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1. Introduction

Let H; and Hs be two Hilbert spaces. Let C' and D be nonempty, closed and convex
subsets of H; and Hs, respectively. Let A : H; — H; be a bounded linear operator.
Then the split feasibility problem [8] is to find z € H; such that z € C' N A7'D.
Given set-valued mappings B : H; — 2t and G : Hy, — 292, respectively, and a
bounded linear operator A : Hy — Hs, the split common null point problem [7] is
to find a point 2z € H; such that z € B~'0 N A~'(G~10), where B~'0 and G~'0 are
null point sets of B and G, respectively. Given nonlinear mappings 7' : H; — H;
and U : Hy — Hs, respectively, and a bounded linear operator A : H; — Ho,
the split common fixed point problem [9, 21] is to find a point z € H; such that
z € F(T)N A7'F(U), where F(T) and F(U) are fixed point sets of 7" and U,
respectively. Defining 7" = Py and U = Pp, where Pr and Pp are the metric
projections of H; onto C' and Hs onto D, respectively, we have

z€CNAT'D <= 2eFT)NA'FU).
ISSN 0944-6532 / $ 2.50 © Heldermann Verlag
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Defining 7" = Jy and U = @, where J, and @), are the resolvents of B for A > 0
and G for p > 0, respectively, we have

z€BONAHGT0) <= zeF(TNA'FQU).

Thus, the split common fixed point problem generalizes the split feasibility problem
and the split common null point problem. If C' N A~'D is nonempty, then the
condition z € C' N A™!D is equivalent to

2 = Po(I — NA*(I — Pp)A)z, (1)

where A > 0 and Pg is the metric projection of H; onto C'. Furthermore, if the set
B7'0N A71(G710) is nonempty, then z € B~'0 N A~1(G710) is equivalent to

z2=J(I —~vA"(I - Qu)A)z, (2)

where A\, x> 0 and v > 0, and J, and @, are the resolvents of B and G, respec-
tively. There are many results for the split feasibility problem, the split common
null point problem and the split common fixed point problem in Hilbert spaces; see,
for instance, [3, 9, 17, 21, 39].

Takahashi [30, 31, 32] and Hojo and Takahashi [11] extended the results of (1) and
(2) in Hilbert spaces to Banach spaces. Furthermore, by using the shrinking projec-
tion method, Takahashi and Takahashi [24, 26] proved strong convergence theorems
for metric resolvents and generalized resolvents of maximal monotone operators in
two Banach spaces; see also [25]. These theorems solved the split common null
point problem in two Banach spaces. Motivated by such results for the split com-
mon null point problem, Takahashi [33] proved a strong convergence theorem under
the shrinking projection method for demimetric mappings and the metric projection
in two Banach spaces. This theorem solved the split common fixed point prob-
lem in two Banach spaces. Furthermore, Takahashi [35] proved such a result for
demigeneralized mappings and the generalized projection in two Banach spaces.

In this paper, using the generalized resolvents of maximal monotone operators, demi-
metric mappings, demigeneralized mappings and the generalized projection, we first
prove a strong convergence theorem under a new shrinking projection method for
the split common fixed point problem in two Banach spaces. Furthermore, we prove
another strong convergence theorem under the shrinking projection method for the
metric resolvents of maximal monotone operators, demigeneralized mappings, demi-
metric mappings and the metric projection in two Banach spaces. Using these
results, we get new results which are connected with the split feasibility problem,
the split common null point problem and the split common fixed point problem in
Hilbert spaces and Banach spaces.

2. Preliminaries

Throughout this paper, we denote by N the set of positive integers and by R the set
of real numbers. Let E be a real Banach space with norm || - || and let £* be the
dual space of E. We denote the value of y* € E* at x € E by (x,y*). When {z,}
is a sequence in E, we denote the strong convergence of {x,} to x € E by x, — =
and the weak convergence by x, — x.
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The modulus 6 of convexity of E is defined by
) T+yY
o9 =int {1 0o < 1ol < 1o -l 2

for all e with 0 < € < 2. A Banach space E is said to be uniformly convez if (e) > 0
for every € > 0. A uniformly convex Banach space is strictly convex and reflexive.
We also know that a uniformly convex Banach space has the Kadec-Klee property,
i.e., z, = u and ||z,| — ||u| imply z, — wu; see [10, 22].

The duality mapping J from E into 2¥" is defined by
Jr={a" € E": (z,2") = ||z]|* = [|2"||*}

for all x € E. Let U = {x € E : ||z|| = 1}. The norm of E is said to be Gateaux
differentiable if for each x,y € U, the limit

t _
ety ] "
t—0 t

exists. In the case, F is called smooth. We know that F is smooth if and only if
J is a single-valued mapping of E into E*. The norm of E is said to be Fréchet
differentiable if for each x € U, the limit (3) is attained uniformly for y € U. The
norm of E' is said to be uniformly smooth if the limit (3) is attained uniformly for
x,y € U. If F is uniformly smooth, then J is uniformly norm-to-norm continuous
on each bounded subset of . We also know that E is reflexive if and only if J
is surjective, and FE is strictly convex if and only if J is one-to-one. Therefore,
if F is a smooth, strictly convex and reflexive Banach space, then J is a single-
valued bijection and in this case, the inverse mapping J ! coincides with the duality
mapping J, on E*. For more details, see [27, 28]. We know the following result.

Lemma 2.1. ([27]) Let E be a smooth Banach space and let J be the duality mapping
on E. Then, (x —y,Jxr — Jy) > 0 for all x,y € E. Furthermore, if E is strictly
convex and (x —y, Jr — Jy) =0, then x = y.

Let E be a smooth Banach space and let J be the duality mapping on E. Define a
function ¢ : E x E — R by

oz, y) = ||=l* — 2{z, Jy) + |lylI*, Vz,y € E. (4)

In the case when FE is clear, ¢ is simply denoted by ¢. Observe that, in a Hilbert
space H, ¢(x,y) = ||z — y||?* for all x,y € H. Furthermore, we know that for each
x,y,z,w € E,

(el =1yl < ¢, y) < (Nl + [yl ()
ng(x,y):gb(x,z)+gz5(z,y)+2(x—z, JZ—Jy>; (6)
2w —y, Jz = Jw) = ¢(z,w) + ¢(y, 2) — ¢(x,2) — ¢y, w). (7)

If F is additionally assumed to be strictly convex, then
¢(z,y) =0 ifand only if x=y. (8)

The following lemmas were proved by Kamimura and Takahashi [13].
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Lemma 2.2. ([13]) Let E be a uniformly convex and smooth Banach space and let
{yn}, {zn} be two sequences of E. If ¢(Yn,2n) — 0 and either {y,} or {z,} is
bounded, then vy, — z, — 0.

Lemma 2.3. ([13]) Let E be a uniformly conver and smooth Banach space and
let r > 0. Then there exists a strictly increasing, continuous and convexr function
g :10,2r] = R such that g(0) = 0 and g(||z—y||) < ¢(z,y) forallz,y € B,, where
B, ={z€ E:|z| <r}.

Let C be a nonempty, closed and convex subset of a strictly convex and reflexive
Banach space E. Then we know that for any x € E, there exists a unique element
z € C such that ||z — z|| < ||z — y|| for all y € C. Putting z = Pox, we call Po the
metric projection of E onto C'. We know the following result.

Lemma 2.4. ([27]) Let E be a smooth, strictly conver and reflexive Banach space.
Let C' be a nonempty, closed and conver subset of E and let x € E and z € C.
Then, the following conditions are equivalent:

(1) z= Pex;
(2) (z—y,J(x—2)) >0, Wyel.

For any x € E, we also know that there exists a unique element z € C' such that
Z,r) = min x).
6(z.) = min 6(y. )

The mapping IIo : E — C defined by z = Ilgx is called the generalized projection
of E onto C. We know the following results.

Lemma 2.5. ([1, 2, 13]) Let E be a smooth, strictly conver and reflexive Banach
space. Let C be a nonempty, closed and convex subset of E and letx € E and z € C.
Then, the following conditions are equivalent:

(1) z=Igz;
(2) (z—y,Jx—Jz)>0, VyeC.

Lemma 2.6. ([1, 13]) Let C be a nonempty, closedand convex subset of a smooth,
strictly convexr and reflexive Banach space. Then

oy, llex) + o(llez, z) < ¢(y,x), VyeC,zeE.

Let F be a Banach space and let B be a mapping of E into 2. The effective
domain of B is denoted by dom(B), that is, dom(B) = {z € E : Bx # 0}. A
multi-valued mapping B on F is said to be monotone if (x — y, u* — v*) > 0 for all
x,y € dom(B), u* € Bz, and v* € By. A monotone operator B on E is said to be
maximal if its graph is not properly contained in the graph of any other monotone
operator on E. The following theorem is due to [5, 23]; see also [28, Theorem 3.5.4].

Theorem 2.7. ([5, 23|) Let E be a uniformly convex and smooth Banach space and
let J be the duality mapping of E into E*. Let B be a monotone operator of E into
2E" Then B is maximal if and only if for any r > 0 we have R(J + rB) = E*,
where R(J + rB) is the range of J + rB.
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Let E be a uniformly convex and smooth Banach space and let B be a maximal
monotone operator of F into 2F". For all x € E and r > 0, we consider the equation

0 € J(z, — x) + rBx,.

This equation has a unique solution z,; see [28]. We define J,. by x, = J.z. Such a
J, is denoted by J, = (I +rJ'B)~! and is called the metric resolvent of B. For
r > 0, the Yosida approximation A, : ' — E* is defined by

r
Lemma 2.8. ([[28]) Let E be a uniformly convexr and smooth Banach space and
let B C E x E* be a mazimal monotone operator. Let r > 0 and let J,. and A,
be the metric resolvent and the Yosida approximation of B, respectively. Then, the

following hold:

1) (Jyx—wu,J(x—Jx)) >0, VreFE, ue B0
(2) (Jrx,Ax) € B, VxekE;

(3) F(J.) = B™'0.

For all z € F and r > 0, we also consider the following equation
Jx € Jx, +rBx,.

This equation has a unique solution z,; see [15]. We define @, by z, = Q,z. Such
a @, is called the generalized resolvents of B. For r > 0, the Yosida approzimation
A, : E — E* is defined by
ATI' — h_—m’ vl' 6 E
r

The set of null points of B is defined by B7'0 = {z € £ : 0 € Bz}. We know that
B710 is closed and convex; see [28]. When the Banach space is a Hilbert space, we
have that J, = @), for all » > 0. Such a J, is called the resolvent of B simply. We
also know the following result.

Lemma 2.9. ([15]) Let E be a uniformly convex and smooth Banach space and let
B C E x E* be a mazximal monotone operator. Let r > 0 and let Q. and A, be the

generalized resolvent and the Yosida approrimation of B, respectively. Then, the
following hold:

(1) o(u,Qrx) + d(Qrz,x) < d(u,z), VYo e E,ue B0;

(2) (Quz,Ax) € B, VzeE;

(3) F(Q,)=B"'0.

For a sequence {C,,} of nonempty, closed and convex subsets of a Banach space F,
define s-Li, C,, and w-Ls, C,, as follows: x € s-Li, C,, if and only if there exists
{z,} C FE such that {z,} converges strongly to = and z, € C, for all n € N.

Similarly, y € w-Ls, C,, if and only if there exist a subsequence {C,,} of {C,} and
a sequence {y;} C E such that {y;} converges weakly to y and y; € C,, for all i € N.

If C, satisfies Cy = s-LiC, = w-LsC,, (9)
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it is said that {C,, } converges to Cj in the sense of Mosco [20] and we write henceforth
Co = M-lim,,_,, C,,. It is easy to show that if {C,,} is nonincreasing with respect to
inclusion, then {C,} converges to (.~ C, in the sense of Mosco. For more details,
see [20]. The following lemma was proved by Tsukada [41].

Lemma 2.10. ([41]) Let E be a uniformly convex Banach space. Let {C,} be a
sequence of nonempty, closed and convex subsets of E. If Cy =M-lim,,_,, C,, exists
and nonempty, then for each x € E, {Pc,x} converges strongly to Pe,x, where Pg,
and Pg, are the mertic projections of E onto C,, and Cy, respectively.

Let £ be a smooth Banach space, let C' be a nonempty subset of E and let n be
a real number with n € (—oo,1). A mapping U : C — E with F(U) # 0 is called
n-demimetric [34] if, for any x € C' and ¢ € F(U),

2(z —q,J(x — Ux)) = (1 = n)llz — Uz|?,

where F'(U) is the set of fixed points of U. We also know the following dfinition. Let
n and s be real numbers with n € (—o0, 1) and s € [0, 00), respectively. A mapping
U:C — E with F(U) # () is called (7, s)-demigeneralized [37, 19] if, for any x € C
and ¢ € F(U),

2 —q,Jr—JUz) > (1 = n)o(z,Uz) + sp(Uz, z). (10)
In particular, if s = 0 in (10), then the mapping U is as follows:
2(x —q,Jx — JUzx) > (1 —n)p(x,Ux)
for all x € C and ¢ € F(U). Such (n,0)-demigeneralized mappings in the class of
demigeneralized mappings are important.

Examples

(1) Let H be a Hilbert space, let C' be a nonempty subset of H and let k be a real
number with 0 < k < 1. A mapping U : C' — H is called a k-strict pseud-contraction

6] if
Uz — Uy|* < ||z — y||* + kljlz — Uz — (y — Uy)|”

for all x,y € C. If U is a k-strict pseud-contraction and F(U) # (), then U is
k-demimetric and (k, 0)-demigeneralized; see [34] and [37].

(2) Let H be a Hilbert space and let C' be a nonempty subset of H. A mapping
U:C — H is called generalized hybrid [14] if there exist «, 5 € R such that

al|Uz = Uyl* + (1 — o)z — Uy|l* < BllUz — y|I* + (1 = B)l|l= — y|* (11)

for all x,y € C'. Such a mapping U is called («, )-generalized hybrid. Notice that
the class of («, §)-generalized hybrid mappings covers several well-known mappings.
For example, a (1,0)-generalized hybrid mapping is nonexpansive. It is nonspreading
[15, 16] for « =2 and f =1, i.e,,

2|0z — Uyl]* < |Uz —y|I* + |Uy — ||, Va,yeC.
It is also hybrid [29] for « = £ and 8 = 1, i.e.,
3|Ux — Uyl < oz — ylI* + [|Uz =yl + |Uy — [?, Va,yeC.
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In general, nonspreading and hybrid mappings may not be continuous; see [12]. If
U is («, B)-generalized hybrid and F(U) # 0, then U is 0-demimetric and (0, 0)-
demigeneralized; see [34] and [37].

(3) Let E be a smooth, strictly convex and reflexive Banach space and let D be
a nonempty, closed and convex subset of E. Let Pp be the metric projection of
onto D. Then Pp is (—1)-demimetric; see [34].

(4) Let E be a uniformly convex and smooth Banach space and let B be a maximal
monotone operator with B~10 # (). Let A > 0. Then the metric resolvent J is (—1)-
demimetric; see [34].

(5) Let E be a smooth, strictly convex and reflexive Banach space and let C' be a
nonempty, closed and convex subset of E. Let Il be the generalized projection of
E onto C. Then Il¢ is (0, 1)-demigeneralized. In fact, since Il¢ is the generalized
projection of E onto C', we have that, for any x € F and q € C,

2(llgx — q, Jo — Jllegx) > 0.
Then we get 2(llcx —x +x — ¢, Jx — Jllcz) > 0 and hence
2(x —q,Jr — Jlex) > 2(x — llox, Jr — Jlex) = ¢(z, Hex) + p(ex, x).

This means that Il is (0, 1)-demigeneralized. Furthermore, since

¢(x,Uez) + ¢(llew, v) > ¢(x, Hew),
Il¢ is also (0, 0)-demigeneralized; see [37].
(6) Let E be a uniformly convex and smooth Banach space and let B be a maximal
monotone operator with B=10 # (). Let A > 0. Then the generalized resolvent Q) is

(0, 1)-demigeneralized. In fact, since @) is the generalized resolvent of B for A\ > 0,
we have that, for any 2 € F and ¢ € B~10,

2(Qxr — g, Jx — JQxx) > 0.
Then we get 2(Q\z —x +x — q, Jr — JQ\x) > 0 and hence
2(x — q, Jr — JQxz) = 2(x — Qyz, Jr — JQ)T) = ¢(,Q)\7) + ¢(Qr7, 7).

This means that @, is (0, 1)-demigeneralized. Furthermore, since
¢($, Q)xx) + Qb(Q)\l’, x) 2 ¢([E, Q)\'r)a
@, is also (0, 0)-demigeneralized; see [37].

The following lemmas are important and crucial in the proofs of our main results.

Lemma 2.11. ([34]) Let E be a smooth and strictly convex Banach space and let
C' be a nonempty, closed and convexr subset of . Let n be a real number with
n € (—oo,1). Let U be an n-demimetric mapping of C' into E. Then F(U) is closed
and convez.

Lemma 2.12. ([37]) Let E be a smooth and strictly convexr Banach space and let
C be a nonempty, closed and convexr subset of E. Let n and s be real numbers
with n € (—o00,1) and s € [0,00), respectively. Let U be an (n,0)-demigeneralized
mapping of C into E. Then F(U) is closed and convex. In particular, if U is
(n, s)-demigeneralized, then F'(U) is closed and conve.
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3. Main Results

In this section, using a new shrinking projection method, we first prove a strong
convergence theorem for finding a solution of the split common fixed point problem
in two Banach spaces; see also Takahashi, Takeuchi and Kubota [36]. Let E be a
Banach space and let C' be a nonempty, closed and convex subset of E. A mapping
U :C — E is called demiclosed if for a sequence {z,} in C such that z, — p and
x, — Ux, — 0, p=Up holds.

Theorem 3.1. Let E and F be uniformly conver and uniformly smooth Banach
spaces and let Jg and Jp be the duality mappings on E and F', respectively. Let
B C E x E* be a maximal monotone operator and let Qy = (J + AB)™'J be
the generalized resolvent of B for all A > 0. Let 7 and n be real numbers with
7,n € (—o0,1). Let T : E — E be a T-demimetric and demiclosed mapping with
F(T)# 0 and let U : F — F be an (n,0)-demigeneralized and demiclosed mapping
with F(U) # 0. Let A: E — F be a bounded linear operator such that A # 0 and
let A* be the adjoint operator of A. Suppose that

Q=B0NF(T)NAFU) #£0.

For xy € E and Cy = E, let {z,} be a sequence generated by

(

Zp = JEI(JExn — rpA*(JpAx, — JFUAJ:”)),
Yn = Tzn,
Un = Qx,Yn,
Cur = {2 € C s 2gn — 2, Jpyn — Jot) > G5(n, tn) + Ot ),
2(zn — 2, Jp(20 = Yn)) = (L= 7)[20 — n?
and  2(x, — z, Jgx, — Jpz,) > ro(1 — n)or(Ax,, UAxn)},

(Tnt1 = HCn+1JZ1 Vn € N,

where {r,},{\.} C (0,00) and a,b,c € R satisfy the following inequalities

O<a<r, and 0 <c<)\,, VneN.

< b
sk
Then the sequence {x,} converges strongly to a point zy € 2, where zo = llgx;.

Proof. Since B is maximal monotone, B~10 is closed and convex. We also have
from Lemmas 2.11 and 2.12 that F/(T") and F(U) are closed and convex. Therefore,
Q=B10NF(T)NAF(U) is closed and convex. It is obvious that C, is closed
and convex for all n € N. We show that 2 C C,, for all n € N. It is obvious that
Q) C ¢, = E. Suppose that 2 C C} for some k € N. To show Q2 C Cj,1, we show

2(yr — 2, Jeyr — Jpug) > d5(Yk, uk) + ¢ (U, Yi),
2(z — 2, Je(ze — u)) = (1 — 7))z — wel)?

and 2(xy, — z, Jpxy, — Jpzp) > r(1 —n)op(Azy, UAxy,)
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for all z € Q. In fact, let z € Q2. Since @), is the generalized resolvent, we have that

(Qx Yk — 2, Jeyr — JeQxYk) > 0

for all z € Q € B~10. Thus, we get (Qx Yk — Yk + Yx — 2, Jeyr — JEQx yx) > 0 and
hence

2(yr — 2, Jeye — JEQxYk) = 20Uk — Q. Yks JEYE — JEQN V) -
We have from (7) that

2(ye — 2, Jeye — JEQA k) = OE(Yk, Q. Yk) + OE(Qr Yk, Uk)-

This implies that 2(yx — 2, Jeyr — Jpug) > ¢p(yr, ur) + O5(ur, yr)-
We also have that, for all z € €,
2z — z, Jpxy — Jgzk) = 2(xx — 2, A" (Jp Az — JpU Axy,))
= 27"k<AZ'k — AZ, JFAZ'k — JFUAl'k> > Tk<1 — n)¢F(A$k, UALCk)

Furthermore, we have that, for all z € €,

2z — 2, Jp(ze — ye)) — (1= 7)ll2k — il
= 2(z, — 2, Jp(ze — Tz)) — (1 —7)||2e — Tz?
(L= 7)llzn = Tapl|* = (L= 1)z — Tzl = 0

V

and hence 2z, — 2, Jp(zk — yr)) > (1 —7) |2 — wil

Then, we have €2 C Cj,,. By mathematical induction, we have that 2 C C,, for all
n € N. This implies that {z,} is well defined.

Since €2 is a nonempty, closed and convex subset of E, there exists zy € {2 such that
20 = llgzy. We have from z,, = Il z; that

¢p(@n, 21) < ¢y, 1), Vy € Oy
Since zy € Q C C,,, we have that
¢5(Tn, 1) < ¢p(20,71), Vn €N (12)
From z,, = llg, x; and z,41 € C,,11 C C,,, we have that
¢r(Tn, 11) < Pp(Tni1, T1).

Thus, {¢g(z,, 1)} is bounded and nondecreasing. Then there exists the limit of
{bp(zn, 1)} Put lim, o ¢p(x,, x1) = ¢. For any m,n € N with m > n, we have
Cn C C,. From z,, =Il¢, 1z, € C,, C C, and Lemma 2.6, we have that

oe(Ile,z1, 21) + dp(Tm, e, 21) < Gp(Tm, 21).
This implies that

8T, 1) < Op(Tm, 21) — OB (Tn, 71) < € — p(Tn, 11). (13)
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Since ¢ — ¢p(x,,x1) — 0 as n — oo, we have from Lemma 2.3 that {z,} is a Cauchy
sequence. By the completeness of E, there exists a point wy € E such that

Ty, — Wo. (14)
We have from z,., € ()1 that
2(x, — Tpy1, Jpxn — Jpzn) > (1 —n)op(Az,, UAz,). (15)

Furthermore, we claim that {Jgz, — Jgz,} is bounded. We show that {Jgx,—Jrz,}
is bounded as follows. We have that

| Jexn, — Jezn|| = ||rnA"(JpAx, — JpU Ax,,)||.

Furthermore, we have that | JpAz,| = ||Az,| < [JA||||z.|l-

Since 2(Ax, — Az, JpAx, — JpUAz,) > (1 — n)¢p(Az,,UAx,) for z € A7'F(U),
we have from (7) that

op(Ax,, UAx,) + ¢op(Az, Az,) — ¢p(Az, UAx,) > (1 — n)¢r(Ax,, UAz,)

and hence nop(Ax,, UAx,) + ¢r(Az, Ax,) > ¢p(Az,UAx,).
In the case of n < 0, we have ¢p(Az, Azx,) > ¢p(Az,UAx,). So, we have that, for
z€ ATF(U),
([A2]| = U Az |)* < ¢p(Az, UAw,) < ¢p(Az, Azy)

< ([Az]l + | Azal)* < [IAIP(I2]] + [l2al)®
and hence |[[[Az| — [|UAwz,[]| < [|A([z] + ll2al))-
Using this, we get

I Azl < ANl + zall) + 1421 < BANOL] -+ o) + AT

Then, we obtain ||JrUAx,|| = [[UAz,|| < ||A2||z]] + ||z.l])-

Hence, we have that

| Jex, — JEzn|| = ||r, A" (Jp Az, — JrUAx,)||

AL (LAl T2+ TANCIE + lzall)) < 2b(llall + [121).

B ||AH2
This implies that {Jgz, — Jgz,} is bounded. In the case of n with 0<n<1, we get
nop(Ax,, UAx,) + ¢p(Az, Az,) > ¢p(Az, UAx,).
So, we have for z € A7'F(U),

([A2]l = [UAz,|))* < ¢p(Az, UAw,) < ¢r(Az, Azy) + ndp(Azy, UAz,)
< (A2l + [ Azall)* + (|| Aza]| + |UAza])?
< (IA2] + 1Az || + V(1 Azal| + U Az,))"
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From this, we obtain
[ Az]| = |U Az, ||| < [|Az]] + [[Aza]l + v/n([| Azl + [[U Az,
and hence
(1= vml[UAz,[| < (L + v/m)[[Azn| + 2 A2|| < (1 + /i)l Allllzall + 2[[Alll=]]-

Then, we have that

10 Al = W Azl < AN (Tl + =1,

Hence, we receive
| ez, — Jrzn|| = HrnA*(JFA:Un — JpU Az, ||

< A||2||AH (177 Aza + 176U Azn)]))

+ /il 2,

< a4 (Al + 140 Gl + =)
V1

<ol + =l + 2 e,

This implies that {Jgz,, — Jgz,} is bounded. Since r, > a > 0 for all n € N, we
have from (15) that

2(xy, — Tpyr, Jpxy, — Jpzn) > a(l — n)op(Ax,,UAx,). (16)
Since ||z, — Zps1|| — 0 from (14) and {Jgx, — Jrz,} is bounded, we get that

lim ¢p(Azx,, UAzx,) = 0. (17)

n—oo

Therefore, we get from Lemma 2.2 that

lim ||Az, — UAz,| = 0. (18)
n—o0

Furthermore, since F' is uniformly smooth, we have from (18) that

lim ||JpAz, — JpUAz,| = 0. (19)
n—oo

Since ||Jgxy, — Jpzu|| = ||rnA*(JpAz, — JpUAz,,)| and {r,} is bounded, we get
from (19) that
n—oo

Since E* is uniformly smooth, we have from (20) that

lim ||z, — z,|| = 0. (21)

n—oo
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Furthermore, we have from x,,.; € C,; that
2(zn = Tny1, JE(2n — Yn)) = (1= 7)||2n — yn||2

and hence 2|z, — 1|l = (1 = 7)||20 — Ynl|-

Since ||z, — z,|| = 0 and ||z, — zp11|| — 0, we have that lim ||z, — 2,41]] = 0 and
n—oo
hence lim ||z, — y,|| = 0. Using y,, = T'z,,, we have that
n—oo
nh_{lolo |zn — Tzy|| = 0. (22)

We also have from z,4; € C,41 that

2<yn — Tn41, Jyn - Jun) Z ¢E(yn7un) + ng(umyn)

From y, — 2, = 0, 2z, — z, — 0 and z,, — x,.1 — 0, we have ||y, — zp11|| = 0.

Then we get lim ¢r(y,,u,) =0 and hence
n—oo

i [l — Qa0 = 0. (23)

Since z,, — wp and A is bounded and linear, we have that {Ax, } converges strongly
to Awy and hence {Ax,} converges weakly to Awy. Since U is demiclosed, we have
from (18) that Awg = UAwy. From z,, — wy and (21), we also have that {z,}
converges weakly to wg. Since T is demiclosed, we have from (22) that wy = Twp.
We show wy € B~10. Since F is uniformly smooth, from u, = Qy, v, and (23) we
have that

Tim [y — Jug | = 0.

From A, > ¢, we have nh_r)lolo ﬁHJyn — Juy|| = 0. Therefore, we have

1
lim ||Ax, yn|| = im —||Jy, — Ju,|| = 0.
n—o0o n—oo \,,

For (p,p*) € B, from the monotonicity of B and Lemma 2.9, we have

(p—Un,p" — A\, Yn) >0

for all n € N. From u,, — wy and A, y, — 0, we get (p — wp,p*) > 0. From the
maximality of B, we have wy € B~'0. Therefore, we have w, € €.

From zy = gz, wy € 2 and (26), we have that

¢p(20,71) < ¢p(wo, 1) = lim @p (2., 21) < ¢p(2, 1),
Then we get zg = wy. Therefore, we have x,, — z5. This completes the proof. Il
Next, using the shrinking projection method, we prove another strong convergence

theorem for finding a solution of the split common fixed point problem in two Banach
spaces.



W. Takahashi, J.-C. Yao / Strong Convergence Theorems ... 1109

Theorem 3.2. Let E and F be uniformly conver and uniformly smooth Banach
spaces and let Jg and Jr be the duality mappings on E and F, respectively. Let
B C E x E* be a mazimal monotone operator and let Jy = (I + A\J'B)™! be the
metric resolvent of B for all A > 0. Let T and n be real numbers with T,m € (—o0, 1).
Let T : E — E be a (1,0)-demigeneralized and demiclosed mapping with F(T) # ()
and let U : F — F be an n-demimetric and demiclosed mapping with F(U) # 0. Let
A: E — F be a bounded linear operator such that A # 0 and let A* be the adjoint
operator of A. Suppose that

Q=B0NF(T)NAFU) #0.

Forzy € E and C, = E, let {x,} be a sequence generated by

(

Zp = Tp — rnjglA*JF(Axn —UAz,),
Yn =Tz,
Up = I\, Yn,
Gt = {= € Cus (g = 2, T (g0 = ) > 1y — .
2zn — 2, Jpzn — JEyn) 2> (1 = 7)0E(20, Yn)
and (z, — z, Jp(x, — 2z,)) >0 },
ry, VnéeN,

\xn+1 - Pcn+1

where {r,},{\} C (0,00) and a,b € R satisfy the following inequalities

O<a< < 1 "
i TTL i
HAH2

and 0<b<\,, VnelN.

Then the sequence {x,} converges strongly to a point wy € §, where wy = Pqx;.

Proof. As in the proof of Theorem 3.1, it follows that C,, is closed and convex for
all n € N. We also have that Q = B~'0 N F(T) N A~'F(U) is nonempty, closed
and convex. We show that €2 C C,, for all n € N. It is obvious that Q C C; = E.
Suppose that 2 C C} for some k € N. To show 2 C Cj1, let us show that

(zr — 2, Jp(wp — 21)) 2 0, 2(z, — 2, Jpzi — Jpyr) = (1 — 7)dp(2k, yr),
and (Y — 2, T(yp — ug)) > |lye — wl|* for all z € Q.
In fact, we have for all z € €Q,
(zr — 2z, Jp(xp — 21)) = (26 — 2 + 2% — 2, Jp(TE — 21))
= (= J g A Tp(Axy, — UAzy) + ap, — 2, Jp(rd g A* Jp(Azy, — UAxy)))
= (=1 g A Jp(Axy, — UAxy) + xp — 2,1 A Jp(Azy — U Axy)) (24)

(1 —
> —r2||Al|?|| Az, — UAx|]* + %HA% — UAxy|?

1—
= ru(—5= = el AI?) [ Az — UA > 2 0
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and 2(ze — 2, Jpze — Jpyr) — (1 — 7)dE(2k, Yi)

== 2<Zk —Z, JEZk — JETZk>> - (1 — T)qu(Zk, TZk> (25)

Z (1 — T)¢E(2k,TZk) — (1 — T))¢E(Zk,TZk) = 0
Since Jy, is the metric resolvent, we have that, for 2 € Q € B0,

(e — 2, Je(Ye — Inyk)) > 0.
From this, we get that (Jy, yx — yx + yx — 2, Je(yx — Jryx)) > 0 and hence
(e — 2, Jelyr — ) = e — Inuell”

This implies that (y. — 2, Je(yr — uz)) > |lyr — uzl]?.

Then 2 C Cii1. We have by mathematical induction that 2 C C, for all n € N.
This implies that {z,} is well defined.

Since () is nonempty, closed and convex, there exists w; € §2 such that w; = Pox;.
From z,, = P, x1, we have that

|21 — 2| < Jlz1 =yl
for all y € C,,. Since wy € 2 C C,,, we have that

1 = x| < 21 —wi]. (26)

Let Cyp = (), Cy. Since § # Q C Cp, we have that Cj is nonempty. Since
Co = M-lim,, C,, and x,, = P, a1 for all n € N, by Lemma 2.10 we have that

Ty, — 20 = Poy1y. (27)
We have from z,,,1 € Cpyq that (z, — 2,01, Je(x, — 2,)) > 0 and hence
(zn — Tp + Ty — Tpa1, Jp(T0 — 2)) > 0.
This implies that (z, — 2,41, Je(T, — 2,)) > |20 — 2,||* and hence
|20 = Zpsall = |20 — zall.

Since ||z, — Tps1|| — 0 from (27), we get that =, — 2z, — 0. On the other hand, we
have that

Hxn - Zn” = ”JE(xn - Zn)” = HTHA*JF(Axn - UAxN)“
=ry||A*Jp(Ax, — UAx,)| > a||A*Jp(Ax, — UAz,)||.

Since lim,, . ||z, — 2,|| = 0, we have that

lim ||A*Jp(Ax, — UAx,)| = 0.
n—oo

Since U is n-demimetric, we have that, for Az € F(U),
2(x, — 2, A" Jp(Ax, — UAx,)) = 2(Ax, — Az, Jp(Ax, — UAzx,))
> (1 — )| Ay — U As |-

Then we get that lim ||Az,, — UAz,| = 0.
n—oo
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Furthermore, we have from x,,.; € C,; that
2(2n — Tpt1, Jp2n — JEYn) 2 (1 = 7)0E(20, Yn)
and hence
2(zp —xp + 2y — Tpst, Jpzn — Jgyn) = (1 — 7)0r(20, Yn)- (28)

Let us show that {Jgz, — Jgy,} is bounded. Since T is 7-demigeneralized, we have
that, for z € F(T),

2<2n -z, JEZn - JEyn> > (1 - T)¢E<Zmyn)
and hence ¢p(zn,Yn) + ¢8(2,20) — ¢(2,yn) = (1 — 7)05 (20, Yn)-
This imphes that T¢E‘<Zm yn) + ¢E<Z> Zn) > ¢E<Z7yn)
In the case of 7 < 0, we have ¢g(z, 2,) > ¢gr(z, y,). Thus we have that, for z € F(T),
(121l = NlyalD)? < 052, 4n) < dr(2,20) < (2] + ll2al])*.
Using this, we obtain |[|[z[| — [lyn[[| < [[2]| + [[2n] and hence [[y.[| < 2|z[[ + [|znl]-
Hence, we have that
Ve — Jeynll < [[Jp20ll + | JEYnll = [120]] + lynll < 2[|2]] + 2[[zn-
This implies that {Jgz, — Jry,} is bounded.
In the case of n with 0 < 7 < 1, we have
T¢E(zn7yn) + QbE(Za Zn) Z ¢E(Zv yn)
Thus, we have that, for z € F(T),
(121l = lynlD)?* < 52 yn) < d8(2,20) + T08(20, Yn)
2
< (12l + lzalD)? + 7zl + lyalD? < (W2l + lzall + V720l + Nynll)) "
From this, we have that
2l = llgalll < 1121+ llzall + V720l + lyal
and hence (1 —/7)lynll < (1 4+ v/7)llzall + 2[|2[].

14+ T 2
Izl + I21)-
1—/1 1—/1

Then, we have that ||y,|| < (

Hence, we have that

1+1 2
=Yzl + ——=ll21)).
1—1 1—/T1

This implies that {Jgz, — Jgy,} is bounded. From (28), ||z, — z,41]| — 0 and

|zn — zn]| = 0, we have that lim,, o ¢r(2n,yn) = 0. Then we get from Lemma 2.2
that ||z, — y»|| — 0 and hence

17220 = Jeyall < llznll + lyall < llznll + (

lim ||z, — Tz,|| = 0. (29)

n—o0
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Since x,11 € C,41, we have that

Un = Tns1, (Y — tn)) = [y — |

and hence ||yn — Tt > |lyn — wnl|. From y, — 2, — 0, 2, — 2, — 0 and
Ty — Ty — 0, we have ||y, — x,41|| = 0. Then we get that

lim ||y, — u,|| =0 (30)
n—oo
and hence lim ||y, — Jx, ynll = 0. (31)
n—oo

Since x,, — 2o and 7" is demiclosed, we have from (29) that 2y € F/(T"). Furthermore,
since A is bounded and linear, we have that { Az, } converges strongly to Azy. Since
U is demiclosed, we have from (3) that Azy = UAzy. Next, we show 2y € B~10.

1
From A, > b and (31), we have lim )\—||JE(yn -, un)| =0.

n—oo n

1
Therefore, we have lim ||Ay, yn|| = lim —||Jeg(yn — Ji, ¥n)|| = 0.
n—00 n—00 )\n

For (p,p*) € B, from the monotonicity of B, we have (p — Jy, yn,p" — A, Un) > 0
for all n € N. Letting n — oo, we get from J, vy, — 2o that (p — zo,p*) > 0. By the
maximality of B, we have zy € B~10. Therefore, we have z, € €.

From w; = Poxy, 20 €  and (26), we have that

21— wi|| < [lzr = 20f| = lim oy — @[] < [log — wi]-
n—oo
Then we get that ||x; — wq|| = |1 — 20]| and hence zy = w;. Therefore, we have
T, — zo = wi. This completes the proof. O

4. Applications

In this section, using Theorems 3.1 and 3.2, we get new strong convergence theorems
which are connected with the split feasibility problem, the split common null point
problem and the split common fixed point problem in Hilbert spaces and Banach
spaces. We know the following result obtained by Marino and Xu [18]; see also [38].

Lemma 4.1. ([18, 38]) Let H be a Hilbert space and let C' be a nonempty, closed
and convex subset of H. Let k be a real number with 0 < k <1 andletU : C — H
be a k-strict pseudo-contraction. If x, — z and x, — Uz, — 0, then z € F(U).

We also know the following result from Kocourek, Takahashi and Yao [14]; see also
[40].

Lemma 4.2. ([14, 40]) Let H be a Hilbert space, let C' be a nonempty, closed and
conver subset of H and let U : C' — H be generalized hybrid. If x, — z and
Ty — Uz, — 0, then z € F(U).

Using Lemmas 4.1 and 4.2 and Theorem 3.1, we prove strong convergence theo-
rems for finding solutions of split common fixed point problems with zero points of
maximal monotone operators in Hilbert spaces.
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Theorem 4.3. Let H, and Hs be Hilbert spaces. Let B C Hy; X Hy be a maximal
monotone operator and let Jy = (I +AB)™! be the resolvent of B for all A > 0. Let
k be a real number with k € [0,1). Let T : Hi — Hy be a nonexpansive mapping
and let U : Hy — Hy be a k-strict pseudo-contraction such that F(U) # 0. Let
A: Hy — Hs be a bounded linear operator such that A # 0 and let A* be the adjoint
operator of A. Suppose that

Q=B0NF(T)NAFU) #0.
For 1 € Hy and Cy = Hy, let {x,} be a sequence generated by

(

2n = &y — T AN (Ax, —UAxy), Yn =Tz, Up = J\,Yn,
Cn—i—l = {Z S On . <yn — 2, Yn — un> Z ||yn7 _un||2’
2<Zn — Z,Zn — yn> > ||Zn - yn||2
and  2{x, — z,x, — z,) > r,(1 — k)| Az, — UAz,|? },

(Tn+1 = L0\ X1, \V/TLEN,

where {rp}, {\.} C (0,00) and a,b,c € R satisfy the following inequalities

O<a<r,<

EAE and c¢<\,, VnéeN.

Then the sequence {x,} converges strongly to a point zy € 2, where zg = Pox;.

Proof. Since U is a k-strict pseudo-contraction of Hy into itself such that F'(U) # 0,
from (1) in Examples, U is (k,0)-demigeneralized. Furthermore, from Lemma 4.1,
U is demiclosed. We also have that the nonexpansive maping 7" is 0-demimetric and
demiclosed. Therefore, we have the desired result from Theorem 3.1. Il

Theorem 4.4. Let H, and Hy be Hilbert spaces. Let B C Hy x Hy be a mazimal
monotone operator and let Jy = (I + AB)™! be the resolvent of B for all A > 0. Let
T : Hy — Hy be a nonspreading mapping with F(T) # (0 and let U : Hy — Hj be a
generalized hybrid mapping with F(U) # 0. Let A : Hy — Hjy be a bounded linear
operator such that A # 0 and let A* be the adjoint operator of A. Suppose that

Q=B0NF(T)NATFU) #0.
For xy € Hy and Cy = Hy, let {x,} be a sequence generated by

(

2n = Tp — TR AN Az, — UAZ), Yo =Tzn, tn = J\, Yn,
On—i—l - {Z € On . <yn — 2, Yn — un) Z ||yn7 _un||27
2<Zn —Z,%n — yn> Z ”Zn - yn||2
and  2(x, — 2,y — 2) > Tp||Az, — UAz,||? },

(Tn+1 = L0,y X1, Vn € N,

where {rp}, {\.} C (0,00) and a,b,c € R satisfy the following inequalities

O<a<r, and ¢ < \,, Vn€N.

_ b
— Al

Then the sequence {x,} converges strongly to a point zy € 2, where zg = Pox;.



1114 W. Takahashi, J.-C. Yao / Strong Convergence Theorems ...

Proof. Since U is a generalized hybrid mapping of H, into itself such that F/(U) # 0,
from (2) in Examples, U is (0,0)-demigeneralized. Furthermore, from Lemma 4.2
U is demiclosed. We also have that the nonspreading maping 7" is 0-demimetric and
demiclosed. Therefore, we have the desired result from Theorem 3.1. Il

Using Theorem 3.1, we have a new strong convergence theorem which is connected
with the split feasibility problem in two Banach spaces.

Theorem 4.5. Let E and F be uniformly conver and uniformly smooth Banach
spaces and let Jg and Jg be the duality mappings on E and F', respectively. Let C
and D be nonempty, closed and convex subsets of E and F', respectively. Let Po be
the metric projection of E onto C' and let Ilc be the generalized projections of F'
onto D. Let A: E — F be a bounded linear operator such that A # 0 and let A* be
the adjoint operator of A. Suppose that CNA™D # (. For x; € E and C, = E,
let {z,} be a sequence generated by

(

2 = Jg' (Jpzn — Ta A" (JpAz, — JpllpAx,)), yn = Poza,
Chi1 = {z € Cp: 2w, — 2z, Jpx, — Jpzn) > rop(Az,, pAx,)

and {2 = 2 Jo(zn = yn)) 2 120 = vl },

\$n+1 = HCn.H:Ula Vn € N:

where {r,} C (0,00) and a,b € R satisfy the following inequalities

O<a<r, Vn € N.

< T
IA]]?
Then {x,} converges strongly to a point zg € C N A~ D, where zy = Ugna-1pT1.

Proof. Putting B = 0 in Theorem 3.1, we have J,, = I for all n € N. Furthermore,
since Pc is the metric projection of E onto C, Py is (—1)-demimetric from (3) in
Examples. Furthermore, since I1p is the generalized projection of F onto D, from (5)
in Examples, II is (0,0)-demigeneralized. We also have that if {v,} is a sequence
in £ such that v, — ¢ and v, — Pcv, — 0, then ¢ = Pgq. In fact, assume that
v, — q and v,, — Pcv, — 0. It is clear that Pov,, — ¢. Furthermore, we have that
|JE(vn, — Pevy)|| — 0. Since Pe is the metric projection of £ onto C, we have that

(Povn — Poq, Jg(vy, — Pov,) — Je(q — Poq)) > 0.

Therefore, (q— Poq, —Jr(q—Pcq)) > 0. This implies that |[g—Pcq||*> < 0 and hence
q = Pcq. Therefore, P is demiclosed. Similarly, we can show that IIp is demiclosed.
In fact, assume that w, — p and u, — IlIpu, — 0. It is clear that Ilpxz, — p.
Furthermore, since F' is uniformly smooth, we have that || Jru, — Jpllpu,|| — 0.
Since IIp is the generalized projection of F' onto D, we have that

(Ilpuy, — pp, Jpu, — Jpllpu, — (Jpp — Jrellpp)) > 0.
Therefore, (p — llpp, —(Jrp — Jrllpp)) > 0. This implies that
¢r(p,1Ipp) + ¢r(Ilpp,p) <0

and hence p = Illpp. Therefore, IIp is demiclosed. Therefore, we have the desired
result from Theorem 3.1. O
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Using Theorem 3.1, we have a new strong convergence theorem which is connected
with the split common null point problem in two Banach spaces.

Theorem 4.6. Let E and F be uniformly convexr and uniformly smooth Banach
spaces and let Jg and Jr be the duality mappings on E and F', respectively. Let G,
and Gy be maximal monotone operators of E into E* and F into F*, respectively.
Let Jy be the metric resolvent of G for A > 0 and let Q),, be the generalized resolvent
of Gy for p > 0, respectively. Let A : E — F be a bounded linear operator such that
A # 0 and let A* be the adjoint operator of A. Suppose that GT*0N A~ (G510) # 0.
Forzy € E and C, = E, let {x,} be a sequence generated by

(

2 = Jg' (Jpxn — 1a A" (JpAz, — JpQuAx,)), Yn = Jrzn,
Chi1 = {z € Cy: 2y — 2, Jpxy — Jpzn) > ror(Az,, Q,Az,)

and {za = 2, Ji(zn — ) = l120 = all® },

| T4t = e, x1, VneN,

where {r,} C (0,00) and a,b € R satisfy the following inequalities

b
O<a<r,<——, VneN.
|| Al?

Then the sequence {x,} converges strongly to a point zy € G7'0N A™Y(G510), where

20 = HGfloﬂAfl(GQ_IO)xl'

Proof. Putting B = 0 in Theorem 3.1, we have J,, = I for all n € N. Furthermore,
since Jy is the metric resolvent of Gy on E, J is (—1)-demimetric from (4) in
Examples. Furthemore, since @), is the generalized resolvent of Gy on F, from (6)
in Examples, @, is (0,0)-demigeneralized. We also have that if {v,} is a sequence
in £ such that v, — ¢ and v, — Jyv, — 0, then ¢ = Jyq. In fact, assume that
v, — q and v, — Jyv, — 0. It is clear that Jyv, — ¢. Furthermore, we have that
| Je (v, — Jyv,)|| — 0. Since Jy is the metric resolvent of Gy, we have from [4] that

(Savn — Ing, Jp(vn — vn) — Je(q — Jrg)) > 0.

Therefore, (q— Jxq, —Jg(q¢— Jrq)) > 0. This implies that [|g— Jyq||*> <0 and hence
q = Jrq. Therefore, Jy is demiclosed. Similarly, we can show that @), is demiclosed.
In fact, assume that w, — p and u, — Quu, — 0. It is clear that Q,u, — p.
Since F' is uniformly smooth, we have that ||Jpu, — JpQ,u,| — 0. Since @, is the
generalized resolvent of Gy, we have from [4] that

<Quun - Qupa JFun - JFQMUN - (JFp - JFQMP)) > 0.
Therefore, (p — Q.p, —(Jpp — JrQ,p)) > 0. This implies that

¢F(p7 Qup) + ¢F(Qup7p) S 0

and hence p = Q,p. Therefore, @), is demiclosed. Therefore, we have the desired
result from Theorem 3.1. O
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Similarly, using Theorem 3.2 and the proofs in Theorems 4.5 and 4.6, we have
the following strong convergence theorems under the shrinking projection method
which are connected with the split feasibility problem and the split common null
point problem in two Banach spaces.

Theorem 4.7. Let E and F be uniformly convex and uniformly smooth Banach
spaces and let Jg and Jp be the duality mappings on E and F, respectively. Let C
and D be nonempty, closed and convex subsets of E and F', respectively. Let Ilo be
the generalized projection of E onto C and let Pp be the metric projection of F' onto
D. Let A: E — F be a bounded linear operator such that A # 0 and let A* be the
adjoint operator of A. Suppose that C N A™'D # (. For x; € E and C, = E, let
{z,} be a sequence generated by

(zn =x, — rnngA*(JFAa:n — PpAxy,), y, =lcz,,

Chi1 = {z €Cpn:2(zp— 2, Jpzn — Jgyn) = O8(2n, Yn)
and (z, — z, Jp(xy — 2,)) >0 },

\I'n—&-l = Pcn+11131, Vn € N,

where {r,} C (0,00) and a € R satisfy the following inequalities
2
O<a<r,<——, VneN.
A2

Then {x,} converges strongly to a point zg € C N A~ D, where zy = Pona-1pT1.

Theorem 4.8. Let E and F be uniformly conver and uniformly smooth Banach
spaces and let Jg and Jr be the duality mappings on E and F, respectively. Let Gy
and G be mazximal monotone operators of E into E* and F' into F*, respectively.
Let QQ,, be the generalized resolvent of Gy for ;1 > 0 and let Jy be the metric resolvent
of Gy for A > 0, respectively. Let A: E — F be a bounded linear operator such that
A #0 and let A* be the adjoint operator of A. Suppose that GT*0NA™Y(G510) # 0.
Forzy € E and C, = E, let {x,} be a sequence generated by

(

Zp = Ty — rnJEIA*JF(Axn — hAz,), yn = Quzn,
Chi1 = {z € Cpn:2(zn— 2, Jpzn — JEYn) > O05(2n, Yn)
and (z, — z, Jp(x, — 2z,)) >0 },

Kxn+1 = PC,hlelv Vn € N7

where {r,} C (0,00) and a € R satisfy the following inequalities

O<a<r, Vn € N.

< 2
— AP
Then the sequence {x,} converges strongly to a point zy € G;'0N A7 (G510), where

20 = Poriona-1(s-10)%1-
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