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We consider optimization problems for a class of convex functions on H x H introduced by Simon
Fitzpatrick, where H is a real Hilbert space. We show that the minimization problem of Fitzpatrick
functions can be transformed from solving of the correspondent differential inclusions (d.i) on
H x H, to solving simplified d.i. on H. By using the idea of optimization of Fitzpatrick functions
we introduce a numerical algorithm for solving convex smooth optimization problems by reducing
the number of the independent variables. We present a comparative study with numerical examples.
Finally, we show that Fitzpatrick functions are closely related to Lyapunov functions.
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1. Introduction

Simon Fitzpatrick developed in [10] the representation of monotone operators on a
normed space E in terms of the subdifferentials of convex functions on £ x E*, which
has led to definition of the Fitzpatrick functions (see the Definition 3.1 in Section
3). Seminal ideas are often triggered by amazing insights. The Fitzpatrick functions
represent an example of such idea. During the last two decades several mathemati-
cians have published deep results considering the Fitzpatrick functions and their
properties. The functions have played pivotal roles in advancing our understanding
of maximal monotone operators and convex functions in three directions. Firstly,
some results and connections have been found between Fitzpatrick functions and
other results in the theory of monotone operators and convex analysis. Secondly,
several deep results on maximal monotone operators have recently found simpler
proofs using the Fitzpatrick functions. Thirdly, as demonstrated in this paper, the
Fitzpatrick functions have interesting properties in optimization problems. Penot
[13] introduced new representations for maximal monotone operators and related
them to previous representations given by Kraus, Fitzpatrick, Martinez-Legas, and
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Théra. He showed the usefulness of such representations for the study of composi-
tions and sums of maximal monotone operators, highlighting the relevance of convex
analysis for the study of monotonicity. Simons and Zalinescu [15] showed how the
versions of the Fenchel duality theorem due to Rockafellar and Attouch-Brezis can
be applied to the Fitzpatrick function determined by a maximal monotone multi-
function to obtain a number of results on maximal monotonicity, including sufficient
conditions for the sum of maximal monotone multifunctions on a reflexive Banach
space to be a maximal monotone, unifying several results of the Attouch-Brezis
type that have been obtained in recent years. Bartz et al. [2] studied a sequence of
Fitzpatrick functions associated with a monotone operator. The first term of their
sequence concides with the original Fitzparick function, and the other terms turn
out to be useful for the identification and characterization of cyclic monotonicity
properties. Borwein and Dutta [6] studied maximal monotone inclusions from the
properties of gap functions. They proposed a natural gap function for an arbitrary
maximal monotone inclusion, and showed how naturally this gap function arises
from the Fitzpatrick function. For the approach using cones of tangent, see [5].

In the present paper, we consider optimization problems for the Fitzpatrick func-
tions, utilizing specific properties such as maximal monotonicity, convexity and
lower-semicontinuity. We generalize and unify preliminary results annouced mainly
without proofs at two conferences. The paper also contains new material connecting
Lyapunov functions with Fitzpatrick functions. Finally, we present new numerical
results, which introduce simplified algorithms for this type of problems. The opti-
mization of Fitzpatrick functions is motivated by considerations which can be best
understood after presentation of the main results, and consequently they are de-
ferred to concluding comments at the end of the paper. Concluding remarks present
the main topics of the paper with possible future developments and applications.

Our interest in optimizing Fitzpatrick functions is motivated in general by the fol-
lowing considerations:

1.  Optimizing Fitzpatrick functions can be simplified from optimization problems
on H x H to optimization problems on H. It would be of interest to explore
classes of convex functions on H x H which have a similar simplification prop-
erty.

2. We introduce an iterative procedure for solving problems of this type. Because
of the convexity the procedure can be simplified. We present a comparative
study.

3. We present two examples of Fitzpatrick functions which are also Lyapunov
functions. This may lead to further connections with Lyapunov functions.

4. Fitzpatrick functions are convex on H x H and involve implicit functions.([12]

2. Preliminaries

Let H be a real Hilbert space with inner product (-,-), and let the norm of H x H
be |[(z,u)| := \/||z||* + ||u||?, (z,u) € H x H. We assume that the convex functions
are proper and recall that a mapping T of H into subsets of H is a monotone
operator provided for each u € Tx and v € Ty the following inequality holds:
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(u—wv,x—y) > 0. If T is monotone and the graph of T is not properly contained
in the graph of a monotone operator then 7' is said to be maximal monotone. We
remind also the next: A vector g € H is a subgradient of a function F': H — R
if for all z € DomF F(z) > F(x) 4+ (# — x,g). The set of all subgradients of F' at
x is called the subdifferential of F' at x and denoted by OF(z). The subdifferential
OF(x) is always a closed convex set, even if F' is not convex. This follows from the
fact that it is an intersection of infinite set of half spaces:

3F(1’) = mxeDomF{g|F(2) Z F(.T) + <Z - xag>}
It is well known that: if F' is a proper convex lower semicntinuous function, then
OF : H = H is a maximalmonotone operator.

3. Minimization Problems for a Class Convex Functions on H x H.

In this section we consider minimization problems for a class of convex functions on
H x H. We define and study a monotone operator on H using a convex function on
H x H, presented in [10].

Definition 3.1. For each convex function f on H x H we define the operator
Tix:={ue H | (u,z) € f(x,u)} for each xcH.

Fitzpatrick proved that 7 is a monotone operator (see [10] Proposition 2.2 ).

In this section we will consider next optimization problem

inf z,u) = finf 1

Lt ) = 1)

supposing its solution exists, i.e. we suppose that there exists at least one point
(x*,u*) € H x H for which the solution of (1) exists.

Theorem 3.2. Let f and Ty be as in Definition 3.1 and let function f(x,u) is
defined, proper, convex, and (l.s.c.) and Ty is mazimal monotone. Then (d.i.)

&€ =Ty(x(), (0) = o (2)

and (&, 1) € =0f (x(t), u(t)), (x(0),u(0)) = (xo, uo) (3)

have unique solutions and x(-) and (z(-),u(:)) respectively and they coincide when
(z,u) € G(Ty)

Proof. Because the function f is real valued, proper, l.s.c., and convex on H x H,
then 0f will be maximal monotone (see [1] Ch. 6, S. 7, Prop. 6). Since T} is
maximal monotone and df is maximal monotone there exist unique solutions of d. 1.
(2) and (3), which follows from [1] (Ch. 6, S. 8, Theorem 1). We use the uniqueness
of the solutions of (2) and (3) and the definitions of f and 7. It follows then that
the solutions z(.) of d.i. (2) and (x(.),u(.)) of d.i. (3) coincide for every ¢ € [0, c0)
when (z(t),u(t)) € G(Ty) where T satisfies Definition 3.1. O
In the rest of the section we consider a class of d.i. involving the subdifferential of

the Fitzpatrick functions in which every solution of the d.i. can be extended up to
the solution set.
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Let X; = {(z,u) € Hx H|f(x,u) = f™'} denote the solution set of the opti-
mization problem (1) and Xy, :={(x,u) € H x Hmin||(z,u) — (y,v)|| < € an e-
neighborhood of Xj. )

Lemma 3.3. Consider d. .
(j;)u) € (q)(mvu))> ('1'(0)7“(0)) = (x(buo)? > Oa (4)

where ® : H x H = R is maximal monotone multi-valued map and therefore upper
semicontinuous (u.s.c.), and for each (x,u) € H x H, ®(x,u) is bounded, closed,
and conver set, || (z,u)|| = sup(y 2yea@w (W, 2)|| < 1+ [z, u)l.

Let 0(x,u) : H x H = R, be strictly positive and bounded function
0<d<O(x,u) <M< o0

for which 0(x(t),u(t)) is measurable for every absolutely continuous function
(x(t) u(t))|R = H x H.

Denote T(t fo ))ds and t(7) its inverse function. We consider also the
following d 7.

(2,w) € 0(z,w)(P(z,w)), (2(0),w(0)) = (xg,up), t >0 (5)

If (z(t), u(t)) is a solution of d.i. (4) then the function (2(t), w(t)) = (x(7(t)),u(7(t))
almost everywhere satisfies d.i. (5) i.e., the set of trajectories of d.i. (4) and (5)

coincide as curves in the phase spaceH ><H.

Proof. Note that, according to Deimling [8], there exists a solution of inclusion (4)
if ® maps bounded sets into bounded sets and satisfies some additional conditions
of compactness. 7(t) is absolutely continuous function for which, under 0 < ¢ <
0(x,u), there ex1sts an 1nverse function ¢(7). Let (z(t),u(t)) be a solution of (4).
The function 7(t fo (s))ds is absolutely continuous, and since we have
0<d<0(x,u) § M < oo, 1t Satlsﬁes the Lipschitz condition with a constant M.
Almost everywhere in ¢, for its derivative we have 7(¢t) = 0(x(t),u(t)) > 6 > 0.
Thus, the function 7(¢) has an inverse function ¢(7) for which

—<i(7):;<1<oo
M — O(x(t),u(t)) — ¢

Obviously, (1) is an absolutely continuous function. Now, almost everywhere in ¢
we can write

0<

= ®(2(t(7)), w(t(r)))

Thus, the positive multiplier 6(z, w) only transforms the time. O

We prove in the next theorem that if the optimization problem (1) has a solution, and
therefore the correspondent d. i. (3) has a solution, then the solution of a modification
of d.i.(3), satisfying Lemma 3.3, can be extended to the solution set X; of (3),
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respectively of (1), in a finite time. Recall that the metric projection of the point x
in a Hilbert space H on a subset S is defined with Prgz, i.e.

Prsz:={y €S| |o—yl =minfz— ||}

The metric projection on a closed and convex subset of a Hilbert space exists and is

unique. We denote here by m(0,0f(z,u)) the metric projection of the origin onto
Of (z,u), that is,

m(0.0f(@.w) = {(v.9) € H x H|(0.0) = (p.0)] = min [(0.0) = (w.2)[}.

We assume that 0 is not an element of the subdifferential. We use also the notation

D(O,@f(SC,U)) = sup "(070) - ("LU,Z)”
(w,z)€0f(x,u)
In what follows when = and u depend on a parameter ¢(time), we will abbreviate

the subdifferential in the metric projection and in the definition of D by 0f(t).

Theorem 3.4. Let us consider again the d.i.(3) where Of(x(.),u(.)) is a mazimal
monotone operator. Suppose the map f is proper, convex and l.s.c., and maps
(x,u) to a bounded, closed and convex set. For ¢ > 0 and (xo,up) ¢ Xy let

[m(0,8f (z,w)]| > § >0, (x,u) ¢ X;. and let
Xy ={(x,u) € H x H|f(z,u) = f"} = {(2,w) € H x H[(0,0) € 9f (2, w)}.
If d.i. (3) has a solution and the solutions set is bounded for t > 0, then every
solution of
Of (x(t), u(t))
Im(0,0f(1))]*’

can be extended up to the set Xy in a finite time T < (f(xo,uo)— f) where f is a
lower bound of f(x,u).

(&,1) € —

(2(0),u(0)) = (o, u0) (6)

Proof. Function ||m(0,df(x,u))||* > 3% > 0 is strictly positive and l.s.c.. Thus, for
every absolutely continuous (z(t),u(t)) the function ||m(0,df(x(t),u(t)))|| is Ls.c..
From Lemma 3.3 the sets of trajectories of d.i. (3) and (6) coincide as curves in
H x H. Let (z(t),u(t)) be a solution of d.i. (6) and f is a lower bound of f(z,u).
The function (f(z,u) — f) is real valued, strictly positive, proper, Ls.c. and convex.
Suppose f(x(t),u(t)) is differentiable a.e. One writes

(f(2(0),u(0)) = f) = (f(x(t), u(t)) = [) = f((0),u(0)) = f(x(t), u(t))
= —/0 (f(x(q), u(q)))gdq € —/O (0f(x(q), u(q)), (i(q), #(q)) )dg

t 0f(2(q). u(a)) (D(0,0f(1)))°
C.Z:<af““q*1“q”’Hnmo,af«nnw>dq<:t@*Hnwo,af@»HZ]

For every t we have 0 < f(z(t),u(t)) — f < f(x(0),u(0)) — f —t. Thus in
time T < (f(x(O),u(O)) — f), where f is a lower bound of f(z, ,u), the solution
( () u(t)) of (6), for (z(0),u(0)) = (xo,up), has to reach the set X, in time

< (f(2(0),u(0)) — f, because the solutions set of inclusion (3) is bounded. Here
D(0.0111) - s (0.0 = ()] 0
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Let us consider the following theorem.

Theorem 3.5. We consider now the optimization problem (1).

We suppose that f is proper, convexr and l.s.c., Of is maximal monotone.

Let the solution set Xy be not empty and (zo, uo) ¢ X7, .

Let ||0f (z,u)|| >~ >0, (z,u) ¢ Xs.. Then:

1. The solution set Xy of (1) coincides with the set for which origin belongs to the
subdifferential Of (x,u).

2. For every initial position (xzg,ug) € H x H and every solutions (x(t),u(t)) of
d. i.

(5,1 € o (0(0),u(0) = (o, ), )

where m(0,0f(t)) the metric projection of the origin onto the multivaued function
Of (z,u), that is,

m(0,9f(t)) = {(v,y) € E" < E[[[(0,0) = (y,v)[| = min [[(0,0) = (w, 2)|},
(w,z)€0f (x(t),u(t))

there exists a finite moment T < f(xo,uo) — f, where f is a lower bound of
f(x,u), for which (x(T),u(T)) solves the optimization problem (1).

Proof. By Lemma 3.3 and Theorem 3.4, d. 1. (6) and (3) have unique solutions which
coincide as curves in H x H up to the moment 7" when (0,0) € Of (x(T),u(T)). We
are going to show that the function f(z,u) is the Lyapunov function for d.i. (6).
This method is based on the Lyapunov function theory. Under the Chain rule (see
[7]) for the generalized gradientl of f(z(t),u(t)) almost everywhere in ¢ we obtain

Ocf (x(t), u(t)) = {{(n, €), (2(t), @(t)))|(n,€) € Df (y,v), (y,v) = (x(t), u(t)).

D.i. (6) isthe Filipov extension of the next differential equation (d.e.) with possibly
discontinuous right-hand side, (see [1] and [9]):

o mafw)
(JI,U)— ||m(0,8f(t))\|2( (0)7 (0)) ( 05 0)'

For every (z(t),u(t)) which satisfies the above d.e. and by the properties of the
metric projection m(0,0f(t)) we have

=1

m(0, 0f (1)) >

ma. ), (z(t),u(t))) = ma. ), —
(mé)eaf(w)((t),U(t))«n ), (@(1), (1)) <n,£>eaf(x)((t>,u(t>><(n 3 |lm(0,0f(t))||?

Thus, f(x,u) is the Lyapunov function for d.i. (6). We obtain that f(x(t),u(t)) is
a monotone decreasing function in ¢ at the solutions of d.i. (6).

Therefore according to [11], Lemma 3.3, and Theorem 3.4 we can find a solution of

the optimization problem (1) by solving d.i. (6). O

In the following theorem we denote with m(0, FTf(t)) the metric projection of the
origin onto the range of the multivalued map 7' (z(t)).



I Raykov, M. Z. Nashed / Optimization of Fitzpatrick Functions ... 1125

Theorem 3.6. Let f and Tz satisfy Definition 3.1 and Theorem 3.2. Consider
d.i. (2) where the right-hand side is maximal monotone and maps x to a bounded,

closed and convex set, xo ¢ Xy. and € > 0 is arbitrary chosen.
Let |m(0,Ty(x))|| = n >0, x ¢ X;. and

Xi={(z,u)eH x H|f(z,u) = f™} = {ueTi(z), (u,v)€df(x,u)| 0€Ts(z)}.

If d.i. (2) admits a solution and the set of these solutions is bounded for t > 0, then
every solution of

T €

Te) o

- ) = Zo,
[m(0, Tz )2

can be extended up to the set Xy in a finite time T < f(wo,uo)— f, whereug € Ty(xo).

We omit the proof, because it is similar to the proof of Theorem 3.5.

4. Minimization problem for a Fitzpatrick function

Let us consider now next Fitzpatrick function.

Definition 4.1. (see [10] 3.1. Definition) Let T': H — H be a monotone operator.

Ly:Hx H=]—00,+00] := (z,u) — sgg{<u,y> +(Ty,z —y)}.

The function Lrp(x,u) is called the Fitzpatrick function representing a monotone
operator T'.

It follows from Definition 3.1 that if D(T') # (), then the function Ly is proper, lower
semicontinuous and convex on H x H and 0Ly is maximal monotone (see [14] and

[4])-
According to Theorem 3.10 in [10] if 7" is a maximal monotone operator on H, then
Ly is the minimal convex function f on H x H such that f(x,u) > <u, :v> for all

and u, and f(y,v) = <v,y> for all (y,v) € G(T).

We will consider two cases.

Case 1: The following result will be used in what follows.

Theorem 4.2. (see [10] 3.4. Theorem) If T is a monotone operator from Definition
4.1 on H and (z,u) € G(T) then Ly(z,u) = (u,z) and (u,z) € OLr(z, u).

Proof. We can apply for this case directly Theorem 3.2 from the previous section
because when (z,u) € G(T) then (u,z) € OLy(x,u). O
Case 2: The following result will be used in what follows.

Lemma 4.3. (see [10] 3.3. Lemma) If T' is the monotone operator from Definition
4.1 on H and (y,v) € G(T) and for some (z,u) € H x H we have Ly(x,u) =

(v,2 —y) + (u,y) then (y,v) € OLr(z,u).

Using Lemma 4.3 we prove the following theorem:
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Theorem 4.4. Let T and Lt be as in Definition 4.1, D(T) # 0 and T is mazimal
monotone. And let there exist an open set S C H x H such that for every (x,u) € S
the conditions of Lemma 4.3 will be satisfied and therefore if (y,v) € G(T), then
(y,v) € OLy(x,u). Suppose (x,u) € S. Then d. .

ye-=Tw®), vO) =y (7)

has a unique solution y(-) defined on [0,00) and d. 1.

(@, u)e —OLp(x(t),u(t)), (x(0),u(0)) = (o, uo) = (¥(0),v(0)) = (Yo, v0)  (8)

has also a unique solution (z(-),u(-)) defined on [0,00). The solutions y(-) of (7)
and (z(-),u(-)) of (8) coincide when (y,v) € G(T) and (z,u) € S.

Proof. Since the function L7 is real valued, proper, l.s.c. and convex on H x H,
the subdifferential Ly is maximal monotone (see [1], Proposition 6, Section 6.7).
Because T' is maximal monotone and 0Lt is maximal monotone the existence of
the unique solutions of d.i.(7) and (8) follows from Theorem 1 Section 6.8 of [1].
Next we involve the uniqueness of the solutions of (7) and (8) and the definitions of
T and Ly. According to Lemma 4.3 above we know that when (y,v) € G(T') and
(x,u) € S then (y,v) € Ly (x,u). Thus the solutions of d.i. (7) and (8) coincide for
every t € [0,00) for which (y(t),v(t)) € G(T) and also because (y,v) € 0Ly (z,u)
when (z,u) € S. O

According to Theorem 4.4, to solve optimization problem

inf  Lp(z,u) = L. 9)

(z,u)eHXxH

we can solve instead of d.i. (8) the easier d.i (7).

In the rest of the section we consider a class of d.i. involving the subdifferential of
the Fitzpatrick functions in which every solution of the d.i. can be extended up to
the solution set. Let us suppose now that X := {(z,u) € H x H|Ly(z,u) = L}
be the solution set of the optimization problem (9) and X, be an e-neighborhood of
X.

Recall that the metric projection of the point z in a Hilbert space H on a subset S
is defined with Prgz, i.e.

Prsz:={y €S| o —y| =min |z - z|}.
The metric projection on a closed and convex subset of a Hilbert space exists and is

unique. We denote here by m(0, 0Ly (x,u)) the metric projection of the origin onto
OLp(z,u), that is,

m(0,0Lr(x,u)) = {(v,y) € Hx HI[[(0,0) = (y,v)[ =~ min [(0,0) = (w, 2)|}.

(w,z)€0L7(x,u)

We assume that 0 is not an element of the subdifferential. We use also the notation

D(0,0Lr(z,u)) = sup 1(0,0) — (w, 2)]|.

(w,2)€OLT(z,u)

In what follows when z and u depend on a parameter t(time), we will abbreviate
the subdifferential in the metric projection and in the definition of D by OLr(t).
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Theorem 4.5. Let us consider again d.i.(8) where OLr(x(.),u(.)) is a mazimal
monotone operator. Suppose the map Lt is proper, convex and l.s.c., and maps
(x,u) to a bounded, closed and convex set. For ¢ > 0 and (xo,ug) ¢ X. let
|m(0, 0Ly (z,u))|| > 5 >0, (x,u) ¢ X. and let

X = {(z,u) € Hx H|Ly(z,u) = L} = {(z,w) € H x H|(0,0) € dLr(z,w)}.
If the d.i. (8) has a solution and the solutions set is bounded for t > 0, then every
solution of (&,1) € —%, ((0),u(0)) = (z0,up) can be extended up to the
set X in finite time T <(Lp (o, uo) — Ly) where Ly is a lower bound of Ly (x,x*).

We omit the proof, because it is similar to the proof of Theorem 3.5.

5. Iterative method

In this section we present an iterative procedure for solving the optimization prob-
lems given in Sections 3 and 4.

Definition 4.1, presented in [10], introduces a monotone operator on H by using a
convex function on H x H. We denote by m(0,df;) the metric projection of the
origin onto the multivalued map 0 f (2, ux) and with m(0, Ty, ) the metric projection
of the origin onto the range of the multivalued map 9(||Ty(z)]|?)

We replace the following iterative procedure

0
(Tht1, ukt1) = (T, ur) — f(ﬁﬁ;;ég{rg}]?)’||2fk)a k=0,1,.... (10)

which is based on the d.i. (6), with the following simpler iterative procedure:
Ty (@) [IPm(0, Tyy)
Im(0, Ty )|I>
_ Ty(=(®)

Im (0, T ())[*’

The following theorem asserts that the sequence (11) is monotone.

uk:Tf(xk), ]{3:0,1, (11)

Try1 = Tk

based on d.i. T € z(0) = xo.

Theorem 5.1. Consider the optimization problem (1) where f(z,u) is a convex
function on H x H and the iterative procedure (11). Suppose there exist an e-
neighborhood , Xy of the set Xy for which <(n,f), (x,u) — (y,v)> # 0, (n,§) €
Of (x,u), (y,v) € Prx,(w,u), (z,u) € Xy \ Xy and

liminfy o [|m(9f (zg, ur))|| # 0,

where inf is taken at all sequences (xy,u) € Xy \ X;.
We recall that <(U,y), (x,u)> = <v,$> + <u,y> for all x and y in H and u(x) and
v(y) in H. If (zo,u0) € Xy. and the following inequality is satisfied:
f(xku Uk-) - <m(07 afk)7 (‘rkvuk> - (yk7vk)> < E:k7 (12)
where (yr,vx) € Prx,(zy,up) and ek < 2f(zr,ur), 0 < q < 1, then the following
inequality
max ||[(Tpy1, Urs1) — Prx (Tppn, Upgr)|| < min |[(zp, up) — Prx, (e, w)l|  (13)

is valid for every k =0,1,2,....
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On the basis of inequalities (12) and (13) we obtain the following inequalities:
T3 (@o)lI” = (m(0, Ty,), (2 — yr)) < e, (14)
where (Y, vi) € Prx,(xy, ur) and € < $|T¢(zi)|]?, 0 < ¢ < 1, and finally:
max ||Tgr1 — Yps1|| < min ||zg — gkl foreveryk =0,1,2,... (15)

And therefore the iterative procedure (10) can be replaced with the iterative procedure

(11).

Proof. As long as f(z,u) is convex under (13), for any (yx,vi) € Prx, (s, up),
k=0,1,2,..., we obtain

2 2
0< A, — |Tr+1 — Yrsa || < [ (rs1s ub+1) — Wrtr, Ve) |
— - 2 2
2k — Yl @k, ur) — (Yr, vr) |
_ ||(xk+1,uk+1) - (3/k+17vk+1)H2 < H(xkﬂaukﬂ) - (ykavk)HQ

(zh, wr) = (Yo o) || @ wr) = (g o) ||

1 f (g, up)m(0,0fr) o
= | (yr> v&) — (T, ug) + |

2 1M (0,0 fi)]?

| (ks ur) — (Yr, vx)||
(f(r, ug))? S (@, uk)(m(0,0f1), (Y, vie) — (i, Uk)>_

= 142

1m0, 0 fi) 1Pl (2, we) = (yi, vie) || 1m0, 0 fi) 1P (e ur) — (i, vie) |12
Under the inequality €% < 1F (w,uy) and (12), we complete the proof:
(f (g, ur))? (" — f(an, we)) f (e, ux)
A < +1+2
= 1m0, 0fi) 1P| (k, ur) = (yi, o) || 1m0, 0 fi) [ (@ wr) = (Y, ve) 12
1 (f (g, up))? e* f (wx, w)

)— (yika)||2Jr2||m(07(9fk)\|2||(951muk)—(ykavk)||2

(f (g, wg))?

2 (s wr) — (Yks ve) ||
(f(ﬂﬁk,uk))Q

1m0, O fi) [l (s ur) — (Yoo vi) |12

Thus, for every (zg,ux) € Xy \ Xf, k=1,2,... we obtain
0<Ap<1—(1—q)(B)?<1,
hence there exists e¥ < ¥ such that (15) is satisfied. [

172(0, 0 fi) |21l (e, v

<1-(1-q) =1-(1-9)(B)? <1,

1m(0, 9 f)]

where B, =

Applications

We apply now the introduced idea with Fitzpatrick functions to use convexity to
create simplified algorithm for solving unconstrained smooth minimization problems
by reducing the number of independent variables. We present two iterative proce-
dures of one independent variable for solving convex minimization problems of two
independent variables. We show with a comparative study that the new iterative
procedures solve the convex minimization problems faster with the same precision
than the existing procedures.
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Comparison algorithms

We compare the results of our algorithm with the results of four other algorithms.
Two of them are well-known variants of Newton method from MATLAB Optimiza-
tion Tool: FMINUNC and FMINSEARCH. The third one is The Proximal-point
algorithm presented by Bauschke and Combetts (see Theorem 23.41 from [3]). Sim-
ilar algorithm is presented also by Pavel an Raykov (see [12]). The fourth one is
The Regularized Minimization Algorithm introduced also by Bauschke and Com-
betts (see Theorem 27.23 from [3])

We present in short the last two algorithms and the statements of the theorems of
their covergence here.

We introduce next Theorem 5.2 (Theorem 23.41 from [3]) proving the convergence
of the proximal-point algorithm.

Theorem 5.2. (Theorem 23.41 (Proximal-point algorithm) from [3])
Let A: H — 21 be a mazimally monotone operator such that zerA # 0, let (7)nen
be a sequence in Ry, such that ¥,cnvy? = +oo, and let zy € H.

Set (Vn € N) xp41J-, a%,. Then the following hold:

(i) (xn)nen converges weakly to a point in zerA.

ii) Suppose tha 1s uniformly monotone on every bounded subset of H. en
ii) S that A i forml t bounded subset of H. Th
(Tn)nen coverges strongly to the unique point in zerA.

In the above theorem .J,, 4 is the resolvent of A: J,, 4 = (Id+~,A)~". For the proof
see [3].

Method of Regularization of Minimization Problems (see [3])

Let f € T'o(H) and suppose that Argmin f # (), i.e., the minimization problem
mingcy f(x) has at least one solution. In order to obtain a specific minimizer, one
can introduce, for every ¢ €]0,1[, the regularized problem min,cq f(z) + eg(z),
where g € I'y(H). The objective is to choose the regularization function g such
that the last minimization problem admits a unique solution x. and such that the
net (.)-ejo,1[ converges to a specific point of Argmin f. We choose g = (1/2)] - ||?
(Tykhonov Regularization framework.) In this case the regularization is equivalent
to find x. € H suchthat 0 € 0f(z.) + ez.. If we denote by xy the minimum
norm minimizer of f, Theorem 23.44(i) ([3]) proves that z. — x¢ as € | 0.

The next Theorem 5.3 (Theorem 27.23 from [3]) explores the asymptotic behavior
of the curve (z.).cjo1; for more general choices of the regularization function g.

Theorem 5.3. (Theorem 27.23 from [3]) Let f and g be in I'o(H). Suppose that
Argmin fN dom g # 0 and that g coercive and strictly convex. Then g admits a
unique minimizer xo over Argminf and, for every e €]0, 1[, the regqularized problem
minge gy f(x)+eg(x) admits a unique solution x.. Moreover, the following statements
hold:

(i) (xe) > mpasel0.

(i) g(ze) = g(zo) ase 0 .
(iii) Suppose that g is uniformly convex on every closed ball in H.
Then (z.) — xg ase {0 .
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For the proof see [3].

We present now two examples:

Example 1. Let us solve the unconstrained convex optimization problem:
min f,(z,y), where f,(z,y)=4(x+p)*+4y* —4(z + p)y — 12y,

p is a parameter of disturbances. The partial derivatives should be equal to zero at
the min f,(x,y) :

foo(,y) =8(x+p) —4y=0 and f, (2,y) =8y —4(x+p)—12=0.

We have to find the conditions for the parameter of distubances such that to have a
monotone convergence algorithm. Because both partial derivatives should be equal
to zero at the solution point, then we have

r+p+3

5 (16)

yp=2(x+p) and y,=
They are monotone, because f,(x,y) is convex. These two lines intersect at dif-
ferent solution points for a given value of the parameter p and we use a sequence
{px} to create an iterative procedure depending only on z,, and the parameter of
disturbances pg.1 on each step. As the solution is a unique one when p = 0 we can
find sufficient conditions for the parameter of disturbances p to ensure convergence.
We create an iterative procedute for z,, , for finding the minimum of f,(x,y):

o aEp e DT a e
Prk+1 Pk %(xpk +pk+1 o 1) Pk 2

To ensure convergence we have to have max ||(2,, Yp,) = (p 1> Ypeoa )|l < €, Where
the sequence {e} is convergent to zero, i.e. the liminfy . e = 07, g, > 0 for every
positive integer k. Because

max |mpk - xpk+1‘ < max H(wpkvypk) - (kaH’ yPk+1)|| < Ek;,
means that |z,, — 2, | = |7, — 1+ prr1| < 2e,. We receive
|xpk —1 +pk+1| < |xpk - 1| + |pk+1| < 2511f

where the sequence {e}} is also convergent to zero, i.e. the liminfy ,., e} = 0T,
er > & > 0 for every positive integer k, such that when |z, — 1| + |pri1] < 2¢4
then |z, — 1+ pri1] < 2ey, or

0 < |pesr| < 265 — |ap, — 1], or |ap, — 1] = 265 < prys < 265 — |, — 1.

From equations (16) it follows that when p;, approaches 0 and z,, approaches z* =1
then y,, approaches y* = 2. We can simplify the iterative procedure by present-

ing the disturbances on each step klfor any zp € {x,, } with the addition of one
Tp—

parameter pgi1: Tp,,, = Tk — 5— + Dky1 To obtain for any zp,; € {xpkﬂ}
klim |z, — zky1| = 0, pro1 should satisfy the inequalities
—00
T — 1 ’ ‘xk —1 ‘
— < <
‘ 9 Pr41 5

for every zy € {z,, }.
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Example 2. We consider the following unconstrained convex optimization problem

in which the surface is flatter close to the solution point: min f,(z,y), where
folz.y) = (@ +p)° + e 4 (2 + p)* + 2(z + )y +y° + ',

p is again a parameter of disturbances.

The partial derivatives should be equal to zero at the min f,(x,y)
foo(@,y) = 6(z+p)°+e P £2(x+p)+2y = 0 and f,,, (2, y) = 4y°+2y+2(z+p) = 0.

Because both partial derivatives should be equal to zero at the solution point, then
we have

6(x +p)° + ) 4 2(z + p) 6(z + p)° + el ) P

Yp = — 5 and yp:( 1

These two lines intersect at different solution points for a given valueof the parameter
pand we use a sequence {px}, (|pi L 0) to create an iterative procedure depending
only on z,, and the parameter of disturbances p;1; on each step. As the solution
is a unique one when p = 0 we can find sufficient conditions for the parameter of
disturbances p to ensure convergence. We create an iterative procedute forz,, for
finding the minimum of f,(z, y):

6(p, + Pry1)” + el tPer)) 1/3
Fpk+1 = {( 4 )
+ 6(2p, + pk+1)5 + 2(xp, + Prt1) + e(Tpp TPr41) }2
2 )
6(2p, + Pry1)® + ety 1/3
ka+1 = 2{( 1 )
i 6(zp, + Pri1)® + 2(xp, + pror) + elTrrtPe) }
2 )

1 4 2/3 i
Hpk+1 = { (E) [6(% e 1)5—|—e(%k+f"k+1):| (30<Jipk+pk+1>4—|—@( pk+17k+1))
Pk +

+0.5(30(zy, +pk+1)4+e<%kﬁ°k+1>+2)}.

F
Then zx =, — —*tl__ Tg ensure convergence we should have
Prt1 = Pk T G Hyy g

max H(’:Epk’ypk> - (xpk+l7ypk+l>H < &k,

where the sequence {e;} is convergent to zero, i.e. the liminfy ,, e, =07, g, > 0
for every positive integer k. Because

max |xpk - xpk+1| < max ||(x}7k7 ypk) - (xpk+17 y}?k+1)|| < Ek;

Fppga
means that |z, — z,,,,| = > 0 and H,

< €p, since F| Pt

Pk+1

>0
|ka+1|HPk+1 -

for every px.1 satisfying the convergence conditions. Therefore we have to restrict

Prt1 such that, when [pryi| <€), then < ey. Here {e}} is a decreasing

Fy,
|Gy [ Hpy,
sequence with positive elemets that ensures these requirements. From equations
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(17) it follows that when pj approaches 0 and z,, approaches z* = —0.5493 then
Yp, approaches y* = 0.4107.

We can simplify the iterative procedure by presenting the disturbances on each step
k for any x, € {z,,} with addition a one parameter pyy1. We use the following
simplified analogical notations:

7 {(6xz+ezk)1/3+6x2+2$k—|—ex’“}2
k=9 ——— ;
4 2
620 + e\ 3 620 + 21, + e
G=o () e
k 4 9 )

1 4 12 ) )

and receive the iterative procedure: w, , = x — g T Prrt To get for any

vy € {xp, } and xyy € {2p,,,} the limit klim |z — xpy1| — 0 where |z — x| =
—00

, Pry1 should satisfy the next inequalities:

Ey, Ey,

GrlH, =P S G

_ B
|G| Hy Pk+1

6. Numerical Results

We present in this section a comparative study of results with our algorithm with the
results from four other algorithms for Examples considered at the end of Section 5
using MATLAB. Our results are for both Examples with initial point (xq, yo) = (5, 5)
and with precision € = 0.000001.

Numerical results for Example 1.

(a) The results with our algorithm are: z = 1.0000 and y = 2.0000 for time ¢ =
1.8896 x 10~* sec.

(b) The results with FMINUNC (MATLAB) are: = 1.0000 and y = 2.0000 for
time ¢ = 0.0089 sec.

(c¢) The results with FMINSEARCH (MATLAB) are: = 1.0000 and y = 2.0000
for time ¢t = 0.0025 sec.

(d) The results with Proximal-point algorithm are: x = 1.0000 and y = 2.0000 for
time t = 2.0426 x 1073 sec.

(e) The results with Regularization algorithm are: 2 = 1.0000 and y = 2.0000 for
time ¢t = 0.0143 sec.

These results are summarized in Table 1:

Algorithm x - results | y - results | time
Our Algorithm | 1.0000 2.0000 1.8896 x10~* sec.
FMINUNC 1.0000 2.0000 0.0089 sec.

FMINSEARCH | 1.0000 2.0000 0.0026 sec.
Proximal-point | 1.0000 2.0000 2.0426x 1073 sec.
Regularization | 1.0000 2.0000 0.0143 sec.
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The advantages of our algorithm and the proximal-point algorithm are obvious. See
next Figure 1.

f(x,y) = 42® + 4y — 4oy — 12y

Figure 1

Numerical Results for Example 2.

We compare our results with the results with the four other algorithms next:

(a)

The results with our algorithm are: x = —0.5493 and y = 0.4107 for time
t = 3.6133 x 107 sec.

The results with FMINUNC (MATLAB) are: © = —0.5487 and y = 0.4117 for
time ¢ = 0.0110 sec.

The results with FMINSEARCH (MATLAB) are: x=—0.5493 and y =0.4107
for time t=0.0034 sec.

The results with the Proximal-point algorithm are: x = —0.5493 and y = 0.4107
for time t= 3.2726 x 1072 sec.

The results with Regularization algorithm are: x=—0.5469 and y=0.4120 for
time t=0.0175 sec.

These results are summarized in the following Table 2.

Algorithm X - results | y - results | time
Our Algorithm | -0.5493 0.4107 3.6133 x10~* sec.
FMINUNC -0.5487 0.4117 0.0110 sec.

FMINSEARCH | -0.5493 0.4107 0.0034 sec.
Proximal-point | -0.5493 0.4107 3.2726x 1073 sec.
Regularization | -0.5469 0.4120 0.0175 sec.
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The advantages of our algorithm and of the Proximal-point algorithm are clear
again. See next Figure 2.

flz,y) =25 +e” + 2% + 22y + y* + y*

Figure 2

7. A new example of a Fitzpatrick function

We proved in Theorem 3.5 that the solution of optimization problem (1) can be
found by solving d.i. (3) and also by solving d.i. (6) instead of d.i. (3). We showed
that the solutions of d.i.(3) and (6) coincide. We proved there also that f(z,u) is
a Lyapunov function for d.i.(6). Therefore this is an example that the Fitzparick
function appears to be a Lyapunov fuction. We showed in Theorem 5.1 that to solve
the problem numerically we can substitute its corresponding iterative procedure
(10) which is based on the d.i. (6), with the iterative procedure (11) A Lyapunov
function for d.1i. (9) is (|| T(x)||)?. Ivanov and Raykov in [11] developed a parametric
Lyapunov function method for solving nonlinear systems in Hilbert space. We show
close connections between the Lyapunov function created to solve the given problem
and Fitzpatrick functions.

Statement of the Lyapunov Function Method

Consider f;(x,u),i = 1,2,...,m be nonsmooth scalar functions which are defined
on H x H where H is a Hilbert space and let us consider the following system of

equations
filz,u) =0, i=1,2,...,m. (18)

A family of functions depending on parameter p(e) is constructed:
Voo (w,u) = Y il filwr, )| 7 > 0, (19)
i=1

where «; > 0, and p(e) = (p1(g),p2(€), ..., pm(€)) is a vector parameter such that
pi(e) € (pi—e,pi+e)and p;—e>—-1,6>0, i=12,...,m.
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According to [7] the generalized gradient is

Of (z,u) = {(n,¢) € HxH| f(z,u); (t,5)) = ((0.), (t,5)) ¥ (t.5) € H x H}

We consider functions f;(z,u), i =1,2,...,m that are regular (see [7]) and assume
that Vj)(x,u) is a convex function. Note that the convex function is regular. We
denote by m(0, 0V, (x,u) the metric projection of the origin to the set OV, (z, u).
Let 0 ¢ OV,(o) (w0, ug). Consider the following d.i.:

av;?(f) (3:‘, u)

T,u) € — ,
(&) € 00, 0V (@ WP

((0), u(0)) = (2o, uo)- (20)

As long as f;(z) are regular functions, according to [8] we have

P (sign fi(z, u)0fi(z, u)(1 + pi(e)). (21

Vo) (z,u) = Z%Hfz(%u)

i=1

The d.1i.(20) is the Filippov extension of the following d.e. with possibly discontin-
uous right-hand side, see [1] and [9]:

T,u) = — Voo (7, 11)) 2(0),u(0)) = (zg,u
0= (0, Vo (e OO = o) 22

As long as V) (z) is a convex function, the subdifferential OV, (x) is a maximal
monotone operator and the d.1.

(j;v u) € _avp(ﬁ) (:L’, u)v (1}(0), U(O)) = (x(b UO) (23)

has an unique solution, see [1]. We see that so created Lyapunov function V. (z, u)
is also an example of a Fitzpatrick function. Using the Lyapunov Function Method,
the number of the equations is independent from the number of independent vari-
ables.

We could consider at the end a simplification of optimization problem (1) using Tz
from Definition 3.1. By solving d.i. (2) we will solve problem (1), because (||Tyz||)?
is a Lyapunov function.
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