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1. Introduction
Consider the following quadratic fractional programming (QFP) problem

1.7 T
v Arr +ajxr + oy

P minimize xT) =
(P) /(@) 2T Aoz + alx + ay

1
subject to x € R", §xTBia: +b0r+B5<0, i=1,...,m,

where Ay, A, B; are symmetric real (n x n)-matrices; B; is positive semidefinite;
aj,as, by € R™ and oy, as, f; € R for every ¢ € {1,...,m}. Let

1

Model problems of this type, which has been widely studied both from a theoretical
and an algorithmic point of view, is an important issue in continuous nonlinear
optimization. Its applications in economics, transportation science, and engineering
have been actively studied for several decades (see [8] and the references therein).

The problem (P) reduces a quadratic programing (QP) problem under quadratic
constraints as A, = 0 and ap, = 0. Existence and stability for this problem have
been investigated in [17, 18, 19, 20, 23].
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The existence of minimizers is one of the most important issues in optimization
theory. Frank and Wolfe [7] proved that a QP problem has a solution if its objective
function f is bounded below over a nonempty polyhedral convex set C' (called Frank-
Wolfe Theorem). This is an extension of the fundamental existence theorem of
linear programming. There have been some other proofs for this theorem and its
extended versions (see [3, 24]). A similar result [15] was established for the case,
where f is quadratic and C' is defined by a convex quadratic function and linear
constraint functions. However, verifying whether the function is bounded from below
on a given set is a rather difficult task. Eaves [5] proposed necessary and sufficient
conditions for the solution existence of linearly constrained QP problems. By using
the concept of recession cone in convex analysis, Kim et al. [11] established an
Eaves type theorem for convex QP problems. Recently, an Eaves type theorem for
nonconvex QP problems has been presented in [23]. Despite these extensive studies,
the existence of the global solutions for QFP problems has received limited attention.

As Ay = 0 and F is an asymptotically linear set (see [1, Definition 2.3.1]), due
to using the asymptotic cone and function, Lara [13, Theorem 4.1] proposed nec-
essary /sufficient conditions for the solutions existence of (P). This result could be
seen as the first extension of the Frank-Wolfe theorem [7] from the quadratic to the
quadratic fractional case. However, the asymptotically linear assumption is quite
strong, for instance, the following convex set {(z1,z2) € R? : 22 — 25 < 0} is not
an asymptotically linear set (see Example 3.1). Therefore, studying the solution
existence of (P) under weaker assumptions is very necessary. As far as we know,
up to now, there is no result on this direction for the case, where Ay # 0 and F is
defined by many quadratic constraints.

In this paper, we present a new class of convex sets, so called weakly asymptoti-
cally linear set respect to a cone K C R™ (denote by K-wal set), which contains
the previous class of asymptotically linear sets. We also show that F could be
a K-wal set under some checked conditions. By using this results, we obtain the
necessary /sufficient conditions for the solution existence of (P) in the general case,
where the objective function is a ratio of two quadratic functions and the constraint
is defined by many quadratic functions. Thanks to the above result, the bound-
edness/unboundedness of the global solution set and the semicontinuity for global
solution map of a class of QFP problems are also fully characterized. Our approach
is via properties of K-wal sets, structure of the quadratic forms, and techniques of
asymptotic cones and functions (see [1, 22]).

The structure of the paper is as follows. In Section 3, we introduce the definition
of K-wal sets and prove that F is K-wal under the assumption (H). We also show
some cases, where F is K-wal but not asymptotically linear. In Section 4, an Eaves
type theorem for solution existence of (P) is proposed. We obtain some important
corollaries under weaker assumptions in comparison with previous results. A class
of QFP problems with Ay being concave is investigated in Section 5.

2. Preliminaries

The scalar product of vectors z,y and the Euclidean norm of a vector = in a finite-
dimensional Euclidean space are denoted, respectively, by 7y (or (z,y)) and ||z]|,
where the superscript 7 denotes the transposition.
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Vectors in Euclidean spaces are interpreted as columns of real numbers. The notation
x > y (resp., * > y) means that every component of = is greater or equal (resp.,
greater) the corresponding component of y.

1

1
Put fi(z) = §:ETA1I +ale 4oy, folz) = §xTA2x +alz + oy,

gi(x) == %xTBix b+ B, i=1,...,m.
Denote by G the global optimal solution set of (P) and let
a:=inf{f(z): 2 € F}.
For a symmetric real matrix A € R™"*", define
Null(A) := {v € R" : v" Av = 0}.
Let I ={1,...m}, [y ={iel: B;#0},and Iy ={iel: B, =0}.

The recession cone (see, for instance, [4, p. 33]) of a nonempty closed convex set S

is defined by
S*={veR":z4+tves Ve el Vt>0}.

From [11, Lemma 1.1] it follows that
Fe={veR":Bw=0,bv<0,Vi=1,...,m}. (1)

Let S be a nonempty closed set of R". Then, S is said to be an asymptotically linear
set (see [1, Definition 2.3.1]) if for each p > 0 and for each sequence {z*} satisfying

{z*} € S, [la™]] = +oo, a*/[la*] = 7,

there exists ky € N such that 2% — pz € S for all k > k. Clearly, every polyhedral
set is asymptotically linear, but converse is not true (see after [1, Definition 2.3.2]).

The matrix A is called copositive on F if vI Av > 0 for every v € F>. We say that
A is strict copositive on F if v Av > 0 for every v € F> \ {0}.

We recall the notion of upper semicontinuity and lower semicontinuity of multifunc-
tions. A multifunction F': X C R®* = R™ is said to be upper semicontinuous (usc) at
p € R*® if for each open set V' containing F'(p) there exists § > 0 such that F\(p) C V
for every p € R® satisfying ||p — p|| < §. A multifunction F': X C R® = R" is said
to be lower semicontinuous (Isc) at p € R™ if F(p) # () and, for each open set V'
satisfying F'(p) NV # 0, there exists § > 0 such that F(p) NV # () for every p € R?
satisfying ||p — p|| < d. A multifunction F' is called continuous if it is usc and lsc.

In this paper, we alway assume that fo(x) > 6 > 0 for all x € F.

3. Weakly asymptotically linear set

To study the global solution existence for QP problems over convex sets, Flores-
Bazan and Carcamo [6] extended Frank-Wolfe Theorem [7] for the case, where the
constraint set is asymptotically linear. Lara [13] also used this assumption to es-
tablish conditions for the existence of minimizers of a quadratic fractional function.
However, this class of convex sets is quite narrow although it contains polyhedral
sets. To see this, we consider the following well-known closed convex set.
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Example 3.1. Let W:={z = (71, 22) € R? : m(z) := 23 — x5 < 0}. For some p > 0,
let a sequence {z* = (k,k?)} satisfy

{2} C W, [[2¥]| = +o0, 2*/||2"|| — & = (0,1).
We have m(2* — p7) = k? — (k* — p) = p > 0 for all k. Thus, 2* — pz ¢ W for all
k. Therefore, W is not an asymptotically linear set. Il
In this section, we present a new concept which is useful to prove the main results.

Definition 3.2. Let S be a nonempty closed set of R" and let K C S* be a cone.
Then, S is said to be a K-weakly asymptotically linear set (K-wal set) if for each
sequence {z*} C S satisfying ||z*|| — +oo and 2% /||z*|| — h € K, there exists § > 0
such that z* — th € S for every t € (0,0) for every k large enough.

As a consequence of Definition 3.2, both the intersection of a finite number of K-wal
sets and the union of a finite number of K-wal sets are K-wal sets.

Remark 3.3. Every nonempty closed convex set of R" is a O-wal set. So, K has
an important role in Definition 3.2. Consider again the set W in Example 3.1. We
have W = {(0,a) : a € R}. Then W is not a W>-wal set (Example 3.1) but W is
a 0-wal set.

The first main result is established in the following theorem.

Theorem 3.4. Let K C F* be a cone. If the following assumption holds
(H) bI'h =0 for all h € K and for all i € I,

then F is a K-wal set.

Proof. Let any {z¥} C F satisfy ||z%|| = oo as k — oo, ||2*|| # 0 for all k and
|z*||~'z* — h with ||| = 1. By [22, Theorem 8.2], we have h € F>\ {0}. For each
i € I, since {g;(z*)} is bounded from above, there exists a subsequence {k*} of {k}

such that all the limits lim g;(2*") exist. Without loss of generality, we can assume
S5—00

that {k°} = {k}. For each i € Iy, we obtain that
k
TF 1 T & Bi N\ o Lo ko
o= i (1 oy + ) = i gm0+ ) =0
By the assumption (H), we have bTh =0 Vi € I,. Hence
bih=0 Vicl. (2)

For each i € I, for each ¢t > 0, from (2) it follows that

T _ _ _
gi(z" —th) = E(a:k — th)T By(«* — th) + b] (2% — th) + ;
1

= §(xk)TB,-xk + bl 2" + B = gi(2F) <0. (3)

This means that zF — th € F for all k. According to Definition 3.2, we conclude
that F is a K-wal set. The proof is complete. Il
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Example 3.5. Consider the following set:
1
F = {(azl,xg,:cg) eR?: §x% —2x3—3 <021 +522,+1<0; 22, +3 < O}.

We have ./—"# @ and F> = {(O, hQ,hg) . hg < O, hg > 0}
Let K = {(0,h2,0) : hy <0} C F*. We have I} = {1} and
bIh = (0,0,—2)(0, hy,0)" =0 Vh = (hy, hy, hs) € K.

This follows that the condition (H) is satisfied. According to Theorem 3.4, we obtain
that F is a K-wal set. ]

4. An Eaves type theorem

In this section, we propose necessary /sufficient conditions for the existence of mini-
mizers of (P). This following main result is an extension of Eaves Theorem [5] from
linearly constrained QP to QFP problems.

Theorem 4.1. Let F be nonempty. The following statements are valid:
(a) For each x € F, if (H) is satisfied with K := F>* N Null(A; — f(x)As) and if
hT(Al — f([L')AQ)h Z 0 Vh e .FOO, (4)

(Ayz +ay — f()(Asz +a2)) h >0 VheK, (5)
then (P) has a solution,
(b) Foreachx € F, if (H) is satisfied with K := {h € F> : h" (A, — f(z)As)h < 0}
and if (5) holds then (P) has a solution;
(¢) If G is nonempty and if there exists x € F such that
K" (A — f(z)Az)h > 0 Yh € F>\ {0}, (6)
then G is compact,
(d) If a > —oo then: T (A, — aAy)h >0 Vh € F>; (7)
(Ayz + a1 — a(Asz + a3)) h >0 Vo € F Vh € Null(Ay — ady) N F>. (8)

Proof. (a) For each k > 1, let Gy, be the global solution set of the following problem
minimize f(z) subject to z € F :={x € F: || < k}.

Then, G}, is nonempty and closed. Let z* be the smallest norm element in Sj.

We first show that {z*} is bounded. Indeed, suppose that {z*} is unbounded.
Without loss of generality, assume that ||2%|] — oo as k — oo, ||2*|| # 0 for all k&
and ||2*||~'2* — h with ||h|| = 1. By [22, Theorem 8.2], we have h € F>= \ {0}.
For any x € F, there exists kg such that x € F; for all £k > ky. Then, one has

f(a®) < f(x), ie.,

(M) Ayz® + al2® + oy

(xF)T Agak + ad 2k +

< f(=).

N =[N —=

Since £ (z%)T Ayz® + alz¥ + ap > 0, we have
1 1
E(mk)TAlxk +alz? 4+ oy < f(2) (é(mk)TAgxk +alak + ag).
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Multiplying the above inequality by ||z*||=2 and letting & — oo, one has

BT (A, — f(2)As)h <. (9)
Combining (9) with the assumption (4) yields

h € Null(A; — f(z)As). (10)

By the assumption (5), we obtain

(Vhilz) = f(@)V o) h > 0. (11)

According to Theorem 3.4, F is a K-wal set, that is, there exist k; and § > 0 such
that B
" —the F Vk>k Vte(0,6). (12)

On the other hand, since h"h = 1 and ||z*||~'2* — h, there exists ky > ki such that
(2¥)Th > 0 for all k > ky. Consequently, there exists v > 0 such that

lo% —th|? = [la*|]* = 2t(z")Th + 2||A]* < [l2*]* < k2 VEe(0,7).  (13)
Let § := min{d,~}. From (12) and (13), we obtain that
e —the F, Vk>k Vte(0,6). (14)
By (10), (11), and (14), we have

(V") = f()V fala®) 2 0
& i@V E(E)Th < f,(2M)V (2" Th
& tfi(a®)V (2T h < tfo(2®)V (") h — %tQBT (A1 — f(Ik)AQ)B
& fo(a®) PR Arh — t(A12" + a)h + fi(2")] (15)
< fi(@®)[3PRT Ash — t(Asa + ag)h + fo(2¥)]
& fola®) fi(a® —th) < fi(a") fo(a® — th)
fi(a® —th) PG
fo(a® —th) = fo(a)
Combining (14) with (15) yields
¥ —th € G, Vk > ki, ¥Vt € (0,6). (16)

By (13) and (16), we have 2% —th € G}, and |z* — th|| < ||z*|| for all k > ks,
t € (0,0). This contradicts the fact that z* is the smallest norm element in Gy.
Therefore, we conclude that {||2*||} must be bounded.

& f(aF —th) < f().

Since {||z*||} is bounded, it has a convergent subsequence. Without loss of generality,
we can assume that ¥ — 7 as k — co. By the fact that F is closed and z* € F,
we have 7 € F. Since {2*} is a minimizing sequence and f is lower semicontinuous,
we obtain that

f(z) < liminff(2*) = inf f(z).

k——+o0 zeF

This leads that z is a solution of (P).
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(b) Repeating the previous argument and using (5), we obtain (9) and (11). From
the assumption (H) with K = {h € F> : hT(A; — f(z)As)h < 0}, we have (14).
By a similar argument as in part (b), we get the desired conclusion.

(c) Suppose on the contrary that G is unbounded. There then exists a sequence
{z*} C @G such that ||2¥|| — oo as k — oo. Without loss of generality, we may
assume that 2%/||z*|| — h € R™\ {0}. Since 2* € F, by [22, Theorem 8.2], we
obtain h € F*. For any = € F, one has f(z*) < f(z), i.e.,

()T Ayz® + al2® + oy

()T Agak + ad 2% + ay

< f(=).

N =[N0 —=

Since £ (z%)T Ayz® 4+ al z¥ + ap > 0, we have
Loty ko Tk Loty ke Tk
5(3:) Az +a x” + ap < f(x) §(x) Asz® +ayx” + ay ).

*||7% and letting k — oo yields

Multiplying the above inequality by ||z
h' (A — f(z)Az)h <0.
This contradicts the assumption (6). Therefore, G is a nonempty compact set.

(d) Let any h € F*°. Since = + th € F for every t > 0 and for every = € F, we
have f(x + th) > « for every t > 0, that is,

From the fact that o +th € F it follows fo(z +th) > 6. By this and (17), we obtain
that fi(x + th) > afs(x + th). This leads to

f(z +th) > a. (17)

%tQhT(Al —ad)h + H(VAi(x) — aV (@) + Ai(z) —af(z) >0 (18)
for every t > 0. If hT(A; — aAy)h < 0 then the left side of the inequality (18) tends
to —oo as t — +00, a contradiction. Hence, hT(A; — aAs)h > 0.

For any h € Null(A; — f(x)As) N F>, if (Vfi(z) — OéVfQ(iC))Th < 0 then the left

side of the inequality (18) tends to —oo as t — 400, a contradiction. Thus,

(Vfi(z) - anQ(x))Th >0,

and the proof is complete. [

To illustrate for Theorem 4.1, we consider the following example.

Example 4.2. Consider the following problem

%x?,) — 3wy — bhy —4x3— 7
—1x3 4 22 + 223 + 2

min{f(w)— ::L‘E.T"}, where

1
F = {(%1,332,233) ER?) . 5%%—2$3—3§0,£E1+5.’E2+1 SO,—2$1+3§0}
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Then, fo(z) = —(32% — 223 — 3) — (=22, +3) +2 > 2 > 0. For each x € F, we have

F> ={(0,ha, h3) : hoy < 0;h3 >0}
and Null(A; — f(z)Ay) = {(hy, ha, h3) : f(x)h? 4+ h2 = 0}.
Hence, K =F>*nNNull(A; — f(z)A2) = {(0, he,0) : hy < 0}.
From Example 3.5 it follows that (H) is satisfied. For each x € F, we obtain that
R (A — f(z)A2)h = hi >0 VheF>,
(Vi(z) = f(2)V folx)) h = —=5hy >0 Vhe K.

Both (4) and (5) are satisfied. According to Theorem 4.1, this problem has a solu-
tion. [

An important corollary of Theorem 4.1 is established as follows.

Corollary 4.3. Let Ay be negative semidefinite, that is, v7 Ayv < 0 for every v €R",
and let F be nonempty. The following assertions hold:

(i) (P) has a solution if (H) is satisfied with K = F* N Null(Ay) and if Ay is
copositive on F and

(Alx +a; — f(x)ag)Th >0 VeeF VheK; (19)

(ii) If (H) is satisfied with K = {h € F> : h"T Ath < 0} and if (19) holds then (P)
has a solution;
(iil) If Ay is strict copositive on F then G is nonempty compact;

(iv) If « > —o0 then A; is copositive on F and
(Arz + ay — aas) h >0 Vo € F Vh € F* N Null(Ay).

Proof. Let {z"} C F satisfy |[z¥] — oo as k — oo, [|2¥]] # 0 for all k and
|2¥||7*2* — h with ||h]| = 1. Then,

1
§(xk)TA23:k +ala* +ay > 0. (20)

Multiplying both sides of the inequality (20) by [ Ed and letting k — oo, one
has hT Ash > 0. Since A, is negative semidefinite, we have hT Ash = 0. Therefore,
Ash = 0. According to Theorem 4.1, we get (i), (ii), and (iv).
We shall show the coercivity of f on F. Indeed, suppose that f is not coercive on
F. There then exists a sequence {z*} C F such that ||z*| — oo and f(z*) < M for
some M € R. Without loss of generality, we can assume that 2% # 0 for all k& and
2k /||2*|] — h. According to [22, Theorem 8.2], we obtain h € F*. By the fact that
f(x¥) < M, one has
1 1
§(xk)TA1xk +alz? +a; < M(ﬁ(xk)TAgxk +alz® + a2>.



T.V.Nghi / An Eaves Type Theorem ... 1081

Multiplying the above inequality by ||#*|| =2 and letting k — oo, one has h” A;h < 0.
This contradicts the assumption. Hence, the coercivity of f is proved. Therefore,

G 0.

Finally, suppose that there exists a sequence {z*} C G such that [|z¥|| — oo and
/125 — v € F*®. For some x € F, one gets f(2*) < f(x). Dividing the last
inequality by ||z*]|* and passing k — oo yields vTAjv < 0. This contradicts the
assumption. Thus, conclusion (iii) follows. O

Remark 4.4. Theorem 4.1 in [13] is a consequence of Corollary 4.3 ((i) and (iv))
for the case where As = 0 and K = F*°. The following example shows that a QFP
problem has a solution by using Corollary 4.3 but Theorem 4.1 in [13] can not be
applied.

Example 4.5. Consider the following problem

132 — 37, — Bwy —daz — 7

min{f(x): 2 Sy—

ST 6.7:}, where

1
F = {(xl,xQ,xg) e R?: 5&:?—2:03 §0;$1+5x2+1§0;—21‘1+3§0}.

This problem has a solution by a similar argument as in Example 4.2.

For some p > 0, let a sequence {z" = (2k + 2, —2k — 2, k* + 2k — §)} satisfy
{z"} C F, [|2"]| = 400, */||z"| — z = (0,0,1).

We have g, (z* — p7) = 2p > 0 for all k. Hence, z* — pz ¢ F for all k. This means
that F is not a asymptotically linear set. Therefore, Theorem 4.1 in [13] can not be
applied to this problem. O

In the case where fo(x) = as > 0, by Corollary 4.3, we get the following corollary.

Corollary 4.6. Let Ay =0, as =0, and K = F* N Null(A,). Let F be a K-wal
set. The following assertions are equivalent:

(i) f1 is bounded below over F;
(ii) Ay is copositive on F and (Alx + al)Th >0 VeeF VheK;
(iii) (P) has a solution.

Remark 4.7. Corollary 4.6 is an extension of [6, Theorem 4.1] from the asymptot-
ically linear set to the K-wal set.

Remark 4.8. According to Martinez-Legaz et al. [16], a convex set F is said to be
a Frank-Wolfe set (FW-set) if every quadratic function f which is bounded below
over F attains its infimum. The authors proved that the Minkowski sum of a convex
compact set and a polyhedral cone is a FW-set. This was shown firstly by Kummer
[12]. By the argument in Section 3, every FW-set is a 0-wal set. In comparison
with Corollary 4.6, F is a FW-set if it is a F*°-wal set. It is easy to check that the
Minkowski sum of a convex set S and a polyhedral cone K is a (S* 4+ K)-wal set.
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5. Application to a class of QFP problems

In this section, we consider QFP problems in the case where A, is negative semidef-
inite. By using the above obtained results, the unboundedness of the global solution
set and the continuity of the global solution map are characterized.

5.1. Unboundedness of the global solution set

A sufficient condition for compactness of G has been shown in Corollary 4.3(iii). The

following theorem presents a necessary and sufficient conditions for unboundedness
of G.

Theorem 5.1. Assume that G # () and (H) holds. Then, the following three
statements are equivalent:

(i) G is unbounded;
(ii) there exist T € G and 0 # h € Null(Ay) N F> satisfying Ash = 0 and azh > 0
h that _
sue ¢ (Alf +a; — OéCLQ)Th = 0, (2].)
(iil) G has a solution ray, that is, there exvist + € G and h € R"\ {0} such that
{Z+th:t>0} CG.

Proof. (i)=-(ii): Suppose that G is unbounded. There then exists a sequence
{2*} C G such that ||z¥]| — oo. We can assume, without loss of generality, that

2 /||z*|| — h for some h € R™ and ||h]| = 1. According to [22, Theorem 8.2], we
obtain h € F*. By a similar argument as in Corollary 4.3, we have alh > 0 and
Ash = 0. From the fact that 2% € G for all k it follows that f(xk) =q,ie,

(M) Ayak + af' 2% + oy
(2*)T Agzk 4 ad 2% +

= Q.

NN =

Since 3(z")T Asa® 4+ al2¥ 4+ ay > 0, we have

1

2

1
— (2T Az® +alx +a1—a(2

()T Apa® 4+ ad x —i—ag)

Multiplying the above inequality by ||z*||=2 and letting & — oo, one has

h € Null(4). (22)

From the assumption (H) and Theorem 3.4, we obtain that for some k; there exists
o1 > 0 such that z** —th € F for all t € (0,01). Since fo(x¥1) > 0, there exists
oy > 0 such that fo(z* —th) > 0 for every t € (0,03). Let o0 = min{oy,0,}. For
some t € (0,0), by (22) and the fact that 2** € G, we have

iz —th) _ fi(ah)
fa(xkr —th)  fa(xkr)
th)] " [fa(a®) fi (2" = th) = fi(a®) fola® — h)]
—th)] 7 [ fo(a ) [BPRT Ayh — t(Ay 2™+ ag)h o+ fi(2*)
Fia )[R Ash — t(Asz® + ag)h + fo(2*)]

0< f(z™ —th) — f(a™) =

= [fo(z™) fo(a*
= [fz(l"k) fola®
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= [fal@™) fola® —th)] 7 [Lfi (@)Y o) R = tfo(a™)V fr ()R
+ 1 fo(a™)PR" (A — aAs) h]
= [fola® —th)] " t[aV fo(z")Th — V f1 (") TR]. (23)
Hence, (Vfl(askl) — ang(xkl))Tﬁ <0.
On the other hand, applying Corollary 4.3 for z*' € G and h € N ull(Al), we obtain

(Vfi(zhr) — ang(a:kl))TB > 0. Thus, (Vfi(z™) — onfg(:Ekl))TB = 0. Letting
T =z (21) follows.

(ii)=>(iii): Suppose that there exist € G and h € Null(A;) N F> satisfying (21).
Since fa(z) > 0, for any ¢ > 0, we obtain that

fo(Z +th) = fo(Z) + H2R" Ash + t(AsZ + a2)"h > 0.
Then, for every t > 0, we have

-1

f@+th) = f(z) = [fo(z + th) f2(2)]  [[1(Z + th) f2(Z) — fo(@ + th) f1(7)]
= [fol@ + th) fo(2)] ™ [t2(2) Y fu(2) D — t£1(2)V fo(2) T
< R (A1 — o)
= [fo(@ + th) fo()] 't fo(2) [V 1(2) R — aV fo(z)T]] =
Therefore, {Z +th:t >0} C G.
(iii)=(i): The conclusion is obvious. The proof is complete. O

5.2. Some stability results

Let RE*" be the space of real symmetric (n x n)-matrices equipped with the matrix
norm induced by the vector norm in R” and RE™ be the set of positive semidefinite
real symmetric (n x n)-matrices. Let

[:=(RY" x R* x R) x (RZ" x R x R)™! C R*

with s = (m+2)(n®>+n+1). Let uy := (A1, a1, 1), ug := (As, as, an), u = (uy, us),
w; = (B, b, 5;) and let v := (uy, —ug,ws,...,wy,) € I'. Consider the following
parametric QFP problem

LaT Az + ol + oy

P minimize T,u) = 2
(P() ze f(z,u) %xTAgx +alr+ o

subject to g;(x,w;) == %xTBZw +blr4+p,<0, i=1,...,m,
fo(z,u) = %.TTAQZ' talr+ay>60>0,

depending on the parametric v. Put fi(z,u) := 327 Ajz + afz + .

The Mangasarian-Fromovitz Constraint Qualification (MFCQ) holds at & € F(v) if
there exists v¥ € R™ such that

(B;iz +b;)"° <0 Vi€ I(z,7),
where I(z,7) :=={i € {1,...m} : ¢;:(Z,w;) = 0} is the active constraint index set.
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We say that the system g¢;(x,w;) < 0, ¢ = 1,...,m, satistfies Slater’s condition if
there exists 2° € R" such that g;(2% w;) < 0 for all i = 1,...,m. Since B;, 1 =
1,...,m, are positive semidefinite, Slater’s condition is equivalent to (M FCQ) (see,
for instance, [14, p.47-48]).

The following lemma is well-known (see, for example,[23], [21, Theorem 1] and [2,
Theorem 3.1.5]).

Lemma 5.2. (i) The system g;(z,w;) <0, i =1,...,m, satisfies (MFCQ) if and
only if the set-valued map F : I' = R", defined by

FA)={zeR": gi(x,@) <0,i=1,...,m},

is Isc at 7.
(i) If the system g;(z,w;) <0, i =1,...,m, does not satisfy (MFCQ), then there
exists Y& — v such that, for each k, the system g;(x,w?F) <0, i=1,...,m, has

no solution.

Lemma 5.3. The set Q :={y €T : hTAjh > 0Vh € F>*\ {0}} is open in T.

Proof. If Q is not open in I', there exists {y*} C I'\ Q tending to v € Q and
h® € R™ such that

W% = 1, (R*)TAyh* <0, Bih* =0, bTh* <0, i=1,...,m.

We may assume, without loss of generality, that {h*} itself converges to some h € R".
Passing limits in the above as s — oo yields

HBH =1, BTAJLSO, Bi}_lzo, bZTFLSO, 1=1,...,m,

contrary to the fact that v € Q. Therefore, Q is open. ]

The continuity of G(-) is characterized as follows.

Theorem 5.4. Let (MFCQ) be satisfied at v and Ay be strict copositive on F.
Then, the following assertions hold:

(i)  For each sequence {v*} C T converging to v and x* € G(4*), there exists a
sequence {z*} C {2*} such that x* — Z for some T € G(v);

(ii) G(-) is usc at v,

(iii) G(-) is continuous at ~y if |G(y)| = 1.

Proof. (i) Let any sequence {7y*} C T tend to v and let z* € G(+*). For any

x € F(y), by Lemma 5.2, there exists y* € F(7*) such that y* — =. If {z*} is

unbounded, we then may assume that ||2¥|| — co and 2*/||z*|| — h as k — oo

for some h € R™. According to [22, Theorem 8.2], we obtain h € F(7)*. Since
2% € G(4*), one has f(2*) < f(y*). This follows that

1 1
§(a:k)TAla:k +al2® + a1 < fFyY) <§(a:k)TA2xk +ala® + a2>.

Dividing both sides of the above inequality by [|z*||* and letting k& — oo, we get

hTAih < 0, contrary to the assumption. Therefore there exists a subsequence
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{x¥} C {«*} such that 2% — 7 € F and f(2%) < f(y"). Take limits in the above
inequalities as j — oo, we get f(z) < f(x), that is, T € G(v).

(ii): Suppose on the contrary that there exists an open set U containing G(vy) # 0,
a sequence {7} tending to v, and a sequence {z*} satisfying z* € G(7*) \ U for
every k € N. If {2*} is bounded, we can assume that 2% — # for some & € F (7).
By Lemma 5.2, for any o € F(v), there exists z& € F(+*) satisfying limy_,o, 2* = .
Since ¥ € G(v*), we have f(z*) < f(2*). Letting k — oo, we get f(2) < f(z).
This follows 2 € G() C U. Since 2* ¢ U for all k and U is open, we have & ¢ U, a
contradiction. Therefore, {*} is unbounded.

Without loss of the generality, assume that ||z*||~*2* — h € F(y)*. By Lemma
5.2, for any x € F(v), there exists 2*¥ € F(+*) satisfying limy_,o, 2¥ = 2. Since
zF € G(y*), we have f(z*) < f(2%). This implies fi(z*) < fo(2¥)f(2¥). Dividing
both sides of the above inequality by ||z*||?> and letting k — oo, we get hT A;h < 0.
This contradicts the assumption.

(iii): Suppose that |G(y)| = Z and U is an open set containing Z. According to
Lemma 5.2, there exists p; > 0 such that we have F (%) # () for every 7 satisfying
|7 — ]| < p1. By the assumption that A; is strict copositive on F and by Lemma

5.3, there exists p, > 0 such that h” Ak > 0 Vh € F(7)\ {0} for every ¥ satisfying
157 =]l < p2. Let p :=min{py, p2}. From Corollary 4.3 it follows that G(%) # 0 for
all 4 satisfying |7 — || < p.

By the assumption and part (ii), we obtain that G(-) is usc at v, that is, G(§) C U
for every 4 satisfying |5 — || < p with p > 0 being small enough. This implies that
G(3) NU # () for every ¥ satisfying |5 — || < p. Hence, G(+) is Isc at . Therefore,
the conclusion follows. The proof is complete. [

6. Conclusions

In this paper, we have given a new concept, K-wal set, and showed that, under a
checked condition (H), the constraint set F is a K-wal set (Theorem 3.4). Due to
this result, an Eaves type theorem for QFP problems has been proposed (Theorem
4.1). To our knowledge, this is the first time to establish an Eaves type theorem for
generalized quadratically constrained quadratic ratio optimization problems. Our
results can be used in some cases where the existing results cannot be used. By using
obtained results, we characterized the unboundedness of the global solution set and
semicontinuity of the global solution map for a class of QFP problems (Theorems
5.1 and 5.4).
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