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1. Introduction

The theory of convex functions keeps playing a central role in real analysis, in oper-
ator theory and in some realms of applied mathematics, such as optimization theory
or management science (we refer the interested reader to [2, 5, 14] for applications
of the property of convexity). Since Jensen began this research, they have been
exhaustively described and many of their properties have been revealed.

Recall that a function f : V — R (where V' is a vector space over R) is said to be
convex if, whenever z, y € V and 0 < A < 1, we have

fOz+ (1= Ny) <Af(z) + (1 =N f(y)
The study of convex functions has been extended considering other inequalities. In

this direction, Niculescu proposed the following definition (see [15]):

Let I C (0,00) be an interval. A function f : I — (0,00) is called multiplicative
convez if, for every z,y € I and X € [0, 1], we have

-, A - A
F@' =) < fla)' 7 )™ (1)
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Functions satisfying inequality (1) are also known as GG-convex functions, since
they are supposed to replace the arithmetic mean in the inequality that defines the
convex functions by its corresponding geometric mean.

In [11], the authors considered the definition as a way of upgrading the operations
that take part in the definition of convex functions. In this direction, they see that
the addition operation turns into multiplication operation, and the multiplication
operation turns into power operation. But, A and p = 1— X are related by A+p = 1.
So, completing the upgrade, A and p should be related by -y = 1 and the following
definition was proposed.

Definition 1.1. Let f : (0,00) — [0,00) be a function. We will say that f is
multiplicative convex (or f is an mec-function, for short) if, for every p > 0 and

x,y > 0 we have
flaty') < fl@) fy)e. O (2)

The inequality in (2) implies that f(1) > 1. In [11] the following distinction was
made:

Definition 1.2. A function f : (0,00) — [0, 00) is said to be I-multiplicative convex
(or f is a mcl-function) if, for every p > 0 and z,y > 0 we have

faty ) < fa) fy)"
and the function satisfies also the condition f(1) = 1. We will use the notation
MC :={f:(0,00) = [0,00) | f is a me-function}
MCy :={f:(0,00) = [0,00) | f is a mcl-function}. O

In [11] the property f(1) =1 was of great importance to give the following charac-
terization of mcl-functions:

Theorem 1.3. [11, Theorem 2.5] Let f : (0,00) — [0,00). Then, f is a mcl-
function if and only if it can be written in the form

A ploga(@)  if0 <2 <1,
€Tr) =
b/loga/(:c) fo > 1,

(3)

where a,b,a’ and b’ satisfy the following conditions:

(1) 0<a<landd >1.

(2)  Ifb< 1, then log,(b') <log,(a') < 0 (which, in particular, implies b > 1).
(3)  Ifb>1, then logy(t') > log,(a').

In the direction of generalizing mcl-functions into mec-functions we can find the
following remark.

Remark 1.4. ([11]) If f is a mcl-function and C' > 1 then g(z) = Cf(z) is a
me-function (but not mcl). O

The problem of the characterization of the mec-functions which are not mecl remains
open, but a natural approach would be to relate both classes. We can then find the
following natural question:
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Problem 1.5. [11] If f is an mc-function, is g(x) = % an mcl-function?

That was negatively answered with the following example.

Example 1.6. [11] The function f(z) = z + 1 is a mc-function but g(z) = f(z)
is not mcl.

In Section 2 of this manuscript we shall focus on the study of certain features of
mc-functions in order to see some of the algebraic properties of the set MC. In the
following sections, we shall use those properties to describe the algebraic structure
of this set and we provide an example of a discontinuous mc-function, which leads
to the conclusion that the mc-property does not imply continuity. We will then
focus our attention to the question of whether continuous mec-functions may be all
obtained via basic manipulations of mcl-functions. Some results regarding algebraic
genericity are also presented and open questions will be posed in the last section.
This work is a natural continuation of [11].

2. Some algebraic properties of the set MC

Before stating the main points of this section, let us mention a well-known result
that will be crucial in some of the proofs presented here. The following lemma
can be found in [10] and it is very well known, however we include it here for self-
containment.

Lemma 2.1. For 1 <p < oo, let {, denote the space

0, = {a:: (z1,29,...) €RN : Z\xi|p < oo}

endowed with the usual norm, which we denote by ||-||,. Then, £, may be continuously
embedded into £, for 1 <p < q < oo.

In particular, for every 1 < p < q < oo and x € ly, ||z|, < ||z,

A natural, and straightforward, consequence of the previous lemma is the following
result.

Corollary 2.2. If a,b are positive numbers and p > 1, then a* 4+ b* < (a + b)*.

The first algebraic property of MC indicates that this set is closed under addition:

Lemma 2.3. If f and g are me-functions, then h(x) = f(x)+g(z) in a me-function
as well.

Proof. Let f, g be me-functions, z,y € (0,00) and p > 1, then
(f + g)arys) = flatye) + glatys) < F(x) ) + g(@)g(y)>
< F@)"(g(y) + F@)# + 9@ (F(y) + g()*
= (f@)* + g(@)")(gy) + fy)= < (f(x)+9(x)" (9(y) + f(y))
= [(f + @I(f + ) ()]

Therefore, f + g is an mc-function. ]

==
T -



942 P. Jiménez-Rodriguez et al. / Generalizing Multiplicative Convez ...

Corollary 2.4. If f is a mc-function and ¢ > 1, then g(x) = f(z) + ¢ is a mc-
function as well.

For the case g(x) = f(z) + ¢ with ¢ € (0, 1) we will study first the case where f is a
mcl-function.

Lemma 2.5. If f is a mcl-function and f(x) > 1 for every x € (0,00), then
g(x) = f(x) + ¢ is a me-function for 0 < ¢ < 1.

Proof. We know that f is decreasing in (0, 1) and increasing in (1, 00), so we can
prove that:

fa) + e < (flx) + o). (4)

If we define h(z) = (f(x)+¢)8— f(2)"—c, then W'(z) = pof (2)[f (x)+¢)* 1= f(a)n1].

Due to the monotonicity of f we have that h(z) has an absolute minimum at x = 1

but h(1) = (1 + ¢)* — (1 4+ ¢) > 0 for every pu > 1, therefore h(z) > 0 for every
€ (0,00) and we have (4).

Let us see that ¢ is a mc-function. Since 1 < f(y)'/* we have
1 1 1 1
glaty) = flatyi) +c < f@) fly)r +c < f@) fy)r + cf (y)-

(
F)r (f(2)" +¢) < (fly) + e
< (f(x) + )" (fly) + )r = g(a

where the latter inequality is due to (4). O

Notice that, according to Theorem 1.3, the situation described in Lemma 2.5 refers
to the decreasing-increasing type of functions. For the other two types, we have the
following:

Lemma 2.6. If f is a monotone mcl-function then g(x) = f(x) + ¢ is not a mc-
function for 0 < c < 1.

Proof. We are going to suppose that f is increasing (using that if f is a decreasing
and mc-function, then f (%) is increasing and mc as well and we can generalize the
result). So that we can use the characterization given in Theorem 1.3 with a € (0, 1),
a>1,b<land?d >1.

log 15
Next, taking r=y=aqa 080 ¢ (0,1)
and = 1 we obtain g(zy) = bloeal@) 4 ¢

g(l‘)g(y) — bloga(wy) + C(blogaz + blogay + C),

1—c+1—c+ _1+c
4 L T g

but blo8a® 4 plogay 4 o = < 1.

Therefore g(zy) > g(x)g(y) and g(z) is not an me-function. O
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Hence, being closed under addition by a positive constant smaller than 1 depends
on the function: f(x) =z + ¢ is not mc for any ¢ < 1 but g(z) = 2+ 1+ ¢ is mc for
every ¢ > 0.

The following result tells us that MC has a structure like an algebra:
Lemma 2.7. If f and g are mec-functions, then h(z) = f(x)g(z) is a me-function.

Proof. Let f an g be mc-functions and let h(x) = f(z)g(x).

h(atye) = f(atyn)g(atys) < fo)fy)rg(x) g(y)s

= (f(@)g(@))" (f()g(y))* = hx)"h(y)». =

Corollary 2.8. Let f be a mc-function and X\ > 1. Then, A\f is a mc-function as
well.

Lemma 2.9. If f and g are mc-functions and [ is increasing then f(g(x)) is a
mc-function.

Proof. f(g(:v“yi)) < flg(x)*g(y)r) < f(g(x))”f(g(y))%- 0

T =

Corollary 2.10. If f is a mc-function then f™ is a mc-function for every n € N.

With respect to convergence of mec-functions, we have the following result:

Lemma 2.11. Let f(x) = lim, o fon(x) with f,, € MC (resp. f, € MCy) for every
n € N. Then, f(x) is a me-function (resp. a mcl-function).

Proof. Just notice that
flaty'my = Hm f,(a"y ") < lim £, (2)" fu(y) " = fla)" f(y)/"
n—oo n—oo

If, furthermore, f,(x) =1 for every n, f(1) = lim, o fn(1) = 1. N

The previous battery of examples, specially Lemma 2.3, Lemma 2.7 and Corollary
2.8, describes a very specific structure for the MC functions. We will need to
introduce some considerations before carrying on with the results.

Definition 2.12. [13] A cone is a set P endowed with two operations, addition and
multiplication by positive scalars, which fulfill the usual properties (commutativity,
associativity, existence of neutral element, etc.).

If this set contains a linearly independent subset of infinite cardinality, the cone is
said to be infinite. The dimension of the cone is the maximal possible cardinality of
such a linearly independent set. O

The theory of cones provides a different scope to work in settings more general than
the usual Banach or vector spaces. We refer the interesting reader to [13], where
the authors make an introduction to the functional analysis on cones, overviewing
the basic notions and definitions and studying how some of the classical results on
Banach spaces (such as the Hahn-Banach Theorem) can be extended to this theory.
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In particular, cones may be useful when being closed under scalar multiplication is
not fulfilled but for positive scalars. In this direction, let us briefly recall the recently
introduced notion of lineability (see, e.g., [3, 1, 4, 7, 8, 16, 9, 6]).

Definition 2.13. Let X be a vector space, M C X and let p any (finite or infinite)
cardinal number. We say that M is p-lineable if M U {0} contains a vector space of
dimension p. If X is a topological vector space, we shall say that M is u-spaceable if
M U{0} contains a closed vector space of dimension p. We say that M is u-coneable
if M U {0} contains a cone of dimension u. O

The idea behind Definition 2.13 is the search of algebraic structures on certain sets
(whose elements usually verify some pathological property) of the greatest possible
dimension. Depending on the set under study, some of the structures introduced in
2.13 will be allowed and some will not. For example (see, [12]):

Theorem 2.14. There exist two closed cones of dimension ¢, Cy, Cy, with the
property that, if f € C;\ {0} and g € Cy\ {0}, then:

(1) feD[-1,1].

(2) g€ D[-1,1].

(3) frg¢D-1,1]

Nevertheless, two analogous structures can not be found if we are requiring them to
be closed vector spaces (so the spaceability analogue does not exist).

For the properties we are interested in this mansucript we can not search for cones,
since being closed under multiplication by positive scalars is not ensured. Because
of this, we have to consider another definition.

Definition 2.15. Let X be a vector space and M C X. We say that M is an
infinite dimensional truncated cone if M fulfills the following properties:

(1) M is closed under addition.
(2) M is closed under multiplication by scalar no less than 1.
(3) M contains a set of infinite cardinality of linearly independent elements.

The maximal possible cardinality of a set like in property (3) is the dimension of
the truncated cone.

If, furthermore, we can define a multiplication on X (satisfying the usual properties
on itself and with respect to addition) and M is closed under products, then we say
that M is an algebraic truncated cone. In that case,

(1)  the linear dimension of the truncated cone will be the maximal possible car-
dinality so that there exists a subset of such cardinality and consisting on
linearly independent elements.

(2)  The algebraic dimension will be the maximal possible cardinality so that there
exists a subset of such cardinality and consisting on algebraic independent
elements (that is, so that the only polynomial vanishing on them is the null
polynomial).

Trivially we obtain that the algebraic dimension is not greater than the linear di-
mension. 0
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The relationship between truncated cones and cones, appart from the usual geome-
tric one, can be represented in the following:

Proposition 2.16. Let A be an infinite dimensional truncated cone of linear di-
mension jr. Then A— A = {a1 —ay : a; € A} is an infinite dimensional cone of the
same dimension.

Proof. Let a,a9,b1,b0 € A, a € A— Aand X\ > 0. Then

Aa = MNay —ag) =[(A+1)a; +as] — [N+ 1)ag +a1] € A — A,
(a1 —a2)+(b1—b2) = (a1+bl)—(a2+b2) c A-— A

Let next {f; : i € '} C A be a linearly independent set of cardinality u, i°,") € T
be different elements and h : (I'\ {i®}) x (I'\ {i{M}) = I be a bijection. If we
define the set

B = {fh(i,i(o)) — framyy i€\ (i, i(l)}}
then card(B) = p and we claim that B C A — A is a linearly independent set:
Indeed, assume M\, € R, i, € I'\ {i®, i} for 1 < k < n. Then, we notice that the
elements h(ig, i), h(iV) i) € T are all different and therefore

0= M (Fuinio) = Fui,) = D MeFuiaao) = D MeFagit i)
k=1 k=1 k=1

leads to the conclusion Ay = 0 for every 1 < k£ < n. ]

Let us come back to our object of study and focus our attention on continuous mc-
functions. We can summarize the main results of this section so far in the following
theorem:

Theorem 2.17. Let A= C(0,00) N MC. Then,
(1) A is closed for the compact-open topology.

(2) A is an algebraic truncated cone.

The question that we may ask ourselves is if the truncated cone from Theorem 2.17
is of infinite dimension and, in that case, what is the maximal dimension we can
consider.

Theorem 2.18. The set A defined in Theorem 2.17 is a truncated cone of algebraic
dimension ¢ (the continuum), that is, of the largest possible dimension.

Proof. Let us define, for b € (0,1),

plegr2(®) if 0 <z < 1,
fo(z) = {

(1) e > 1

Then, by Theorem 1.3, f, is a mecl-function for every b € (0,1). Let us show, to
finish with, that this set is algebraically independent. Indeed, let \; € R, b; € (0,1)
and k;; € Nfor 1 <i<mnand1<j<m. We define

g(@) = 3 fos ().

i=1 j=1
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Assume then that g(z) = 0. In particular, evaluating in g(5) for 0 < s <n—1 we
obtain

0=g(1) =) X\,
i=1
1 . ke
0=g <§> =3 BBy b (5)
i=1

2

1 . ki1 2k; . & Ko 1o ks _
0=9 (?) - Z)‘ibl Thy e b :Z/\i (b1 by b’fnm) ,
i=1 i=1

and so on, also having that:

1 - (n—l)kiJ (n—l)kiyg (n_l)ki m
Ozg(Qn_1>:Z)\ibl by S L
=1

n n—1
=S (el )
=1

Denote A = (Ab /\27 R )\n)7 hz - (bll%.’lbgi’2 ot bﬁé’m> and

1 1 1 e 1

h ho hs -+ h,

A=| B hy R - R
I h?fl h;zfl hgfl .. hz—l |

Then, the system given by (5) and (6) may be summarized as AAT = 0, where A is
a Van der Monde type matrix and therefore it is invertible, leading us to conclude

A=(0,...,0). O

3. Discontinuous mc-functions

In this section we focus on the question of whether every me-function is continuous
or not. The following example shows that there are mc-functions that are not
continuous.

Example 3.1. f(x) = { Z z; i i i is a mc-function which is not continuous.

Proof. f(x“yi) <4< Uuti) < f(g;)uf(yﬁ n

Following Example 3.1, we generalize it in our next result:

Theorem 3.2. Let a > 1, < 8 < o? and f be a mcl-function. Define the

function
(2) = af(r) if0<z <1,
N =N 8fx)  ifa>1.

Then g is a discontinuous mc-function.
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Proof. It is trivial to prove that g is discontinuous, since

lim g(x) =a < = lim g(z).

T—1— z—1t

Let z,y > 0 and p > 0.
Assume first that z#y*/* < 1. Then

gyt = af(aty' ™) < af(x)" fly)*
< ot f () fy) = [of @) Jaf ()]7*
< g()g(y)"".

If now z#y** > 1 and z,y > 1, then g(z"y*/*) < g(z)"g(y)*/*, analogously as in
the previous case.

If x <1 (without loss of generality), then

g(ziymy = Bf(atytr) < o f(aty' )
<t () fy)YE = [af (@) o (y)]*
< g(x)g(y)". O

The functions defined in Theorem 3.2 are all discontinuous at x = 1. Concerning
other points of discontinuity, we may prove the following result:

Proposition 3.3. Let xqg > 0. Then, there exists a mc-function that is discontinu-
ous at x.

Proof. Assume first g < 1 and let f be an increasing mcl-function and g be a
function from Theorem 3.2. Then,

hea(@) = 9 [ (@)

f(iUo)

is an me-function which is discontinuous at xg.

If now xg > 1, then we may just define

@) (z) = hy (1) 0

z0 \T

Even though we can not ensure that the set of discontinuous mec-functions is a
truncated cone (since being closed under multiplication is not guaranteed), we can
take the idea from Definition 2.13 and search for certain algebraic structures:

Proposition 3.4. The set
A={f:(0,00) = [0,00) : f is a discontinuous mc-function}

contains an algebraic truncated cone of algebraic dimension c.
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Proof. Similarly as in Theorem 2.18, we define, for b € (0,1),

oplo812(®) if 0 <z < 1,
fo(z) = {

42D e s

Each f; is a discontinuous mec-function, by means of Theorem 3.2, and they form a
linearly independent set (the proof follows similarly as the proof in Theorem 2.18).
We can just define the following truncated cone

T = {)\Hfbl(x) :A>1,neNb,... b, € (0,1)},
=1

finishing the proof. ]

4. Other continuous mc-functions

Multiplicative convexity is closed under the majority of the algebraic operations,
similarly as continuity. In this section we will examine whether the set of mcl-
functions can serve as a system of generators of the set

A =C(0,00) N MC,

that is, if we can obtain every element of the set A by means of algebraic operations
over elements from MC;.

Lemma 4.1. The function h(z) = f(z) + ¢ with f € MCy, f(x) > 1 for every
z € (0,00) and ¢ € (0,1) verifies that h € A but can not be set as Y " A fu(x)
with f, € MCy and A\, € [1,00).

Proof. We have shown in Lemma 2.5 that if f is a mcl-function that satisfies
f(x) > 1 for every z € (0,00) and ¢ € (0,1), then h(z) = f(z) + ¢ is also a
me-function. Since f is continuous we have that h € A.

Notice that A(1) = 1+c < 2. If m > 1, Aq,..., A\ > 1 and fi,..., A\, are mcl-
functions, then " A, fu(z) > 2, so that if h(xz) =3 " | A\, fa(x) then m = 1 and
the function h will be a product of an mcl-function and a constant bigger than 1.
Let us see that the function g(x) = I@)te 35 not mel. Taking =1 r=y=

1+c
a9? € (0,1) we obtain

9(x)g(y) = (M)Q _ (blagaa“"’b2 + c>2 _ (2 + c>2 _ Pl 47

1+¢ 1+¢ 1+¢ c2+2c+1

floy) +c bl po phoa2 4 44 2 be+4
l4c¢c 1l+c¢  1l+c  l+c +2c+1

g(zy) =

Since g(zy) > g(y)g(z) we conclude that g ¢ MC. O
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Open questions

We finish this work by posing some open directions of study in order to continue
this ongoing research theory of multiplicative convex functions.

(1)
(2)

(3)
(4)

()

The cardinality of the set {f : R — R} is 2°. What is the cardinality of MC?

In Proposition 3.4 we proved the existence of an algebraic truncated cone of
algebraic dimension ¢ contained in MC \ C(0,00). What is the maximum
possible algebraic dimension of such a truncated cone (if it is greater than ¢)?

Is MC\ C(0, 00) a truncated cone itself? That is, is MC\ C(0, 00) closed under
addition and multiplication?

What can be said about the general behavior of not continuous me-functions?
Can they be of the three types described in [11] for mecl-functions (monotone
or decreasing-increasing type)?

What can be said about the set of points of discontinuity of a multiplicative
convex function, in general?
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