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1. Introduction

Throughout this paper, we assume that H is a real Hilbert space, with inner product
(-,+) and induced norm || - ||.

Throughout the paper, we use the convention that N:={0, 1,2,...}. Let meN\{0}.
For every i € {1,...,m}, let u; be in H and let ; be in R. Set

Wi={xeH : (z,u;) <m;} and H;:={xeH : (z,u;) =n}.

According to Deutsch’s [10, Theorems 9.8 and 9.35] and an easy translation argu-
ment, the sequence of iterations of the composition of projections onto closed affine
subspaces converges linearly to the projection onto the intersection of the affine sub-
spaces when the sum of the linear subspaces which are parallel to the affine subspaces
is closed. Moreover, intersections of halfspaces and hyperplanes are frequently seen
in constraints of road design problems [2, Section 2], least norm problems [6, Sec-
tion 5.2], constrained regression problems [7, p. 153], and least square problems [14,
p. 226].

Note that although Dykstra’s algorithm allows one to compute best approximations
from an intersection of finitely many closed convex sets (see, e.g., [10, p.207]), the
practical manipulation of Dykstra’s algorithm is very complicated. Moreover, al-
though there exist explicit formulae for Py, w, and Py, qw, (see, Fact 4.2, Fact 4.7,
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Theorem 5.4, and Theorem 5.6 below), given a point x € H, the formulae of
Pw,aw,  and Py,Aw, © depend on the linear dependence relation of u; and ws,
and on the “region” where the z is located in. Hence, it is worthwhile to explore
other easy ways to find the best approximation from the intersection of halfspaces
and hyperplanes or feasibility point in that intersection.

Inspired by [10, Theorem 9.8], in this work, our goal is to study the relation between
the projection onto intersection of halfspaces and hyperplanes, and the composition
of projections onto halfspaces and hyperplanes.

The main results in this work are the following:

R1: Theorem 4.17 summarizes the relation between Py, ~w, and Py, Py,. In
particular, if u; and wy are linear dependent or orthogonal, then we have
Pw, Pw, = Pw,aw,. Otherwise, for v := 120 ¢ [0 1] if (uy, uy) < 0,

flual[fluzl]
then (Vz € H) (Vk € N) [|(Pw, Pw,)*z — Pyw,rws, 2| < 7*||l2 — Pwyaws, 2|; if
(uy,us) > 0, then (Vo € H) Py, Py, x € Wy N Way: particularly, if we have
x € Wl U Wg, then PW2 PW1 xTr = PWlﬂWQ €, if x € ch N ch with PH1 x € WQ,
then PW2 PW1 Tr = PH1 T = PwlﬂWQ x; if v € ch N WZC with PH1 T ¢ WQ, then
PW2 PW1 x e WiNWy \ {PW10W2 .T}

R2: Theorem 5.2 states the KK'T conditions associated with convex optimization
with finitely many equality and inequality constraints in Hilbert spaces.

R3: Theorem 5.6 shows an explicit formula for the projection onto intersection of
hyperplane and halfspace.

R4: Theorem 6.5 concludes the relations of Py ,~w, with Py, Py, and Py, Py,.
In particular, if u; and us are linearly dependent or orthogonal, then we have
Pw, Pu, = Puyaw, = Pu, Pus,.
Otherwise, for v = 1wzl o [0,1], we have for all x € H and all k € N

— luallfuel

|(Pw, Py )" — Py, 2| < A*[|2 — Py, 7|, and if only Py, Py, @ ¢ W,
then (VZE € WQ) (Vk S N) ||PW2 (PHl PWz)kx_ PHlﬂWQ Z‘H < 7kl|x_ PHlﬂWQ ‘r||7
and (Vl’ € WQC) (Vk € N) H(PHl PW2>k - PHlﬂW?. .1'“ < Pkax - PH1ﬂW2 33”

In view of our results mentioned above, if u; and us are linearly dependent or
orthogonal, then Py, Pw, = Pw,Aw,, and Pw, Py, = Py, Pw, = Pu,aw,. Let
x € H. Moreover, the sequence ((PW2 PWl)’“x)k oy converges linearly or in one step
for finding the desired best approximation point P g, w, = or converges in one step for
finding the feasibility point in W3 NWs. In addition, the sequence ((Pw, Pp,)*z)
always converges linearly to the desired best approximation point Py, ~w, .

keN

Although the result on KKT conditions is classical and well-known, some KKT con-
ditions are only shown in finite-dimensional spaces (see, e.g., [7, p. 244] and [15, The-
orem 28.3]), some include only inequality constraints without equality constraints
(see, e.g., [1, Proposition 27.21], [5, Theorem 3.78], [13, p. 249], and [16, Pages 94]),
and some act as only necessary optimality conditions (see, e.g., [5, Theorem 3.78],
[13, p.249], and [16, Pages 94 and 274]). The result on KKT conditions presented
in Theorem 5.2 characterizes the optimal solution of the convex optimization with
finitely many equality and inequality constraints, which is a generalization of the
version presented in [7, p. 244] from finite-dimensional spaces to Hilbert spaces and
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from differentiable function to subdifferentiable function, and of the version shown
in [1, Proposition 27.21] from inequality constrains to inequality and equality con-
stants.

The organization of the rest of the paper is the following. We display some auxiliary
results in Section 2. In Section 3, we collect the fact on the linear convergence of the
composition of finitely many projections onto hyperplanes and construct an explicit
formula of projection onto finitely many hyperplanes. In Section 4, we systematically
study the relation between Py, Py, and Py, w,. In Section 5, we aim to construct
explicit formulae for the projection onto the intersection of hyperplane and halfspace,
which plays a critical role for us to investigate the relations of Py, nw, with Py, Pg,
and P, Py, in Section 6. To this end, as a by-product, in Section 5, we also provide
the KKT conditions associated with convex optimization with finitely many equality
and inequality constraints in Hilbert spaces.

We now turn to the notation used in this paper. Let D be a subset of H. D¢ := H\ D
is the complementary set of D. The interior of D is the largest open set that is
contained in D; it is denoted by int D. The orthogonal complement of D is the set
Dt :={zeH : (Vy€ D) (z,y) =0}. D is an affine subspace of H if D # & and
(Vp € R) pD+(1—p)D = D. In addition, D is a cone if D = R, ; D. The polar cone
of Dis D® :={ue€H : sup(D,u) <0}. The conical hull of D is the intersection
of all the cones in H containing D, i.e., the smallest cone in H containing D. It is
denoted by cone D. Let C' be a nonempty convex subset of H. Let x € H. The
normal cone to C' at x is

: — < 3 .
ch;:{{ue”” sup(C' — z,u) <0},  ifz e C;

, otherwise.

The strong relative interior of C' is sriC := {z € C : cone(C' —z) = span (C' —x)}.
Suppose that C' is a nonempty closed convex subset of H. The projector (or projec-
tion operator) onto C' is the operator, denoted by P¢, that maps every point in H
to its unique projection onto C'.

Let I be a real Hilbert space. We define
B(H,K):={T:H — K : T is linear and bounded}.

Let T € B(H,K). The adjoint of T is the unique operator T* € B(K,H) that
satisfies (Vo € H) (Vy € K) (Tz,y) = (z,T*y). Let f: H — ]—o0,+0o0] be proper,
that is, dom f :={x € H : f(z) < +oo} # &. Denote the domain of continuity of
fbycontf:={xeH : f(r) € R and f is continuous at x}. The subdifferential
of f is the set-valued operator

Of : H—=2": zs{ueH : (VyweH) y—zu) + f(z) < fly)}
The indicator function of a subset A of H is the function

0, ifxeA;

ta:H—]—00,+0]: x> .
400, otherwise.

Denote by I'y(H) the set of all proper lower semicontinuous convex functions from
H to |—00,400]. Let u be in H. Then keru :={z € H : (z,u) = 0} is the kernel
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of u. The set of fized points of the operator T : H — H is denoted by Fix T i.e.,
FixT:={reH : Te =ux}.

For other notation not explicitly defined here, we refer the reader to [1].

2. Auxiliary results

In this section, we provide some results to be used in the sequel.

Linearly independent vectors

The following well-known results will be used frequently in our proofs later. For
completeness, we attach the easy proof below as well.

Fact 2.1. Let uy and us be in H. The following statements hold.

_ (ug,u1)
T (u,u)

(i)  Suppose uy # 0. Then uy,us are linearly dependent < us U1

& Jur|||luzl| = (w1, u2)| & either uy = HZ?HUI or Uy = —HZfHul

(ii) w1, us are linearly dependent < ||uy|||uz|| = [{u1, ug)|.

(iil)  ur |||zl > |{u1, u2)| if and only if uy,us are linearly independent.

Proof. (i): Because u; # 0, we know that u;, us are linearly dependent if and only

if up = Puy for some § € R. Take inner product with u; for both sides of us = fuy
to obtain that (uy,us) = B(uy,u1), which implies that 5 = % Hence, uy, uy are

linearly dependent if and only if uy = {wiuz)y, - On the other hand,

(u1,u1)

<U1,U2> <U1,U2> <U17U2>2 2 <U17U2>2
0§<u— Uy, Uy — >:u,u S Sk VA | PPN A S M
? <U17U1> b <U1,U1> ! < ? 2> <U1,U1> H 2” ||U1||2
Hence, ||u1||?|Juz||® = [{u1, u2)|* if and only if uy = %ul. Altogether, (i) is true.

(ii): If uy = 0, then [Juq||||uz|| = 0 = |(u1, u2)| and uy, us are linearly dependent. So,
(ii) follows from (i).

(
(

iii): By the Cauchy-Schwartz inequality, |Juy||||uz|| > |{u1,u2)|. Hence, (ii) implies
iif). 0

Fact 2.2. [12, Theorem 6.5-1] Let ay,...,a,, be points in H. Then ay,. .., ay, are
linearly independent if and only if the following Gram matriz is invertible:

lal? <a1,a§> e (ar, )
Clar.. ay) = <a2,'a1> HG?H (az,'am> ‘ )
(oar) {amas) - ol
Lemma 2.3. Let ay,...,a, be linearly independent points in H and let &1, ..., &,

be in R. For everyi € {1,...,m}, set M; :=={x € H : (x,a;) = &}. Then the set
N2 M; Nspan{ay, ..., a,} is a singleton. Consequently, N M; # &.



H. Ouyang / Projecting onto Intersections ... 987
Proof. According to Fact 2.2, the Gram matrix G(as,...,a,) defined as (1) is
invertible. Let 31,..., 5, € R™. Then,
m (Ooimy Biai,ar) = &
Zﬁi@i S mglMimspan{ala'“aam} A
=1 <Z:11 Biaiu am> = gm

laill?  {ar,a2) -+ (ar,am)\ [ B &
= : : =
(am,a1) (am,a2) - lam]? B Em
o &1
& |l =Glay, .. ,an) ] ]
B Em

which implies that
(ay, -, am)G(ay, ... an) (&, E)T € N MsNspan {ay, ..., an} # 9. O

Best approximation mappings and projections

Definition 2.4. [4, Definition 3.1] Let G : H — H, and let v € [0,1]. Then G is
a best approzimation mapping with constant -y (for short v~-BAM), if

(i) Fix@G is a nonempty closed convex subset of H,

(i) Prixe G = Prixg, and

(i) (Vz € H) |Gz — Prixg x| < v]|z — Prixg ||

In particular, if v is unknown or not necessary to point out, we just say that G is a

BAM.

The following result plays an important role in the proofs of some of our main results
later.

Fact 2.5. [4, Proposition 3.10] Let v € [0,1] and let G : H — H. Suppose that G
is a y-BAM. Then (Vx € H) (Vk € N) ||G*z — Prixg 2| < ¥¥||z — Prixa |-

Fact 2.6. [1, Example 29.20] Define W := {z € H : (z,u) < n} for u € H\ {0}
andn € R. Then W # & and
z, if (z,u) <
(VxeH) Pwa= n—(x,u)
fulP

Fact 2.7. [11, Fact 1.8] Let A and B be two nonempty closed convex subsets of H.
Let AC B and x € H. Then Pgx € A if and only if Pgx =Py x.

Fact 2.8. [1, Example 29.18] Define H := {x € H : (x,u) = n} for u € H\ {0}
andn € R. Then

77_<:E7 U)

(VeeH) Pypr=z+ e
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Remark 2.9. Let u € H\ {0} and n € R. Set W := {z € H : (z,u) < n} and
H:={x € H: (z,u) =n}. Ifn >0 then 2Hu € W° Otherwise we have

[[u]l?
u € Weand W€ # @. Moreover, combine Facts 2.6 and 2.8 to see that (Vz € W¢)

n—(z,u)
[[ull®

Pwer=ao+ u=Pgux.

Fact 2.10. [4, Lemma 2.3] Let M and N be closed affine subspaces of H with
MNON #@. Assume M C N or N C M. Then Py Py =Pn Py = Puan.
Recall that u; and uy are in ‘H and 7, and 7, are in R, and that
Wy={zeHH : (x,u1) <m}, We:={xeH : (z,us) <ma}, (2a)
Hi={xeHH : (z,u) =m}, Ho:={xeH : (xr,u) =} (2b)
The following result will be used frequently later.
Lemma 2.11. Suppose that u1 #0 and us #0. Let x €¢H. Then the following hold:

(i)  We have the identities:

m — (z,u1) N2 — <$>U2>u2 (= (mu))(ur, ua)

PHQPHICL':l'—i- 2

Uy
e e TEE
—(x,u
:$+771 < a 1>u1
Tl
o (= ()l — (1 — () (s 2))
B

(i) Pug oz ¢ Wy & [Jur]P({z,ua) —1m2) > (uy, uz)({x,u1) — m). Moreover,
Py w & Wi Jlual*((z, wr) —m) > (ur, uz)((z, u2) — n2).
(iii) Suppose that (uy,us) =0. Then
(Vo € H) Py, Py, o = ¢ + B-@tly  me—(@z),,

[lua ]l fluz]]?

Moreover, Py, P, = Pu,nm,.
(iv) Suppose that uy and ug are linearly dependent. Then Py, Py, = Pp,.
(v)  Suppose that (ui,us) > 0 and that Py, x ¢ Wy. Then

Pw, Py, v =Py, Py, v € int Wy N Hs.

Proof. (i): Apply Fact 2.8 two times to obtain that
2 — <PH1 Z, u2>

Py Py o =Py x+ U

—(x,u 1 —(x,u

gyl 2(m_<x+@_47;zmu»)w
[Jua | [Jual [Jua |
—(Tr,u — (T, u — (T, u U, U

_pymolww) om(n) = ()
[Jua | [[ua| [ |||z |
—(z,u

T + —?71 < 5 1>U1
[Jua |
1 2
RERTISICIIRTES ((772 — (@, ug))[Jua ||* = (m — ($7U1>)<U17u2>) Uz.

[l 12|z
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(ii): These equivalences are clear from Fact 2.8 and (2a).
(iii): Let « € ‘H. Using (i) and (uy, us) = 0, we get

Pu, Py, o =2+ %ﬁ’f;”ul + %ﬁi?”w, (Pr, P, w,u1) = m

and (P, P, ©,us) = no, which, by (2b), imply that Py, Py, € Hy N Hy. So, Fact
2.10 ylelds PH2 PH1 T = PHlﬂHg PH2 PH1 T = PHlﬂHg Z.

(iv): Since w; and us are linearly dependent and uy # 0, Fact 2.1(i) leads to

u
(u, ug)ug = F[Juy ||| uz | (iHUQHU1> = [Juz*us,
1

which implies that

(m — (@, u1))(ui,ug)  m— (7, u1)
2 2 Uz = 2
(1w |||z | [Jua |

(Vo € H) uy. (3)

Combining (3) with the first identity in (i) and using Fact 2.8, we obtain (iv).

(v): It is easy to see Py, Py, v = Py, Py,  from Py, ¢ Wy and Remark 2.9.
Moreover, using (ui,us) > 0 and Py, @ ¢ Ws, we obtain that

m— <PH2 PH1 xz, u1>
(i) 1 (47)

= —m ((772 - (I,UQ>)||U1||2 — (mq — (m,u1>)(u1,U2>) (ug, u1) > 0,

which, by (2a), implies Py, Py, x € int ;.
In consequence we obtain Py, Py, x € int Wi N H. ]
Lemma 2.12. Suppose that uy # 0 and us # 0 and that (uy,us) # 0. Let x €
HynW3. Then the following statements hold:
(i) Pw,z=Pg,z¢ H
(i) Py, Pw,x =Py Py, x ¢ Ws.
(iii) (Vk € N\ {0}) (Pw, Py,)*z = (Py, Pg,)*x ¢ Hy and
Py, (Pw, Py, )*r = Py, (Py, Py, )fx ¢ Ws.

Proof. (i): As a consequence of x € W5 and Remark 2.9, we have Py, x = Py, z.
Combine the assumptions with Fact 2.8 and (2b) to see that

—(x,u —(x,u
2] 2]

which, by (2b), implies that Py, x ¢ H;.

(ii): Clearly, Py, Pw, © = Py, Py, x is from (i). Apply Lemma 2.11(i) with swapping
H, and Hs to obtain that

1
e P P ) = _W ((m = (w, w) uall* = (2 = (&, u2)) (ua, u2) ) (s, )
1
= W(m — (=, u)) (ug, us)® < 0, (by x € H N W5 and (uy, us) # 0),

which, by (2a), implies that Py, Py, x ¢ Ws.
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(iii): We proceed with the proof by induction on k. For k = 1, bearing in mind that
x € HyNW§, Remark 2.9 and (i), we have that Py, Py, * = Py, © ¢ H;. Combine
this with (ii) to see that Py, Py, Py, © = Py, Py, © ¢ W,. Hence, the base case is
true. Suppose that for some k£ € N'\ {0},

(Pw, Pry)*x = (Py, Pp,)*x ¢ Hi and Py, (Pw, Py, )z ¢ Wa. (4)
Denote by y := Py, (Pw, Pg,)*x. Then y € H, N W follows from the induction
hypothesis and (4). Moreover,

(PW2 PH1)k+l$ = PW2 PH1 (PW2 PH1)k$ = PW2 Yy g PH2 Y
()

= (PHQ PHl)kJrlxa PW2 Y ¢ Hy, (53)
. (ii)
Pi, (Pw, P e ' Py Prryy & Wa (5)
Hence, (5a) and (5bb) yield that (4) holds for k+1. Therefore, (iii) holds by induction.
O

3. Projection onto intersection of hyperplanes

In this section, we consider the projection onto intersection of hyperplanes and the
composition of projections onto hyperplanes. Recall that I := {1,2,...,m} and that
for every ¢ € I, u; is in H, and n; is in R. Moreover,

Remark 3.1. Suppose that m > 2 and that uq,...,u,, are linearly dependent.
Then without loss of generality, assume that uy, ..., u; with ¢ € I'\{m} are linearly
independent and that (Vi € {t+1,...,m}) uy, ..., us,u; are linearly dependent. Let
ie{t+1,...,m}. Assume that u; = 22:1 vjuj for some (y1,...,7)7 € RL

Then if N = Z;’:l iy, then ﬂ;lej = (ﬂ;lej> N Hl

Otherwise, (ﬂ;le J)NH; = &. Set J as the maximally subset of I such that u;, for all
1 € J are linearly independent. Let z € H. Therefore, if only N;e1H; # &, to deduce

Pr,cim, , we only need to first find J, then Pn,_u,© = Pn,_;m, . Therefore, in
the following Proposition 3.2, we care only the case in which ugy, ..., u,, are linearly
independent.

Proposition 3.2. Suppose that uy, ..., u, are linearly independent. Denote by

By B)Ti= Gl o)™ ((uny ) =15y (i, ) = )T
where G(uy, ..., Uy) is the Gram matriz defined in Fact 2.2. Then
Ve eH) Promzr=x-— Zﬁzul

i€l
Proof. Define L:H — R™ by (Vx € H) Lz := ((uy,x),..., (Un,x))".
Clearly we have L € B(H,R™). Then according to the definition of adjoint operator,
L* : R™ — H is defined by

(Vo= (ag,...,a,)T € R™) L'a= Zoz,-ui.

i€l
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It is easy to see that LL* : R™ — R™ satisfies that

(Va e R™) LL'a= <<u1, Zaiui>, . <um, Z aiui>>T = G(ug, ..., up)o.
iel i€l

Combine this with Fact 2.2 and the linear independence of uq,...,u,, to see that
LL* is invertible, which, connecting with [1, Example 29.17(iii)], implies that

(Ve eH) Prgmaz=x—L(LL) Lz —n)=x— Zﬁluz,
where 1 := (01, ..., 0m)7. iEI O
Remark 3.3. With Remark 3.1 and Proposition 3.2, we are able to solve the least
norm problem presented in [6, Section 5.2] without the requirement that the related
matrix is full rank.

Lemma 3.4. Suppose that u; and us are linearly independent. Define v := %
Then v € [0,1] and (Vx € H)(Vk € N)

”(PHQ PH1)k'T - PH10H2 33” < fYka - PH1|'TH2 'CE”
Proof. It is easy to see the desired results from [10, Example 9.40]. ]

4. Compositions of projections onto halfspaces

In this section, we study the projection onto intersection of halfspaces and the
composition of projections onto halfspaces. Recall that T := {1,2,...,m}, that
for every ¢ € I, u; is in H, and n; is in R, and that

Viel) Wy={zxeH : (r,u;) <n}, and H;,:={xecH : (xr,u;) =n}. (6)
For every k € N, let [k] denote “k mod m”. Let x € H. The sequence of iterations
of Dykstra’s algorithm is: xg := z,e_(—1) =+ =e_1 = ¢y = 0,

(VE e N\ {0}) =z := Py, (Tp—1 + €k—m), and e := Tp_1 + €x_m — T

Fact 4.1. [10, Example 9.41] Suppose that (Vi € 1) u; # 0 and M;egfW; # &. Let
x € H. Then the sequence (xy)ken according to the Dykstra’s algorithm with xq = x
converges to P, _w, x.

Unfortunately, as we mentioned before, the practical manipulation of the Dykstra’s
algorithm is not easy. In the remaining of this section, we consider the case in which
m = 2 and systematically investigate the relation between Py,~w, and Py, Py, .

u; and us are linearly dependent
In the whole subsection, we assume that u; and us are linearly dependent.

Fact 4.2. [1, Proposition 29.22] FEzactly one of the following cases occurs:
(i)  w =uy =0 and 0 < min{ny,n}. Then Wy N Wy =H and Py,nw, = 1d.
( uy = ug = 0 and min{ny,n} < 0. Then Wi NW, = @.

(iii) w3 #0, us =0, and 0 < ny. Then W1 N Wy = Wi and Pw,nw, = Pw;, -
(iv) up #0, us =0, and e < 0. Then Wi NWy = @.

ii

~—
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(v) up =0, uy #0, and 0 < mny. Then Wy N Wy = Wy and Py, nw, = Pw,.

(vi) u3 =0, us #0, and andn; < 0. Then W1 NWy =@

(vil) up # 0, ug # 0, and (uy,ug) > 0. Then WiNWy ={x e H : (z,u) <n}
where u = ||ug||uy; and n = min{ny ||uz||, ne||lu1||}, and

x, if () <m;

T+ ”mﬁ;wu, if (w,u) > .

(ViL‘ € H) PW10W2 xr = {

(viil) uy # 0, ug # 0, (u1,us) <0, and ny||uz|| + n2||us|| < 0. Then Wi N Wy = &
(IX) U 7é 0, uo 7£ 0, <U1,U2> <0, and 7’]1||U2|| +7’]2||U1|| > 0.
Then WiNWy = {x € H: v < (r,u) < 1} # & where u = ||ug|luq,

1 = —me|lwll, and 2 = m|luzll, and
v— S, if (wu) < s
(VxeH) Pw,rw,x =1z, if 1 < (,u) < 9
T — %u, if (x,u) > s.

Lemma 4.3. Suppose that uy # 0 and uy # 0.

(i)  Suppose that (uy,us) > 0.
(a) If m|juz|| < nallusl], then Wy N Wy =Wy and Hy C W,
(b) If mi||lual| > n2l|luill, then Wy N Wy = Wy and Hy C W5,

(ii)  Suppose that (ui,us) <0 and that m||us|| + nafjui|| > 0.
Then Hy C Wy and Hy C W;.

Proof. (i): Set u := ||uz|lu;. Then the assumptions and Fact 2.1(i) imply that
u = [Jugllur = [Jur[|us. (7)
As a consequence of (6), we see that for every y € H,

7
yeWr & (y,um) <m & [lusll{y,w) < usllm & (g, u) <mllusll,  (a)

7
y € Wa & (y,u2) < 1o & [lunl|{y, o) < sl & (y,u) <mplluall,  (8D)

(i)(a): Suppose that n|luz|| < m2|lui]l. Then the required results follow from (6)
and (8).
):

(i)(b): Suppose that ny||us|| > naf|ui||. Then it is easy to see Wy C Wi from (8).
Let z € H. Now H; C Wy follows from

(8b) ¢
r€ H < (x,u) =m & (x,u) = mlus|| > mo||w| = =€ Ws.

(ii): Suppose that (ui,us) < 0 and that 7 ||uz|| + n2||ui|| > 0. By assumptions and
Fact 2.1(i), we know that
[ugllur = —[fua[|ue. (9)

Clearly n||ug|| + n2|ju1|| > 0 implies

_ uall

m <1
A

Ml

M2 < 1.
]

and (10)
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Let x € ‘H. Now,

r€ Hy e (zyu)=m & _M<x,u1> _ ||u2||771
e s
(10)
@ (z,u2) = —Mm < e & x €Wy,
s
S H2 A <IE,U2> =12 <= — HUlH <$,U2> = — Hu1”772
ez ]|
(10)
g (T, uq) = —Hm”% < m&axe i,
2]l
which imply that H; C W, and Hy C W O

Lemma 4.4. Suppose that uy # 0, us # 0, and (uy,us) > 0. Let © € H. Then
exactly one of the following cases occurs:

(i) zeW,nNW,. Then Py,nw, z = z.
(i) xzeW,nWs. Then Pw,rw, x = Pp, .
(iii) =z € WfnNW,. Then Py,aw, © = Py, .
(iv) xe WinWs. Then
p _ JPm if mlluall < mefluall;
WiNWs T = .
Pz, if mllus|l > maffua].

Proof. (i): This is trivial by the definition of projection.

(ii): The assumption shows that Wy N Wy§ # &, which yields W, Z W5. Hence, by
Lemma 4.3(i)(a), we have that n;||us|| > na||u1]| and Wi N Wy = Wy, Therefore, by
Remark 2.9, Pw,nw, * = Py, v = Py, 2.

(iii): Switch Wy and W5 in (ii) to obtain (iii).
(iv): Follows from the assumptions, Lemma 4.3(i) and Fact 2.8. O

Lemma 4.5. Suppose that uy # 0, us # 0, (uy,us) <0, and ny||uz|| + nel|us] > 0.
Let x € H. Then the following statements hold:

(i) Ifz € Wy N Ws, then Pyyaw, ¢ = .
(il) IfxeWynNWs, then Pw,nw, v = Pp, .
(111) [f.l‘ S Wf N Wy, then PW10W2 xr = PH1 x.
(iv) WinWws =o.
Proof. Set  w:=|jus|luy, 71 := —moljusll, and o :=n|us. (11)
From the assumptions and Fact 2.1(i), we know that
u = [lugllur = —lua|[uz. (12)

As a consequence of Fact 4.2(ix), we see that

WinWy={xeH : 11 <(r,u) <p}#
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T — <I’H”L>H;71u, if (x,u) < y1;
and Ve eH) Pww,z =1z, if v1 < (z,u) < (13)
x — <$’H13H_272u, if (z,u) > 7s.

Hence, according to (6), for every y € H,

ye Wi e (y,u1) <m < |lual|(y, w1) < ||uz|lm

(11) (11)
<~ <y7u> S 771”“2” <~ <y7u> S Y2, (14&)
y € We < (y,u2) < mp & [|ur|[{y, u2) < flug||ne (14b)
(12)
& —mllur|| < (y, —l|urllu2) & 1 < (y,u). (14c)

(i): This is trivial.

(ii): Assume that z € W3 N Wy, Then (14) leads to (x,u) < v, and (z,u) < 7.
Hence, using (13), (11), and (12), we obtain

(r,u) =m (@, —|lua[ug) + 1ol |

Puiaw, @ =& — ~—m——u = — (=l f|uz)
o [Jul[? ([l [[uz?
T+ e — <x,2u2>u2 Py, x
[[ua|l

(iii): The proof is similar to the proof of (ii).
(iv): Assume to the contrary that there exists z € W N Ws. Then by (6),

(z,u1) >m and (z,ug) > 1o (<1:2>) (z,u1) > and <z, —||u2||u1> > 1)

[ |
_hell, o Tl
] [[a |

(zou1) >m2 = Jluallnz + fluzlm <0,

which contradicts to the assumption that ||u|[n2 + ||uz||m > 0. O

Theorem 4.6. Suppose that Wy "Wy # &. Then Pw, Py, = Py,

Proof. Using W, N W, # &, Fact 4.2, and the linear dependence of u; and usy, we
have exactly the following cases.

Case 1: u; = us = 0 and 0 < min{ny,n2}. Then, due to Fact 4.2(i), Wi N Wy =H
and Pw,nw, = Id. Moreover, W7 = H and Wy = H. Hence, Py, Py, = Id =
PWﬂ-WWQ‘

Case 2: u; #0, uz =0, and 0 < 79. Then Fact 4.2(iii) implies that W3 N Wy = W)
and Py, nw, = Pw,. Moreover, Wy = H, and Py, = Id. Hence, Py, Py, = Id Py, =
PW1 == PW10W2~

Case 3: u; =0, us # 0, and 0 < 7;. Then, by Fact 4.2(v), Wy N Wy = Wy, and
Pw,rw, = Pw,. Moreover, W; = H, and Py, = Id. Hence, Py, Py, = Py, Id =
PW2 — PW1I"1W2'

Case 4: u; # 0, uy # 0, and (uy,uz) > 0. Let x € H. Notice that

H =W nWe)U (W nWs) U (WenWs) U(WEnWs).
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We have exactly the following four subcases.

Case 4.1: x € Wy N Ws. Then, clearly, Py, Py, 2 = 2 = Py,~w,

Case 4.2: x € Wy N Wy. Then Py, z = x and, by Remark 2.9, Py, z = Py, =
Hence, Lemma 4.4(ii) implies Py, Pw, © = Py, © = Pyyaw, 2.

Case 4.3: x € W N W,. Then Wi N W, # &, which implies that Wy N Wy # W.
By Lemma 4.3(i)(b), we have that n;||ua|| < noflus|l, Wi N Wy = Wy and H; C Wh.
Combine these results with z € W} and Remark 2.9 to obtain that Py, Py, x =
PW2 PH1 xr = PH1 xr = PW1 xr = PW]ﬁWQ xr

Case 4.4: Assume that x € WNWS. Set u := ||us||uy and i := min{n ||us||, n2||ui||}-
By Lemma 4.4(iv),

Py, i mflusl] < naflual];

. (15)
Py, z, if m1fjual| > n2|usl|.

PW10W2 T = {

Case 4.4.1: Suppose that n|lus|]| < nof|ur]]. Then z € W N W5 and Lemma

4.3(i)(a) yield

(15)

PW2 P[/V1 Tr = PW2 PH1 Tr = PH1 r = PWlmWQZE

Case 4.4.2: Suppose that 7 |luz|| > mof|ui]. Recall that € W N Wy, that u,
and wuy are linearly dependent with u; # 0 and us # 0, and that we have Lemma
4.3(1)(b), Remark 2.9, and Lemma 2.11(iv). We obtain that

Py, Py, © = Py, Py @ = Pp, Py # = Pry 02 Py w7 (16)

Case 5: uy # 0, ug # 0, (ug,us) < 0, and ny||ug| + naf|u1]| > 0.

Note that H = (W1, N Wa) U (Wi N Ws) U (Wy N Wa) U (WP N Wy). Then combine
Lemma 4.5(iv) with W N W5 = @ to know that we have exactly the following three
subcases.

Case 5.1: x € W; N W,. This is trivial.

Case 5.2: x € Wy NWS. Then by Remark 2.9 and Lemma 4.5(ii), Py, Py, z =
PW2 r = PH2 r = PW1OW2 €T

Case 5.3: z € W N W,. Then the identities Py, Py, v = Py, Py, x = Py, =
Py, aw, © follow easily from Lemma 4.3(ii) and Lemma 4.5(iii).

Altogether, (Vo € H) Pw, Pw, © = Pw,nw, x, which means that the proof is com-
plete. [
u; and us are linearly independent

In the whole subsection, we assume that u; and usy are linearly independent. Define
T, U2 > ) < <u17u2>(<x7u1>_771)} ) (17&)
a:,u1> ) < <U17U2>(<$7U2>—772)} ) (17b)
. {M o) ) > ) - m} | 7o

T

HU2||2(<1‘7U1>—771) uy, ug) ((x, ua) — 12)

C, = {:UEH x,up) >m and HU1H (¢
(

Cy := {xEH T, Ug) > 1o and HUZH (
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Fact 4.7. [1, Proposition 29.23] Let x € H. Then W1 N Wy # & and
Pwiow, ¢ = & — miur — Y2us,

where exactly one of the following holds:

(i) Ifz e WiNW,, then y1 =y = 0.

ii) IfxeCy, theny = fpu)-—m - and 3 = 0.

( a2
(iii) Ifx € Cy, then v =0 and v, = —<zi|uz>H;"2 > 0.
(iv) Ifz € Cs, then

v = [[uz|® ({21 ) —m1) = (us,u2) ((z,u2) —12) >0,y = [l |1 ({2, u2) —nm2) — (u,u2) ((z,u1) —m1) > 0.
(w2 [luz]|? [ (u1,u2)|? (w2l [ (u1,u2) ?

Lemma 4.8. Let v € C5. Then PW10W2 xr = PH10H2 x.

Proof. As a consequence of Fact 4.7(iv) we have
Pw,aw, © = & — y1uy — Yous, where (18)

vy = lluzll (@ u1) —m) — (w1 u2) ((@uz)=m2) < ( and — luall? (@ uz) —m2) — (w1 uz) ((@ua)=m)

llwn [ [lwz]?=[(u1,u2) |2 l[un |1 [Juz|? = |(u1,uz)]?

According to equations (29.36) and (29.37) in the proof of [1, Proposition 29.23]
which is the Fact 4.7, we obtain

(1)

0 =7 ({(z —yur — Yeug, u1) —m) = v ((Pwiaws z,u1) —m), (19a)

18
0 =72 ({(& — y1ur — Youg, uz) — 12) = Y2 ((Pwinw, T, u2) —1m2) . (19b)

Bearing in mind that v; > 0 and v, > 0, and that we have (6), we know that (19a)

and (19b) imply Pyw,~w, © € Hy N Hy. Hence, apply Fact 2.7 with A = H; N Hy and

B = W1 N W2 to obtain PW1OW2 Tr = ].:)leuq2 x. ]

Remark 4.9. (i) Inview of (6) and Lemma 2.11(ii), we know that C; = {z € H :
r ¢ Wyand Py, x € Wol, Co ={z € H : = ¢ Wyand Py, € Wi}, and
Cs={xe€H : Py x¢Wyand Py, xz ¢ Wi}

(ii) By Fact 4.7, Fact 2.8, and Lemma 4.8, (z € C}) Pw,rw, * = P, z, (v € Cy)
Pw,rw, © = Py, x, and (x € C3) Pw,aw, © = Puyam, @

Lemma 4.10. (i)  Suppose that (uy,us) < 0. Then the following statements hold:
(a) C1 C WENint(Ws).
(b) Cy C Wy Nint(Wh).
(c) WfNHy)U(WsnHy)U(WrnWws) C Ch.
(ii)  Suppose that (uy,us) > 0. Then the following statements hold:
(a) Win Wy C Ch.
(b) WinWws C C,.
(c) C3 CWNWs. In particular, if (uy,us) =0, then C3 = W N Ws.
Proof. Note that
H = (W) N Wa) U (Wy N WE) U (WE N Wa) U (WENWE) (20a)
= (WinNWy) U (int Wy N W5) U (Hy N W5) U (Wi Nint W)
U (Win Hy) U (WPnWwy). (20Db)
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On the other hand, Fact 4.7 implies that
H=WNnWy)uC,UCyUCs, (21)

and the sets W, N Ws, C, Cy and C3 are pairwise disjoint.

(i)(a): Let z € Cy. Clearly, (x,u;) > n; is equivalent to x € W{. Moreover,
(ur,ug) < 0 yields (uy,ug)({x,u;) —m) < 0. In consequence we obtain that
Ny ||2({z, uz) —m2) < (uy,us)({x,ur) —ny) implies (z,us) — 12 < 0, i.e., z € int(Ws).
Hence, C; C WY Nint(Ws).

i)(b): The proof is similar to the proof of (i)(a).
i)(c): This follows from (i)(a), (i)(b), (20b) and (21).

(
(
(ii)(a): Let & € W{NWs,. Then (z,uy) > ny and (x, ug) < 1y are from (6). Moreover,
(u1,us) > 0 leads to |Jui||*((z,us) — 1m2) <0 < (ug,us)({z,us) —n1), which, due to
(17a), implies € C;. Hence, WfNWy C C.

(

ii)(b): By an analogous proof to (ii)(a) we know that (ii)(b) holds.

(ii)(c): Combine (ii)(a), (ii)(b), (20a) and (21) to obtain that C5 C W{ N Wi,
Suppose that (uj,ug) = 0. Let x € W N Wy. Then by (6), [Ju]]*({z,u2) — n2) >
0= (ur, uz)({z,ur) —m) and [Jua||*((z,u1) —m) > 0 = (ur, uz)((z, uz) — n2), which,
by (17c), implies that = € C3. Therefore, the last assertion in (ii)(c) holds. O

Lemma 4.11. Suppose that (uy,us) < 0. Let x € Cs5. The following hold:

(i)  Assume that x € Wy. Then |Pm, v — Py, || < [|Po, Py, © — Poyom, 2|
(i) Assume that x € W{. Then

PW2 PWlx = PW2 PHISL’ = PH2 PH1$ e (C3 and

PW1QW2 PH2 PH1 xr = PHlmHQ PH2 PH1 €T = PHlﬂHz xZ.

Proof. (i): Using Fact 2.8, we know that

T, U — (x,
Py, x=x+ n ||u< E 1>u1, P,z =2+ e Hu< E 2>u2, and
1 2
—(Py, x,u
PH2 PHl Tr = PHl T+ ik < de 2>u27 (22>

which implies that

(771 _ <l’, u1>)2

(772 - <33', u2>)2
[Jua[[2 '

Tual? (23)

lv — Py, z]|* = . and o —Pp,|* =

Apply the third and the first identities in (22) to the following first and second
equation, respectively, to obtain

(772 - <PH1 xz, U2>)2
[[uz[?

||PH1 T — PH2 PHI xHZ =

1

= raaaye (a0 = () = o ) — Gaon)”. (24
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On the one hand,
P, — Py, || < ||Pmy Py @ — Prynm, x| (25a)
& |2 =Pmnm, z||* |z —Pu, 2|* < [Py, 2—Ppmnm, 2|~ |Pr, 2—Pp, Pa, 2|
& |lo = Pmnm o||* = o = Py 2[* < |l — Py, of* = ||z — Pryy |
— |Pyy . — Py, Py, x||?

< HSL’ - PHl 'THQ + HPHI T = PHz PHI £C||2 < ||I - PHz 12”2

< . _||1§1x|]gl>) i ||U1||Z’L1||UQ||2 (a2 — (2, uz)) — (ur, uz) (m — <x,u1>))2
(12 = (x,u9))*
[us]®

& JualPllualPOm = (2, ua))? + (|20 = {2, u2)) = {ur, u2) (= {2, w)))?
< fluall* (2 = (2, u2))?
& Jlunl*luzl* (0 — (2, u1))? + (ur, u2)*(m — (@, u1))?
< 2lwn[* (192 — (v, u2)) (ur, uz) (1 — (, ua))
& [l (m = (@, ur)) (lual(m = (z,w1)) = (ur, u9) (2 — (2, u2)))
+ (un, ug) (m — (,u1)) ((un, wz) (m— (@, u1)) = [lug [P (2 — (2, up))) <0, (25b)
where the first two equivalences are from [3, Proposition 2.10], the fourth equi-

valence is from (23) and (24), and (|Juy]|*(n2 — (z, us)) — {(uy, uz)(m — (a:,ul)))2 =

[l || (2 — (2, u2))? = 2[[wn || (2 — (@, ua) ) (ua, wz) (1 — (, wn)) 4 (wr, ug)*(m — (2, ua))?
yields the sixth equivalence. Hence, it is equivalent to show (25b).

Recall that @ € C5. Then, (17¢) yields ||u1 ||*((x, u2) —12) > (w1, u2) ({x, u1) —n1) and
Nua||?({z,ur) — m) > (ug, ue)({x,us) —n2). By (6), € Wy means n; — (x,u;) > 0.
Hence, by assumptions, z € Cs, v € Wi and (uq,us) < 0,
[ [*(m = (,u)) ([[uzl?(m = (2, 1) = (ur, ue) (2 — (2, us))) <
(w1, uz)(m — (z,w1)) ((U1,U2>(771 — (z,u1)) = lua|[*(n2 — <$7U2>))
which imply that (25b) holds. Accordingly, (i) holds.

(ii): Recall again that € C5 means

|2 (¢, ua) — n2) > (ur, ug) ({2, ur) —m) (26)

and [lug||*((x,u1) —m) > (uq, u2)({x, uz) — n2). Combine (26) with the assumption
(u1,us) < 0 to obtain

(ur, ug) ([lun]|* (2 — (2, u2)) — (ur,ua) (M — (w,u1))) > 0. (27)
Clearly, € C3 and Remark 4.9(i) imply that Py, « ¢ W,. Combine this with the
assumption, z € WY and Remark 2.9, to obtain that Pw, Pw, * = Pw, Py, o =
Py, Py, x. Moreover, by Lemma 2.11(i), we get
m— <:E> u1>
[[ua[?

e (P 0 = o) = o ) G )

Pu,Pypx=2+ Up
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so m — (Pu, Py, z,uq)

=M — <I7u1> - (771 - <x,u1>)

- m (e ll* (2 = (2, u2)) = (wa, wa) (m = (&, w))) {uz, w)

= _2;2@%7“1) (lual® (2 = (2, ua)) = (ur, uz) (m — (x, u1))) o 0,

which shows that Py, Py, € W{. Hence, by Lemma 4.10(i)(c) we obtain that
Py, Py, v € W N Hy C Cs. Therefore, by Lemma 4.8 and Fact 2.10, we finally get

PW1QW2 PH2 PH]_ T = PHlﬁHz PH2 PH1 xr = PHlﬂHQ x. D

Theorem 4.12. Assume that (uy,us) < 0. Define y := {422 Thep 4 € [0,1]

llu [Hlwz|

and Py, Pw, is a v-BAM. Consequently,

(VZL‘ S H) (Vk S N) ||(PW2 Pwl)kx - PWlﬂWQ JZH < VkHI - PW1ﬁW2 J]H
Proof. Recall that u; and us are linearly independent. Then v € [0, 1| follows from
Lemma 3.4. As a consequence of [8, Corollary 4.5.2], Fix Py, Py, = Wy N W is

a nonempty closed convex subset of H. Hence, by Theorem 2.4 and Fact 2.5, it
remains to show that for every x € H,

(i)  Pw,aw, Pw, Pw, © = Pw,w, @, and

(ii))  [|[Pw, Pwy © — Pwyows || < vllz — Pwyaws, |-

Let x € ‘H. Note that if Py, Pw, © = Pw,w, @, then clearly (i) and (ii) hold.
Taking Fact 4.7 into account, we have exactly the following four cases.

Case 1: x € W; N W,. This is trivial.

Case 2: x € (1. Then Fact 4.7(ii) and Fact 2.6 imply that

m— <CL’, U1>

||u1H2 Uy = PH1 xr e H1 N WQ. (28)

Pw,rw, oz =2+

According to Lemma 4.10(i)(a), x € C; € W{ Nint(WWs), which, by Remark 2.9 and
(28), implies

PW2 PW1 xr = PW2 PH1 xr = PH1 xr = PW1ﬂW2 xT.
Case 3: x € (5. Then enforcing Fact 4.7(iii) and Fact 2.6, we know that

N2 — <:L‘, u2>
[[uzl]?

From Lemma 4.10(i)(b) we get x € Cy, € WyNint(W;), and by Remark 2.9 and (29),

PWﬂTWQ =2+ Uy = PH2 Z. (29)

PW2 PW1 r = PV[/2 T = PH2 T = PW1|’1W2 Z. (30)
Case 4: x € (3. Then Lemma 4.8 leads to

PWlmWZZL' = PHlﬁHQ x. (31)
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Note that C5 C H = (W1 N Wa)Uu(Wy N W5)UWY, Fact 4.7, and CsN(W1NWs) = @.
We have exactly the following two subcases.

Case 4.1: z € W; N W5. Combine z € C3 with Remark 2.9, Remark 4.9(i), and
Lemma 4.10(i)(c) to see that

Pw, Py, =Py, x =Py, z € HoNW{ C Cs. (32)
Using Lemma 4.8 and Fact 2.10, we obtain
Pwiaw, Pw, Pwy @ = Payom, Pus, Py @ ® Punm, Pr, © = Phyam, @
Wy (33)

(32) (31)
MOI‘GOVGI‘, ||PW2 PW1 xr— PW1ﬁW2 $|| = ||PH2 T — PW1ﬂW2 IH = ||PH2 r— PHlﬁHz $||
31
< |Pa, Prt, © = Prryorns @l < 1l = Pryemy 2l E Al — Pwruws 2, where the last
two inequalities come from Lemma 4.11(i) and Lemma 3.4. Hence, (i) and (ii) hold.

Case 4.2: x € W{. Because x € C3, by Remark 4.9(i), Py, x ¢ W,. Hence, by
Remark 2.9 and Lemma 4.11(ii),

PW2 PW1$:PW2 Ple:PHQ PHlfL' and

(31)
PW10W2 PWQ PW1 T = PHlﬁHQ r = PWﬂTWQ xX. (34)

Moreover, we obtain directly ||Pw, Pw, * — Pw,w, z|| 3 P, Pry @ — Pwyaw, 2|

@) WP, P, © — Pyiam, || < vl — Puynm, 2] & Yl* — Pwyaw, ||, where the
inequality comes from Lemma 3.4. Therefore, (i) and (ii) are true. O
Proposition 4.13. Suppose that (uj,us) > 0. Let v € H. Then the following
statements hold:

(i)  Suppose that v € Wy N Wy. Then Py, Pw, © = 2 = Pw,nw, ©.

(ii)  Suppose that x € Wi N Wy. Then Py, Py, x = Py, x = Pw,qw, .

(iii) Suppose that x € Wy N Ws. Then Py, Py, x = Py, © = Pw,ow, .

Proof. (i): This is trivial.

(ii): According to Lemma 4.10(ii)(a), z € W N Wy C . Then Fact 4.7(ii) and

Fact 2.8 imply
PWﬂ']WQ Tr = PH1 x. (35)

In view of (6), x € W N Wy means (z,u1) > 1 and (z,us) < 72, which combining
with (uy,us) > 0, imply that 1, — (x, us) > 0 and —(uy, us) (1 — (x,uq)) > 0. Hence,

(2 = (@, u2)) = (w1, ua) (m — (@, u1)) >0, (36)
which, connecting with Lemma 2.11(ii), yields that Py, x € W,. Hence,

(35)

Pw, Pw, ¢ = Pw, Py, v = Py, Py, .

(iii): Due to Lemma 4.10(ii)(b) we have x € W, N Wy C Cy. Then by Fact 4.7(iii)
and Fact 2.8 we obtain
PW10W2 T = PH2 x. (37)
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Hence, z € Wi N Wy and Remark 2.9 imply that
(37)
PW2 PW1 xr = PW2 xr = PH2 xr = PW10W2 xZ. D
Proposition 4.14. Suppose that (uy,us) > 0. Then (Vx €H) Pw,Pw, x€ Wi NWs.
In particular, if x € Wy U Ws, then Py, Py, x = Pw,aw, x; if x € W N Wy with
PH1 x € Wy, then PW2 PW1 xr = PH1 xr = PW1OW2 x;ifx e WfﬂW; with PH1 x ¢ W,
then sz PW1 re W Ny \ {PWIQW2 ZL‘}

Proof. Let x € H. If x € W, UWj;, then Py, Py, x = Py, nw, x € Wi N W, follows
from Proposition 4.13.

Suppose that z € W N Wy. Then Remark 2.9 leads to Py, Pw, * = Pw, Py, x. If
Py, © € Wy, then by Remark 4.9(i), = € C;. Hence, by Remark 4.9(ii), Py, Py, x =
Pw, Py, © = Py, © = Pw,nw, ©. Assume that Py, © ¢ W5. Then employing Lemma
2.11(v), we have that

PW2 PW1[E:PH2 PHlxeinthﬂHg C W; N Ws. (38)

On the other hand, combine Remark 4.9(i)(ii) with x € W N W and Py, x ¢ Ws
to see that x € Cy U C5 and that either Pyw,~w, * = Py,nm, * or Py,aw, © = Py, 2.
Clearly, Py, nm, © ¢ int Wy, so by (38), Pw, Pw, © # Py,nn, x. Moreover, by Fact
2.8 and by the first identity in Lemma 2.11(i), if Py, Py, © = Py, x, then

(T, u) (m — (@, ur) ) {u, uz)
T a2t 2 2
(| |||z

U2,

which contradicts with the assumption that w; and us are linearly independent.
Therefore, by (38), Pw, Pw, © # Pg, x. O

Lemma 4.15. Suppose (uy,us) = 0. Let x€H. Let i€ {1,2} and je{1,2}\ {i}.
Then x € W if and only if Py,x € W;.

Proof. Combine (6) with (u;,us) = 0 and Fact 2.8 to obtain that x € W, <
(x,u) <m; & <a: + "j_<x’gj>uj,ui> <n & (P, v,u;) <n; & Py,zec W, ]

[l

Theorem 4.16. Suppose (uy,us) = 0. Then Py, Pw, = Puyaw, .

Proof. According to Proposition 4.13, it suffices to show that (Vx € W{ N Wy)
Pw, Pw, * = Pwyaw, . Let o € Wi N W5, Since (ug,uz) = 0, thus, by Lemma
4.10(ii)(c), W N Ws = Cs. Hence, Lemma 4.8 leads to Pw,rw, * = Pu,nm, x.
Moreover, by Lemma 4.15, x ¢ W, implies that Py, x ¢ W,. So, Lemma 2.11(iii)
and x € ch N WQC deduce that PWQ PWlx = PW2 PH1 r = PH2 PHI.Z' = PH1ﬂH2 Z.
Altogether, Py, Pw, * = Py, = Pywyaw, . [

We conclude the main results obtained in this section below.

Theorem 4.17. Recall that u; and uy are in H, that ny and ny are in R, that
Wy =A{x € H: (z,u1) < m}, and Wy := {x € H : (xr,us) < 1m2}. Then the
following statements hold:

(i)  Suppose that uy,us are linearly dependent and that Wy N Wy # @. Then
Pw, Pw, = Pw,nw, (see Theorem 4.6).
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(ii)  Suppose that uy,us are linearly independent.
(a) If (uy,us) = 0, then Py, Pw, = Pw,aw, (see Theorem 4.16).

(b) If (uy, us) < 0, then v := 222 < 10 1], and (Vo € H)

s ]
| (Pw, Pw,)*2 — Pw,aws 2|l < 7%l|2 — Py, aw, || (see Theorem 4.12).

(¢) If (uy,u2) > 0, then (Vx € H) Pw, Pw,z € Wy N Wy, In particular,
Zf x € Wy UW,, then PW2 PWISL’ = P]/Vlm/v2 €, Zf xr € Wf N W2C with
PHl-T e Wy, then PW2 PW1£L’ = PHIZ‘ = PW1QW2 x;if v € me W2C with
Py, v ¢ Ws, then Py, Py, x € Wi N Wy \ {Pw,nw, 2} (see Proposition
4.14).

5. Projection onto intersection of hyperplane and halfspace
Karush-Kuhn-Tucker conditions

In order to deduce the formula of projection onto intersection of hyperplane and
halfspace, we need the following Karush-Kuhn-Tucker conditions to characterize the
optimal solution of convex optimization with finitely many equality and inequality
constraints in Hilbert spaces.

Before showing the main result, Theorem 5.2, in this subsection, we show first the
following result.

Lemma 5.1. Let F : H — R be affine and continuous. Then there exists a unique
vector uw € H such that (Vo € H) F(x) = (z,u) + F(0).

Proof. Define (Vo € H) T(x) :== F(z) — F(0). Let x € H, y € H, a« € R, and
B € R. Because F' is affine, we have that T'(ax + By) = F(az + fy) — F(0) =
3F(2ax) + 3F(2By) — F(0) = 3(F(2az) + F(0)) + 3(F(282) + F(0)) — 2F(0) =
Flaz+ (1= a)0)+F(By + (1 - 5)0) = 2F(0) = a(F(z) — F(0)) + B(F(y) — F(0)) =
T(x) + BT (y), which implies that T is linear.
Moreover, because F' is continuous implies that T' is continuous, we know that
T € B(H,R). Now, apply [1, Fact 2.24] with f = T to obtain that there exists a
unique vector u € H such that (Vo € H) T(x) = (z,u), which, by the definition of
T, yields that (Vz € H) F(z) = (z,u) + F(0). O

Because, differentiable function must be continuous, by Lemma 5.1, the condition
“h; is affine” in [7, p.244] is equivalent to “h;(z) = (u;j,z) — n; where u; € H
and n; € R” Therefore, the following KKT conditions are generalization of the
version shown in [7, p.244] from finite-dimensional spaces to Hilbert spaces and
from differentiable functions to subdifferentiable functions. Actually, writing the
affine function h; as the form h;(x) = (u;,z) — n; plays a critical role in the proof
of Theorem 5.2.

The main idea of the proof of Theorem 5.2 is from [1, Proposition 27.21] that char-
acterizes the optimal solution of convex optimization with inequality constraints in
Hilbert spaces, but Theorem 5.2 is not a direct result from [1, Proposition 27.21],
because if there was equality constraint g(z) = 0 in [1, Proposition 27.21], then
(levegg) N (leveg —g) = @ implies that the Slater condition (27.50) in [1, Proposi-
tion 27.21] fails.
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Theorem 5.2. Let s and t be in N\ {0}, set I := {1,...,s} and J := {1,...,t},
and let T € H. Suppose that f and (g;)ie1 are functions in I'o(H). Set (Vj € J)
(Vo € H) hj(x) := (u;,x) — n; where u; € H and n; € R. Assume that

(Viel) leveog; C intdomg;, (39a)
(ﬂiel 1ev<0 gz) N (ﬂjeJ ker hj) 7& @, cmd (39b)
0 € sri ((Njerlev<o ;) N (Njey ker h;) — dom f). (39¢)

Consider the problem
minimize f(x),
subject to ¢;(z) <0, i€l hj(x)=0, jeJ. (40)

Then T is a solution to (40) if and only if

(El()‘i)iel € Rj—) - Ziel j‘iﬁi - ZjeJ Bjuj € 3f(§3),
(3(0)ier € Xie10g;(T)) (Viel) g:(z) <0,Mgi(z) =0, (41)
(3(B;)jes € R (Vj€J) hi(@) =0,

in which case (\)ier X (B;)jes are Lagrange multipliers associated with z, and %
solves the problem

min f () + Y Xigi+ Y Bih;. (42)

TEH -
i€l j€ed

Moreover, if f and (g;)ic1 are Gateauz differentiable at T, then (41) becomes

Vf(f) + Ziel XlVgl(:i) + ZjEJ Bj’u]' =0
(Viel) g;(z)<0,Xgi(z)=0, and (43)
(Vj € ) hy(z)=0.

Proof. We split the proof into the following five steps.

Step 1: By (39b), (Njeskerh;) # @. Take Z € Njeyker hj. Then for every j € J,
by definition of h;,

hy(a+2) = (uj, ). (44)

Define Ve eH) T(x):=x+2%, (45a)

f=foT, (Vi€l)gi:=goT and (Vj€J)hj:=hjoT = (u;-). (45b)

Then we have that f and (§;)ier are functions in To(#) with dom f = dom f — Z,
and that
0f(x) = 0f(x — 2), (i € 1) 0g(x) = (7 — 2), and
(Vj € J) Vh,(z) = Vhi(Z — 2) = u;. (46)

Because (Vi € 1) lev<g g; = le~V§0 g; — z, intdom g; = intdom g; — 2z, Njerleveg g; =
Nierleveg g; — Z and Njeyker hj = Njeyker h; — Z, by (39), we have that
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(Viel) leveog; Cintdom g;, (47a)
(Nierleveg g;) N (mjej ker izj) # &, and (47Db)
0 € sri ((ﬂiel lev<g g;) N (ﬂj@ ker ig) — dom f) . (47¢)

Let y € ‘H. Substitute x in (40) by y + Zz to obtain that
£

y) (48)
subject to g;(y) <0, i €1, ﬁj(y) =0, j€l].

minimize

Hence, T is a solution to (40) < z — Z is a solution to (48). (49)

Step 2: In this part, we characterize the solutions to (48). Set
C = (mzeﬂ/VZ) N (mjeJLj>7 where (50)

(Viel) Wy :==leveo i = {y € H: §i(y) <0} and (VjelJ) L; := ker h; () ker ;.

Recall that C' is a closed and convex subset of H and f € T'o(#). Then (47c) and
[1, Proposition 27.8] imply

T — Z is a solution to (48) < (Jw € N¢(z — 2)), —w € df (T — 2). (51)

Step 3: Denote by y := & — z. We characterize the set No(7) in this part. As a
consequence of [1, Definition 6.38], if y ¢ C, then N (y) = @. Suppose that y € C.

Set I,:={iel : ¢g(y) =0} and I :={iel : g(y) <0}
Because y € C C N;e1W;, we know that
[=1, UL. (52)
Let ¢ € I. Then employing (47a) in the last inclusion below, we know that
geC CW,; =leveo g C intdom g;. (53)

Note that g; is convex implies that dom g; is convex. Then, according to [1, Propos-
tion 6.45], (53) implies that

(Vi €l) Nooms 7= {0} (54)

Hence, using [1, Proposition 6.2(i)] in the second identity below, we have that

_ ~ 7\ (54) ~ ~
Naom g, § U (cone 0gi(y)) =" {0} U (cone 9g;(7)) = {0} U (R1+97:(7))
= R196:(9). (55)
Moreover, since (47b) implies that (Vi € 1) levgg; # &, thus combining [1,
Lemma 27.20] with (53), (54) and (55), we obtain that
R10g:(y),  ifiely

{0}, ifiel_. (56)

(Viel) Nw(y)= {
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Because (Vj € J) L; = keru; is a linear subspace, L; — L; = keru;, y € C' C NjesL;,
using [1, Example 6.43], we have that

(VjelJ) N (5) =(L; — Lj)*" = (keru;)" = span {u;}. (57)

Recall that {g;}ie1 € ['o(#H). As a consequence of [1, Corollary 8.39(ii)], (Vi € I)
cont §; = int dom g;. Combine this with (47a) to know that (Vi € I) g; is continuous
on leveg g C lev<g g C intdom g;. Moreover, because (47b) implies that (Vi € I)
leveo §; # @, by [1, Corollary 8.47(i)], (Vi € I) int W; = lev g;, which yields that
(47b)

(MjesL;) N (Nierint Wi) = (NjesLy) N (Nierlevao ;) # 2. (58)
Apply [1, Example 16.50(iv)] with m = s+ 1, (Vi € I) fi = tw, and fo41 = bt Ly
to obtain that

0 (Z L, + L%LJ) (7) = (( Z Ouw,) + abmje,Lj> (7). (59)

In addition, note that (Vj € J) S37_, L = 27 (kerug)t = S/ span {uz} is
a closed finite-dimensional linear subspace of H. Taking [4, Lemma 4.3(ii)] into
account, we see that

(Vj € I\{1}) L, 4+ ni_} L is closed. (60)

Notice that (Vj € J) dom ¢, = L; = ker u; is a linear subspace. Use (60), and apply
[1, Example 16.50(iii)] with m = ¢, (Vk € {1,...,m}) fx = ¢z, to obtain

03~ 11,)@) = > 0un,(9) (61)

Now, using intensively the definition of indicator function, we obtain

Ne(g) = 0we(y) (by [1, Example 16.13] )

(50) _ _
- 8L(ﬂi€1W¢)ﬂ(ﬂjeJLj)(y) - 8((2 LWi) + LﬂjeJLj) (y)

i€l
59) (( > ouw,) + aL%]Lj) ()
i€l
(52) Z Ouw, (g) + Z Ouw, (F) + Oteyey, ()
i€l i€l
> " ouw,(5) + > 0uw,(5) + 00> 11,) (@)
iely iel_ jel
DS @)+ Y 0o (p) + > 00, ()
iely iel_ jeld
= > Nw,(®+ ) _Nw,(®)+ > N, (@) (by[1, Example 16.13] )
i€l i€l Jj€eJ
= > R,95:(y) + Y _ span {u,}, (62)
iely j€eJ

where the last identity follows from (56) and (57).
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Combine (62) with (51) to obtain that g is a solution to (48) if and only if

(3(N)ier € RY) — > Al — > e Biu; € Of (y)
(3(0s)ie1 € x4€193:(Y)) (Viel) g(y) <0,X5(y) =0, (63)
(3(B;)jes € R (VjeJ) h;(y) =0,

Note that we have only I in (62), but I in (63). In fact, for every ¢ € I, if i € I,
then by definition of I, §;(y) = 0, so \gi(y) = 0. Otherwise, if i € I_, then to
satisfy (62) and — 3, ;A — Z]EJ Biu; € 8f(gj), we set \; = 0, which implies
igi(y) = 0 as well.

Using (45) and (46), we know that (63) is equivalent to the desired statement (41).

Therefore, by (49), ¥ is a solution to (40) if and only if (41) holds.

Step 4: Suppose that 7 is a solution of (40). Then by Step 3 above, (41) holds.
Now, for the (Ai)iel S Rj_, (@i)iel € xielagi(i), and (/Bj)jej € R in (41), combine
(41) and the definition of subdifferential to obtain that

0€0f(@)+ > Nvi+ Y Bu; COf(E)+ Y Ndgi(z) + > B;0hy(%)

i€l j€J i€l jeJ
Co (f + Z Aigi + Zﬁth) (2),
i€l jel

which, by [1, Theorem 16.3], implies that Z solves (42).

In addition, because it is clear that (R® x {O}t)6 = R% x R, using statement
(41) and [1, Remark 19.26] and applying [1, Proposition 19.25(v)] with K = Rt
K =R? x {0}, and R : 2+ (g;(2))ier X (hj(2))je3, we obtain that (\;)ier X (53;);es
are Lagrange multipliers associated with .

Step 5: Suppose that f and (g;):er are Gateaux differentiable at z. Then, using the
assumptions that f and (g;)ser are functions in I'g(#), and [1, Proposition 17.31(i)],
we obtain that

01 () = {Vf(2)} and (¥i € 1) dgi(z) = {Vgi()}. (64)

Therefore, (41) is equivalent to (43) under the Gateaux differentiable assumptions.
Altogether, the proof is complete. [

Remark 5.3. (i)  For special cases satisfying the condition (39¢) in Theorem 5.2,
we refer the interested readers to [1, Proposition 6.19]. In particular, if
dom f = H, then applying Proposition 6.19(vii) of the book [1] with L = Id,
D = (Nierlev<g g;) N (Njesker h;), and C' = dom f = H, we know that (39b)
implies (39¢). Hence, if dom f = H, (39¢) is unnecessary.

(i) If J = @ in Theorem 5.2, then as it is shown in the proof of [1, Proposi-
tion 27.21), in view of [1, Propositions 17.50 and 6.19(vii)], the conditions
(27.50) in [1, Proposition 27.21] imply our conditions (39). Hence, we know
that if J = &, then Theorem 5.2 reduces to [1, Proposition 27.21].
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Explicit projection formula onto intersection of hyperplane and halfspace

Recall that uy,us € H, m,m2 € R, and that H; := {z € H : (x,u;) = m}, and
Wy :={zeH: (r,uy) <m}, Hy :={x € H (x,us) = no}.
In this subsection, we shall provide an explicit formula for Py, ~w,.

We can also prove the following result by using [9, Theorem 3.1].

Theorem 5.4. Suppose that uy andusy are linearly dependent and that HHNWy # &.
Then the following hold:

(i)  Assume that uy = 0. Then Hy = H, Hi N Wy = Wy and Py,aw, = Pw,.

(ii)  Assume that uy # 0. Then Hy "Wy = Hy and Py,nw, = Pg, -

Proof. (i): Clearly, u; = 0 and H; N W,y # & imply that H; # @, n; = 0 and
H, = H. Hence, (i) holds.

(ii): Using Fact 2.1(i), uy # 0, and the linear dependence of u; and us, we have that

either uy = o]l 1 Uy = — | 1 (65)
[Jual] [Jual]
Recall that Hy N Wy # @. Take z € H; N W5, that is,
(Z,ur) =m, and (Z,us) < mpo. (66)

Then (Vz € Hy) (x — Z,u1) = m —m = 0. Moreover, for every x € Hy,

_ _ 65 (%
(5 2) =12 = o = ) + () = 2
1

(x — Z,u1) + (Z,u2) — 1o

(66)
= <2,U2> — 12 S 07

which implies that * € W5. So we obtain H; C W5. Hence, H; N Wy = H; and
PHlﬂWQ = PHl- ]
The following easy result is necessary to prove the Theorem 5.6 below.

Lemma 5.5. Suppose that u; and us are linearly independent. Then Hy N Hy # &
and Hl N int W2 7£ .

Proof. HiNH, # @& follows directly from Lemma 2.3. Because we have (Vi € {1,2})
(span {u;})t = keru;, and u; and uy are linearly independent, we conclude that
span {uy} Z span {u;}, and so keru; = (span {u;})* & (span {us})* = ker uy. Take
Z € H N Hy, and g € keru, \ ker ug. Now,

<2 - <ga U2>g, U1> = <2a U1> - <g7 U2><g, U1> =M,
<2 - <g,U2>g, U2> = <27 u2> - <g7 U2>2 =m — <g7 U2>2 < N2,
which imply that z — (g, us)y € Hy Nint Wy # . H

The main idea of the following result is from [1, Proposition 29.23], but this time
we use the KKT conditions proved in Theorem 5.2.
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Theorem 5.6. Suppose that uy and us are linearly independent. Let x € H. Then
HiNnWy # & and Pyaw, v = v — &uy — Eua, where exactly one of the following
statements holds:

(1) (w,u2) = mo)lluall® = ((@,u1) = m)(us,u2) > 0. Then
& = ((93,u1>*771)||U2\\2*(<$7u2>*n2)<uhu2>7 o = ((@yuz) —m) fua | = ((@sur) =m){uruz) o

[l |1 [[uz|? = |(u,uz)]? w12 luz (2= (u1,uz)|?

Moreover, Pr,aw, * = Prynm, .

(i) (@, ua) =m)lur |P=((z, wr) —m) (w1, us) < 0. Then & = S and & = 0.
Moreover, Py aw, * = Py, .

Proof. According to the definition of projection, Py, A,  is the unique solution of
the problem

1
minimize f(y) = 5“3/ - xHQ

subject to g(y) = (y,u2) — 12 <0, h(y) = (y,w1) —m = 0.

Now dom f = H, domg = H, f and g are differentiable functions in I'g(H), and
levegg = Wy € H = intdomg. By Lemma 5.5, levoggNker h = int Wy N Hy # &.
Moreover, because dom f = H, by Remark 5.3(i), 0 € sri ((lev<g g N ker h) — dom f).
Note that (Vy € H) Vf(y) = y — x, and Vg(y) = us. Hence, apply Theorem 5.2
with s =1, t =1, f(y) = 2|ly — z||?, g1 = g and h; = h to obtain that there exist

2
& e Ry and & € R such that

Puaw, x — 2 + Sug + §up = 0, (67a)
(uz, Py, ) — 12 <0, &((ua, Payw, ) — m2) = 0, (67Db)
(w1, Pryow, ) —m = 0. (67c)
Hence, we have that
Poow, © = x — &uy — &ug,  (by (67a)) (68a)
(ug, r — &uy — &aug) — e < 0, (by (68a) and (67b)) (68b)
(u,x — &uy — &ue) —m =0,  (by (68a) and (67¢)) (68¢)
& ((uz, @ — &ur — Sua) —m2) = 0. (by (68a) and (67b)) (68d)

Now, we have exactly the following two cases.

Case 1: & > 0. Then (68d) implies
(ug, & — Guy — &oua) — 2 = 0. (69)
Combine (69) with (68c) to obtain that

(G o) (€)= (B =) ™

Fact 2.2 and the linear independence of u; and wy, imply that the Gram matrix
G (uy,us) defined as (1) is invertible. Solve system (70) of linear equations to obtain

((,u1) — 771)||U2||2 — ((z, uz) — o) (ur, us)
[Jwa|[*luz]l* = [(ur, u2)[?

& =

(r,g) = o) a2 = (G, wa) — o) )
T2l — [, w) P - (71)

and & =
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Use u; and us are linearly independent again and apply Fact 2.1(iii) to obtain

&> 04 ((v,u2) — 1) lwr]* = (&, ur) — m)(ua, uz) > 0.
Hence, (i) is exactly the Case 1. Combine (68a) with (71) to know that the first
part of (i) is true. In addition,

68a
<PH10W2 1'7U2> — 12 (:) <$ — &uy — Souo, U2> — 2

= <5U:U2> — T2 — 51<U1>U2> - szquZ

) o) — 1) — ({z, ur) — m)llual|® — ((z, uz) — m2) (us, ua) —
- (= Pl o
_ ((zyug) —mo)|lwa]? — (s wn) — mu){un, ua) s
[l [ [luz||* = [(ua, uz) | ’
= ({2, us) — 12) — ((, ua) — ) ([[ua]|* (ur, uz) — (ur, us) [|us|?)

[ [ lusl[* = [(ur, ua) |2

({z, ua) = m2) (| [lua]® — (ur, u2)?)
[ [z ]|* = [(ur, ug) |2

= (<:L‘,u2> - 772) - ((x,u2) —1n2) =0,

which implies that Py,nw, © € Hs. So, Py,aw, © € Hy N Hy. Hence, apply Fact 2.7
with A = Hy N Hy and B = H, N W, to obtain Py,nw, © = Py nm, .

Case 2: & = 0. Then by (68c), we know that
£ = (ur, x) —m

(72)
[ [[?
Taking (68a) and Fact 2.8 into account, we know that
— (ug, @
fgzO@PHlszmzx—flulzz—i—mul:lﬁhx. (73)

[[ua[?
Apply Fact 2.7 with A = H; N W, and B = H; and use Lemma 2.11(ii) to obtain

PH10W2$ = PH1 r <= PH1 xe W,
& ((z,u9) —m)|[w]® = ({z, 1) —m) {ur, ug) <0 (74)

Combine (73) with (74) to obtain

& =06 ((z,u2) — m)llwa]|® = ((w,u1) = m){ur, ug) < 0. (75)
Hence, (ii) is exactly the Case 2. Moreover, (72) and (73) imply (ii). Altogether,
the proof is complete. O

Lemma 5.7. Suppose that uy and uy are linearly independent. Let x € H. Then
the following hold:

(i)  If Py, ax & Wy, then Py,nw, * = Py nm, ©; otherwise, Py,aw, © = Py, .

(ii)  Assume that Py, Pw, x ¢ Ws. Then Py,aw, © = Py,nm, .
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Proof. (i): This is clear from Theorem 5.6 and Lemma 2.11(ii).
(ii): By (i), it suffices to show Py, © ¢ Wy. If & € Wy, then Py, @ = Py, Py, © ¢ Wa.
Suppose x ¢ W,. Assume to the contrary that Py, © € Ws. Then, by Fact 2.8,

0<m—(Py,z,u2) & 0<1mp— <33+ %uhuﬁ
Uy
S (m = (@, u1))(ug, ug) < Jlug|*(n2 — (z, ug)),

which, by Lemma 2.11(i) with swapping H; and Hs, and by x ¢ W5 and the Cauchy-
Schwarz inequality, implies that

ne — (Py, Py, x,ug)x

1
= T (= (e a) el = 0. = @ w)) i, w) (o, v)

1
- _W (HUIHQHUZHQ(UQ — (7, u2)) — (2 — <1’7U2>)<U1,m>2)

<U1,U2>2
= (= (o) (1 1) 2
[ |2 2|2
which implies that Py, Py, x € W5 and contradicts the assumption. O

6. Compositions of projections onto hyperplane and halfspace

Similarly to Fact 4.1, given finitely many hyperplanes and halfspaces, by [10, Theo-
rem 9.24], the Boyle-Dykstra Theorem, we are able to use only the projections onto
these individual hyperplanes and halfspaces to generate the sequence according to
the Dykstra’s algorithm for finding the projection onto the intersection of these
hyperplanes and halfspaces.

In this section, for simplicity, we consider only one hyperplane and one halfspace.
We shall systematically investigate the relations of Py ,~w, and Py, Pg,, and of
PH1OW2 and PH1 PWQ.

Recall that ui,up € M, m,n: € R, and that Iy := {z € H : (z,u1) = m},
Wy :={x € H: (x,us) <mo}, and Hy :={x € H : (x,us) = 1ma}.

uy and us are linearly dependent

Theorem 6.1. Suppose that uy; and uy are linearly dependent and that HHNWy # &.
Then Pw, Pu, = Pu,aw, = Puy, Pw,. In particular, the following statements hold:

(i)  Assume that uy = 0. Then Pw, Py, = Pw, = Py, Py,.
(ii)  Assume that uy # 0. Then Py, Py, = Py, = Py, Pw,.

Proof. (i): According to Theorem 5.4(i), H; = H and H; NW5 = W,. Then clearly
(i) holds.

(ii): In view of Theorem 5.4(ii) we directly have H; N Wy = H;. Then clearly
PW2 PH1 = PH1 = PHlﬂWQ'
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On the other hand, if us = 0, then because H; N Wy # & implies that W, # &,
we have that 7o > 0 and Wy = H. So, Py, Py, = Py, Py = Py,. Suppose that
ug # 0. Let x € H. If v € Wy, then Py, Py, = Py, x. Assume that x ¢ W,
Then use Remark 2.9 and apply Lemma 2.11(iv) with swapping H; and Hy to yield
PH1 PW2 r = PHl PH2 r = PHl X. Hence, PH1 PW2 = PHl-

Altogether, we have that Py, Py, = Py,rw, = Py, = P, Pw,. ]

u; and uy are linearly independent

In the whole subsection, we set
C = {Zﬂ eH . ((ZL’,U2> — 772)||U1H2 - (<$,UJ1> - 7]1)<U1,U2> > 0} . (76)

Proposition 6.2. Suppose that uy and us are linearly independent. Then the fol-
lowing hold:

(i) Letx € H. Then x € C if and only if Py, x ¢ Ws.

(ii)  Suppose that (uy,us) =0. Then C = WS§ and Pw, Py, = Pu,rw, = Pu, Pw,.

(ii) Letx € C°. Then Py, Py, © =Py, =Py rw, ©.

(iv) Suppose that (uy,us) # 0. Let x € C. Then Py, Py, o = Py, P,z € C.
Moreover, P, aw, Pw, Pu, * = Pyyam, © = Payjow, @

Proof. (i): This is clear from Lemma 2.11(ii) and (76).

(ii): It is easy to see that C' = Wy follows from (uy,us) = 0, (76) and the definition
of Wj. Let x € H. Then we have exactly the following two cases:

Case 1: z € C. Then (i) and Remark 2.9 imply Py, Py, © = Py, Py, . Hence, by
(u1,ug) = 0, Theorem 5.6(i) and Lemma 2.11(iii),

m— <u1,[)3> + 2 — (u2,x)

PHlmWQSC:J?—Q— UQIPHQPHl.QZ:PWQPHl.T.

Recall that z € C = WJ. Use Remark 2.9 and Theorem 5.6(i), and apply Lemma
2.11(iii) with swapping H; and Hs to obtain that

Py

1

Case 2: z € C° Then by Theorem 5.6(ii) and Lemma 5.7(i), Py,aw, © = Py, «
and Py, x € Wsy. Hence, Py, Py, 2 = Py, v = Py,nw, . Note that x € C° =
(W;)C = Wg. Hence, PH1 PW2 r = PH1 r = PHlﬂWQ xT.

(iii): Theorem 5.6(ii) and Lemma 5.7(i) yield Py,nw, © = Py, © and Py, € Ws.
Hence, (iii) holds.

(iv): Clearly, (i) and Remark 2.9 lead to Py, Py, * = Py, Py, . Because we have
Py, v € HiNWS, apply Lemma 2.12(ii) with = Py, « to see that

Py, Pw, Py v = Py, Py, Py v & W
Hence, apply (i) with # = Py, Py, « to know that Py, Py, 2 € C. Combine
this with € C and Theorem 5.6 to obtain Py,Aw, ¢ = Ppnm,  and, finally,
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PHlﬂWQ PW2 PH1 r = PHlﬁHz PW2 PH1 z. Recall that PV[/2 PH1 r = PH2 PH1 z. Com-
bine the last three identities with Fact 2.10 used in the third equation below to
obtain

PHlﬂWQ PW2 PH1 xr = PHlﬂHQ PW2 PHl xr = PHlﬂHQ PH2 PH]_ r = PHlﬁHz X

= PHlﬂWQ x. O

Theorem 6.3. Suppose that uy and us are linearly independent. Set vy := %
Then ~ € 10,1 and Pw,Pg, is a yv-BAM. Consequently,

(Vl’ < H)(Vk < N) ||(PW2 PH1)kx — Priow, QZH < 7k||x — Puow, :L’H
Proof. According to Lemma 3.4, v € [0,1[. Let x € H. By [8, Corollary 4.5.2],

Fix Py, Py, = Hy N W5 is a nonempty closed convex subset of H. Hence, using
Definition 2.4 and Fact 2.5, we only need to prove the following two statements:

(1) PHlmWQ PW2 PH1 xr = PHlﬂWQ xZ.
(ii) HPW2 PH1x_PH10W2$H < fYHx_PHlﬂVsz”'
If z € C° or if (uy, us) = 0, then by Proposition 6.2(ii)&(iii), Pw, Py, © = Py,aw, ,
which implies (i) and (ii).
Suppose that x € C and that (u;,us) # 0. Then Proposition 6.2(iv) implies that
(i) holds and that Py, Py, © = Py, Py,  and Py,nw, © = Py,nm, x. Combine these
identities with Lemma 3.4 to obtain

HPW2 PHl T — PHlﬂW2 :CH = HPHz PHI r— PH10H2 Q?H < 7”13 - PHlﬁHz .T}H

= 7”$ - PHlﬁW2 LEH,

which yields (ii). Altogether, the proof is complete. O

[{u1,u2)

Proposition 6.4. Suppose uy and uy are linearly independent. Define vy := Tur Tl

Then exactly one of the following statements holds:

(i) Py, Pw,x € Wy Then Py, Py, x € H NWs.

(ii) Pg,Pw,x¢éWs. Then (VkeN) Py, (Py,Pu,)*r ¢ Hy and (Pg,Pw,)" 1z ¢ Ws.
Moreover, for every k € N,

(Ve € W) |[Pw,(Pr, Pwy)* — Pryows, ]| < AFlle — Pryews 2f],  (77a)
(\V/ZL’ S WZC) ||(PH1 PW2)k - PH1QW2 l’” < ’Vka - PH10W2 .I‘H (77b)

Proof. (i): This is trivial.

(ii): Apply Lemma 3.4 with swapping H; and Hj to obtain that v € [0, 1] and for
every x € H and k € N,

I(Pr, Pry) ¥ — Py, @) < ¥ |l2 — Priyem, 2, (78a)
H(PHI PHz)k:E - PHlﬁHz Z‘H < 7k|’x - PHlﬂHz SCH (78b)

According to Lemma 5.7(ii), Py,rw, © = Puyam, . Set y := Py, Py, x € Hy N W5,
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Apply Lemma 2.12(iii) to the point y to obtain that for every k € N, (k = 0 is
trivial)

(PWQ PH1>ky - (PH2 PHl)ky ¢ Hy, ie.,

PW2(PH1 PWQ)k[B = (PH2 PHl)k PW2 xr ¢ Hl and (79)
PHI (PW2 PH1)ky - PH1 (PH2 PHl)ky ¢ Wy, e,
(PHI PW2)k+1x = PHl (PHz PHl)k PW2 z ¢ W2' (80)

Moreover, if 2 € Ws, then by (79), Pw, (P, Pw,)*z = (Py, Py, )*x. Hence, (78a)
and Py, aw, © = Pyynm, x yield (77a).

If # ¢ Wy, then by (80), (Py, Pw,)* 'z = Py, (P, Py, )* Py, = (P, Py, ) a.
Hence, (78b) and Py, qw, * = Py, nm,  imply that (77b) is true.

Altogether, the proof is complete. O

To conclude this section, we summarize the results obtained in this section in the
following theorem.

Theorem 6.5. Recall that uy,us € H, n1,m € R, Hy :== {x € H : (x,u1) = m},
Wy i={x e H: (z,u3) <}, Hy :={x € H: (x,uz) = n2}. Then exactly one of
the following statements hold.
(i)  wy and uy are linearly dependent. Then Pw, Py, = Puaw, = Pu, Pw, (see
Theorem 6.1).
(ii)  uy and ug are linearly independent. Then the following hold:
(a) Suppose that (uy,us) = 0. Then Pw, Py, = Pu,rw, = Pr, Pw, (see
Proposition 6.2(ii)).
(b) Suppose that (uy,us) # 0. Define v := % Then we have y € [0, 1].
Moreover,
(1) (Vo € H) (Vk € N) |(Pw, Pr,)*x — Pryowe 2]l < V¥l — Py, 2
(see Theorem 6.3).

(2) Let x € H and k € N. If Py, Pw,x ¢ Hy N W, then (Vx € Ws)
IPw, (P, Pwy)*e — Payows || < ¥l — Pryaws 2|, and (Vo € W)

(P, Pwn)® — Pryaws 2|l < A%||2 — Pryaws, ]| (see Proposition 6.4).

7. Conclusion and future work

We provided an explicit formula of the projection onto the intersection of finitely
many hyperplanes. We also showed KKT conditions for characterizing the opti-
mal solution of convex optimization with finitely many inequality and equality con-
straints in Hilbert spaces. Moreover, we constructed formulae of projections onto the
intersection of hyperplane and halfspace. In addition, we systematically investigated
the relations between: Py, Py, and Pw,~w,, Pu,nw, and Pw, Py, , and Py Aw, and
PH1 PW2 .

According to the explicit formulae for Py,nw, and Py A, (see, Fact 4.2, Fact 4.7,
Theorem 5.4, and Theorem 5.6), given a point x € H, the formulae of Py,nw, =
and Py, nw, * depend on the linear dependence relation of u; and wusy, and on the
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“region” where the x is located in. Hence, in many proofs of this work, we mainly
argued by cases and considered our questions on two halfspaces, or on one halfspace
and one hyperplane. It is easy to see that if we wanted to use the current logic of
proofs to extend our results from two sets to finitely many sets, then the number
of cases to argue would increase exponentially. In the future, we shall try to find
some techniques or tricks to make the extension work easy and the statements of
the results simple.

Acknowledgements. The author thanks the anonymous referee for his or her
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