak efficiency to VEPC can be
stated as follows.
Theorem 3.2. (Second-order necessary and sufficient optimality condition) Let x
be a feasible point of problem (VEPC) and assume that intQ ̸= ∅. Then, x is a
weakly efficient solution to the problem (VEPC) if and only if for every x ∈ M,
there exist (λ, η) ∈ (Y ∗ × Z∗) \ {(0, 0)} satisfying

λ ∈ Q+ \ {0}, η ∈ S+ with ⟨η, w⟩ = 0; (7)
⟨λ, f(x̃)⟩+ ⟨η, g(x̃))⟩ ≥ ⟨λ, ax⟩+ ⟨η, bx⟩ ≥ 0 ∀ x̃ ∈ K. (8)

Proof. Let us take and fix a direction u ∈ IT (C, x) ∩ IT (H, x) and a direction
(v, w) ∈ Dc(f+, g+)(x, (f, g)(x))(u) ∩ (−Q)× (−S), which satisfy Assumptions (A),
(B) and (C). It is plain that u ∈ IT (C ∩ H, x). We first suppose that x ∈ K is a
weakly efficient solution of problem (VEPC). Let us show that

D2(f, g)(x, (f, g)(x), u, v, w)(x) ̸∈ (−intQ)× IT (−S,w), ∀x ∈ M. (9)

In fact, if it was not so, there exist x ∈ M such that ax ∈ −intQ and bx ∈ IT (−S,w).
Making use of Definition 2.2, we get (x, ax, bx) ∈ T 2(epi(f, g), (f, g)(x), u, (v, w)),
because 0 ∈ Q × S and (x, ax, bx) ∈ epi(D2(f, g)(x, (f, g)(x), u, v, w)). By virtue
of the definition of second-order contingent set of (f, g) at (x, u, (v, w)), one finds
sequences tn → 0+ and (xn, an, bn) → (x, ax, bx) such that

(x, (f, g)(x)) + tn(u, (v, w)) +
1
2
t2n(xn, an, bn) ∈ epi(f, g) ∀n ∈ N,
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which yields f(x+ tnu+ 1
2
t2nxn) ∈ f(x) + tnv +

1
2
t2nan −Q, (10)

and g(x+ tnu+ 1
2
t2nxn) ∈ g(x) + tnw + 1

2
t2nbn − S. (11)

Since bx ∈ IT (−S,w), for the preceding sequences tn and bn, there exists N1 ∈ N
such that w + 1

2
tnbn ∈ −S for all n ≥ N1, and so, tnw + 1

2
t2nbn + g(x)− S ⊂ −S for

all n ≥ N1. Consequently,

g(x+ tnu+ 1
2
t2nxn) ∈ −S ∀n ≥ N1. (12)

Observing that u + 1
2
tnxn → u ∈ IT (C ∩ H, x). Then for the preceding sequence

tn, there exists N2 ∈ N such that x + tnu + 1
2
t2nxn ∈ C ∩ H for all n ≥ N2, which

together with (12) implies that

x+ tnu+ 1
2
t2nxn ∈ K ∀n ≥ max{N1, N2}. (13)

On the other hand, we have Q+ intQ = intQ, f(x) = 0, v ∈ −Q, an → ax ∈ −intQ.
Hence, there exists N3 ∈ N such that

f(x+ tnu+ 1
2
t2nxn) ∈ −intQ (∀n ≥ max{N1, N2, N3}). (14)

Combining (13) and (14) yields that x is not a weakly efficient solution of problem
(VEPC), this is a contradiction. Applying a separation theorem of disjoint convex
sets ([5], Theorem 3.6), one can find (λ, η) ∈ (Y ∗ × Z∗) \ {(0, 0)} such that

⟨λ, ax⟩+ ⟨λ, bx⟩ ≥ ⟨λ, p⟩+ ⟨η, q⟩ ∀ p ∈ −intQ, ∀ q ∈ IT (−S,w).

Consequently, ⟨λ, ax⟩ + ⟨λ, bx⟩ ≥ 0, λ ∈ Q+, η ∈ S+, < η, w >= 0. Making use of
Assumptions (A) and (B), we have (f, g)(

∼
x)− (ax, bx) ∈ Q× S, ∀ ∼

x ∈ K. Therefore,〈
λ, f(

∼
x)
〉
+
〈
η, g(

∼
x)
〉
≥ ⟨λ, ax⟩+ ⟨η, bx⟩ ≥ 0, ∀ ∼

x ∈ K.

Let us see that λ ̸= 0. In fact, if it was not so, then η ̸= 0. It can be easily
seen that η ∈ [cone(S + w)]+. By Assumption (C), for each zo ∈ Z there exist
sw ∈ cone(S + w), xo ∈ K, t ≥ 0, (y, z) = t

(
f(xo), g(xo))

)
such that zo = sw + z.

In other words, it follows from Assumption (B) that zo ∈ sw + tbx + S, and hence,
⟨η, zo⟩ ≥ ⟨η, sw⟩ + t ⟨η, bx⟩ ≥ 0. Since zo ∈ Z is taken arbitrarily, it follows that
η = 0, this is a contradiction. Thus conditions (7) and (8) hold.
Conversely, we fix x ∈ K and suppose that for all x ∈ K, there exist (λ, η) ∈
(Y ∗ × Z∗) \ {(0, 0)} satisfying conditions (7) and (8). We claim that x is a weakly
efficient solution of (VEPC). Indeed, if it was not so, there exist x0 ∈ K such that
F (x, x0) ∈ −intQ. Since η ∈ S+ and g(x0) ∈ −S, it holds that ⟨η, g(x0)⟩ ≤ 0. This
along with the fact λ ∈ Q+ \ {0} yields that ⟨λ, f(x0)⟩ < 0. So it leads to

⟨λ, f(x0)⟩+ ⟨η, g(x0)⟩ < 0,

which conflicts with the initial assumptions, we get the desired conclusion.
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Remark 3.3. The result obtained in Theorem 3.2 is new and these has not been
considered before. The novelty relies in the assumptions (B) and (C), where the
asumption (B) is used to replace the generalized convexity of the mapping (f, g)
on a convex set C, the assumption (C) is known as the new constraint qualification
which these was not considered in the literature, e.g., in [1]–[26] and the references
therein. The Assumptions (A) and (C) cannot be dropped because Assumption
(A) guarantees the existence result of second-order contingent epiderivatives and
Assumption (C) corresponds to the constraint qualification. Assumption (B) is
applied to replace the (Q× S)-convexity of (f, g) on a convex set C and if this as-
sumption is deleted then the second-order sufficient optimality condition may not be
true (this result is well-known in any convex optimization literature). Additionally,
note that problem (VEPC) studied in our paper is the general case, where we have
as feasible set

K = {x ∈ C : g(x) ∈ −S, h(x) = 0}.
Because of the direction u ∈ IT (H, x), our result obtained here is not depend on h.
In the case (u, v, w) = (0, 0, 0), it is not hard to see that cone(S + w) = S and

D2
c (f, g)(x, (f, g)(x, u, v, w)(x) = Dc(f, g)(x)(x)

for all x ∈ dom(Dc(f+, g+)(x, (f, g)(x))). Consequently, (ax, bx) = D(f, g)(x)(x),
and so, we immediately obtain the following first-order necessary and sufficient op-
timality condition:

Corollary 3.4. (First-order necessary and sufficient optimality condition) Let x be
a feasible point of problem (VEPC) and assume that intQ ̸= ∅. Then, x is a weakly ef-
ficient solution to problem (VEPC) if and only if ∀x ∈ dom(Dc(f+, g+)(x, (f, g)(x))),
there exist (λ, η) ∈ (Y ∗ × Z∗) \ {(0, 0)} satisfying

λ ∈ Q+ \ {0}, η ∈ S+ with ⟨η, w⟩ = 0; (15)
⟨λ, f(x̃)⟩+ ⟨η, g(x̃))⟩ ≥ ⟨λ, ax⟩+ ⟨η, bx⟩ ≥ 0 ∀ x̃ ∈ K, (16)

where (ax, bx) = D(f, g)(x)(x).

We mention that according to the well-known result in Jiménez and Novo [13], if Y
and Z are finite-dimensional, and f (or g) is Hadamard differentiable at x, then

Dc(f, g)(x)(x) = Dcf(x)(x)×Dcg(x)(x) ∀x ∈ dom(Dc(f+, g+)(x, (f, g)(x))),

which leads to ax = Df(x)(x) and bx = Dg(x)(x).

In this case, dom(Dc(f, g)(x)) = X, and this along with the inclusion

dom
(
Dc(f, g)(x)

)
⊂ dom

(
Dc(f+, g+)(x, (f, g)(x))

)
yields that

dom
(
Dc(f+, g+)(x, (f, g)(x))

)
= X.

Therefore, the statement of Corollary 3.4 is still hold if we replace the initial as-
sumption ∀x ∈ dom(Dc(f+, g+)(x, (f, g)(x))) by ∀x ∈ X.

Arguing similarly as in the proof of Corollary 3.4, we obtain the following statement.
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Corollary 3.5. (First-order necessary and sufficient optimality condition) Let x be
a feasible point of problem (VEPC) and assume that Y and Z are finite-dimensional
spaces, f (or g) be Hadamard differentiable at x and intQ ̸= ∅. Then, x is a weakly
efficient solution to problem (VEPC) if and only if for every x ∈ X, there exist
(λ, η) ∈ (Y ∗ × Z∗) \ {(0, 0)} satisfying

λ ∈ Q+ \ {0}, η ∈ S+ with ⟨η, w⟩ = 0; and (17)
⟨λ, f(x̃)⟩+ ⟨η, g(x̃))⟩ ≥ ⟨λ,Df(x)(x)⟩+ ⟨η,Dg(x)(x)⟩ ≥ 0 ∀ x̃ ∈ K. (18)

Theorem 3.2 is illustrated by the following example.
Example 3.6. We consider the problem (VEPC) is given as in Example 3.1. It
can be seen that Q+ = l2+ and S+ = l2−. Taking u = u0, v = 0, w = 0. For every
x ∈ M = l2 we choose λ = (λi)i≥1 ∈ Q+ \ {0}, with λi0 = 0, λi > 0 (∀ i ̸= i0),
and η = 0 ∈ S+. Then the relation (7) is obviously satisfied. The second-order
contingent epiderivative of (f, g) at (0, (0, 0), u, (0, 0)) is (ax, bx), with (ax, bx) is
taken as in Example 3.1. Therefore, ⟨λ, ax⟩+ ⟨η, bx⟩ = 0.

For any ∼
x = (

∼
xi)i≥1 ∈ K, two cases can occur as follows:

Case 1. ∼
xi ≥ 0 for all i ≥ 1 and ∥∼x∥ = 1

n
for some n ∈ N, one gets f(

∼
x) =∑n

i=1 ∥
∼
x∥ei. Thus 〈

λ, f(
∼
x)
〉
+
〈
η, g(

∼
x)
〉
=

n∑
i=1

1

n
λi ≥ 0.

Case 2. ∥∼x∥ ̸∈ { 1
n
: n ≥ 1}, one has f(

∼
x) = −∥∼x∥2ei0 , which implies that〈

λ, f(
∼
x)
〉
+
〈
η, g(

∼
x)
〉
= 0.

Hence, (8) holds. Using the result of Theorem 3.2 to ensure that x = 0 being a
weakly efficient solution to the (VEPC).

In the case h = 0, we state the second-order sufficient optimality conditions for
weakly efficient solutions of (VEPC) as follows.
Theorem 3.7. Let us consider the problem (VEPC) with h = 0 and x ∈ K. Suppose
that for every x ∈ M, there exist u ∈ IT (C, x) and

(v, w) ∈ Dc(f+, g+)(x, (f, g)(x))(u) ∩ (−Q)× (−S)

satisfying Assumption (A) and the following two conditions:
(i) D2(f, g)(x, (f, g)(x), u, v, w)(x) ̸∈ (−intQ)× IT (−S,w);

(ii) For every y ∈ K, there exist e1 ∈ Q, e2 ∈ IT (S,−w) such that
D2(f, g)(x, (f, g)(x), u, v, w)(x) ∈ IMin((f, g)(y)− (e1, e2) + P |Q× S),

where the cone P in the product space Y × Z, either Q× S, or −(Q× S).

Then x is a weakly efficient solution to the problem (VEPC).

Proof. Assume the contrary, namely that x is not a weakly efficient solution to the
problem(VEPC), which means that there exists ∼

y ∈ C such that g(
∼
y) ∈ −S and

f(
∼
y) ∈ −intQ.
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Taking x∈dom(D2
c (f+, g+)(x, (f, g)(x), u, v, w)), by the initial assumptions, we get

that there exists u∈IT (C, x) and (v, w)∈Dc(f+, g+)(x, (f, g)(x))(u)∩ (−Q)× (−S)
such that

D2(f, g)(x, (f, g)(x), u, v, w)(x) ̸∈ (−intQ)× IT (−S,w). (19)

Making use of Assumption A, we get

(ax, bx) ̸∈ (−intQ)× IT (−S,w). (20)

On the one hand, it follows from the hypothesis (ii) that there exist e1 ∈ Q and
e2 ∈ IT (S,−w) such that

(ax, bx) ∈ IMin
(
(f, g)(

∼
y)− (e1, e2)±Q× S |Q× S

)
,

which is equivalent to

(ax, bx) ∈ (f, g)(ỹ)− (e1, e2)±Q× S ⊂ (ax, bx) +Q× S.

On the other hand, by directly calculating one obtains

(f, g)(
∼
y)− (e1, e2) ∈ (ax, bx) +Q× S,

which is equivalent to ax ∈ f(
∼
y)− e1 −Q, bx ∈ g(

∼
y)− e2 − S.

Since Q+ intQ = intQ, f(∼y) ∈ −intQ, it follows that ax ∈ −intQ. Observe that

IT (S,w) = intcone (S + w) g(
∼
y) ∈ −S ⊂ −S − w ⊂ −cone (S + w)

and cone (S + w) + int cone(S + w) = int cone (S + w) = IT (S,−w), one obtains

bx ∈ −IT (S,−w) = IT (−S,w).

Consequently, (ax, bx) ∈ (−intQ) × IT (−S,w), which contradicts condition (20).
Thus the vector x ∈ K being a weakly efficient solution to the problem (VEPC),
the conclusion follows

Example 3.8. Let X be a real Banach space with a norm ∥ . ∥X and Y = Z = l2

with l2 be given as in Example 3.1. We take
Q = l2+, S = l2−, C = {x ∈ X : ∥x∥X ≤ 1} and x = 0 ∈ C.

and fix u0∈X\{0} with ∥u0∥X >
√
2
2
, x0=(x0

n)n∈N ⊂ l2, 0<x0
n<1 (∀n ≥ 1, n∈N).

We now define the mappings f, g : X → l2 respectively as

f(x) =

{∑n
i=1 ∥x∥X ei, if ∥x∥X = 1

n
, n ∈ N,

0, if ∥x∥X ̸∈ { 1
n
, n ∈ N}.

g(x) =

{∑∞
i=1 ∥x∥X x0

i ei, if ∥x∥X = 1
n
, n ∈ N,∑∞

i=1 ∥x∥2X x0
i ei, if ∥x∥X ̸∈ { 1

n
, n ∈ N}.
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Then, it is easy to see that K = C, IT (C, x) = X, Dc(f+, g+)(x, (f, g)(x))(u) = Q×S
for every u ∈ X. Hence, Dc(f+, g+)(x, (f, g)(x))(u)∩ (−Q)× (−S) = {(0, 0)} for all
u ∈ X. Taking u = u0 ∈ X, v = 0 ∈ l2, w = 0 ∈ l2, we obtain by direct calculation

dom(D2
c (f+, g+)(x, (f, g)(x), u, v, w)) = X.

Moreover, for every x ∈ M, we have

D2
c (f+, g+)(x, (f, g)(x), u, v, w)(x) =

{
((yn)n, (zn)n) :

for all i ∈ N, yi ≥ 0 and
zi ≤ 2∥u0∥2Xx0

i

}
,

which yields that (ax, bx) = ((0, 0, . . .), (2∥u0∥2Xx0
1, 2∥u0∥2Xx0

2, . . .)) for any x ∈ M.
This means that the second-order contingent epiderivative of (f, g) at (0, u0, (0, 0))
exists. From this result we will be allowed to conclude that Assumption (i) is
obviously fulfilled due to ax = (0, 0, . . .) ̸∈ −intl2+. Finally, for all x ∈ K, three cases
can be happen as follows:
Case 1. If ∥x∥X = 0, we may take (e1, e2) = (−ax,−bx), and then one obtains
e1 ∈ l2+ and e2 ∈ IT (l2−, 0) = intl2−. Moreover,

IMin
(
((f, g)(0)− (e1, e2) + l2+ × l2−)

∣∣ l2+ × l2−
)
= {(ax, bx)}.

Case 2. If ∥x∥X = 1
n

for some n∈N, we choose (e1, e2) = (f(x) − ax, g(x) − bx).
Consequently, (e1, e2) ∈ l2+ × int l2− because

(e1, e2) =
(∑n

i=1
1
n
ei,

∑∞
i=1(

1
n
−2∥u0∥2X)x0

i ei

)
and 1

n
−2∥u0∥2X ≤ 1−2∥u0∥2X < 0.

It is not difficult to check that

IMin
(
((f, g)(x)− (e1, e2) + l2+ × l2−)

∣∣l2+ × l2−
)
= {(ax, bx)}.

Case 3. If ∥x∥X ̸∈
⋃

n≥1{
1
n
}
⋃
{0}, by taking a vector pair (e1, e2) as in Case 2, we

also obtain the desired conclusion. It is worth noting here that e1 = 0 ∈ l2+ and

e2 =
∞∑
i=1

(∥x∥2X − 2∥u0∥2X)x0
i ei ∈ IT (S, 0) = int l2−

is due to ∥x∥2X − 2∥u0∥2X ≤ 1− (
√
2∥u0∥)2 < 0.

Applying Theorem 3.7, we deduce that x is a weakly efficient solution of (VEPC).
Corollary 3.9. Let us consider the problem (VEPC) in the sense h = 0 and x ∈ K.
Assume that D(f, g)(x) exists, for all x ∈ dom

(
Dc(f+, g+)(x, (f, g)(x))

)
:

(i) D(f, g)(x)(x) ̸∈ (−intQ)× (−intS);
(ii) For every y ∈ K, there exist e1 ∈ Q, e2 ∈ IT (S,−w) such that

D(f, g)(x)(x) ∈ IMin
(
(f, g)(y)− (e1, e2) + P |Q× S

)
,

where the cone P in the product space Y × Z, either Q× S, or −(Q× S).

Then x is a weakly efficient solution to the problem (VEPC).

Proof. By direct application of Theorem 3.7.
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Remark 3.10. If f (or g) is Hadamard differentiable at x, then, by directly using
Remark 3.3, the hypothesis x ∈ dom

(
Dc(f+, g+)(x, (f, g)(x))

)
may be dropped and

replaced by x ∈ X. In this case, ax and bx are also given as in Remark 3.3.

Corollary 3.11. Under the assumptions of Theorem 3.7, assume that for every
x∈M, there exist u∈IT (C, x), and (v, w)∈Dc(f+, g+)(x, (f, g)(x))(u)∩(−Q)×(−S)
satisfying
(i) D2(f, g)(x, (f, g)(x), u, v, w)(x) ̸∈ (−intQ)× IT (−S,w);

(ii) For every y ∈ K, there exist e1 ∈ Q, e2 ∈ IT (S,−w) such that ax = f(y)− e1
and bx = g(y)− e2.

Then x is a weakly efficient solution to the problem (VEPC).
Proof. By direct application of Theorem 3.7, where P is replaced by Q× S.
Corollary 3.12. Under the assumptions of Theorem 3.7, assume that for every
x∈M, there exist u∈IT (C, x) and (v, w)∈Dc(f+, g+)(x, (f, g)(x))(u)∩(−Q)×(−S)
satisfying
(i) D2(f, g)(x, (f, g)(x), u, v, w)(x) ̸∈ (−intQ)× IT (−S,w);

(ii) (f, g)(K) ⊂ D2(f, g)(x, (f, g)(x), u, v, w)(x) +Q× (intS).
Then x is a weakly efficient solution to the problem (VEPC).
Proof. By the initial assumptions, for each y ∈ K, there exist e1 ∈ Q and e2 ∈ intS
such that ax = f(y) − e1 and bx = g(y) − e2. By directly application Corollary
3.11, it suffices to prove that e2 ∈ IT (S,−w). But from the facts that intS ⊂
intcone(S + w) = IT (S,−w) and e2 ∈ intS, this follows.
Example 3.13. Let X,Y, Z, C,Q, S, x, u0 and x0 be as in Example 3.6. The map-
pings f, g : X → l2 respectively defined as

f(x) =

{∑n
i=1 ∥x∥X ei, if ∥x∥X = 1

n
, n ∈ N,

0, if ∥x∥X ̸∈ { 1
n
, n ∈ N},

g(x) =

{∑∞
i=1 ∥x∥X x0

i ei, if ∥x∥X = 1
n
, n ∈ N,∑∞

i=1 ∥x∥2X x0
i ei, if ∥x∥X ̸∈ { 1

n
, n ∈ N}.

By an argument similar as in Example 3.1, we get v = 0 ∈ l2, w = 0 ∈ l2.

Moreover, D2(f, g)(x, (f, g)(x), u, v, w)(x) exists for all x ∈ M.

For fixed x ∈ M, it is plain that ax = 0 ̸∈ −intl2+ and bx =
∑∞

i=1 2∥u0∥2Xx0
i ei, which

yields that the hypothesis (i) in Corollary 3.12 holds. For all x ∈ M = X, we obtain
the following result
D2(f, g)(x, (f, g)(x), u0, 0, 0)(x) +Q× int(S) = {(q, bx + s) : (q, s) ∈ l2+ × intl2−}.

Finally, for any (y, z) ∈ (f, g)(K) there exists x ∈ K such that (y, z) = (f(x), g(x)).

Two cases can occur as follows:
Case 1. If ∥x∥X = 1

n
and xi ≥ 0 ∀ i ≥ 1, then (y, z) = (

∑n
i=1

1
n
ei,

∑∞
i=1

1
n
x0
i ei).

Because of 1
n
x0
i ≤ x0

i < 2∥u0∥2Xx0
i for all i ≥ 1 we obtain

(y, z) ∈ D2(f, g)(x, (f, g)(x), u, v, w)(x) + l2+ × (int l2−).
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Case 2. If ∥x∥X ̸∈ { 1
n

: n ∈ N}, then (y, z) = (0,
∑∞

i=1 ∥x∥2X x0
i ei). We then

obviously obtain ∥x∥2Xx0
i ≤ x0

i < 2∥u0∥2x0
i for all i ≥ 1.

A consequence is (y, z) ∈ D2(f, g)(x, (f, g)(x), u0, 0, 0)(x)+l2+×intl2−, which implies
that all the hypothesis (ii) in Corollary 3.12 are fulfilled. Thus, the vector x = 0 is
a weakly efficient solution to the problem (VEPC).

Remark 3.14. If the regularity condition (C) holds then the assumption (i) is
equivalent to the fact that there exist λ ∈ Q+ \{0} and η ∈ S+ with ⟨η, w⟩ = 0 such
that

⟨λ, ax⟩+ ⟨η, bx⟩ ≥ 0.

This plays an important role when we are working with solutions of their types of
vector equilibrium problem with constraints (VEPC).

4. Applications

By applying the results obtained in Section 3, we provide here the second-order
necessary and sufficient optimality conditions for Henig efficient, globally efficient
and superefficient solutions of constrained vector equilibrium problem (VEPC).
Theorem 4.1. Let x be a feasible point for problem (VEPC) and B be a base of
Q. Assume that Assumptions (A), (B) and (C) are fulfilled. Then x is a Henig
efficient (resp., globally efficient, superefficient if, in addition, B compact) solution
to problem (VEPC) if and only if for every x ∈ M, there exist (λ, η) ∈ Y ∗×Z∗ such
that

λ ∈ Q∆(B) (resp., Q♯, int(Q+)); (21)
η ∈ S+ with ⟨η, w⟩ = 0; (22)〈

λ, f(
∼
x)
〉
+
〈
η, g(

∼
x))

〉
≥ ⟨λ, ax⟩+ ⟨η, bx⟩ ≥ 0 ∀ ∼

x ∈ K. (23)

Proof. Case 1. We assume that the vector x is a Henig efficient solution of problem
(VEPC), which means that there exists some absolutely convex neighborhood U of
0 with U ⊂ VB such that

cone(f(K)) ∩ (−int[cone(U +B)]) = ∅,

which is equivalent to f(K) ∩ (−int[cone(U + B)]) = ∅, where cone(U + B) is a
pointed and convex cone. According to Theorem 3.2, for every x ∈ M , there exist
λ ∈ [cone(U +B)]+ \ {0} and η ∈ S+ with ⟨η, w⟩ = 0 such that (23) holds. Making
use of Lemma 2.1 (i) [16], we get λ ∈ Q∆(B). In the converse case, we may assume
that for every x ∈ M, there exist λ ∈ Q∆(B) and η ∈ S+ with ⟨η, w⟩ = 0 satisfying
(23). Because of λ ∈ Q∆(B), there exists a positive real number t such that

⟨λ, b⟩ ≥ t ∀ b ∈ B.

We set U = {y ∈ Y : | ⟨λ, y⟩ | < min{ t
2
,
r

2
}} ∩ VB.

Then U is an open absolutely convex neighborhood of the origin in Y with U ⊂ VB.

We have cone(f(K)) ∩ (−int[cone(U +B)]) = ∅,

which is equivalent to (see [6, 7]) cone(f(K)) ∩ (U −B) = ∅. (24)
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Indeed, if (24) was not so, there would exist r ≥ 0,
∼
x ∈ K and there exist u ∈ U,

b ∈ B such that rf(
∼
x) = u− b. Therefore,〈
λ, rf(

∼
x)
〉
= ⟨λ, u⟩ − ⟨λ, b⟩ ≤ ⟨λ, u⟩ − t < 0. (25)

If r = 0, then u = b. But, t ≤ ⟨λ, b⟩ = | ⟨λ, u⟩ | < t, a contradiction. From here we
have r > 0. It follows from (25) that〈

λ, f(
∼
x)
〉
+
〈
η, g(

∼
x)
〉
< ⟨η, g(x̃)⟩ ≤ 0,

which contradicting the initial assumptions. Thus x is a Henig efficient solution to
the problem (VEPC).
Case 2. See Gong [6, 7] or Long et al. [16].
Case 3. Suppose x is a globally efficient solution of problem (VEPC), which means
that there exists a pointed convex cone H ⊂ Y with Q \ {0} ⊂ intH such that

f(K) ∩ (−H \ {0}) = ∅.

Hence, f(K) ∩ (−intH) = ∅ (see Definition 1.1). Taking account of Theorem 3.2,
we deduce that there exist λ ∈ H+ \ {0} and η ∈ S+ with ⟨η, w⟩ = 0 satisfying
(23). In order to have λ ∈ Q♯, we take any y ∈ Q \ {0}, and have ⟨λ, y⟩ > 0. By the
definition of Q♯, we infer that λ ∈ Q♯. In the converse case, for every x ∈ M, there
exist λ ∈ Q♯ and η ∈ S+ with ⟨η, w⟩ = 0 such that (23) holds. We set

H = {y ∈ Y :< λ, y >> 0} ∪ {0}.

By Gong [6], the set H is a pointed and convex cone satisfying Q \ {0} ⊂ intH. By
Definition 2.1, we only need to show that

f(K) ∩ (−H \ {0}) = ∅. (26)

In fact, if (26) was false, there would exist x̂ ∈ K such that f(x̂) ∈ −H \ {0}. Since
λ ∈ Q♯, it holds that ⟨λ, f(x̂)⟩ < 0. Then,

⟨λ, f(x̂)⟩+ ⟨η, g(x̂)⟩ < ⟨η, g(x̂)⟩ ≤ 0.

This contradicts the inequality (23), which completes the proof.

Example 4.2. Let X = Y = Z = R, C = [−1, 1], Q = S = R+, x = 0, and the
mappings f, g : R −→ R are defined respectively as

f(x) = x4 (∀x ∈ R) and g(x) = −x2 (∀x ∈ R).

It can easily be seen that the mappings f+, g+ : R ⇒ R are given respectively as

f+(x) = {y ∈ R : y ≥ x4 (∀x ∈ R) and g+(x) = {y ∈ R : y + x2 ≥ 0} (∀x ∈ R).

By direct calculation we obtain IT (C, 0) = R, and
Dc(f+, g+)(0, (0, 0))(1) ∩ (−Q)× (−S) = {(0, 0)}.
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Taking u = 1 and v = w = 0, it results that

dom
(
D2

c (f+, g+)(0, (0, 0), 1, 0, 0)
)
= R.

Moreover, for all x ∈ R, D2
c (f+, g+)(0, (0, 0), 1, 0, 0)(x) = R+ × [−2,+∞). Observe

that R2
+ has a compact base B such that Q∆(B) = Q♯ = int(Q+) = int(R2

+).

By virtue of Proposition 2.9, we have D2(f, g)(0, (0, 0), 1, 0, 0)(x) = (0,−2) for all
x ∈ R, which yields that (ax, bx) = (0,−2), i.e., the assumption (A) is fulfilled.
On the other hand, it is not hard to check that the assumptions (B) and (C) also
hold. We also mention that R+ has a compact base B0 and

Q∆(B0) = Q♯ = int(Q+) = int(R+) = (0,+∞).

By taking λ = 1, η = 0, it follows that (23) holds. Theorems 3.2 and 4.1 imply that
the vector x being one of the efficient solutions of problem (VEPC).

Corollary 4.3. Let x be a feasible point for problem (VEPC) and the convex set
B be a base of Q. Assume that all the assumptions of Corollary 3.9 are ful-
filled. Then x is a Henig efficient (resp., globally efficient, superefficient if, in
addition, B compact) solution to the problem (VEPC) if and only if for every
x ∈ dom

(
Dc(f+, g+)(x, (f, g)(x))

)
, there exist (λ, η) ∈ (Y ∗ × Z∗) \ {(0, 0)} satis-

fying conditions (21), (22) and (23) in Theorem 4.1.
Proof. This is a direct consequence of Theorem 4.1.

Theorem 4.4. Let x be a feasible point for problem (VEPC) and the set B a base
of the cone Q. Assume that h = 0, Assumption (A) holds, and for every x ∈ M,
there exist u ∈ IT (C, x) and (v, w) ∈ Dc(f+, g+)(x, (f, g)(x))(u) ∩ (−Q) × (−S),
such that
(i) there exist λ ∈ Q∆(B) (resp., λ ∈ Q♯), η ∈ S+ with ⟨η, w⟩ = 0 with

⟨λ, ax⟩+ ⟨η, bx⟩ ≥ 0;

(ii) for all y ∈ K, there exist e1 ∈ Q, e2 ∈ IT (S,−w) such that

D2(f, g)(x, (f, g)(x), u, v, w)(x) ∈ IMin
(
(f, g)(y)− (e1, e2) + P |Q× S

)
,

where the cone P in Y × Z is either Q× S, or −(Q× S).

Then x is a Henig (resp., globally) efficient solution to the problem (VEPC).

Proof. We first assume that λ ∈ Q∆(B), and x ∈ K is not a Henig efficient solution
to the problem (VEPC), which means that for all absolutely convex neighborhoods
U of the origin in Y with U ⊂ VB,

f(K) ∩ (−intcone(U +B)) ̸= ∅. (27)

We take an absolutely open convex neighborhood U0 of the origin in Y with U0 ⊂ VB

such that λ ∈ [cone(U0 + B)]+ \ {0} (see Gong [6]). It follows from (27) that there
exists yo ∈ K such that f(yo) ∈ −intcone(U0 + B). Making use of the proof of
Theorem 3.7, we obtain that ax ∈ −intcone(U0 +B)−Q, bx ∈ IT (−S,w).
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From the fact that Q \ {0} ⊂ intcone(U0 +B), we conclude ax ∈ −intcone(U0 +B),
and this leads to

⟨λ, ax⟩+ ⟨η, bx⟩ < 0,

a contradiction. Hence, x is a Henig efficient solution to the problem (VEPC).
We now suppose that λ ∈ Q♯ and x ∈ K is not a globally efficient solution of problem
(VEPC), which means that for all pointed convex cones H ⊂ Y with Q\{0} ⊂ intH,
f(K) ∩ (−H \ {0}) ̸= ∅. We define H as in the proof of Theorem 4.1. Then there
exists ŷ ∈ K such that f(ŷ) ∈ −H \{0}, which means that ⟨λ, f(ŷ)⟩ < 0. This yields

⟨λ, f(ŷ)⟩+ ⟨η, g(ŷ)⟩ < 0,

which contradicts assumption (i). From here we will be allowed to conclude that
the vector x being a globally efficient solution of problem (VEPC).

Corollary 4.5. Let x be a feasible point for problem (VEPC), h = 0 and let the set
B be a base of the cone Q. Suppose that all the assumptions of Corollary 3.9 are
fulfilled and for every x ∈ dom

(
Dc(f+, g+)(x, (f, g)(x))

)
,

(i) There exist λ ∈ Q∆(B) (resp., λ ∈ Q♯), η ∈ S+ with ⟨η, w⟩ = 0 such that

⟨λ, ax⟩+ ⟨η, bx⟩ ≥ 0;

(ii) For all y ∈ K, there exist e1 ∈ Q, e2 ∈ IT (S,−w) such that
D(f, g)(x)(x) ∈ IMin

(
(f, g)(y)− (e1, e2) + P |Q× S

)
,

where the cone P in Y × Z is either Q× S, or −(Q× S).

Then x is a Henig (resp., globally) efficient solution to the problem (VEPC).

Proof. The desired conclusion is an immediate consequence Theorem 4.4.

Corollary 4.6. Let x be a feasible point for problem (VEPC) and B a base of Q.
Assume that h = 0 and Assumption (A) holds. Suppose also that for every x ∈ M,
there exist u ∈ IT (C, x) and (v, w) ∈ Dc(f+, g+)(x, (f, g)(x))(u) ∩ (−Q)× (−S),
(i) There exist λ ∈ Q∆(B) (resp., λ ∈ Q♯), η ∈ S+ with ⟨η, w⟩ = 0 such that

⟨λ, ax⟩+ ⟨η, bx⟩ ≥ 0;

(ii) For all y ∈ K, there exist e1 ∈ Q, e2 ∈ IT (S,−w) such that ax = f(y) − e1
and bx = g(y)− e2.

Then x is a Henig (resp., globally) efficient solution to the problem (VEPC).

Proof. In the same way as in Corollary 3.11 the conclusion follows.

Corollary 4.7. Let x be a feasible point for problem (VEPC) and let the set B be
a base of the cone Q. Assume that h = 0 and Assumption (A) holds. Suppose, in
addition, that for every x ∈ M, there exist u ∈ IT (C, x) and

(v, w) ∈ Dc(f+, g+)(x, (f, g)(x))(u) ∩ (−Q)× (−S),
such that
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(i) there exist λ ∈ Q∆(B) (resp., λ ∈ Q♯), η ∈ S+ with ⟨η, w⟩ = 0 with

⟨λ, ax⟩+ ⟨η, bx⟩ ≥ 0;

(ii) (f, g)(K) ⊂ D2(f, g)(x, (f, g)(x), u, v, w)(x) +Q× intS.
Then x is a Henig (resp., globally) efficient solution to the problem (VEPC).
Proof. In the same way as in Corollary 3.12 and Corollary 4.6, the conclusion
follows.

Remark 4.8. If all the assumptions in Corollary 3.9 are fulfilled, then the statement
of Corollary 4.7 is still true if the condition (ii) is removed and replaced by

(f, g)(K) ⊂ D(f, g)(x)(x) +Q× intS.

Additionally, if the B is compact of Q and λ ∈ int(Q+), then we obtain the con-
clusions in Theorem 4.4, Corollaries 4.3, 4.5, 4.6 and 4.7 that x is a superefficient
solution of problem (VEPC).

We close this section by making some comparisons between the results obtained in
the paper and the existing one in the literature.

Remark 4.9. So far as we known, there is no results in the literature on second-
order necessary and sufficient optimality conditions for efficient solutions of vector
equilibrium problems involving equality, generalized inequality and set constraints
in terms of contingent epiderivatives in Banach spaces. Indeed, we used at least
one of the Assumptions (A), (B) and (C) for obtaining second-order necessary and
sufficient optimization conditions to such problems, while Li, Zhu and Teo [15]
introduced a generalized second-order composed contingent epiderivative for a set-
valued mapping and the author used this concept for establishing second-order op-
timality conditions for set-valued optimization problems with only a set constraint
with generalized convex objective function; Su [26] established the new second-order
optimality conditions for vector equilibrium problems with set and generalized in-
equality constraints in terms of contingent derivatives with 2-stable functions in
real finite dimension spaces; Su [25] gave the second-order efficiency conditions for
C1,1−vector equilibrium problems in terms of contingent derivatives and its appli-
cation to C1,1−vector variational inequality problem and C1,1−vector optimization
problem with constraints; Su [24] only studied some basic properties of the second-
order contingent epiderivative of a single-valued map from a variational perspective
and its application to obtaining the second-order efficiency conditions for weakly
efficient solutions of vector equilibrium problems with constraints.

5. Conclusions

In this paper, we have shown some important properties of second-order contingent
epiderivatives for an arbitrary function. We introduced Assumptions (A), (B) and
(C), which are illustrated by an example. Under these assumptions, we established
the second-order necessary and sufficient conditions for weakly efficient, Henig ef-
ficient, globally efficient and superefficient solutions of vector equilibrium problem
with constraints (VEPC) in terms of second-order contingent epiderivatives. In case
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that there are no Assumptions (A), (B) and (C), we only obtain second-order suffi-
cient conditions for those solutions of problem (VEPC) via second-order contingent
epiderivatives for the class of arbitrary functions. Some illustrative examples are
also given. Our result obtained in this paper are new and, moreover, these result
has not been considered before. In the future, these second-order necessary and
sufficient optimality conditions may be used to formulate second-order optimality
conditions for efficient solutions in vector equilibrium problems with complementar-
ity, equilibrium, mixed constraints, etc.
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the editors for sending our manuscript to reviewers.
Funding. The first and second authors were supposed by Vietnam National Foun-
dation for Science and Technology Development (NAFOSTED) under Grant Num-
ber 101.01-2017.301.

References
[1] J. P. Aubin, H. Frankovska: Set-Valued Analysis, Birkhäuser, Boston (1990).
[2] J.-F. Bonnans, R. Cominetti, A. Shapiro: Second order optimality conditions based

on parabolic second order tangent sets, SIAM J. Optimization 9/2 (1999) 466–492.
[3] R. Cominetti: Metric regularity, tangent sets and second order optimality conditions,

Appl. Math. Optimization 31 (1990) 265–287.
[4] P. Daniele: Lagrange multipliers and infinite-dimensional equilibrium problems, J.

Glob. Optimization 40 (2008) 65–70.
[5] I. V. Girsanov: Lectures on Mathematical Theory of Extremum Problems, Springer,

Berlin (1972).
[6] X. H. Gong: Optimality conditions for vector equilibrium problems, J. Math. Analysis

Appl. 342 (2008) 1455–1466.
[7] X. H. Gong: Scalarization and optimality conditions for vector equilibrium problems,

Nonlinear Analysis 73 (2010) 3598–3612.
[8] C. Gutiérrez, B. Jiménez, V. Novo: On second-order Fritz John type optimality condi-

tions in nonsmooth multiobjective programming, Math. Program., Ser. B 123 (2010)
199–223.

[9] J. Jahn, A. A. Khan, P. Zeilinger: Second-order optimality conditions in set optimiza-
tion, J. Optimization Theory Appl. 125 (2005) 331–347.

[10] J. Jahn, R. Rauh: Contingent epiderivatives and set-valued optimization, Math.
Meth. Oper. Res. 46 (1997) 193–211.

[11] B. Jiménez, V. Novo: Second order necessary conditions in set constrained differen-
tiable vector optimization, Math. Meth. Oper. Res. 58 (2003) 299–317.

[12] B. Jiménez, V. Novo: First and second order sufficient conditions for strict minima-
lity in nonsmooth vector optimization, J. Math. Analysis Appl. 284 (2003) 496–510.

[13] B. Jiménez, V. Novo: First order optimality conditions in vector optimization invol-
ving stable functions, Optimization 57/3 (2008) 449–471.



926 D. V. Luu, T. V. Su, N. C. Dieu / Second-Order Efficiency ...

[14] B. Jiménez, V. Novo, M. Sama: Scalarization and optimality conditions for strict
minimizers in multiobjective optimization via contingent epiderivatives, J. Math.
Analysis Appl. 352 (2009) 788–798.

[15] S. J. Li, S. K. Zhu, K. L. Teo: New generalized second-order contingent epiderivatives
and set-valued optimization problems, J. Optimization Theory Appl. 152 (2012) 587–
604.

[16] X. J. Long, Y. Q. Huang, Z. Y. Peng: Optimality conditions for the Henig efficient so-
lution of vector equilibrium problems with constraints, Optimization Letters 5 (2011)
717–728.

[17] D. T. Luc: Theory of Vector Optimization, Lecture Notes in Economics and Mathe-
matical Systems 319, Springer, Berlin (1989).

[18] D. V. Luu: Higher-order necessary and sufficient conditions for strict local Pareto
minima in terms of Studniarski’s derivatives, Optimization 57 (2008) 593–605.

[19] D. V. Luu: Higher-order efficiency conditions via higher-order tangent cones, Numer.
Funct. Analysis Optimization 35 (2014) 68–84.

[20] D. V. Luu, W. Oettli: Higher-order optimality conditions for a minimax, Bull. Aus-
tral. Math. Soc. 54 (1996) 509–516.

[21] J. P. Penot: Second order conditions for optimization problems with constraints,
SIAM J. Control Optimization 37 (1999) 303–318.

[22] L. Rodríguez-Marín, M. Sama: About contingent epiderivatives, J. Math. Analysis
Appl. 327 (2007) 745–762.

[23] T. V. Su: Optimality conditions for vector equilibrium problems in terms of contingent
epiderivatives, Numer. Funct. Analysis Optimization 37/5 (2016) 640–665.

[24] T. V. Su: Some properties of second-order contingent epiderivatives and its appli-
cations to vector equilibrium problems, Commun. Optimization Theory 23 (2017)
1–19.

[25] T. V. Su: Second-order efficiency conditions for C1,1−vector equilibrium problems
in terms of contingent derivatives and applications, J. Nonlinear Var. Analysis 3/3
(2019) 317–332.

[26] T. V. Su: New second-order optimality conditions for vector equilibrium problems with
constraints in terms of contingent derivatives, Bull. Braz. Math. Soc, New Series 51
(2020) 371–395.


