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1. Main result

Consider the basic problem in the calculus of variations

J(u) = / L(z,u(z),u(x))dxr — min (1)

u(a) = A, u(b) = B. (2)

Consider a continuous Lagrangian L = L(z,u,v): R?® — R which is convex in v. We
shall consider the following precise assumptions (H) on L: that for all compact sets
K CR3,

(H1) there exist constants ¢, > 0 such that
|L(z1,u1,v1) — L(22,u2,v2)| < ¢ (|21 — 22| + [ur — 2| + |v1 — v2])"

for all (x1,u1,v1), (x2,us,v9) € K; and

(H2) there exist constants g > 0 and p > 1 such that for all (z,u,v;) € K, there
exists [ € OL,(z,u,vy) such that for all (x,u,vs) € K, we have

L(z,u,v9) — L(z,u,v1) — (I,v3 — v1) > plvg — vy |P.

Definition 1.1. A C'-regular function ug : [a,b] — R is called an e-weak minimizer
provided for each u € W*[a, b] with the same boundary conditions (2) and with
|u — upl|wre < € we have J(u) > J(ug); ug is called an isolated e-weak minimizer
if additionally J(u) > J(ug) for u different than wuy.
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The main result of this paper is the following theorem.

Theorem 1.2. Let My > 0, ¢ €]0,1[, ag €]0,1[. Let L satisfy (H). Assume u;,
i=1,...,N, is a family of eg-weak isolated minimizers such that w;y1 > u; in [a,b]
and ||u;||greo < Mg, i=1,...,N.

Then for eachny €]0, 1] there exists 6o > 0 such that if max; {||u; — wit1]|c} < 0o then
for the minimization problem (1)—(2) with A € [u;(a),uiy1(a)], B € [u;(b), u;11(b)],
i€{l,...,N—1}, a solution uy in the class v € Whia,b], uy < u < uy ewxists;
moreover all such solutions uy are Cl-reqular functions and u; < uy < wujpq,
max {|lu; — uoller, [[uir1 — wollcr} < mo.

Remark 1.3. If A = w;(a), B = u;(b), where i € {2,...,N — 1}, then the only
solution of the problem is u; itself. This can easily been seen: due to Theorem 1.2
all solutions of the problem wu satisfy both the obstacles u; < ug < w1 and u;—1 <
ug < u;. Therefore ug = u;.

The paper is organized as follows. In Section 2 we prove some auxiliary propositions.
In Section 3 we prove Theorem 1.2. In Section 4 we explain why we selected the
assumptions of Theorem 1.2 for the field theory in the case of integrands with low
regularity.

2. Auxiliary propositions

Definition 2.1. Let F' be a family of continuous functions

filap, by > R=RU{cc}U{—00}.
Then F is called a conditionally equicontinuous family (CEF) if for all M > 0, € > 0
there is § = (M, €) > 0 such that if f € F and |f(zo)| < M then |f(x) — f(zo)| <€

for |z —xo| < d. The function (-, -) is called a modulus of conditional equicontinuity
of the family F.

This definition was first introduced in [4].

The main result of this section is the following theorem.

Theorem 2.2. Let L satisfy the assumption (H). Let f,g: [a,b] — R be obstacles
(f > g inla,b]) such that || f||c1.e0, ||g|lcreo < const. Then the obstacle problem has a
solution uys in the class of M -Lipschitz functions with boundary data (ag, Ao, by, Bo),
where a < ag < by < b, Ag € [g(ag), f(ao)], Bo € [g(bo), f(bo)], provided there is at
least one admissible function. Moreover all such solutions are C'-reqular and their
derivatives form a CEF for M > max{||f||c, ldllc} (ao, Ao, bo, Bo, and M may
vary).

Given a function u: [a,b] — R, and a nontrivial subinterval [z1,z5] C [a,b], we
define l;, 4, [x1,22] — R to be the affine function such that l,, ., (1) = u(x;) and
lzy 2o (22) = u(z2). Thus we have

iw1,$2(x) = i$1,$2 = % for all = G]II,ZE2[.
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We shall also adopt the notation

T(u: [1, 7)) = / Y Lo u(z), i) da.

1

Lemma 2.3. Let G C R? be compact, and let M > 0. Suppose u € W1[a,b] has
|ullwre < M and has graph contained in G. Suppose further that x1 < x3 < x4 < 9
are points of [a,b] such that |z — x1| < 1 and |ve — x1| < 2|xy — 23|, and that the
graphs of the functions ly, 4, and l, ., are contained in G.

Let L satisfy condition (H), with, for the compact set K := G x [—M, M|, constants
c1,a > 0 in the Holder condition (H1), and constants p > 0 and p > 1 in the
singular ellipticity condition (H2).

Suppose further that there exist constants co, B > 0 such that
J(u; [71, 29)) < J Loy [71, T2]) + Co|wg — 21 |7 (3)
J(u; [23, 74]) < J(Log za; [T3, T4]) + Co|wg — 23|77 (4)
Then

u(rg) —u(ar)  u(rs) = u(zs)

|372 - :L,1|7/p’ <5>

< (CQ + 26, (1 + M)a)l/f’
1

where v := min{«, }.

Lemma 2.3 was proved in [2].

Proof of Theorem 2.2. If u,, is a solution of such an obstacle problem we can
not guarantee that given x;,zs € [a,b] the graph of the associated function l,, .,
still fits the obstacles. However we can modity [, ,, to fit this requirement. Indeed
consider a function w such that w = [, ,, where [, ,, < f and w = f otherwise
(the case of the obstacle g can be considered analogously). Then w is admissible for
the obstacle problem and, therefore, J(u) < J(w). We now estimate the difference
|J(w) = J(lay.0)| Via estimating | L(z, w(x), w(x)) — L(x, Ly, 4y (%), Iz, 2, (2))] in each
interval [y1,s] with l,, 5, = w at the endpoints. Since 1 = I, ,, at a certain point
of [y1, ys] we infer

[ (y) = Loy o] < colyz —1]™, v Elyr, ol (6)
Then w0 (Y) = lay.2n (W)] < colya — 11,y Elyr, val. (7)
Since 1L (), () — L&, L (), ()

< e{[w(@) = Loy o ()] + [0(2) — Loy 0 ()]} (8)

we infer by (6) and (7) that
|L(I, w(m), w(x)) - L<x7 lfﬂl,ﬂcz(x)v j$1,$2)’
< arfrg — 21 [**cf (1 + |z — 21 )"

< g1+ b — a|)¥|wg — xq ], 9)
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Therefore (5) holds with 8 = aag and with co = ¢1¢§(1 + |b — a])™.
Now we show that each minimizer uy, is in fact CHYM)/P(M)_yegylar.

For every xy,xs, 23,24 € [ag, by we stay under the conditions of Lemma 2.3 with
K = convG x [-M, M], where G = {(z,u) : © € [a,b],f > u > g}, p = p(M),
oo =c(M),a=aM),p=p(M), ca>0,5>0. By (5) we have

¢a + 2, (M)(1 + M0 /7D
p(M)

provided [z3,z4] C [x1, 2], 2|23 — 24| > |21 — 2. If

’Z11,12 - 1903,5134’ <4 |£C2 - xl”Y(M)/p(M (10)

xo € [T, ) N X3, 24], [T3,24] C [21,22] and |zg — 24| > 27" |21 — 29
we obtain

|lﬂ€1,962 - lms7m4|

a(M l/p(M) n
< 4 [t 2D + M) S 2 RAON/POD) gy _ gy [HOD/2)
- u(M)

k=0

1/p(M) oo
cy 4 2¢1 (M)(1 + M) L
< 4 9—k(y(M)/p(M)) | o) — o [YM)/P(M) (17
< { i > 22— (1)

k=0

Therefore 1y, (zg) exists and satisfies the inequality

|UM<m0) - l$1,$2|

(M) 7 /P(M) o
¢ + 2e1(M)(1 + M) } S 9 KON/, g PAD/BAD
(M) prd

< const(M)|xy — y[YM/PAD, (12)

o

Then 4y is y(M)/p(M)-Hoélder continuous and bounded in this norm.
Therefore liipg () — tas(y)| < 2const(M)|z — y[YM/PAD, (13)

This shows that {dy} forms a CEF. If |dy(z)| < M then, given € > 0, for a certain
d > 0 we have |un(z) — un(y)| < € provided |z — y| < §. It suffices to select 6 > 0
such that 2const(M + 1)§7MFD/PMFD) < ¢

Theorem 2.2 is proved. [

3. Theorem 1.2

Proof of Theorem 1.2. The first assumption on dy is that dg > 0 is so small that

max l|wiv1 — uiller < min{eg, no}/8. (14)

Take M > My + 1 and for A € [u;(a),uiy1(a)], B € [u;(b), u;41(b)] consider the
minimization problem in M-Lipschitz functions u such that u; < u < uy. Let uy,
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be a solution. Then wuy; € C! and 1, belongs to a certain CEF, see Section 2. Let
d(+,-) be a modulus of conditional equicontinuity of the family ,,, for M > My+ 1.

We will prove that u; < up; < w;y1. Assume the contrary. Then there exists
j > i+ 1 such that uy > u; at certain points and uy < wjyq everywhere (the
case upr < uj,j <1 at certain points and uys > uj_; everywhere can be considered
analogously). Then there exist a; > a, by < b such that uy, = w; at ay, b and
upr > uj in Jag, by[. We will show that

llunr — Uj”ol[al,bl] < €. (15)

This will be a contradiction with the assumption that wu; is an ep-weak isolated
minimizer. Assume that (15) fails to hold. There exists x; €]ay,bi| such that
Upr(x1) = u;(z1). Then there is x9 €]ay, by[ such that

Upr(x2) = w;(z2) + Teg/8. (16)
The case s (z2) = U;j(xs) — Tep/8 can be considered analogously.
Let x3 = x5 + v, where Mov® < ¢/8, (17)
ie. v < (€o/8My)'/ . (18)

There is an interval I := [x9, 24] = [29, X2 + V| N [x2, 22 + I(My + 1, €,/8)] on which
we have

Upr(z) — w;(z) > Hey/8. (19)
Then upr(za) — uj(zg) > deoll|/8 = beo min{w, 6(My + 1,€¢/8)}/8. (20)
Then if S0 < 4eo|I]/8 = 4eo /8 min{(eq/8My) /0, §(My + 1,¢0/8)} (21)

we obtain that due to (14), at a certain point zg € [z2, 24] the minimizer uy, inter-
sects the graph of w;,y. At this point due to (14) we have ,41(xo) < @p(zo — 0)
(see (19))—a contradiction since then wy(zg + 0) # up(zo — 0). Thus we have
showed (15), which means that u; < upr < uyg.

The inequality
max {[lu; — unllor, Juis —unller} < mo (22)
can be proved by arguments similar to those used to prove (15) (for ¢y sufficiently

small of course). Then (22) holds for all uy;, M > My + 1 and, therefore, upz 1 is
the minimizer of the problem in the class of Lipschitz functions.

Now we want to prove that wuy,41 is also the minimizer in the class of Sobolev
functions u € W'l such that u; < u < uy. Assume the contrary. Assume first
that there is w € W'! such that J(w) < J(upps1). We can find nonnegative
6(v): R — R such that § € C3, (v) = 0 for v € [0, My + 2], O,y > 0, O(v)/|v] = o0
as |v| = oo and

/abﬁ(u')(a:))da: < .
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For the integrand L, = L + p6 with sufficiently small p > 0 we have
Ju(w) < Ju(ung+1) = J(uar+1). (23)

There is a solution w of the obstacle problem u; < w < uy for J,. We intend to
show that
U < W < Uiy

As proved in [2], w belongs to a certain CEF and its modulus of conditional equicon-
tinuity d(M, €) coincides with §(M,€) for M < My + 1, ¢ < 1. Then we have (15)
by the same arguments as for u,;. Therefore we have

Since |1D| = 00 at certain points, for dp sufficiently small the graph of w intersects
that of either u; or u;41 at a certain point yo with || > My + 1. This contradiction
shows that w11 is the solution of the obstacle problem u; < u < uy in the Sobolev
class.

The remaining case when there is w € W1\ W such that J(upg11) = J(w) can
be treated analogously.

Theorem 1.2 is proved. O

4. Appendix
In this section we explain why we use assumptions of Theorem 1.2.

Consider the one-dimensional variational problem

() = / Lz, u(z), i(x))dz — min, (25)
u(a) = A,u(b) = B. (26)

Here and throughout this section we assume L(x,u,v) € C3*(R3), L,, > 0. These
conditions will be referred as basic ones.

If a C'-regular function u: [a,b] — R gives a local minimum to the problem (25)-
(26), i.e. J(u) < J(u+ ¢) for ¢ € Cjla, b] with sufficiently small ||@||c1ja4 then the
Euler-Lagrange equation is valid:

d

d—Lv(x,u(a:), w(z)) = Ly(x,u(x),u(x)). (27)
x

In this case due to Hilbert’s theorem we can assert that u € C?[a,b] and the equa-

tion (27) can be resolved with respect to the second derivative of the function w, i.e.

the Euler equation is valid:
Lu - L'Ux - Lvuu -

i = I = F(z,u,). (28)

Solutions of the Euler equation (28) are called extremals.
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A family of continuous functions w: [a,b] — R is called a field if it covers without
intersections a set G = {(z,u) € R? : x € [a,b],g9(x) < u < f(x)}, where automat-
ically g, f € Cla,b] as the elements of the family and f > g everywhere in [a,b].
The elements of the field can be parametrized by the value at the point a and, then,
w(-,w(a)) depends continuously on the parameter w(a) in C-norm.

In [6, 3] we proved the following.
Theorem 4.1. Let L satisfy the basic assumptions. Suppose there is a field of
extremals of (28). Then each element of the field gives a minimum in the class of

Sobolev functions uw € Whla,b] with the same boundary data (26) and with graph
from the set covered by the field.

Previously this result was established in context of Weierstrass-Hilbert theory under
additional assumptions on the field, see [1].

Lemma 4.2. Let L satisfy the basic assumptions and let there be a field of extremals.
Then these extremals are bounded uniformly in C*-norm.

Proof. In [6] we proved that extremals of the field are bounded in C'-norm. Pre-
cisely, p(x,u) is a continuous function, where p(x,u) is equal to the derivative of
the extremal passing via point (x,u) at the point x.

Then, due to the equation (28), all extremals are uniformly bounded in C?*-norm. [J
At the same time it is known that under condition (H) e-weak minimizers have C'1:@0-
regularity, see [5]. Therefore we use this regularity in the statement of Theorem 1.2.

The following theorem is valid.

Theorem 4.3. Let L satisfy the basic assumptions. Assume f and g are extremals
such that f > g in [a,b], f(a) > A > g(a), f(b) > B > g(b) and ||f — g|lc < 1/8M,

where

M > max {|F(,u,0)| - @ € [a,6] g(x) < u < f(a), o] < max{|[Flle, folle} +1}

with F being the right-hand side of (28) and with 1/M < |b — al.

Then the obstacle problem (25)~(26) in the class of functions u € W'>[a,b] such
that g < u < f has solution ug and ||uo|lc < max{||fllc, |lgllc} + 1; furthermore ug
is an extremal of (28).

Proof. Consider the minimization problem (25)—(26) with the obstacles f and g in
the class of N-Lipschitz functions, where N > [+ 1, [ = maX{HfHC, ||gHC} Such
a solution uy exists and is a C'-regular function, as proved in Section 2.

Assume ux(xg) > 141 at some point xq (the case @y (zg) < —I—1 can be considered
analogously). Then, due to equation (28) we have

uny(z) > 1+ 1/2 in the interval [ := [z — 1/2M,xq+ 1/2M].

Assume [z, zo + 1/2M]| C [a,b] (the case [xg — 1/2M, x| C [a, b] can be considered
analogously). Then the oscillation of uy on [zg, zg + 1/2M] is larger than

(I+1/2)/2M =1/2M + 1/4M.
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Since || f — gllc < 1/8M we obtain that the graph of uy intersects the graph of f at
a certain point yo €|xo, zo + 1/2M|[. Then iy (yo —0) > 1+ 1/2 and dn(yo +0) < L.
This contradiction with the fact uy € C' shows that [[iy|lc < [+ 1. Then uy
is an extremal and a solution of the obstacle problem (25)—(26) with the obstacles
g<u<f.

Theorem 4.3 is proved. 0

As we see if we are given a field of extremals then for each extremal uy we have
that it gives a minimum in the class ¢ < u < f where g and f are also extremals
and |lg — fllc < 1/8M. Indeed, by Theorem 4.3 there is a solution uy of the
obstacle problem. But ug is the only extremal for the boundary value problem which
satisfies the obstacles. Indeed, if there is another extremal uy then uy(xg) = w(xo),
Uy (xg) = w(xy) for an extremal w of the field. But then uy = w everywhere by the
uniqueness of solution of the Cauchy problem for the Euler equation (28). By this
contradiction we obtain that uy = ug.

This gives us motivation for the other assumptions in Theorem 1.2.
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