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1. Introduction

In 1998, Danielli and Garofalo [5] introduced the concept of starshapedness in the
setting of Carnot groups (see also [6]). Their paper describes geometrical properties
of starshaped and convex sets. The convexity in the Heisenberg group was studied
by many authors such as Monti and Rickly [13] who proved the geodesic convexity,
or by Danielli, Garofalo, and Nhieu [7] (see also [10]) who introduced the concept of
horizontal convexity (H-convexity). Bardi and Dragoni [1], [2] generalised the con-
cept of convexity to general vector fields and introduced the notion of X-convexity
which is a generalisation of the H-convexity. This analysis allows one introducing
the notion of the distance to the boundary for starshaped sets. Consequently, by
using the distance formula one can obtain geometric Hardy type inequalities.

Acknowledgment: We thank Nicola Garofalo for bringing to our attention the
paper [8] and also for kindly sharing with us the proper definition of starshapedness.

The first author was supported by the EPSRC Grant EP/R003025/1, by the Leverhulme Re-
search Grant RPG-2017-151, and by the FWO Odysseus grant G.0H94.18N. The second au-
thor was supported by the EPSRC Grant EP/R003025/1 and by the Nazarbayev University
grant 090118FD5342. The third author was supported by the Nazarbayev University program
091019CRP2120 and the Nazarbayev University grant 240919FD3901.

*Corresponding author.

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag



928 M. Ruzhansky et al. / Geometric Hardy Inequalities ...

The main aim of this paper is to obtain geometric Hardy inequalities on starshaped
sets in Carnot groups. Furthermore, we establish geometric Hardy inequalities on
the half-spaces for general vector fields.

This paper is organised in the following way: Section 1: A brief overview of the
sub-Riemannian manifolds, Grushin plane, Carnot groups, Heisenberg groups, and
Engel groups. Section 2: Geometric Hardy inequalities on the starshaped sets in
Carnot groups are established, with some examples. Section 3: Geometric Hardy
inequalities on half-spaces for general vector fields, and some examples. Section 4:
The proofs of the main results.

1.1. Sub-Riemannian manifolds

Let M be a smooth manifold of dimension n, with a given family of vector fields
{Xi}¥_,, n > N, defined on M and satisfying the Hormander condition. They
induce in a natural way a sub-Riemannian metric (-,-)3; on the associated space
H, = span(X;(z),..., Xny(x)). The triple (M, H, (-, )%) is a sub-Riemannian man-
ifold. Note that, unlike for Carnot groups, in general, it is not possible to define
dilations, translations, the homogeneous norm and the distance in the setting of
general sub-Riemannian manifolds.

Let us denote the operator of the sum of squares of vector fields by

L::ZX,? (1)
k=1

These operators have been studied by many authors, for instance, it is well-known
since Hormander’s pioneering work [11], that if the commutators of the vector fields
{X,}N_, generate the Lie algebra, then the operator L is locally hypoelliptic. The
p-version of the sum of squares of vector fields can be given by the formula

L,f =Vx (|VxfIF?Vxf), where Vy :=(X1,...,Xn). (2)

1.2. Grushin plane

One of the important examples of a sub-Riemannian manifold is the Grushin plane.
The Grushin plane is the space R? with vector fields

o 0
X = 8_;L=17 and Xy = Ila_m, for z:= (z1,12) € R,

1.3. Carnot groups

Let G = (R",0,0,) be a stratified Lie group (or a homogeneous Carnot group
or just a Carnot group), with the dilation structure J§, and Jacobian generators
X1,..., Xy, so that N is the dimension of the first stratum of G. Let us denote by
@ the homogeneous dimension of G. We refer to the recent books [9] and [18] for
extensive discussions of stratified Lie groups and their properties.

N
The sub-Laplacian on G is given by L= Z X7 (3)
k=1
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We also recall that the standard Lebesgue measure dxr on R" is the Haar measure
for G (see, e.g.[9, Proposition 1.6.6]). Each left invariant vector field X} has an
explicit form and satisfies the divergence theorem, see e.g. [9] for the derivation of
exact formula: more precisely, we can express

9 . O (0 (1-1) 9
X = 57 +ZZak’m(:L’,...,x ) (4)
k x

R
=2 m=1 8 7(71)

2)

with z = (2/,2®, ..., ™), where r is the step of G and z() = (xgl), e ,x%)l) are the

variables in the (" stratum, see also [9, Section 3.1.5] for a general presentation.

The horizontal divergence is defined by
divgf:=Vg-f, where Vg :=(Xq,...,Xn)
is the horizontal gradient. The p-sub-Laplacian has the form

Lof =Vu - (IVuflP*Vif). ()

1.4. Heisenberg groups
Let H; be the Heisenberg group, that is, the set R? equipped with the group law

/ / / / / /
roux = (xy + ), 12+ xy, x5 + x5 + 2(x) T2 — 1175)),

where = := (1,79, 23) € R®, and 7! = —z is the inverse element of z with respect
to the group law. The dilation operation on the Heisenberg group with respect to

the group law has the form
Sx(z) = (Awy, Axg, N?23) for A > 0.

The Lie algebra § of the left-invariant vector fields on the Heisenberg group H; is
spanned by

0 0 0 0
Xy = —+ 20— d Xyi=— 22—
YT on + $28x3, o 2 Dy $18:1:3’
with their (non-zero) commutator [X;, Xy = —4 8%3.

The horizontal gradient on Hj is given by Vg := (Xj, X3), so that the sub-Laplacian
on H is given by L := X? + X2.

The Heisenberg group is the most common example of a step 2 stratified group
(Carnot group).

1.5. Engel groups
Let E be the Engel group, that is, the set R* equipped with the group law

/ / / / /
rox = () +a),x0+ xy, x5 + x5+ P3, x4 + 2 + Py),
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1
where Py = 5(55195/2 - 55235/1),
1
P, = 5(:51:70’3 — 1377 + E(:v%xé — 112 (29 + ) + 2027?).

Here z := (71, 22, 23, 74) € RY. The vector fields have the following form

Yo g o (30 o
2

Ko o= aiz * %aig %024’

Xy = X1, Xo] = 8%3 + %6%1’

Xi: = [X1, Xq] :a%g

The Engel group is a well-known example of a step 3 stratified group (Carnot group),
see [3, 4] for details on the Engel and Cartan groups.

2. Hardy inequalities on starshaped sets

In order to present the results on the starshaped domains, we recall the definition
of starshaped sets in a Carnot group G = (R™, 0, ;) and related arguments.

Definition 2.1. (Starshapedness [5]) Let Q@ C G be a C'' domain containing the
identity e. Then € is starshaped with respect to e if for every x € 02 one has

(Z(x),n(x)) =0, (6)

where n is the Riemannian outer normal to 9€2. When the strict inequality holds,
then € is said to be strictly starshaped with respect to e. [

Here the vector fields Z are the infinitesimal generators of this group automorphism.
This vector fields Z takes the form

5,
te Y T (7)
— ox

r,l

Then for 2/ € RY and 2 € RY: with i = 2,...,r we have

Z(x) = (o, 222 ... ,'rx(”), (8)
and
(Z(z),n(z)) = 2'n' +22Pn® 4+ . 4 rzn
=ain) + -+ 2ynly + 2(z21n21 + - + TanN2.N,)

+o o r(@eang o+ TN,

since n(x) = (n/,n®, ..., n") with n’ € RY and n® e RN i=2, ... 7.
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Based on the above arguments we now present the geometric Hardy inequalities on
the starshaped sets for the sub-Laplacians.

Theorem 2.2. Let () be a starshaped set on a Carnot group. Then for every v € R
and p > 1 we have the following Hardy inequality

[1Vast@pas = - =)ol + ) [ SR rpas o

. / - o 2@),nle))) e,

(x), n(z)) [P~

for every function f € C3°(Q).

Corollary 2.3. Let H* be a starshaped set on the Heisenberg group Hy. Then for
p > 1, we have the following Hardy inequality

|f(@)[Pdx, — (10)

p— 1>p/ |(n1 + 4xong, ng — 4a1n3)|P
H

Vuflx)lPde > | ——
H*| Hf( )| —( P |x1n1+$2n2+2$3n3|p

for every function f € C§°(H").

Remark 2.4. Note that in the case
H*:={(Z(z),n(z)) >0, Ve €OH*, Z(x):=(z1,72,273)}={x€H; X R>: 23 > 0}
with n(z) := (0,0,1), and p = 2, we have the inequality

2 2
[ wasrarz [ R e

T3

Proof of Corollary 2.3. We begin the proof of Corollary 2.3 by a simple compu-
tation such as

(Z(x),n(z)) = x1ny + x9ng + 22303,
Vu(Z(x),n(x)) = (n + 4dxang, ng — 4z1ng),
\Vu(Z(x),n(x))|P = ((m + 4a9n3)? + (ng — 4x1n3)2)p/2 |

and

Ly(Z(z),n(x)) = Vi - (VulZ(x),n(@) P> Vu(Z(z),n(x)))
= X1 (IVu(Z(2), n(2)[P(n1 + 4ans)) + Xo(|Vu(Z(2), n(2))[P~2(ng — 4113))
= —4(p = 2)|Vu(Z(x),n(2)) P~ (n1 + 4wang)(ny — 4x1ng)n;
+4(p = 2)[Vu(Z(x), n(x)) [P~ (ng — 4x1n3) (N1 + 2x4m3)03
=0.

Plugging the above expressions into inequality (9) and maximising with respect to
7, we arrive at inequality (10) which completes the proof of Corollary 2.3. ]
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Corollary 2.5. Let E* be a starshaped set on the Engel group E. Then for every
function f € CP(E*) and for v € R and p = 2, we have

Ve (Z(z), n(z))[?
e (4(x),n(z))?

v ToNy 9
+3 | oy e

. Vi f(z)|?dz >~ (|y* +7) |f(z)[*dz (11)

Proof of Corollary 2.5. As in the previous case, a straightforward calculation

gives
<Z(ZL’), n(.r)> =1 + ToNg + 2{,{73’]13 + 31'4”47
3x3n T1ToM 2n,
Vil 2(a), ) = (g~ aang — 20 I TR,

3 2 2 2
Vi (Z(z),n(x)))* = (m — Tang — x;n“ —~ mlffn‘*) + (m +aing + xf“) ,

and
L{Z(z),n(x)) =V - Vu({Z(z),n(x))

3r3ng  T1To9M x3n
:X1(n1—$2n3— ;4— 142 4)+X2<n2+xln3+ 144>

Toly
5

Plugging the above expressions into inequality (9), we have

Vu(Z(z), n(x)
g (4(x),n(x))?

1/ —x2n4 €T 2 €T
= Z0), (@)

that completes the proof of Corollary 2.5. [

[ 19uf@)do 2 - (1P +) (@)

3. Hardy inequalities on half-spaces for general vector fields

Let us define the half-space of a sub-Riemannian manifold by
QO ={z e R": (z,n(z)) > d},

where n = n(z) € R" is the Riemannian outer unit normal to 9Q* and d € R. The
Euclidean distance to the boundary 0Q7 is denoted by dist(z, 9Q") and defined by

dist(z,007) :== (z,n(z)) — d.

Then we have:
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Theorem 3.1. Let M be a sub-Riemannian manifold, let Q™ C M be a half-space
and let Xq,..., Xy be the general vector fields. Then for every v € R and every
p > 1, we have the following Hardy inequality

| wxs@rarz - - v+ [ I faypar )

o+ dist(x,001)P

N / ,Cp(alzst(yc,GQJ“)|f(m)|pdx7
0

+ dist(x,00+)p~1
for every function f € C$(QT).

Note that inequality (12) was obtained for the Carnot groups by the authors in [16],
but here we extend it to general sub-Riemannian manifolds.

Let us give examples of these results for the Heisenberg group (step 2), the Engel
group (step 3), and the Grushin plane, which does not have a group structure, but
serves as an important example of the sub-Riemannian geometry.

Corollary 3.2. Let Q% be a half-space in the Grushin plane G. Then for every
function f € C3*(QT) and every p > 1, we have the following Hardy inequality

P 2 2,2\p/2
L;'vxﬂ$wwx2—%p—lﬂhh1—+7{/ (n1 + 21m3)

a+ (T1ng + xomy — d)P

[f(@)Pde (13)

; OF)|p—4 2
Fp— 2)7/ |V xdist(z, 0QF)|P~*ninsa,
O+ (xlnl + ToNg — d)pfl

| (@)["d.

If one of the cases n(x) = (1,0) or n(x) = (0,1) holds, then we have

/Q+ \Vx f(z)Pde > (p%l)p/m ( (nf + afng)?/? ()P, (14)

TN, + Tong — d)p

where dist(x,007) = (x,n(x)) —d and d € R.

Remark 3.3. Note that, with Vx the Grushin gradient, we have:
e IfQT={zeR?: 2 >d} with n(z) = (1,0), then we have

/m \Vx f(z)|Pde > (2%1)?/m %dw.

e IfQt:={x e R?:zy > d} with n(z) = (0,1), then we have

| wxspa > (1%1) | % (@) Pd.

Proof of Corollary 3.2. A simple calculation shows
dist(z,00") = z1ny + w909 — d,
Vxdist(z,007) = (ny, z1ns),
|V xdist(z, 0Q)|P = (n? + 2?n2)?/?,
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and L,dist(z,007) = Vx - (|Vxdist(z,00") P72V xdist(z,00"))

0 2 2, _2\E2 2 2 2\B22
(7_:U1((n1 +a7n;) T ) + xla_xg((nl +x7n5) T T1n)
= (p — 2)|Vxdist(z,00")|P*niniz,.

Plugging the above expressions into inequality (12), we arrive at

»_ (n% + xfn%)pﬂ
Pde > —(p—1 p—T Pd
[ 9xs@pas 2 = -yl 4o [ I g,
|V xdist(z, 00" [P~ nin3z,
-2 Pd
-2y, [ IO it ),

that gives inequality (13). If one of the cases n(x) = (1,0) or n(z) = (0,1) holds,
then the last term of the above inequality vanishes, so we get

|f (@) [Pdx. (15)

» 2 2,2\p/2
| wxs@pde = = (14 [

a+ (T1ng + xomy — d)P

Then, we maximise the above inequality by differentiating with respect to v, so that

we obtain
p 1 p—1 p—1
|7|»~T +1=0, and hence v=—|—— '
p—1 »

By putting the value of v into inequality (15), we complete the proof. Il

Corollary 3.4. Let QF be a half-space on the Heisenberg group. Then for every
function f € C§(QF) and p > 1, we have

P — 1 P \(nl -+ 2[[’271,3, N9y — 2251713)’1)
Py > P

where dist(x,007) = (x,n(x)) —d and d € R.

Remark 3.5. Note that if we choose n(z) = (0,0,1), p = 2 and d = 0 in inequality
(16), then we get

o1 |2 + |zo|?
[ waspar> [ L (1)

oF ot T3
The Hardy inequality of the form (17) in the half-space on the Heisenberg group
was shown by Luan and Young [12]. O
Proof of Corollary 3.4. In order to prove Corollary 3.4, we calculate

dist(z,007) = x1n1 + x9Ny + 303 — d,

Vxdist(z,00") = (ny + 22903, Ny — 22103),
|V xdist(z,007)|P = ((nq + 2x9n3)? + (ng — 221n3)?)P/2.
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Then we compute

L,dist(z,007) = Vy - (|Vudist(z, 00T P2V ydist(z, 00T))

p=2

= X1 ((ny + 229m3)? + (ng — 22113)3) 7 (ny + 2x9n3)
+ Xo((n1 + 2w9m3)* + (ng — 2x1n3)2)¥(n2 — 2x1n3)

= —2(p — 2)|Vydist(z,00") [P~ (ny + 2x9n3)(ny — 22,13)n3
+2(p — 2)|Vydist(z, 0QT) P4 (ny — 2z1n3) (n1 + 2w9n3)03

=0.
Plugging the above expressions into inequality (12), we arrive at

ny +2fL’2’I’L3, n2—2x1n3)|p

|f () [Pd, (18)

T1N1+ToNo+T3N3 _d)p

[ 1wut@rds 2 -1+ [
o+ ot
which can be maximised by differentiating with respect to . Then we have

_ -1 p—1
P |7|"%1 +1=0, and hence v = — (p_ ) '
p—1 »

By inserting the value of «y into inequality (18), we get the inequality

P — 1 P |(n1 + 2%277/3, No — 2x1n3)|p
Py > P
R R e N B e

that proves Corollary 3.4. O

Corollary 3.6. Let Q' be a half-space on the Engel group E. Then for every
function f € C3*(QT) and for v € R and p = 2, we have

V gdist(z, 0T |?
9 > _ 2 | H )
/m \Vuf()|"de > — (|v|]* +7) /Q+ dist(x, 0+)?2

Y TNy 2
— _— d
MG /m dist(x, 00T) )l de,

where dist(x,007) = (x,n(x)) —d and d € R.

[f(@)[fdz (19)

Proof of Corollary 3.6. A straightforward calculation gives

dist(z,007) = x1ny + Tony + X303 + 4Ny — d,

ToNg  TgNg  T1ToNy TN x%m)
)

Vgdist(z,00") = (m — — — ng + 5 15

2 2 12 7
2 rins x2ng\’
YV i dist o0t 2 < . Tong _ XT3Ny _ 131372714) 1M3 1
| HAlS ('Tv )’ ny 9 9 12 na 9 ‘|’_12 ,
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and
L(dist(z,00%)) =V - Vydist(z,00")
_v ToNsg  T3Ny T ToNy TN Ting
VT \MT T 2 12 " 12
2
Tong T3y T1T2My rins TNy
:X( _ _ _ ) X Tin4
t\MT 2 12 +2(n2+2+12>
TaTiy
6

Plugging the above expressions into inequality (12), we get

V ydist(z, 00+) 2
/m Vi f(@)de > — (] +7) /Q+ | ;31?3;(’1:39+)2)| |f(2)Pda

Y TaNy 2
— _ d
N 6 /Q+ dist(z,00") |f (@) dz,

that completes the proof of Corollary 3.6. 0

4. Proof of the main results

The approach to prove the main results is based on the works [15] and [16] (see, also
[14]-[17]). For a vector field g € C*(2), we compute

/Q divg) f(z) Pl = —p / @) g, Vi f (@) de

<p( [ 1wsste |pdx) ([ 115 ras ) v

< / Vel (@)Pdz+ (p— 1) / 19177 ()P

Here we have applied the divergence theorem, the Holder inequality and the Young
inequality, respectively. By rearranging the above expression, we arrive at

/Q Vi f(0)Pde > / (divig — (p — 1)|g|70)| f(x) Pl (20)

A suitable choice of the vector field g in each special case is a key argument of our
proofs.

Proof of Theorem 2.2. Let us set
Vi (Z() ()
[(Z(z), n(z))[P~!
then a straightforward computation gives

e [ValZ(@) )P
g7 = D @yt

u(Z(x),n(x)),

(21)
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and divgg =7 —v(p—1) (22)
2 @), ) [(Z(x). ()]
Plugging the above expressions (21) and (22) into inequality (20), we have
2 Vi (Z(x), n(x))["
Vaf@lde >~ (o= D(h1F ) [ @)
/Q " o |(Z(x),n(z))P
p({(Z(x),n())) p
d
+ [ SO o)
which proves inequality (9). O
Proof of Theorem 3.1. Let us take
|V xdist(z, 00T) P2 : n
9 dist(z, 00 )1 V xdist(z, 0Q2"), (23)
e | Vixdist(z, 0Q7) P
so that we have |71 = |y]7 dist(w, 00 (24)
_ Lydist(x,00") |V xdist(xz, 0Q2T)|P
d d = — — 25
o VX9 = ’ydzst(a: o+t 1P —1) dist(z, 0Q+)P (25)
Combining expressions (24) and (25) with inequality (20), we obtain
. |V xdist(xz, 0Q2T)|P
Pde > — (p— 1)(|y]73 rq
[ 19st@lar = = =)ol +9) [ SR )P
Lydist(x,00Q") »
d
i /dzst(x o0+ )P il (@),
which proves inequality (12). O
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