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1. Introduction

Given a real Banach space X, let By, Sx and X* denote the closed unit ball, the unit
sphere and the dual of X respectively. For a point € X and a nonempty set C' C X,
let Po(z) = {y € C : |lz —y|| = d(z,C)} where d(z,C) = inf{||lz —y| : y € C}.
Given z* € Sy and 0 < ¢ < 1, let S(X,2*,0) = {z € Bx : 2*(x) > 1 —6}. The
dimension of a nonempty convex subset C' of a real linear space, denoted by dim(C'),
is defined to be the dimension of the subspace span(C' —c) where ¢ € C'. Throughout
this article, we consider only real Banach spaces and refer to a real Banach space
simply as a Banach space. A Banach space X is said to be strictly convex if for any
x1,T9 € Sx such that x, # xo,

|71 + 25|

2

This is equivalent to saying that the unit sphere of X does not contain any nontrivial
line-segment. Since a line segment is nothing but a convex set of dimension 1, the
only nonempty convex sets in the unit sphere of a strictly convex space are single-
tons which are of dimension 0. In general, for k € N, X is said to be k-strictly convex

< 1.
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(18], if for any xq,...,2x11 € Sx such that ¥y — zp4q, ..., 2, — x4 are linearly
independent (in other words, affinely independent z1, ..., 251 € Sx),

k+1

1
— < 1.
el o

In a k-strictly convex space, the unit sphere does not contain any k-dimensional
convex set. The following theorem gives some characterizations of k-strict convexity
in a Banach space.

Theorem 1.1. ([18, Lemma 4.2]) Let X be a Banach space. Then the following

statements are equivalent.

(1) X is k-strictly conver.

(2)  For every nonempty convex subset C' of Sx, dim(C) < k — 1.

(3)  For every point x and nonempty conver subset C of X, Po(z) = 0 or
dim(Pe(x)) < k—1.

(4)  For every x* € Sx«, S(X,2*,0) =0 or dim(S(X,z*,0)) < k — 1.

A Banach space X is said to be uniformly convex [3] if for every ¢ > 0,
inf{l — w X1, T € By, ||x1 — 22| > e} > 0.

It is clear that every uniformly convex Banach space is strictly convex. It is also
reflexive [13, Theorem 5.2.15]. A Banach space is said to have the Kadec-Klee
property [13, Definition 2.5.26] if strong and weak convergence of sequences are
equivalent on its unit sphere. Every uniformly convex Banach space has the Kadec-
Klee property [13, Theorem 5.2.18].

A Banach space that is reflexive, strictly convex and has the Kadec-Klee property
is said to be strongly convex. Strong convexity and related properties are studied
in some depth in [10]. While it is known that a uniformly convex Banach space
is strongly convex and it is clear that a strongly convex Banach space is strictly
convex, there exist strongly convex Banach spaces which are not uniformly convex
and strictly convex Banach spaces which are not strongly convex.

Example 1.2. [4, 5] Let X = {z € I, (R™, || - [|ln) : Doy lz(n)]|2 < 0o} and let

lzllx = O, |z(n)|[2)2 for z € X. Then (X, || -]|) is a strongly convex Banach
space that is not uniformly convex.

Example 1.3. [3, 19] For z € I, let |lz|| = (||=]|? + ||z[|2)2. Then (4, - |) is a
strictly convex Banach space. Since it is not reflexive, it is not strongly convex.

Several geometric and approximation theoretic characterizations of strong convexity
are available in the literature. We list some of these in Theorems 1.4, 1.5 and 1.6.

Theorem 1.4. ([13, Theorem 5.3.17]) Let X be a Banach space. Then the following
statements are equivalent.

(1) X s strongly convex.
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(2) For every nonempty convex subset C' of X,

lim diam(CNtBx)=0.
t—d(0,C)*

(3) For every x* € Sx«, lims_,odiam(S(X,z*,0)) =

Given a point x and a nonempty set C' in a Banach space, let
Po(z,6) ={y e C: |z —y| <d(z,C)+d} for § > 0.

Let C(X) be the collection of all nonempty closed and convex subsets of X. For a > 0
and z* € Sx«, theset {x € X : x*(x) = a} is said to be a hyperplane of X. Let H(X)
be the collection of all hyperplanes of X and let H;(X) = {HeH(X) : d(0,H) = 1}.

Theorem 1.5. ([15, Theorem 35]) Let X be a Banach space. Then the following
statements are equivalent.

(1) X is strongly conver.

(2)  Foreveryx € X and C € C(X), lims_odiam (P (z,d)) = 0.
(3)  Foreveryx € X and H € H(X), lims_,odiam (Py (z,0)) = 0.
(4)  For every H € H1(X), lims_diam (Py (0,0)) =0

A pair (A, B) of nonempty subsets of X is said to have property UC [9, 21] if for any
sequences {xn 1 {:U(Q)} in A and {y,,} in B such that lim,, Hxn —yn|| = dist(A, B)
for all i = 1,2, it is true that lim, . |25 — 2P| = 0.

Theorem 1.6. [16] A Banach space X is strongly convex if and only if for every
nonempty closed conver subset A and monempty compact subset B of X, the pair

(A, B) has property UC.

For any z,..., 2541 € X, let 1 1
f1(331) f1($k+1)
V<x1a"'7xk+l)zsup . : : :fla'-'7fk€BX*
fel@) - fu(@rg)
The k-dimensional volume of co{x,...,x,1} is defined to be %V(l‘l, ey Tht1)
[17, 20]. Note that V(zy,xq) = ||x1 — 2| for any xq, xe. Also, V(z1,...,241) >0
if and only if 1 — w1, ..., 2 — k1 are linearly independent. A Banach space X
is said to be k-uniformly convex [20] if for every € > 0,
k1
mf{l - —y| szu T1,. .. Tt € Bx,V(T1, ... Zppr) > e} > 0.

Every k-uniformly convex Banach space is k-strictly convex, reflexive [20] and has
the Kadec-Klee property [12]. In this article, we consider a generalization of strong
convexity which we call k-strong convexity. A Banach space is said to be k-strongly
convex if it is reflexive, k-strictly convex and has the Kadec-Klee property. In
Section 2, we give characterizations of k-strong convexity that generalize Theorems
1.4, 1.5 and 1.6. In Section 3, we study k-strict convexity and k-strong convexity
in some product spaces. Finally in Section 4, we give examples to show that for
any k € N, k-strong convexity does not imply k-uniform convexity and k- strict
convexity does not imply k-strong convexity. Further, we give characterizations of
k-uniform convexity which are comparable to Theorem 1.4.
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2. k-strong convexity

In order to geometrically characterize k-strong convexity, we use the notion of k-
dimensional diameter of a subset of a Banach space X, introduced in [11]. For a
subset A of a Banach space X, let

diamg(A) = sup{V(x1,..., k1) : T1,. .., 241 € A}

The notion of k-dimensional diameter has properties very similar to that of the
“classical” diameter. We begin this section by listing some of the properties of
diamy. Given a subset A of a Banach space, we denote the closure, the affine hull
and the conver hull of A by A, aff(A) and co(A) respectively.

Lemma 2.1. [11, 23] Let X be a Banach space. Fork € N, the map (z1,...,%p1) —
V(xy,...,2p11) is continuous with respect to the product topology on X*1.

Proposition 2.2. Let X be a Banach space. If A and B are nonempty subsets of
X, then the following statements hold.

(1) diamg(A) < diamg(B) whenever A C B.
(2)  diamg(tA) = t*diamg(A) for t > 0.

(3)  diamy(A) = diamy(A).

(4)  diamg(co(A)) = diamy(A).

(5) If A is convex, then diamy(A) = 0 if and only if dim(A) < k — 1.

Proof. (1) and (2) easily follow from the definition of diam,. By Lemma 2.1, we

have diamy(A) = diamg(A).

Clearly for any set A, diamy(A) < diamg(co(A)). Let z1,..., k41, 1,92 € X such
that for some ¢ = 1,...,k+ 1 and A € [0,1], z; = Ay1 + (1 — N)y2. Using the
properties of determinants, we have

Vv (I’l, ce ,Z‘kJrl) =V (1}1, Ce ,$i,1,)\y1 + (1 — )\)yz,xi+1’ Ce 7$k+1)
< AV(%; <o L1, Y1, Lit 1 - - 7513k+1) + (1 - )‘)V(xly s L1, Y2, it 1, - - 7513k:+1)-

It follows that diamy(co(A)) < diamy(A). Hence (4) holds.

Suppose that A is a convex subset of X such that diam;(A) = 0. Then for any
T1, ..., Tpe1 € A, we have V(zqy, ..., 2541) = 0 and S0 &1 — Ty, ..., T — Ty are
linearly dependent. If a € A and aq,...,ar € A —a, then a1 +a,...,a; +a,a € A.
So, ay,...,ay are linearly dependent. Thus, dim(A) = dim(span(A —a)) < k — 1.

Suppose that A is a convex subset of X whose dimension is at most £ — 1. Then
for any a € A we have dim(span(A —a)) < k— 1. So if z1,..., 2541 € A, then
dim(span(A — zx41)) < k — 1. Therefore, x1 — Tg41,...,Tx — Tpy1 are linearly
dependent which proves that V' (z1,...,z51) = 0. Hence diamy(A) = 0. O

Part (5) of Proposition 2.2 enables us to rewrite Theorem 1.1 in terms of diamy.

Theorem 2.3. Let X be a Banach space. Then the following statements are equi-
valent.

(1) X is k-strictly conver.

(2)  For every convex subset C' of Sx, diamy(C) = 0.
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(3)  For every point x and nonempty convex subset C' of X, diamy(Pg(x)) = 0.
(4)  For every x* € Sx», diam(S(X,2*,0)) = 0.

An important tool that we use to generalize Theorems 1.4, 1.5 and 1.6 is the con-
vergence of the k-dimensional diameter of a decreasing sequence of sets in a Banach
space. It is well known that for a decreasing sequence {A,} of nonempty closed
and bounded subsets of a Banach space X, lim,,_, diam(A4,) = 0 if and only if

o 1A, has exactly one point. Here we give some necessary and sufficient condi-
tions for lim,, ., diamg(A,) to be 0 using the following result which is about the
k-dimensional volumes of elements of a bounded sequence with no convergent sub-
sequence.

Theorem 2.4. [12] Let {x,} be a bounded sequence in a Banach space X which has
no convergent subsequence. Then, given any positive integer k, there exists p > 0
and a subsequence {z,} of {x,} such that if {nq,...,nk41} is any set of k+1 distinct
positive integers, then V(zn,, ..., Zn ) = p.

Theorem 2.5. Let {A,} be a decreasing sequence of nonempty closed and bounded
subsets of a Banach space X and let Ao = N2, A,. Given a positive integer k,
lim,, o diamg(A,,) = 0 if and only if diamy (As) = 0 and whenever z,, € A, for
n € N, the sequence {x,} has a convergent subsequence.

Proof. Suppose that lim, ., diamy(A,) = 0. Since diamy, (A, ) < diamg(A,) for
all n, we have diamg(A) = 0. Let z,, € A, forn € N. Given ¢ > 0, choose a positive

integer N such that diamy(A,) < € for n > N. Then V (2y,,...,2n,,,) < € for any
ni,...,Nge1 > N. So, no subsequence {z,} of {z,} satisfies the condition that if
{n1,...,nkq1} is any set of k+1 distinct positive integers, then V(2,,,..., 2n,,,) > €.

By Theorem 2.4, it follows that {x,} has a convergent subsequence.

Suppose that diamy (A ) = 0 and whenever z,, € A, for n € N, the sequence {z,}

has a convergent subsequence. For n € N, choose x%l), e ,a:,(fﬂ) € A, such that

1
diamy (A,) — — < V (2, ... gk,
n

n rrn

Choose a strictly increasing sequence {n;} of positive integers such that {xﬁfj)} con-
verges to some y) € A fori=1,...,k+ 1. Then by Lemma 2.1, we have

lim V(CCSJ.), o :c(k“)) - V(y(1>, o ,y(k+1)) =0

Jj—0o0 B
which proves that lim,,_, ., diamg(A,) = 0. O

We now give our first set of characterizations of k-strong convexity.

Theorem 2.6. Let X be a Banach space. Then the following statements are equi-
valent.

(1) X is k-strongly conve.

(2)  For every nonempty convex subset C' of X,

lim diamy (CNtBx) =0.
t—d(0,0)+

(3)  For every x* € Sx«, lims_,odiamy (S (X,2*,6)) = 0.
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Proof. (1) = (2):
Let C' be a nonempty convex subset of a k-strongly convex Banach space X with
d(0,C) = r. Since it is always true that lim, .o+ diamg (C'NtBx) = 0, it is enough
to consider the case r > 0, and since

lim; .+ diamy(C NtBx) = limy 1+ rkdiamk(%C NtBx),

it is sufficient to prove for the case r = 1. Let C, = C N (1 + %)BX forn € N
and Cy = N, C,,. It is enough to prove that lim,,_,,, diamy(C;,) = 0. Since C, is
contained in Sx and X is k-strictly convex, we have diamy(C.,) = 0. Let z,, € C,
for n € N. Since 1 < ||z, || <1+ 2, we have lim,,_,« ||z,|| = 1. Since X is reflexive,
{x,} has a subsequence {z,,} which converges weakly to some z € Cu. By the
Kadec-Klee property of X, it follows that lim; . z,, = x. Applying Theorem 2.5,
we have lim,, ., diamy(C,,) = 0.

(2) = (3):

For every nonempty convex subset C' of X, let lim,_, 4 cy+ diamy (CNtBx) = 0.
Let 2* € Sx-. It is enough to prove that lim, . diam(S(X,2*, 1)) = 0. Let
z, € S(X,z*,2) for n € N. Consider the set C = {z € X : 2*(z) > 1}. It
is a convex set with d(0,C) = 1. Let C, = C'N (1+ %) Bx for n € N. Then
limy, o0 diamy (C,) = 0 and M2, C,, = S(X,27,0) = M52, S (X, 2%, ). If for n € N

1 Ty
Yn = (1 + _) = 5
n/) [|znll

then y,, € C,. By Theorem 2.5, diam(S(X,2*,0)) = 0 and {y,} has a convergent

subsequence. Since lim, . ||Zn41 — yn|| = 0, it follows that {x,} has a convergent
subsequence and using Theorem 2.5 again, we have lim,,_,o, diam(S(X,z*,+)) = 0.
(3) = (1):

For every x* € Sx«, let lims_,odiamy (S (X, 2*,0)) = 0. Then by Theorem 2.5,
S(X,x*,0) is nonempty and diamy(S(X,2z*,0)) = 0. Thus, X is reflexive and k-
strictly convex. Let {x,} be a sequence in Sx converging weakly to z € Sx. To
prove that {z,} is convergent, it is enough to prove that {z,} has a convergent
subsequence. Choose z* € Sy- such that 2*(x) = 1. Then lim,_,o 2*(x,) = 1 and
so there exists a subsequence {z,, } of {,} such that z,,, € S(X, 2%, %) forall j € N.

By Theorem 2.5, the sequence {z,,} has a convergent subsequence. Hence X has
the Kadec-Klee property. [
Before obtaining the other characterizations of k-strong convexity, we need some
definitions. A pair (A, B) of nonempty subsets of a Banach space X is said to
have property k-UC [11] if for any sequences {z%"}, ..., {z¥"™} in 4 and {y,} in
B such that lim,,_, Hxﬁf) — Ynll = dist(A,B) for i = 1,...,k+ 1, it is true that

lim,, 00 V(:c%l), . ,:Ly(fﬂ)) = 0. A sequence {z,} in a nonempty subset C' of X is
called a minimizing sequence for z in C' if lim,,_,« ||z — z,,|| = d(z,C). A nonempty

subset C' of X is said to be k-strongly Chebyshev at z if diamg(Pc(z)) = 0 and
every minimizing sequence for x in C' has a convergent subsequence.

Theorem 2.7. [8] A Banach space X is reflexive and has the Kadec-Klee property
if and only if given any nonempty closed convex subset C' of X and x € X, every
minimizing sequence for x in C has a convergent subsequence.
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Lemma 2.8. Let C' be a nonempty closed subset of a Banach space X and letx € X.
Then the following statements are equivalent.

(1) C is k-strongly Chebyshev at x.

(2)  (C,{x}) has property k-UC.

(3)  limg_,o diamy (Pe (2,0)) = 0.

Proof. (1) = (2):

Suppose that C' is k-strongly Chebyshev at x. Let {377(11)}, {:c7(12)}, e {:c%kH)} be

sequences in C' such that lim, . ||z — xﬁf)H = d(z,C) fi

ori =1,....k+1. It
is sufficient to prove that a subsequence of {V(xg), . ,x&kﬂ))} converges to 0 as
n — oo. Choose a strictly increasing sequence {n;} of positive integers such that the
sequences {xﬁfj}, e {:zrgjﬂ)} are convergent with respective limits y(, ... y®+D.
Since y, ..., y* ) € Po(x), we have V(yV, ..., y**V) = 0. By Lemma 2.1, it
follows that lim;_,s V (2t ..., 25y = 0.
(2) = (3): Suppose that the pair (C,{z}) has property k-UC. For n € N, choose
et e P (z, 1) such that diamg(Pe(z, 1)) — 2 < V(xle), . ,x;kﬂ)).
Since lim,, . ||z — :c,(f)H =d(z,C) for i=1,...,k+1 we have

lim,, o0 V(xg), s x%kﬂ)) =0.

Therefore, lim,,_,, diamy(Pc(z, %)) = 0. Hence lims_,o diamy (Pe (z,9)) = 0.

(3) = (1): Suppose that lims_,o diamy, (Pe (x,0)) = 0. Let {z,} be a sequence in C
such that we have lim,, . |2 — 2,|| = d(z, C). Choose a subsequence {x,,} of {z,}
such that z,;, € Po(z, %) for all j € N. By Theorem 2.5, it follows that {xz,,} has a

convergent subsequence and diamy(Pg(x)) = 0. O

By the Hahn-Banach separation theorem, if C' is a nonempty convex subset of a
Banach space X with d(0,C) = 1, then there exists z* € Sx- such that z*(z) > 1
for all z € C. We use the following lemma about the hyperplane H = {z € X :
x*(x) = 1} to prove some approximation theoretic characterizations of k-strong
convexity.

Lemma 2.9. [15, Lemma 8] Suppose that C' is a nonempty conver subset of a
Banach space X with d(0,C) = 1. Let z* € Sx« such that x*(x) > 1 for all
v €Candlet H={x e X :a*(x) =1}. Ifw, € Pc(0,%) for n € N, then
there exist 6, > 0 and y, € Py(0,6,) for n € N such that lim,_,, 6, = 0 and
limy, o0 ||Zn — ynl| = 0.

Theorem 2.10. Let X be a Banach space. Then the following statements are
equivalent.

(1) X is k-strongly conve.

(2)  For everyx € X and C € C(X), lims_,o diamy (Pc (z,9)) = 0.

(3)  Foreveryx € X and H € H(X), lims_,o diamy (Py (x,6)) = 0.

(4)  For every H € Hi(X), lims_,o diamy, (Pg (0,0)) = 0.

Proof. (1) = (2): This follows from Theorem 2.7 and Lemma 2.8.

(2) = (3) = (4): Trivial.
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(4) = (1): Let C be a nonempty convex subset of X with d(0,C) = 1. By Theorem
2.6, it is enough to prove that lim, ., diam,(C' N (1 + %)BX) = 0. Choose z* € Sx+
such that C C {z € X : 2*(z) > 1}. Then C' N (1+ +)Bx = Pc(0, +).

Let 2, € CN(1+1)Bx forn € Nand let H = {x € X : 2*(z) = 1}. Then
d(0,H) =1,CNBx C Py(0) and by Lemma 2.9, there exist {d, } and {y,} such that
lim,, 00 0, = 0, Y, € Py(0,0,) and lim,,_, ||z, —yx»|| = 0. Since lim,, o Py (0,6,) =
0, diamg(Pg(0)) = 0 and {y,} has a convergent subsequence by Theorem 2.5. So
diamy(C'NBx) = 0 and {z, } has a convergent subsequence. Again by Theorem 2.5,
we have lim,,_,., diamy, (C N (1 + %) BX) = 0. Hence X is k-strongly convex. O

Theorem 2.11. Let X be a Banach space. Then the following statements are
equivalent.

(1) X is k-strongly conve.

(2) If A is a nonempty closed convex subset and B is a nonempty compact subset
of X, then (A, B) has property k-UC.

Proof. (1) = (2):

Suppose that X is k-strongly convex. Let A be a nonempty closed convex subset of

X and let B be a nonempty compact subset of X. If d(A, B) = 0, then by Lemma

2.1, (A, B) has property k-UC. Suppose that d(A, B) > 0. Let {xg)}, . {xﬁfﬂ)}
be sequences in A and let {y,} be a sequence in B such that

lim |2t — y,| = = lim [|Jz{f"Y — y,[| = d(4, B).
n—oo n—oo
It is sufficient to prove that a subsequence of {V(az,(ll), . ,xgﬁl))} converges to 0.

Since X is reflexive and B is compact, there exists a strictly increasing sequence

{n;} of positive integers such that {ng]) } converges weakly to some z(V) € A for
i=1,...,k+1and lim; , y,, =y for some y € B. By the Kadec-Klee property of

X, we have lim;_,, ngj) — yn, = 'Y — y and therefore lim;_, :)37(;]) =20 € Py(y) for
i=1,...,k+ 1. Since X is k-strictly convex, diamy(Pa(y)) = 0. By Lemma 2.1,

lim;oo V(xgllj), o ,IQEH)) = 0. Thus, the pair (A, B) has property k-UC.

(2) = (1):

Suppose that for any closed convex subset A and compact subset B of X, (A, B) has
property k-UC. Then for any closed convex subset A of X, (A, {z}) has property
kE-UC for all x € X. By Lemma 2.8, A is k-strongly Chebyshev at every x € X.
This fact combined with Theorem 2.7 proves that X is k-strongly convex. [

3. k-strict convexity and k-strong convexity in product spaces

Given d € N, anorm |||z on R? is said to be monotone if for sy, ..., sq,t1,...,ts € R,
we have ||(s1,...,8a)||lg < |[(t1,...,tq)||z whenever |s;| < |t;| for ¢ = 1,...,d. Tt is
said to be strictly monotone if ||(s1,...,s4)llg < ||(t1,...,ta)||g whenever |s;| < |¢;]
for i = 1,...,d and |s;| < |t;] for some j € {1,...,d}. Given Banach spaces
X1, Xg, let Foy oy = (lzall,-- -, Jzdll) and [[(@1, ..., 20)|| = | Floy,....a0) |5 for
(x1,...,24) € X1 ® -+ ® X4. The resulting product Banach space is said to be the
product of X1,..., X4 over (R4, |- ||g) and is denoted by (X; ® -+ ® Xy)p.
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The standard norm || - ||, is a monotone norm on R for 1 < p < oo and is strictly
monotone for 1 < p < oo. The product of Xi,..., X, over (R4 || -],) is denoted by
(X1 ®- - ®Xy), for 1 <p < oo.

In this section, we study n-strict convexity and n-strong convexity where n € N,
in product spaces of this type. We prove results for products of two spaces for the
sake of convenience. These can be extended to arbitrary finite products either by a
similar method or by induction. Let |[(c, 8)|| g« = sup{as + 8t : ||(s,t)||g = 1} for
(o, B) € R% Tt is well known that the dual of (R?,]| - ||) is isometrically isomorphic
to (R% || - ||z+) under the map f — (f(e1), f(es)). We further note that the maps

1 1 . . .
r — m(m, 0) and y — m(o,y) are linear isometries, from X and Y, onto

(X ® (0))g and ((0) ® Y)g respectively, where (0) denotes the trivial subspace of
either of the spaces.

Theorem 3.1. [1] A norm |||z on R? is monotone if and only if for any (s,t) € R?,

I(s; Ol e = [[([s], [t

Theorem 3.2. [1] A norm || - ||z on R? is monotone if and only if the norm || - |
s monotone.

E*

The following result is observed in [14]. We give a proof for the sake of completeness.

Theorem 3.3. [14] Let X,Y be Banach spaces and let || - ||g be a monotone norm
on R?. For ® € (X @Y)}, let Dx(x) = &(z,0) for allx € X and Py (y) = ®(0,y)
for ally € Y. Then ® — (Px,Py) is a linear isometry from (X ® Y)5, onto
(X* @ Y*)p-.

Proof. Clearly for ® € (X ® Y3, we have &y € X*, &y € Y* and & — (Dy, Dy)
is a linear map. For any f € X* and g € Y™, let ®(x,y) = f(z) + g(y) for
all (z,y) € (X ®Y)g. Then ® € (X ®Y)} and f = &y and g = §y. Thus
¢ — (Ox,Py) maps (X ®Y)} onto (X* @ Y*)ge.

Let @ € (X ®Y)y, f = &x and ¢ = ®y. Then, for (z,y) € (X ® Y)pg,
@z, y)| = |f(z) + gl < NNzl + lgllyll < AL gDz [l [lylDIle. So,
11 < [[ALAI gD e

Let (s,t) € R% Given € € (0,1), choose x € X, y € Y such that

E*

[zl = [s], els| < H;—H(fv), lyll = 1¢], elt] < H‘;%H(y).
1 1
Now, 1A lls + llglleh < AN+ alllel < —(f () + g(y)) = ~ (2, y)

IN

1 1
2l »ll = Zlellis, e

Thus, ||| flls + llgllt] < [|®]||l(s,t)]|g for all (s,t) € R% So we have the inequality
I gDl = < (1] Hence [|®ff = [[([@x |, [y DIle- = [[(2x, Py ). O

From Theorem 3.3, it is clear that each element of (X ® Y')3, can be identified with
an element (f,g) € (X*®Y*) g+ with the definition (f, g)(z,y) = f(x)+ g(y) for all
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Theorem 3.4. Let X,Y be Banach spaces and let || - ||g be a monotone norm on
R2. The product space (X @ Y)g is reflexive if and only if X and Y are reflexive.

Proof. If (X ® Y)p is reflexive, then since X and Y are isomorphic to the closed
subspaces, (X ® (0))g and ((0) ® Y)g respectively, X and Y are reflexive.

From Theorem 3.3, it is clear that the space (X™* ® Y**) g represents (X @ Y)ir.
Define Ji,,)(f,9) = (f, 9)(z,y) for all (z,y) € (X ®Y)p and (f,9) € (X*®@Y")p-.
Similarly define J, and J, for # € X and y € Y respectively. Let F' € X™ and
G e Y™ If X and Y are reflexive, then I’ = J, and G = J, for some z € X and
y €Y. Then, (F.G)(f,9) = Jo(f)+J,(g) = F(2) +g(y) for all (f,9) € (X*®Y")s.
which shows that (F,G) = Jy,). O

The following theorem can be proved in a similar manner.

Theorem 3.5. For d € N, let Xy,..., X, be Banach spaces and let || - ||g be a
monotone norm on R:. The product space (X, @ -+ @ Xq)g is reflezive if and only
if X; is reflexive fori=1,...,d.

Theorem 3.6. [7, 14] For d € N, let X1,..., X, be Banach spaces and let || - ||g
be a strictly monotone norm on RY. The product space (X ® -+ @ X4)g has the
Kadec-Klee property if and only if X; has the Kadec-Klee property fori=1,...,d.

We now establish some results on n-strict convexity and n-strong convexity in some
product spaces. If X,Y are Banach spaces and W is a subspace of X ® Y, let
Wx={reX:(rv,y) e W}and Wy ={y € Y : (z,y) € W}. The following lemma
is useful here and also in the next section.

Lemma 3.7. [24] Let xq,..., 2511 € By.

(1) For any w € co{z1,...,Txs1}, we have
Ll oy L, Z
k+1 — k +1
(2) For any w € Bx and w € aff{zy, ..., xx11}, we have
k+1
(= fwlDV (@, - xen) _ L Z
(k+1)% B k +1

Theorem 3.8. Let X,Y be Banach spaces and let || - ||g be a monotone norm on

R2. If (X ®Y)g is n-strictly convex for some n € N, then there exist m,k € N such
that X is m-strictly convex and'Y is k-strictly convex and m +k —1 =n.

Proof. Suppose that (X®Y')pg is n-strictly convex for some n € N. Since (X®(0))g
and ((0) ® Y')g are subspaces of (X ® Y)g, these spaces are n-strictly convex. Since
X and Y are isometrically isomorphic to (X ® (0))g and ((0) ® Y') g respectively, X
and Y are both n-strictly convex. Let k be the smallest positive integer such that
Y is k-strictly convex and let m =n — k + 1.

In case £ = 1, then m = n and we showed that X is n-strictly convex. If & > 1,
then let r = m Let z1,...,2my1 € X such that V(zy,...,2,41) > 0 and

|zi|]| = rfori=1,...,m+1. Choose yi, ...,y € Y such that V(yi,...,yx) > 0 and
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lyill =< = llyell = $1 20, wall = . Let (us,v;) = (w,9) fori =1,...,m+ 1 and
(Uit 1 Vmtit1) = (Tmg1,43) for @ = 1,... k — 1. Then we have (u;,v;) € Sxay),
fori=1,...,n4+ 1 and {(u;,v;) — (Ums1,Vms1) i =1,...,n+1i #m+ 1} is a
linearly independent set. Therefore,

1 1 1
G2 wall i 2 wil) e = i 2 (s i) < 1

Note that — = %H(Zm? z; + (k — 1)xpmi1) € co{xy,...,xmi1} and

— Sty = nH(Zi LYi + (m+ 1y) € co{yi,...,yr}. By Lemma 3.7 we have
— | S || = 7. But then, by the choice of r, == S || < r. Another

application of Lemma 3.7 gives —| S ]| < v which proves that X is m-
strictly convex. [
If || - || g is monotone and (R?, ]| - ||z) is strictly convex, then the converse holds.

Lemma 3.9. Let X,Y be Banach spaces. Let ||-||g be a monotone norm on R? and
let (R%,]| - ||g) be strictly convez. For k € N, let (z1,v1), ..., (Trs1, Ykt1) € Sixev)s-

k k+1
If f5ll @yl = 1 then ] = - = Jowall = g5l 235 @ill - and
k+1

lyall = -+ = Nyl = 51 25 will-

Proof. Let zi,..., 2,1 € Sixav), and z; = (x;,y;) for ¢ € {1,...,k +1}. Sup-
pose that k+1HZk+1 il = 1. Then, by Lemma 3.7, ||Fy|lg = |Jw| = 1 for all
w € co{z,..., 241} So, for any w,v € co{z,..., 211}, |Fulle = |Flle =
1Py il = 1. Also, 1 = [[Fy e < 5lF + F le < 3(Bs + 1E]e) < 1
Thus, 3| F, + Ful|p = 1. Since (R?, || - ||p) is strictly convex, we must have F, = F,,.
It follows that F, = --- = F,, = F L Zk+1 s So, o] = o = laa|l =

k k+1

k;+1|| Z +11 $Z|| and ||y1|| == ||yk+1|| = L1 iil yz” [
Theorem 3.10. Let X,Y be Banach spaces. Let || - ||g be a monotone norm on R?

and let (R?,|| - ||g) be strictly convex. If X is m-strictly convex and Y is k-strictly
convez, then (X @ Y)g is (m + k — 1)-strictly conver.

Proof. Let m,keN. Suppose that the product space (X ® Y)g is not (m+k—1)-
strictly convex. Let z; = (2;,4:) € Sxey), for i = 1,...,m + k such that we
have V(z1,..., zmx) > 0 and —|| Sl = 1 I W = span{z; — zpap 0 =
L,...,m+k—1}, then Wx = span{z; — xppsr : 0 = 1,...,m+ k — 1} and Wy =
span{y; — Ymik i =1,..., m+k—1}. If dim(Wx) <m—1 and dim(Wy) < k—1,
then dim(Wx @ Wy) <m+k —2. But W C Wx ® Wy and dim(W) =m + k — 1.
So dim(Wx) > m or dim(Wy) > k.

Suppose that dim(Wx) > m. Let (a1, bmi1) = Zm+k. Then there exist (a1, b1), ...,
(@mybm) € {21, ..., Zmik—1} such that V(a;...,ans1) > 0. Now by Lemma 3.7,
m+1|]2m+1( i, 0i)|]| = 1 and so by Lemma 3.9, we have |la1]| = -+ = [Jams1|| =

—| S a,]|. This shows that X is not m-strictly convex. Similarly, if dim(WWy) >

k, then it follows that Y is not k-strictly convex. Thus, if X is m-strictly convex
and Y is k-strictly convex, then (X ® Y)g is (m + k — 1)-strictly convex. O
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For arbitrary d € N, we have the following result.

Theorem 3.11. For d € N, let Xy,...,Xy be Banach spaces. Let || - ||g be a
monotone norm on R and let (R, || - ||g) be strictly convez. The space (X; ® -+ ®
Xa)g is n-strictly convez for some n € N if and only if there exist ky,..., kg € N
withn =ky + -+ kg —d+ 1 such that X; is k;-strictly convex fori=1,....,d.

Proof. If (X;®---®Xy)g is n-strictly convex, then each of the spaces Xi,..., X, is
n-strictly convex. Let k; be the smallest positive integer such that X; is kj-strictly
convex for j = 2,...,d and let k; = n — (ko + -+ + kq) + d — 1. Let r > 0 such
that for (1,...,1) € R% r||(1,...,1)[[g = 1. Let z@1), ..., T k41) € X1 such that

lzanll = = |z panl =7 For j=2,....d,if k; =1, let z(;1) € X, such that
|zl =randif k; > 1, let z¢1, ..., 2k € X; such that V(zg1), ..., 2¢k,)) >0
k;.
and [zl = = llzgrll = £ 21 2ol =7
Define z1,..., 2,41 € (X7 ® -+ ® X4) g such that
a = (Tay  Tew Ter o Tdk)
vy = (Tt Tk Tk T T(dka) s
Z(k1+1)+1 = (zamsy ze Tk T Tdka) s
Hr)+o-1) = (Tk4) Tek-1) Tk T T(dka) s
Z(k14+1)+(ka—1)+1 = (117(1,1c1+1) T(2,k2) T(3,1) SC(d,k;d)) )
Z(ki 1)+ (k2 —1)+(ks—1) = (x(17k1+1) L(2k2) T(3ks—1) " x(dJCd)) ’
and so on upto
Zk14+1)+(ka—1) 44 (kg1 —1)+1 — (96(1,1ﬂ+1) T(2,ky) L(3k3) ~°° x(d,l)) )
Zn41 = (I(l,lirl) T(2,ka) T(3,k3) - x(d,kdfl)) .

Then proceed as in Theorem 3.8.

The proof of the converse is similar to that of Theorem 3.10. ]

In particular we have the following known result.

Corollary 3.12. [6, 22] Ford € N, let Xy, ..., Xy be Banach spaces. Let ||-||g be a
monotone norm on RY and let (R, || - ||g) be strictly convex. The space (X, ® -+ ®
Xa)g is strictly convex if and only if X; is strictly convez fori=1,...,d.

We have the following results on n-strong convexity in product spaces based on
Theorems 3.4, 3.6 and 3.11.

Theorem 3.13. For d € N, let Xy,...,Xy be Banach spaces. Let || - ||g be a
strictly monotone norm on R? and let (R, || - ||g) be strictly convex. The space
(X1 ® - ® Xg)p is n-strongly convex for some n € N if and only if there exist
ki,...,kg € Nwithn =k +---+ kg —d+ 1 such that X; is k;-strongly convex for
i=1,....d
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Corollary 3.14. For d € N, let X;,..., Xy be Banach spaces and let 1 < p < o0.
The space (X1 ® -+ ® Xq), is n-strongly convex for some n € N if and only if there
evist ki,..., kg € Nwithn =k +---+ kq—d+1 such that X; is k;-strongly convex
fori=1,....,d.

In the case of || ||z = || -||1, we have slightly different results. It can be easily verified
that if XY are any Banach spaces, (X ® Y); is never strictly convex. We know
from [2] that (X ® Y'); is 2-uniformly convex if and only if X and Y are uniformly
convex. For any n > 1, we have the following result.

Theorem 3.15. Let X,Y be Banach spaces. If (X ® YY) is n-strictly convex for
some n > 1, then there exist m,k € N such that X is m-strictly convex, Y 1is
k-strictly conver and n =m + k.

Proof. Suppose that (X ® Y); is n-strictly convex for some n > 1. Then, the
spaces X and Y are both n-strictly convex. Let k be the smallest positive integer
such that Y is k- strictly convex and let m € N. If £k = 1, then choose y; € Y such

that ||y1]] = . If £ > 1, then choose yy,...,yr € Y such that V(yy,...,yx) >0
and [[y|| =+ = IkaII = 1S will = 225 For a1,..., Ty € Sx, let
Lk
Zj:<m+1jE; ) forje{l,...,m+1}

1

and Zmtitl = (0, wyj) for j € {1,... k}.
m
Then Zly+w -y RPmtk+1 €S (XQY)1 and
m+k+1 m+1
I3l = gl Sl + ||—Zyz+ Zyzn
i=1
1 m—+1

— m+1||2ml||+m+k

Since 4| Zf 2Ly || =1, by Lemma 3.7, we have d(0, aff {2y, .., 2ty 1) =
So, % Zle y; ¢ aff {m—Hyl, L, mELy } and therefore the elements

’m

m+1 m+1 1
ZZ 1y17"‘7 m A Zlyz

are linearly independent. A, Ay A, - ey )\m+k+1 € R such that

m k

Z Aj(2j = Zma1) + Z Amajr1(Zmajrt = Zme1) = 0,
P =1
then \,p2 = -+ = Auyry1 = 0 which leaves us with Z;"zl A\j(xj — Tpmq1) = 0. Thus,

if 1 — a1, -, T — Ty are linearly independent, then 21 — 201, o0y 2 — Zma1,
Zma2 — Zmals s Zmak+1 — Zma1 are also linearly independent.

Suppose that X is not m-strictly convex. Then there exist zy,...,x,11 € Sx
such that V(z1,...,2ms1) > 0 and m+1H ST gl = 1. I 21, Zmgrga are de-
fined as above, then we have z1,..., Zmikt1 € Sxav), V(21 Zmikt1) > 0 and
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— = SRR 2|l = 1 which implies (X ® V), is not (m + k)-strictly convex. But
if m=mn—k, then (X ® Y); is (m + k)-strictly convex and therefore X must be

m-strictly convex. O
Theorem 3.16. Ford € N, let X1,..., X, be Banach spaces. If (X1 ®---® Xy4); is
n-strictly convex for somen € N, then there exist ky, ..., kg € Nwithn = ki+---+kgy

such that X; is k;-strictly convex foriv=1,...,d.
Proof. Since (X1 ® - ®@ Xg1)1 = (X1 ®-+-® Xy)1 ® Xg11)1, the proof follows by

Theorem 3.15 and induction. [
The converse of the above result is also true. In fact, we show that it is true for any
strictly monotone norm || - ||z on R? by using the following theorem.

Theorem 3.17. [18, Lemma 4.2] A Banach space X is k-strictly convex if and only

if for any linearly independent xy, ..., xp1 € X, we have
k41 k+1

1>l <> llall-
i=1 i=1

Theorem 3.18. Let X,Y be Banach spaces and let || - ||g be a strictly monotone
norm on R%. If X is m-strictly convex and Y is k-strictly convex, then (X @Y )g is
(m + k)-strictly convex.

Proof. Let (z1,y1), .-, (Tmikt1, Ym+r+1) € Sixey), be such that
span{ (21, Y1) — (Tm-4kt1s Ymtkt1)s - - > (Tmtkes Ymtk) — (Tompbt1s Ymtkt1) }
is (m+k)-dimensional. If (z1,y1), ..., (Tmiks1, Ymiks1) are linearly dependent, then
0 must be in the affine hull of (x1,41), ..., (Tmirt1, Ymikr1). By Lemma 3.7 we get
1 m+k+1
—_— i, Yq < 1.
il 2 ol
On the other hand, suppose that (z1,y1), ..., (Tmiki1, Ymsrs1) are linearly indepen-

dent. If W = span{(z1,41), .-, (Tmik+1, Ymiks1)}, then

Wy =span{x; : i =1,...,m+k+1} and Wy =span{y; :i=1,... , m+k+1}.
If dim(Wx) < m and dim(Wy) < k, then dim(Wx ® Wy ) < m+k+1. But this can-
not happen as W C Wx®Wy. Hence dim(Wyx) > m or dim(Wy) > k. Suppose that

dim(Wx) > m. Choose (a1,b1),. .., (@ms1,bms1) € {(21,91), - (Tombt1s Ymsrs1) }
such that aq, ..., a,1 are linearly independent. By the m-strict convexity of X and
Theorem 3.17, we have || S/ a,]| < 3274 ||a,|| and by Lemma 3.7,

1 mtl 1 mk+1
—m+k+1( mHHZ% >_ — st 2 @ewl

=1

Rearranging and using the strict monotonicity of || - || g, we have
m m+1 m+1
L e e kS il S
m+k+1" ¢ b YII = m+k+1

=1
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m—+1 m—+1
m A+ k4 b ([ laall, 205 1601 |
<
m+k+1
m+41
m Ak A+ g S a1
- m+k+1
m—i—k:-i—m—ﬂ mH“( )||<
= 1.
m+k+1 -
Thus, (X ® Y)g is (m + k)-strictly convex. O
Theorem 3.19. For d € N, let Xi,..., Xy be Banach spaces and let || - ||g be a
strictly monotone norm on Re. If X; is k;-strictly convex for i = 1,...,d, then
(X1®-- @ Xg)p is (k1 + -+ + kq)-strictly convez.
Proof. The proof is similar to that of Theorem 3.18. 0

Theorem 3.20. Ford e N, let X1,..., Xy be Banach spaces.

The space (X1 ® -+ ® Xg4)1 is n-strongly convez for some n € N if and only if there
exist ki,...,kqg € N with n = ky + -+ + kg such that X; is k;-strongly convex for
i=1,....d.

4. k-uniform convexity

Using results in section 3, we slightly modify examples 1.2 and 1.3 to obtain examples
that illustrate that k-strong convexity does not imply k-uniform convexity and k-
strict convexity does not imply k-strong convexity for any £ € N. We also use the
following theorem.

Theorem 4.1. [20] For any k € N, every k-uniformly convex Banach space has an
equivalent norm under which it is uniformly convex.

Example 4.2. Let (X, ||-|x) be as in Example 1.2. For k € N, let Y = (R¥, ||+ ||o0)-
Since Y is finite-dimensional it is reflexive and has the Kadec-Klee property. In
particular, since Y is k-dimensional, it is k-strictly convex [24]. So by Theorem
3.20, (X ® Y); is (k + 1)-strongly convex. The space (X, || - ||x) does not have
an equivalent norm under which it is uniformly convex [4]. So by Theorem 4.1,
(X, |l - llx) is not n-uniformly convex for any n € N and therefore (X ® Y'); is not
n-uniformly convex, for any n € N.

Example 4.3. Let X = (I, ||-||) be as defined in Example 1.3 and Y = (R¥,||.||o0)-
Then (X ®Y); is (k + 1)-strictly convex by Theorem 3.18 but not (k + 1)-strongly
convex as it is not reflexive.

We conclude this article with a characterization of k-uniform convexity which can
be compared with the characterizations of k-strong convexity as in Theorem 2.6.
The following result is known.

Theorem 4.4. [15, Theorem 34] Let X be a Banach space. Then the following
statements are equivalent.

(1) X is uniformly convex.
(2)  limg_osup{diam(S(X,z*,0) : 2* € Sx«} = 0.
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An easy consequence of Lemma 3.7 is the following characterization of k-uniform
convexity.

Theorem 4.5. Let X be a Banach space. Then X 1is k-uniformly convez if and
only if inf{1 — d(0,co{xy,...,Tks1}) : T1,..., k41 € Bx,V(21,...,2p41) > €} >0
for every e > 0.

Theorem 4.6. Let X be a Banach space and let Cy be the collection of all convex
subsets of X such that d(0,C) = 1. Then the following statements are equivalent.

(1) X is k-uniformly convex.

(2)  limsosup{diamg(S(X,z*,9) : 2* € Sx«} = 0.

(3)  limy_,;+ sup{diamy(C' NtBy): C € C1} =

Proof. (1) = (2):

Suppose that X is k-uniformly convex. For e > 0, choose § € (0, 1) such that for
any xi,...,Trr1 € Bx with V(zq,...,xz541) > ¢,

k+1

Rl <1-o

Let z* € Sx+. Since S(X,z*,0) is a convex set, for any x1,...,xx1 € S(X,z*,9),
we have

1 k+1 k+1
1-606< *
) <

which shows that V(xq, ..., zx41) < €. Thus diamg(S(X, 2*,9)) < e for all z* € Sx-.
This proves that lims_,osup{diamg(S(X, z*,0) : 2* € Sx+} = 0.

(2) = (3):

Suppose that lims_,o sup{diam(S(X,z*,9) : z* € Sx+} = 0. For ¢ > 0, choose

)€ (O 1) such that diamy(S(X,2*,8)) < € for all 2* € Sx+. Let 1 <t < 115 where
0 = k+1 For any C' € Cy, if xy,..., 2341 € CNtBx, then
AR
1< e — il <t
_||(L’1H7 7ka+1||7k+1”zx||—

k1 k1
Choose z* € Sx- such that x*(z z;) = || leH

i=1 i=1

] 1 k+1 1 k+1
Th 1-6<=-< —x i)
o ;= (k+1”z T Hk+1) <;x)

Since x*(x;) < 1fori=1,...,k+1, it follows that
1, ,
1—5<¥x (x;) fori=1,...,k+ 1.

Thus, 1z1,..., 127k € S(X, 2%, 6). Since diamy,(S(X,z*,d)) < €, we have

1
1
t—kv<$1,...,$k+1) < €.
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1
Thus m diamy(C' NtBx) <€ for any C' € C; when t € (1, ﬁ)

1
This proves that, lim+ sup {t—kdiamk(C NtBx):C € Cl} =0, and therefore,
t—1

lim sup{diam;(C NtBx):C € C} =0.

t—1t

(3) = (1):
Suppose that limy; 1+ sup{diam;(C NtBx) : C € C;} = 0. Then

1
lim sup {t—kdiamk(C NtBx):C € Cl} = 0.

t—1+

Let € > 0 and z1,...,7,1 € Bx such that we have V(z1,...,2,1) > €. Choose
6 € (0,1) such that if ¢t € (1,1%5), then jdiam,(C NtBx) < e for C € Cy. If
d(0,co{xy,...,xk41}) = 0, then we have § < 1 = 1 — d(0,co{z1,...,xp1}). If
d(0,co{zy,...,zx11}) > 0, let

1

= dC=t . ,
d(0,co{xy, ..., Tx11}) an co{1, .., Trp1}

Then C' € C;. Since C' C tByx, we have

diam(C NtBx) = diam(C) = t*V (zy, ..., x441) > tre.

Therefore, t & (1, 1175) Since by Theorem 2.5, diam;(C' N By) = 0 we have t # 1.
So we must have ¢ > ﬁ. Thus, 1 — d(0,co{xy,...,zr1}) > 0. So,

inf{1 — d(0,co{xy,...,Tk11}) 1 T1,. .., X1 € Bx,V(x1,...,2141) > €} > 5 > 0.

By Theorem 4.5, X is k-uniformly convex. [
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