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1. Introduction
Given a real Banach space X, let BX , SX and X∗ denote the closed unit ball, the unit
sphere and the dual of X respectively. For a point x ∈ X and a nonempty set C ⊂ X,
let PC(x) = {y ∈ C : ∥x − y∥ = d(x,C)} where d(x,C) = inf{∥x − y∥ : y ∈ C}.
Given x∗ ∈ SX∗ and 0 ≤ δ < 1, let S(X, x∗, δ) = {x ∈ BX : x∗(x) ≥ 1 − δ}. The
dimension of a nonempty convex subset C of a real linear space, denoted by dim(C),
is defined to be the dimension of the subspace span(C−c) where c ∈ C. Throughout
this article, we consider only real Banach spaces and refer to a real Banach space
simply as a Banach space. A Banach space X is said to be strictly convex if for any
x1, x2 ∈ SX such that x1 ̸= x2,

∥x1 + x2∥
2

< 1.

This is equivalent to saying that the unit sphere of X does not contain any nontrivial
line-segment. Since a line segment is nothing but a convex set of dimension 1, the
only nonempty convex sets in the unit sphere of a strictly convex space are single-
tons which are of dimension 0. In general, for k ∈ N, X is said to be k-strictly convex
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[18], if for any x1, . . . , xk+1 ∈ SX such that x1 − xk+1, . . . , xk − xk+1 are linearly
independent (in other words, affinely independent x1, . . . , xk+1 ∈ SX),

1

k + 1
∥

k+1∑
i=1

xi∥ < 1.

In a k-strictly convex space, the unit sphere does not contain any k-dimensional
convex set. The following theorem gives some characterizations of k-strict convexity
in a Banach space.
Theorem 1.1. ([18, Lemma 4.2]) Let X be a Banach space. Then the following
statements are equivalent.
(1) X is k-strictly convex.
(2) For every nonempty convex subset C of SX , dim(C) ≤ k − 1.
(3) For every point x and nonempty convex subset C of X, PC(x) = ∅ or

dim(PC(x)) ≤ k − 1.

(4) For every x∗ ∈ SX∗, S(X, x∗, 0) = ∅ or dim(S(X, x∗, 0)) ≤ k − 1.

A Banach space X is said to be uniformly convex [3] if for every ϵ > 0,

inf

{
1− ∥x1 + x2∥

2
: x1, x2 ∈ BX , ∥x1 − x2∥ ≥ ϵ

}
> 0.

It is clear that every uniformly convex Banach space is strictly convex. It is also
reflexive [13, Theorem 5.2.15]. A Banach space is said to have the Kadec-Klee
property [13, Definition 2.5.26] if strong and weak convergence of sequences are
equivalent on its unit sphere. Every uniformly convex Banach space has the Kadec-
Klee property [13, Theorem 5.2.18].
A Banach space that is reflexive, strictly convex and has the Kadec-Klee property
is said to be strongly convex. Strong convexity and related properties are studied
in some depth in [10]. While it is known that a uniformly convex Banach space
is strongly convex and it is clear that a strongly convex Banach space is strictly
convex, there exist strongly convex Banach spaces which are not uniformly convex
and strictly convex Banach spaces which are not strongly convex.

Example 1.2. [4, 5] Let X = {x ∈ Π∞
n=1(Rn, ∥ · ∥n) :

∑∞
n=1 ∥x(n)∥2n < ∞} and let

∥x∥X = (
∑∞

n=1 ∥x(n)∥2n)
1
2 for x ∈ X. Then (X, ∥ · ∥) is a strongly convex Banach

space that is not uniformly convex.

Example 1.3. [3, 19] For x ∈ l1, let ∥x∥ = (∥x∥21 + ∥x∥22)
1
2 . Then (l1, ∥ · ∥) is a

strictly convex Banach space. Since it is not reflexive, it is not strongly convex.

Several geometric and approximation theoretic characterizations of strong convexity
are available in the literature. We list some of these in Theorems 1.4, 1.5 and 1.6.
Theorem 1.4. ([13, Theorem 5.3.17]) Let X be a Banach space. Then the following
statements are equivalent.
(1) X is strongly convex.
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(2) For every nonempty convex subset C of X,
lim

t→d(0,C)+
diam(C ∩ tBX) = 0.

(3) For every x∗ ∈ SX∗, limδ→0 diam(S(X, x∗, δ)) = 0.

Given a point x and a nonempty set C in a Banach space, let
PC(x, δ) = {y ∈ C : ∥x− y∥ ≤ d(x,C) + δ} for δ > 0.

Let C(X) be the collection of all nonempty closed and convex subsets of X. For α ≥ 0
and x∗ ∈ SX∗ , the set {x ∈ X : x∗(x) = α} is said to be a hyperplane of X. Let H(X)
be the collection of all hyperplanes of X and let H1(X) = {H∈H(X) : d(0, H) = 1}.
Theorem 1.5. ([15, Theorem 35]) Let X be a Banach space. Then the following
statements are equivalent.
(1) X is strongly convex.
(2) For every x ∈ X and C ∈ C(X), limδ→0 diam (PC (x, δ)) = 0.
(3) For every x ∈ X and H ∈ H(X), limδ→0 diam (PH (x, δ)) = 0.
(4) For every H ∈ H1(X), limδ→0 diam (PH (0, δ)) = 0.

A pair (A,B) of nonempty subsets of X is said to have property UC [9, 21] if for any
sequences {x(1)

n }, {x(2)
n } in A and {yn} in B such that limn→∞ ∥x(i)

n −yn∥ = dist(A,B)

for all i = 1, 2, it is true that limn→∞ ∥x(1)
n − x

(2)
n ∥ = 0.

Theorem 1.6. [16] A Banach space X is strongly convex if and only if for every
nonempty closed convex subset A and nonempty compact subset B of X, the pair
(A,B) has property UC.

For any x1, . . . , xk+1 ∈ X, let

V (x1, . . . , xk+1) = sup


∣∣∣∣∣∣∣∣∣

1 · · · 1
f1(x1) · · · f1(xk+1)

... ... ...
fk(x1) · · · fk(xk+1)

∣∣∣∣∣∣∣∣∣ : f1, . . . , fk ∈ BX∗

 .

The k-dimensional volume of co{x1, . . . , xk+1} is defined to be 1
k!
V (x1, . . . , xk+1)

[17, 20]. Note that V (x1, x2) = ∥x1 − x2∥ for any x1, x2. Also, V (x1, . . . , xk+1) > 0
if and only if x1 − xk+1, . . . , xk − xk+1 are linearly independent. A Banach space X
is said to be k-uniformly convex [20] if for every ϵ > 0,

inf

{
1− 1

k + 1
∥

k+1∑
i=1

xi∥ : x1, . . . , xk+1 ∈ BX , V (x1, . . . , xk+1) ≥ ϵ

}
> 0.

Every k-uniformly convex Banach space is k-strictly convex, reflexive [20] and has
the Kadec-Klee property [12]. In this article, we consider a generalization of strong
convexity which we call k-strong convexity. A Banach space is said to be k-strongly
convex if it is reflexive, k-strictly convex and has the Kadec-Klee property. In
Section 2, we give characterizations of k-strong convexity that generalize Theorems
1.4, 1.5 and 1.6. In Section 3, we study k-strict convexity and k-strong convexity
in some product spaces. Finally in Section 4, we give examples to show that for
any k ∈ N, k-strong convexity does not imply k-uniform convexity and k- strict
convexity does not imply k-strong convexity. Further, we give characterizations of
k-uniform convexity which are comparable to Theorem 1.4.
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2. k-strong convexity

In order to geometrically characterize k-strong convexity, we use the notion of k-
dimensional diameter of a subset of a Banach space X, introduced in [11]. For a
subset A of a Banach space X, let

diamk(A) = sup{V (x1, . . . , xk+1) : x1, . . . , xk+1 ∈ A}.

The notion of k-dimensional diameter has properties very similar to that of the
“classical” diameter. We begin this section by listing some of the properties of
diamk. Given a subset A of a Banach space, we denote the closure, the affine hull
and the convex hull of A by A, aff(A) and co(A) respectively.

Lemma 2.1. [11, 23] Let X be a Banach space. For k ∈ N, the map (x1, . . . , xk+1) →
V (x1, . . . , xk+1) is continuous with respect to the product topology on Xk+1.

Proposition 2.2. Let X be a Banach space. If A and B are nonempty subsets of
X, then the following statements hold.
(1) diamk(A) ≤ diamk(B) whenever A ⊆ B.
(2) diamk(tA) = tkdiamk(A) for t ≥ 0.
(3) diamk(A) = diamk(A).
(4) diamk(co(A)) = diamk(A).
(5) If A is convex, then diamk(A) = 0 if and only if dim(A) ≤ k − 1.

Proof. (1) and (2) easily follow from the definition of diamk. By Lemma 2.1, we
have diamk(A) = diamk(A).
Clearly for any set A, diamk(A) ≤ diamk(co(A)). Let x1, . . . , xk+1, y1, y2 ∈ X such
that for some i = 1, . . . , k + 1 and λ ∈ [0, 1], xi = λy1 + (1 − λ)y2. Using the
properties of determinants, we have

V (x1, . . . , xk+1) = V (x1, . . . , xi−1, λy1 + (1− λ)y2, xi+1, . . . , xk+1)

≤ λV (x1, . . . , xi−1, y1, xi+1, . . . , xk+1) + (1− λ)V (x1, . . . , xi−1, y2, xi+1, . . . , xk+1).

It follows that diamk(co(A)) ≤ diamk(A). Hence (4) holds.
Suppose that A is a convex subset of X such that diamk(A) = 0. Then for any
x1, . . . , xk+1 ∈ A, we have V (x1, . . . , xk+1) = 0 and so x1 − xk+1, . . . , xk − xk+1 are
linearly dependent. If a ∈ A and a1, . . . , ak ∈ A− a, then a1 + a, . . . , ak + a, a ∈ A.
So, a1, . . . , ak are linearly dependent. Thus, dim(A) = dim(span(A− a)) ≤ k − 1.
Suppose that A is a convex subset of X whose dimension is at most k − 1. Then
for any a ∈ A we have dim(span(A − a)) ≤ k − 1. So if x1, . . . , xk+1 ∈ A, then
dim(span(A − xk+1)) ≤ k − 1. Therefore, x1 − xk+1, . . . , xk − xk+1 are linearly
dependent which proves that V (x1, . . . , xk+1) = 0. Hence diamk(A) = 0.

Part (5) of Proposition 2.2 enables us to rewrite Theorem 1.1 in terms of diamk.
Theorem 2.3. Let X be a Banach space. Then the following statements are equi-
valent.
(1) X is k-strictly convex.
(2) For every convex subset C of SX , diamk(C) = 0.
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(3) For every point x and nonempty convex subset C of X, diamk(PC(x)) = 0.
(4) For every x∗ ∈ SX∗, diamk(S(X, x∗, 0)) = 0.

An important tool that we use to generalize Theorems 1.4, 1.5 and 1.6 is the con-
vergence of the k-dimensional diameter of a decreasing sequence of sets in a Banach
space. It is well known that for a decreasing sequence {An} of nonempty closed
and bounded subsets of a Banach space X, limn→∞ diam(An) = 0 if and only if
∩∞

n=1An has exactly one point. Here we give some necessary and sufficient condi-
tions for limn→∞ diamk(An) to be 0 using the following result which is about the
k-dimensional volumes of elements of a bounded sequence with no convergent sub-
sequence.
Theorem 2.4. [12] Let {xn} be a bounded sequence in a Banach space X which has
no convergent subsequence. Then, given any positive integer k, there exists ρ > 0
and a subsequence {zn} of {xn} such that if {n1, . . . , nk+1} is any set of k+1 distinct
positive integers, then V (zn1 , . . . , znk+1

) ≥ ρ.

Theorem 2.5. Let {An} be a decreasing sequence of nonempty closed and bounded
subsets of a Banach space X and let A∞ = ∩∞

n=1An. Given a positive integer k,
limn→∞ diamk(An) = 0 if and only if diamk (A∞) = 0 and whenever xn ∈ An for
n ∈ N, the sequence {xn} has a convergent subsequence.

Proof. Suppose that limn→∞ diamk(An) = 0. Since diamk (A∞) ≤ diamk(An) for
all n, we have diamk(A∞) = 0. Let xn ∈ An for n ∈ N. Given ϵ > 0, choose a positive
integer N such that diamk(An) < ϵ for n ≥ N . Then V

(
xn1 , . . . , xnk+1

)
< ϵ for any

n1, . . . , nk+1 ≥ N . So, no subsequence {zn} of {xn} satisfies the condition that if
{n1, . . . , nk+1} is any set of k+1 distinct positive integers, then V (zn1 , . . . , znk+1

) ≥ ϵ.
By Theorem 2.4, it follows that {xn} has a convergent subsequence.
Suppose that diamk (A∞) = 0 and whenever xn ∈ An for n ∈ N, the sequence {xn}
has a convergent subsequence. For n ∈ N, choose x

(1)
n , . . . , x

(k+1)
n ∈ An such that

diamk(An)−
1

n
< V (x(1)

n , . . . , x(k+1)
n ).

Choose a strictly increasing sequence {nj} of positive integers such that {x(i)
nj} con-

verges to some y(i) ∈ A∞ for i = 1, . . . , k + 1. Then by Lemma 2.1, we have
lim
j→∞

V (x(1)
nj
, . . . , x(k+1)

nj
) = V (y(1), . . . , y(k+1)) = 0

which proves that limn→∞ diamk(An) = 0.

We now give our first set of characterizations of k-strong convexity.
Theorem 2.6. Let X be a Banach space. Then the following statements are equi-
valent.
(1) X is k-strongly convex.
(2) For every nonempty convex subset C of X,

lim
t→d(0,C)+

diamk (C ∩ tBX) = 0.

(3) For every x∗ ∈ SX∗, limδ→0 diamk (S (X, x∗, δ)) = 0.
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Proof. (1) ⇒ (2):
Let C be a nonempty convex subset of a k-strongly convex Banach space X with
d(0, C) = r. Since it is always true that limt→0+ diamk (C ∩ tBX) = 0, it is enough
to consider the case r > 0, and since

limt→r+ diamk(C ∩ tBX) = limt→1+ rkdiamk(
1
r
C ∩ tBX),

it is sufficient to prove for the case r = 1. Let Cn = C ∩ (1 + 1
n
)BX for n ∈ N

and C∞ = ∩∞
n=1Cn. It is enough to prove that limn→∞ diamk(Cn) = 0. Since C∞ is

contained in SX and X is k-strictly convex, we have diamk(C∞) = 0. Let xn ∈ Cn

for n ∈ N. Since 1 ≤ ∥xn∥ ≤ 1 + 1
n
, we have limn→∞ ∥xn∥ = 1. Since X is reflexive,

{xn} has a subsequence {xnj
} which converges weakly to some x ∈ C∞. By the

Kadec-Klee property of X, it follows that limj→∞ xnj
= x. Applying Theorem 2.5,

we have limn→∞ diamk(Cn) = 0.
(2) ⇒ (3):
For every nonempty convex subset C of X, let limt→d(0,C)+ diamk (C ∩ tBX) = 0.
Let x∗ ∈ SX∗ . It is enough to prove that limn→∞ diamk(S(X, x∗, 1

n
)) = 0. Let

xn ∈ S(X, x∗, 1
n
) for n ∈ N. Consider the set C = {x ∈ X : x∗(x) ≥ 1}. It

is a convex set with d(0, C) = 1. Let Cn = C ∩
(
1 + 1

n

)
BX for n ∈ N. Then

limn→∞ diamk(Cn) = 0 and ∩∞
n=1Cn = S(X, x∗, 0) = ∩∞

n=1S
(
X, x∗, 1

n

)
. If for n ∈ N

yn =

(
1 +

1

n

)
xn+1

∥xn+1∥
,

then yn ∈ Cn. By Theorem 2.5, diamk(S(X, x∗, 0)) = 0 and {yn} has a convergent
subsequence. Since limn→∞ ∥xn+1 − yn∥ = 0, it follows that {xn} has a convergent
subsequence and using Theorem 2.5 again, we have limn→∞ diamk(S(X, x∗, 1

n
)) = 0.

(3) ⇒ (1):
For every x∗ ∈ SX∗ , let limδ→0 diamk (S (X, x∗, δ)) = 0. Then by Theorem 2.5,
S(X, x∗, 0) is nonempty and diamk(S(X, x∗, 0)) = 0. Thus, X is reflexive and k-
strictly convex. Let {xn} be a sequence in SX converging weakly to x ∈ SX . To
prove that {xn} is convergent, it is enough to prove that {xn} has a convergent
subsequence. Choose x∗ ∈ SX∗ such that x∗(x) = 1. Then limn→∞ x∗(xn) = 1 and
so there exists a subsequence {xnj

} of {xn} such that xnj
∈ S(X, x∗, 1

j
) for all j ∈ N.

By Theorem 2.5, the sequence {xnj
} has a convergent subsequence. Hence X has

the Kadec-Klee property.

Before obtaining the other characterizations of k-strong convexity, we need some
definitions. A pair (A,B) of nonempty subsets of a Banach space X is said to
have property k-UC [11] if for any sequences {x(1)

n }, . . . , {x(k+1)
n } in A and {yn} in

B such that limn→∞ ∥x(i)
n − yn∥ = dist(A,B) for i = 1, . . . , k + 1, it is true that

limn→∞ V (x
(1)
n , . . . , x

(k+1)
n ) = 0. A sequence {xn} in a nonempty subset C of X is

called a minimizing sequence for x in C if limn→∞ ∥x− xn∥ = d(x,C). A nonempty
subset C of X is said to be k-strongly Chebyshev at x if diamk(PC(x)) = 0 and
every minimizing sequence for x in C has a convergent subsequence.
Theorem 2.7. [8] A Banach space X is reflexive and has the Kadec-Klee property
if and only if given any nonempty closed convex subset C of X and x ∈ X, every
minimizing sequence for x in C has a convergent subsequence.
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Lemma 2.8. Let C be a nonempty closed subset of a Banach space X and let x ∈ X.
Then the following statements are equivalent.
(1) C is k-strongly Chebyshev at x.
(2) (C, {x}) has property k-UC.
(3) limδ→0 diamk (PC (x, δ)) = 0.
Proof. (1) ⇒ (2):
Suppose that C is k-strongly Chebyshev at x. Let {x(1)

n }, {x(2)
n }, . . . , {x(k+1)

n } be
sequences in C such that limn→∞ ∥x − x

(i)
n ∥ = d(x,C) for i = 1, . . . , k + 1. It

is sufficient to prove that a subsequence of {V (x
(1)
n , . . . , x

(k+1)
n )} converges to 0 as

n → ∞. Choose a strictly increasing sequence {nj} of positive integers such that the
sequences {x(1)

nj }, . . . , {x
(k+1)
nj } are convergent with respective limits y(1), . . . , y(k+1).

Since y(1), . . . , y(k+1) ∈ PC(x), we have V (y(1), . . . , y(k+1)) = 0. By Lemma 2.1, it
follows that limj→∞ V (x

(1)
nj , . . . , x

(k+1)
nj ) = 0.

(2) ⇒ (3): Suppose that the pair (C, {x}) has property k-UC. For n ∈N, choose
x
(1)
n , . . . , x

(k+1)
n ∈ PC

(
x, 1

n

)
such that diamk(PC(x,

1
n
)) − 1

n
< V (x

(1)
n , . . . , x

(k+1)
n ).

Since limn→∞ ∥x− x
(i)
n ∥ = d(x,C) for i=1, ..., k+1 we have

limn→∞ V (x
(1)
n , ..., x

(k+1)
n ) = 0.

Therefore, limn→∞ diamk(PC(x,
1
n
)) = 0. Hence limδ→0 diamk (PC (x, δ)) = 0.

(3) ⇒ (1): Suppose that limδ→0 diamk (PC (x, δ)) = 0. Let {xn} be a sequence in C
such that we have limn→∞ ∥x− xn∥ = d(x,C). Choose a subsequence {xnj

} of {xn}
such that xnj

∈ PC(x,
1
j
) for all j ∈ N. By Theorem 2.5, it follows that {xnj

} has a
convergent subsequence and diamk(PC(x)) = 0.
By the Hahn-Banach separation theorem, if C is a nonempty convex subset of a
Banach space X with d(0, C) = 1, then there exists x∗ ∈ SX∗ such that x∗(x) ≥ 1
for all x ∈ C. We use the following lemma about the hyperplane H = {x ∈ X :
x∗(x) = 1} to prove some approximation theoretic characterizations of k-strong
convexity.
Lemma 2.9. [15, Lemma 8] Suppose that C is a nonempty convex subset of a
Banach space X with d(0, C) = 1. Let x∗ ∈ SX∗ such that x∗(x) ≥ 1 for all
x ∈ C and let H = {x ∈ X : x∗(x) = 1}. If xn ∈ PC

(
0, 1

n

)
for n ∈ N, then

there exist δn > 0 and yn ∈ PH(0, δn) for n ∈ N such that limn→∞ δn = 0 and
limn→∞ ∥xn − yn∥ = 0.

Theorem 2.10. Let X be a Banach space. Then the following statements are
equivalent.
(1) X is k-strongly convex.
(2) For every x ∈ X and C ∈ C(X), limδ→0 diamk (PC (x, δ)) = 0.
(3) For every x ∈ X and H ∈ H(X), limδ→0 diamk (PH (x, δ)) = 0.
(4) For every H ∈ H1(X), limδ→0 diamk (PH (0, δ)) = 0.
Proof. (1) ⇒ (2): This follows from Theorem 2.7 and Lemma 2.8.
(2) ⇒ (3) ⇒ (4): Trivial.
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(4) ⇒ (1): Let C be a nonempty convex subset of X with d(0, C) = 1. By Theorem
2.6, it is enough to prove that limn→∞ diamk(C ∩ (1+ 1

n
)BX) = 0. Choose x∗ ∈ SX∗

such that C ⊆ {x ∈ X : x∗(x) ≥ 1}. Then C ∩ (1 + 1
n
)BX = PC(0,

1
n
).

Let xn ∈ C ∩
(
1 + 1

n

)
BX for n ∈ N and let H = {x ∈ X : x∗(x) = 1}. Then

d(0, H) = 1, C∩BX ⊆ PH(0) and by Lemma 2.9, there exist {δn} and {yn} such that
limn→∞ δn = 0, yn ∈ PH(0, δn) and limn→∞ ∥xn−yn∥ = 0. Since limn→∞ PH(0, δn) =
0, diamk(PH(0)) = 0 and {yn} has a convergent subsequence by Theorem 2.5. So
diamk(C∩BX) = 0 and {xn} has a convergent subsequence. Again by Theorem 2.5,
we have limn→∞ diamk

(
C ∩

(
1 + 1

n

)
BX

)
= 0. Hence X is k-strongly convex.

Theorem 2.11. Let X be a Banach space. Then the following statements are
equivalent.
(1) X is k-strongly convex.
(2) If A is a nonempty closed convex subset and B is a nonempty compact subset

of X, then (A,B) has property k-UC.

Proof. (1) ⇒ (2):
Suppose that X is k-strongly convex. Let A be a nonempty closed convex subset of
X and let B be a nonempty compact subset of X. If d(A,B) = 0, then by Lemma
2.1, (A,B) has property k-UC. Suppose that d(A,B) > 0. Let {x(1)

n }, . . . , {x(k+1)
n }

be sequences in A and let {yn} be a sequence in B such that

lim
n→∞

∥x(1)
n − yn∥ = · · · = lim

n→∞
∥x(k+1)

n − yn∥ = d(A,B).

It is sufficient to prove that a subsequence of {V (x
(1)
n , . . . , x

(k+1)
n )} converges to 0.

Since X is reflexive and B is compact, there exists a strictly increasing sequence
{nj} of positive integers such that {x(i)

nj} converges weakly to some x(i) ∈ A for
i = 1, . . . , k+1 and limj→∞ ynj

= y for some y ∈ B. By the Kadec-Klee property of
X, we have limj→∞ x

(i)
nj − ynj

= x(i) − y and therefore limj→∞ x
(i)
nj = x(i) ∈ PA(y) for

i = 1, . . . , k + 1. Since X is k-strictly convex, diamk(PA(y)) = 0. By Lemma 2.1,
limj→∞ V (x

(1)
nj , . . . , x

(k+1)
nj ) = 0. Thus, the pair (A,B) has property k-UC.

(2) ⇒ (1):
Suppose that for any closed convex subset A and compact subset B of X, (A,B) has
property k-UC. Then for any closed convex subset A of X, (A, {x}) has property
k-UC for all x ∈ X. By Lemma 2.8, A is k-strongly Chebyshev at every x ∈ X.
This fact combined with Theorem 2.7 proves that X is k-strongly convex.

3. k-strict convexity and k-strong convexity in product spaces

Given d ∈ N, a norm ∥·∥E on Rd is said to be monotone if for s1, . . . , sd, t1, . . . , td ∈ R,
we have ∥(s1, . . . , sd)∥E ≤ ∥(t1, . . . , td)∥E whenever |si| ≤ |ti| for i = 1, . . . , d. It is
said to be strictly monotone if ∥(s1, . . . , sd)∥E < ∥(t1, . . . , td)∥E whenever |si| ≤ |ti|
for i = 1, . . . , d and |sj| < |tj| for some j ∈ {1, . . . , d}. Given Banach spaces
X1, . . . , Xd, let F(x1,...,xd) = (∥x1∥, . . . , ∥xd∥) and ∥(x1, . . . , xd)∥ = ∥F(x1,...,xd)∥E for
(x1, . . . , xd) ∈ X1 ⊗ · · · ⊗Xd. The resulting product Banach space is said to be the
product of X1, . . . , Xd over (Rd, ∥ · ∥E) and is denoted by (X1 ⊗ · · · ⊗Xd)E.



M. Veena Sangeetha et al. / On k-Strong Convexity in Banach Spaces 1201

The standard norm ∥ · ∥p is a monotone norm on Rd for 1 ≤ p ≤ ∞ and is strictly
monotone for 1 ≤ p < ∞. The product of X1, . . . , Xd over (Rd, ∥ · ∥p) is denoted by
(X1 ⊗ · · · ⊗Xd)p for 1 ≤ p ≤ ∞.
In this section, we study n-strict convexity and n-strong convexity where n ∈ N,
in product spaces of this type. We prove results for products of two spaces for the
sake of convenience. These can be extended to arbitrary finite products either by a
similar method or by induction. Let ∥(α, β)∥E∗ = sup{αs + βt : ∥(s, t)∥E = 1} for
(α, β) ∈ R2. It is well known that the dual of (R2, ∥ · ∥E) is isometrically isomorphic
to (R2, ∥ · ∥E∗) under the map f → (f(e1), f(e2)). We further note that the maps
x → 1

∥(1,0)∥E
(x, 0) and y → 1

∥(0,1)∥E
(0, y) are linear isometries, from X and Y , onto

(X ⊗ ⟨0⟩)E and (⟨0⟩ ⊗ Y )E respectively, where ⟨0⟩ denotes the trivial subspace of
either of the spaces.
Theorem 3.1. [1] A norm ∥·∥E on R2 is monotone if and only if for any (s, t) ∈ R2,
∥(s, t)∥E = ∥(|s|, |t|)∥E.

Theorem 3.2. [1] A norm ∥ · ∥E on R2 is monotone if and only if the norm ∥ · ∥E∗

is monotone.

The following result is observed in [14]. We give a proof for the sake of completeness.
Theorem 3.3. [14] Let X,Y be Banach spaces and let ∥ · ∥E be a monotone norm
on R2. For Φ ∈ (X ⊗ Y )∗E, let ΦX(x) = Φ(x, 0) for all x ∈ X and ΦY (y) = Φ(0, y)
for all y ∈ Y . Then Φ → (ΦX ,ΦY ) is a linear isometry from (X ⊗ Y )∗E onto
(X∗ ⊗ Y ∗)E∗.

Proof. Clearly for Φ ∈ (X ⊗ Y )∗E, we have ΦX ∈ X∗, ΦY ∈ Y ∗ and Φ → (ΦX ,ΦY )
is a linear map. For any f ∈ X∗ and g ∈ Y ∗, let Φ(x, y) = f(x) + g(y) for
all (x, y) ∈ (X ⊗ Y )E. Then Φ ∈ (X ⊗ Y )∗E and f = ΦX and g = ΦY . Thus
Φ → (ΦX ,ΦY ) maps (X ⊗ Y )∗E onto (X∗ ⊗ Y ∗)E∗ .
Let Φ ∈ (X ⊗ Y )∗E, f = ΦX and g = ΦY . Then, for (x, y) ∈ (X ⊗ Y )E,
|Φ(x, y)| = |f(x) + g(y)| ≤ ∥f∥∥x∥ + ∥g∥∥y∥ ≤ ∥(∥f∥, ∥g∥)∥E∗∥(∥x∥, ∥y∥)∥E. So,
∥Φ∥ ≤ ∥(∥f∥, ∥g∥)∥E∗ .
Let (s, t) ∈ R2. Given ϵ ∈ (0, 1), choose x ∈ X, y ∈ Y such that

∥x∥ = |s|, ϵ|s| < f

∥f∥
(x), ∥y∥ = |t|, ϵ|t| < g

∥g∥
(y).

Now, |∥f∥s+ ∥g∥t| ≤ ∥f∥|s|+ ∥g∥|t| < 1

ϵ
(f(x) + g(y)) =

1

ϵ
Φ(x, y)

≤ 1

ϵ
∥Φ∥∥(x, y)∥ =

1

ϵ
∥Φ∥∥(s, t)∥E.

Thus, |∥f∥s + ∥g∥t| ≤ ∥Φ∥∥(s, t)∥E for all (s, t) ∈ R2. So we have the inequality
∥(∥f∥, ∥g∥)∥E∗ ≤ ∥Φ∥. Hence ∥Φ∥ = ∥(∥ΦX∥, ∥ΦY ∥)∥E∗ = ∥(ΦX ,ΦY )∥.

From Theorem 3.3, it is clear that each element of (X ⊗ Y )∗E can be identified with
an element (f, g) ∈ (X∗⊗Y ∗)E∗ with the definition (f, g)(x, y) = f(x)+ g(y) for all
(x, y) ∈ (X ⊗ Y )E.
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Theorem 3.4. Let X,Y be Banach spaces and let ∥ · ∥E be a monotone norm on
R2. The product space (X ⊗ Y )E is reflexive if and only if X and Y are reflexive.

Proof. If (X ⊗ Y )E is reflexive, then since X and Y are isomorphic to the closed
subspaces, (X ⊗ ⟨0⟩)E and (⟨0⟩ ⊗ Y )E respectively, X and Y are reflexive.
From Theorem 3.3, it is clear that the space (X∗∗ ⊗ Y ∗∗)E∗∗ represents (X ⊗ Y )∗∗E .
Define J(x,y)(f, g) = (f, g)(x, y) for all (x, y) ∈ (X ⊗ Y )E and (f, g) ∈ (X∗ ⊗ Y ∗)E∗ .
Similarly define Jx and Jy for x ∈ X and y ∈ Y respectively. Let F ∈ X∗∗ and
G ∈ Y ∗∗. If X and Y are reflexive, then F = Jx and G = Jy for some x ∈ X and
y ∈ Y . Then, (F,G)(f, g) = Jx(f)+Jy(g) = f(x)+g(y) for all (f, g) ∈ (X∗⊗Y ∗)E∗

which shows that (F,G) = J(x,y).

The following theorem can be proved in a similar manner.
Theorem 3.5. For d ∈ N, let X1, . . . , Xd be Banach spaces and let ∥ · ∥E be a
monotone norm on Rd. The product space (X1 ⊗ · · · ⊗Xd)E is reflexive if and only
if Xi is reflexive for i = 1, . . . , d.

Theorem 3.6. [7, 14] For d ∈ N, let X1, . . . , Xd be Banach spaces and let ∥ · ∥E
be a strictly monotone norm on Rd. The product space (X1 ⊗ · · · ⊗ Xd)E has the
Kadec-Klee property if and only if Xi has the Kadec-Klee property for i = 1, . . . , d.

We now establish some results on n-strict convexity and n-strong convexity in some
product spaces. If X,Y are Banach spaces and W is a subspace of X ⊗ Y , let
WX = {x ∈ X : (x, y) ∈ W} and WY = {y ∈ Y : (x, y) ∈ W}. The following lemma
is useful here and also in the next section.
Lemma 3.7. [24] Let x1, . . . , xk+1 ∈ BX .
(1) For any w ∈ co{x1, . . . , xk+1}, we have

1− ∥w∥
k + 1

≤ 1− 1

k + 1
∥

k+1∑
i=1

xi∥.

(2) For any w ∈ BX and w ∈ aff{x1, . . . , xk+1}, we have
(1− ∥w∥)V (x1, . . . , xk+1)

(k + 1)
k+3
2

≤ 1− 1

k + 1
∥

k+1∑
i=1

xi∥.

Theorem 3.8. Let X,Y be Banach spaces and let ∥ · ∥E be a monotone norm on
R2. If (X ⊗Y )E is n-strictly convex for some n ∈ N, then there exist m, k ∈ N such
that X is m-strictly convex and Y is k-strictly convex and m+ k − 1 = n.

Proof. Suppose that (X⊗Y )E is n-strictly convex for some n ∈ N. Since (X⊗⟨0⟩)E
and (⟨0⟩⊗Y )E are subspaces of (X ⊗Y )E, these spaces are n-strictly convex. Since
X and Y are isometrically isomorphic to (X ⊗⟨0⟩)E and (⟨0⟩⊗Y )E respectively, X
and Y are both n-strictly convex. Let k be the smallest positive integer such that
Y is k-strictly convex and let m = n− k + 1.
In case k = 1, then m = n and we showed that X is n-strictly convex. If k > 1,
then let r = 1

∥(1,1)∥E
. Let x1, . . . , xm+1 ∈ X such that V (x1, . . . , xm+1) > 0 and

∥xi∥ = r for i = 1, . . . ,m+1. Choose y1, . . . , yk ∈ Y such that V (y1, . . . , yk) > 0 and
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∥y1∥ = · · · = ∥yk∥ = 1
k
∥
∑k

i=1 yi∥ = r. Let (ui, vi) = (xi, yk) for i = 1, . . . ,m+1 and
(um+i+1, vm+i+1) = (xm+1, yi) for i = 1, . . . , k − 1. Then we have (ui, vi) ∈ S(X⊗Y )E

for i = 1, . . . , n + 1 and {(ui, vi) − (um+1, vm+1) : i = 1, . . . , n + 1, i ̸= m + 1} is a
linearly independent set. Therefore,

∥
(

1
n+1

∥
∑n+1

i=1 ui∥, 1
n+1

∥
∑n+1

i=1 vi∥
)
∥E = 1

n+1
∥
∑n+1

i=1 (ui, vi)∥ < 1.

Note that 1
n+1

∑n+1
i=1 ui = 1

n+1
(
∑m+1

i=1 xi + (k − 1)xm+1) ∈ co{x1, . . . , xm+1} and
1

n+1

∑n+1
i=1 vi =

1
n+1

(
∑k−1

i=1 yi + (m + 1)yk) ∈ co{y1, . . . , yk}. By Lemma 3.7 we have
1

n+1
∥
∑n+1

i=1 vi∥ = r. But then, by the choice of r, 1
n+1

∥
∑n+1

i=1 ui∥ < r. Another
application of Lemma 3.7 gives 1

m+1
∥
∑m+1

i=1 xi∥ < r which proves that X is m-
strictly convex.
If ∥ · ∥E is monotone and (R2, ∥ · ∥E) is strictly convex, then the converse holds.

Lemma 3.9. Let X,Y be Banach spaces. Let ∥ ·∥E be a monotone norm on R2 and
let (R2, ∥ · ∥E) be strictly convex. For k ∈ N, let (x1, y1), . . . , (xk+1, yk+1) ∈ S(X⊗Y )E .
If 1

k+1
∥
∑k+1

i=1 (xi, yi)∥ = 1, then ∥x1∥ = · · · = ∥xk+1∥ = 1
k+1

∥
∑k+1

i=1 xi∥ and
∥y1∥ = · · · = ∥yk+1∥ = 1

k+1
∥
∑k+1

i=1 yi∥.
Proof. Let z1, . . . , zk+1 ∈ S(X⊗Y )E and zi = (xi, yi) for i ∈ {1, . . . , k + 1}. Sup-
pose that 1

k+1
∥
∑k+1

i=1 zi∥ = 1. Then, by Lemma 3.7, ∥Fw∥E = ∥w∥ = 1 for all
w ∈ co{z1, . . . , zk+1}. So, for any u, v ∈ co{z1, . . . , zk+1}, ∥Fu∥E = ∥Fv∥E =
∥F 1

2
(u+v)∥E = 1. Also, 1 = ∥F 1

2
(u+v)∥E ≤ 1

2
∥Fu + Fv∥E ≤ 1

2
(∥Fu∥E + ∥Fv∥E) ≤ 1.

Thus, 1
2
∥Fu +Fv∥E = 1. Since (R2, ∥ · ∥E) is strictly convex, we must have Fu = Fv.

It follows that Fz1 = · · · = Fzk+1
= F 1

k+1

∑k+1
i=1 zi

. So, ∥x1∥ = · · · = ∥xk+1∥ =

1
k+1

∥
∑k+1

i=1 xi∥ and ∥y1∥ = · · · = ∥yk+1∥ = 1
k+1

∥
∑k+1

i=1 yi∥.

Theorem 3.10. Let X,Y be Banach spaces. Let ∥ · ∥E be a monotone norm on R2

and let (R2, ∥ · ∥E) be strictly convex. If X is m-strictly convex and Y is k-strictly
convex, then (X ⊗ Y )E is (m+ k − 1)-strictly convex.
Proof. Let m, k∈N. Suppose that the product space (X ⊗ Y )E is not (m+k−1)-
strictly convex. Let zi = (xi, yi) ∈ S(X⊗Y )E for i = 1, ...,m + k such that we
have V (z1, . . . , zm+k) > 0 and 1

m+k
∥
∑m+k

i=1 zi∥ = 1. If W = span{zi − zm+k : i =

1, . . . ,m + k − 1}, then WX = span{xi − xm+k : i = 1, . . . ,m + k − 1} and WY =

span{yi − ym+k : i = 1, . . . ,m+ k− 1}. If dim(WX) ≤ m− 1 and dim(WY ) ≤ k− 1,
then dim(WX ⊗WY ) ≤ m+ k − 2. But W ⊂ WX ⊗WY and dim(W ) = m+ k − 1.
So dim(WX) ≥ m or dim(WY ) ≥ k.
Suppose that dim(WX) ≥ m. Let (am+1, bm+1) = zm+k. Then there exist (a1, b1), ...,
(am, bm) ∈ {z1, . . . , zm+k−1} such that V (a1 . . . , am+1) > 0. Now by Lemma 3.7,

1
m+1

∥
∑m+1

i=1 (ai, bi)∥ = 1 and so by Lemma 3.9, we have ∥a1∥ = · · · = ∥am+1∥ =

1
m+1

∥
∑m+1

i=1 ai∥. This shows that X is not m-strictly convex. Similarly, if dim(WY ) ≥
k, then it follows that Y is not k-strictly convex. Thus, if X is m-strictly convex
and Y is k-strictly convex, then (X ⊗ Y )E is (m+ k − 1)-strictly convex.
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For arbitrary d ∈ N, we have the following result.
Theorem 3.11. For d ∈ N, let X1, . . . , Xd be Banach spaces. Let ∥ · ∥E be a
monotone norm on Rd and let (Rd, ∥ · ∥E) be strictly convex. The space (X1 ⊗ · · · ⊗
Xd)E is n-strictly convex for some n ∈ N if and only if there exist k1, . . . , kd ∈ N
with n = k1 + · · ·+ kd − d+ 1 such that Xi is ki-strictly convex for i = 1, . . . , d.
Proof. If (X1⊗· · ·⊗Xd)E is n-strictly convex, then each of the spaces X1, . . . , Xd is
n-strictly convex. Let kj be the smallest positive integer such that Xj is kj-strictly
convex for j = 2, . . . , d and let k1 = n − (k2 + · · · + kd) + d − 1. Let r > 0 such
that for (1, ..., 1) ∈ Rd, r∥(1, ..., 1)∥E = 1. Let x(1,1), ..., x(1,k1+1) ∈ X1 such that
∥x(1,1)∥ = · · · = ∥x(1,k1+1)∥ = r. For j = 2, . . . , d, if kj = 1, let x(j,1) ∈ Xj such that
∥x(j,1)∥ = r and if kj > 1, let x(j,1), . . . , x(j,kj) ∈ Xj such that V (x(j,1), . . . , x(j,kj)) > 0

and ∥x(j,1)∥ = · · · = ∥x(j,kj)∥ = 1
kj
∥
∑kj

i=1 x(j,i)∥ = r.
Define z1, . . . , zn+1 ∈ (X1 ⊗ · · · ⊗Xd)E such that

z1 =
(
x(1,1) x(2,k2) x(3,k3) · · · x(d,kd)

)
,

... ... ... ... ... ... ...
z(k1+1) =

(
x(1,k1+1) x(2,k2) x(3,k3) · · · x(d,kd)

)
,

z(k1+1)+1 =
(
x(1,k1+1) x(2,1) x(3,k3) · · · x(d,kd)

)
,

... ... ... ... ... ... ...
z(k1+1)+(k2−1) =

(
x(1,k1+1) x(2,k2−1) x(3,k3) · · · x(d,kd)

)
,

z(k1+1)+(k2−1)+1 =
(
x(1,k1+1) x(2,k2) x(3,1) · · · x(d,kd)

)
,

... ... ... ... ... ... ...
z(k1+1)+(k2−1)+(k3−1) =

(
x(1,k1+1) x(2,k2) x(3,k3−1) · · · x(d,kd)

)
,

and so on upto
z(k1+1)+(k2−1)+···+(kd−1−1)+1 =

(
x(1,k1+1) x(2,k2) x(3,k3) · · · x(d,1)

)
,

... ... ... ... ... ... ...
zn+1 =

(
x(1,k1+1) x(2,k2) x(3,k3) · · · x(d,kd−1)

)
.

Then proceed as in Theorem 3.8.
The proof of the converse is similar to that of Theorem 3.10.
In particular we have the following known result.
Corollary 3.12. [6, 22] For d ∈ N, let X1, . . . , Xd be Banach spaces. Let ∥ · ∥E be a
monotone norm on Rd and let (Rd, ∥ · ∥E) be strictly convex. The space (X1 ⊗ · · · ⊗
Xd)E is strictly convex if and only if Xi is strictly convex for i = 1, . . . , d.

We have the following results on n-strong convexity in product spaces based on
Theorems 3.4, 3.6 and 3.11.
Theorem 3.13. For d ∈ N, let X1, . . . , Xd be Banach spaces. Let ∥ · ∥E be a
strictly monotone norm on Rd and let (Rd, ∥ · ∥E) be strictly convex. The space
(X1 ⊗ · · · ⊗ Xd)E is n-strongly convex for some n ∈ N if and only if there exist
k1, . . . , kd ∈ N with n = k1 + · · ·+ kd − d+ 1 such that Xi is ki-strongly convex for
i = 1, . . . , d.



M. Veena Sangeetha et al. / On k-Strong Convexity in Banach Spaces 1205

Corollary 3.14. For d ∈ N, let X1, . . . , Xd be Banach spaces and let 1 < p < ∞.
The space (X1 ⊗ · · · ⊗Xd)p is n-strongly convex for some n ∈ N if and only if there
exist k1, . . . , kd ∈ N with n = k1 + · · ·+ kd − d+1 such that Xi is ki-strongly convex
for i = 1, . . . , d.

In the case of ∥·∥E = ∥·∥1, we have slightly different results. It can be easily verified
that if X,Y are any Banach spaces, (X ⊗ Y )1 is never strictly convex. We know
from [2] that (X ⊗ Y )1 is 2-uniformly convex if and only if X and Y are uniformly
convex. For any n > 1, we have the following result.
Theorem 3.15. Let X,Y be Banach spaces. If (X ⊗ Y )1 is n-strictly convex for
some n > 1, then there exist m, k ∈ N such that X is m-strictly convex, Y is
k-strictly convex and n = m+ k.

Proof. Suppose that (X ⊗ Y )1 is n-strictly convex for some n > 1. Then, the
spaces X and Y are both n-strictly convex. Let k be the smallest positive integer
such that Y is k-strictly convex and let m ∈ N. If k = 1, then choose y1 ∈ Y such
that ∥y1∥ = m

m+1
. If k > 1, then choose y1, . . . , yk ∈ Y such that V (y1, . . . , yk) > 0

and ∥y1∥ = · · · = ∥yk∥ = 1
k
∥
∑k

i=1 yi∥ = m
m+1

. For x1, . . . , xm+1 ∈ SX , let

zj =
( 1

m+ 1
xj,

1

k

k∑
i=1

yi

)
for j ∈ {1, . . . ,m+ 1}

and zm+j+1 =
(
0,

(m+ 1)

m
yj

)
for j ∈ {1, . . . , k}.

Then z1, . . . , zm+k+1 ∈ S(X⊗Y )1 and

∥
m+k+1∑
i=1

zi∥ =
1

m+ 1
∥

m+1∑
i=1

xi∥+ (m+ 1)∥1
k

k∑
i=1

yi +
1

m

k∑
i=1

yi∥

=
1

m+ 1
∥

m+1∑
i=1

xi∥+m+ k.

Since 1
k
∥
∑k

i=1
m+1
m

yi∥ = 1, by Lemma 3.7, we have d(0, aff
{

m+1
m

y1, ...,
m+1
m

yk
}
) = 1.

So, 1
k

∑k
i=1 yi /∈ aff

{
m+1
m

y1, . . . ,
m+1
m

yk
}

and therefore the elements
m+1
m

y1 − 1
k

∑k
i=1 yi, . . . ,

m+1
m

yk − 1
k

∑k
i=1 yi

are linearly independent. If λ1, . . . , λm, λm+2, . . . , λm+k+1 ∈ R such that
m∑
j=1

λj(zj − zm+1) +
k∑

j=1

λm+j+1(zm+j+1 − zm+1) = 0,

then λm+2 = · · · = λm+k+1 = 0 which leaves us with
∑m

j=1 λj(xj −xm+1) = 0. Thus,
if x1 − xm+1, ..., xm − xm+1 are linearly independent, then z1 − zm+1, ..., zm − zm+1,
zm+2 − zm+1, ..., zm+k+1 − zm+1 are also linearly independent.
Suppose that X is not m-strictly convex. Then there exist x1, . . . , xm+1 ∈ SX

such that V (x1, . . . , xm+1) > 0 and 1
m+1

∥
∑m+1

i=1 xi∥ = 1. If z1, . . . , zm+k+1 are de-
fined as above, then we have z1, . . . , zm+k+1 ∈ S(X⊗Y )1 , V (z1, . . . , zm+k+1) > 0 and
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1
m+k+1

∥
∑m+k+1

i=1 zi∥ = 1 which implies (X ⊗ Y )1 is not (m+ k)-strictly convex. But
if m = n − k, then (X ⊗ Y )1 is (m + k)-strictly convex and therefore X must be
m-strictly convex.

Theorem 3.16. For d ∈ N, let X1, . . . , Xd be Banach spaces. If (X1⊗· · ·⊗Xd)1 is
n-strictly convex for some n ∈ N, then there exist k1, . . . , kd ∈ N with n = k1+· · ·+kd
such that Xi is ki-strictly convex for i = 1, . . . , d.
Proof. Since (X1⊗ · · ·⊗Xd+1)1 = ((X1⊗ · · ·⊗Xd)1⊗Xd+1)1, the proof follows by
Theorem 3.15 and induction.
The converse of the above result is also true. In fact, we show that it is true for any
strictly monotone norm ∥ · ∥E on Rd by using the following theorem.

Theorem 3.17. [18, Lemma 4.2] A Banach space X is k-strictly convex if and only
if for any linearly independent x1, . . . , xk+1 ∈ X, we have

∥
k+1∑
i=1

xi∥ <

k+1∑
i=1

∥xi∥.

Theorem 3.18. Let X,Y be Banach spaces and let ∥ · ∥E be a strictly monotone
norm on R2. If X is m-strictly convex and Y is k-strictly convex, then (X ⊗Y )E is
(m+ k)-strictly convex.
Proof. Let (x1, y1), . . . , (xm+k+1, ym+k+1) ∈ S(X⊗Y )E be such that

span{(x1, y1)− (xm+k+1, ym+k+1), . . . , (xm+k, ym+k)− (xm+k+1, ym+k+1)}
is (m+k)-dimensional. If (x1, y1), . . . , (xm+k+1, ym+k+1) are linearly dependent, then
0 must be in the affine hull of (x1, y1), . . . , (xm+k+1, ym+k+1). By Lemma 3.7 we get

1

m+ k + 1
∥

m+k+1∑
i=1

(xi, yi)∥ < 1.

On the other hand, suppose that (x1, y1), . . . , (xm+k+1, ym+k+1) are linearly indepen-
dent. If W = span{(x1, y1), . . . , (xm+k+1, ym+k+1)}, then
WX = span{xi : i = 1, . . . ,m+k+1} and WY = span{yi : i = 1, . . . ,m+k+1}.

If dim(WX) ≤ m and dim(WY ) ≤ k, then dim(WX⊗WY ) < m+k+1. But this can-
not happen as W ⊂ WX⊗WY . Hence dim(WX) > m or dim(WY ) > k. Suppose that
dim(WX) > m. Choose (a1, b1), . . . , (am+1, bm+1) ∈ {(x1, y1), . . . , (xm+k+1, ym+k+1)}
such that a1, . . . , am+1 are linearly independent. By the m-strict convexity of X and
Theorem 3.17, we have ∥

∑m+1
i=1 ai∥ <

∑m+1
i=1 ∥ai∥ and by Lemma 3.7,

1

m+ k + 1

(
1− 1

m+ 1
∥

m+1∑
i=1

(ai, bi)∥

)
≤ 1− 1

m+ k + 1
∥

m+k+1∑
i=1

(xi, yi)∥.

Rearranging and using the strict monotonicity of ∥ · ∥E, we have

1

m+ k + 1
∥

m+k+1∑
i=1

(xi, yi)∥ ≤
m+ k + 1

m+1

∥∥(∥∑m+1
i=1 ai∥, ∥

∑m+1
i=1 bi∥

)∥∥
E

m+ k + 1
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<
m+ k + 1

m+1

∥∥(∑m+1
i=1 ∥ai∥,

∑m+1
i=1 ∥bi∥

)∥∥
E

m+ k + 1

≤
m+ k + 1

m+1

∑m+1
i=1 ∥(∥ai∥, ∥bi∥)∥E

m+ k + 1

=
m+ k + 1

m+1

∑m+1
i=1 ∥(ai, bi)∥

m+ k + 1
≤ 1.

Thus, (X ⊗ Y )E is (m+ k)-strictly convex.

Theorem 3.19. For d ∈ N, let X1, . . . , Xd be Banach spaces and let ∥ · ∥E be a
strictly monotone norm on Rd. If Xi is ki-strictly convex for i = 1, . . . , d, then
(X1 ⊗ · · · ⊗Xd)E is (k1 + · · ·+ kd)-strictly convex.
Proof. The proof is similar to that of Theorem 3.18.

Theorem 3.20. For d ∈ N, let X1, . . . , Xd be Banach spaces.
The space (X1 ⊗ · · · ⊗Xd)1 is n-strongly convex for some n ∈ N if and only if there
exist k1, . . . , kd ∈ N with n = k1 + · · · + kd such that Xi is ki-strongly convex for
i = 1, . . . , d.

4. k-uniform convexity

Using results in section 3, we slightly modify examples 1.2 and 1.3 to obtain examples
that illustrate that k-strong convexity does not imply k-uniform convexity and k-
strict convexity does not imply k-strong convexity for any k ∈ N. We also use the
following theorem.

Theorem 4.1. [20] For any k ∈ N, every k-uniformly convex Banach space has an
equivalent norm under which it is uniformly convex.

Example 4.2. Let (X, ∥·∥X) be as in Example 1.2. For k ∈ N, let Y = (Rk, ∥·∥∞).
Since Y is finite-dimensional it is reflexive and has the Kadec-Klee property. In
particular, since Y is k-dimensional, it is k-strictly convex [24]. So by Theorem
3.20, (X ⊗ Y )1 is (k + 1)-strongly convex. The space (X, ∥ · ∥X) does not have
an equivalent norm under which it is uniformly convex [4]. So by Theorem 4.1,
(X, ∥ · ∥X) is not n-uniformly convex for any n ∈ N and therefore (X ⊗ Y )1 is not
n-uniformly convex, for any n ∈ N.

Example 4.3. Let X = (l1, ∥ · ∥) be as defined in Example 1.3 and Y = (Rk, ∥.∥∞).
Then (X ⊗ Y )1 is (k + 1)-strictly convex by Theorem 3.18 but not (k + 1)-strongly
convex as it is not reflexive.

We conclude this article with a characterization of k-uniform convexity which can
be compared with the characterizations of k-strong convexity as in Theorem 2.6.
The following result is known.

Theorem 4.4. [15, Theorem 34] Let X be a Banach space. Then the following
statements are equivalent.
(1) X is uniformly convex.
(2) limδ→0 sup{diam(S(X, x∗, δ) : x∗ ∈ SX∗} = 0.
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An easy consequence of Lemma 3.7 is the following characterization of k-uniform
convexity.

Theorem 4.5. Let X be a Banach space. Then X is k-uniformly convex if and
only if inf{1 − d(0, co{x1, . . . , xk+1}) : x1, . . . , xk+1 ∈ BX , V (x1, . . . , xk+1) ≥ ϵ} > 0
for every ϵ > 0.

Theorem 4.6. Let X be a Banach space and let C1 be the collection of all convex
subsets of X such that d(0, C) = 1. Then the following statements are equivalent.
(1) X is k-uniformly convex.
(2) limδ→0 sup{diamk(S(X, x∗, δ) : x∗ ∈ SX∗} = 0.
(3) limt→1+ sup{diamk(C ∩ tBX) : C ∈ C1} = 0.

Proof. (1) ⇒ (2):
Suppose that X is k-uniformly convex. For ϵ > 0, choose δ ∈ (0, 1) such that for
any x1, . . . , xk+1 ∈ BX with V (x1, . . . , xk+1) ≥ ϵ,

1

k + 1
∥

k+1∑
i=1

xi∥ < 1− δ.

Let x∗ ∈ SX∗ . Since S(X, x∗, δ) is a convex set, for any x1, . . . , xk+1 ∈ S(X, x∗, δ),
we have

1− δ ≤ 1

k + 1
x∗(

k+1∑
i=1

xi) ≤
1

k + 1
∥

k+1∑
i=1

xi∥

which shows that V (x1, . . . , xk+1) < ϵ. Thus diamk(S(X, x∗, δ)) ≤ ϵ for all x∗ ∈ SX∗ .
This proves that limδ→0 sup{diamk(S(X, x∗, δ) : x∗ ∈ SX∗} = 0.
(2) ⇒ (3):
Suppose that limδ→0 sup{diamk(S(X, x∗, δ) : x∗ ∈ SX∗} = 0. For ϵ > 0, choose
δ ∈ (0, 1) such that diamk(S(X, x∗, δ)) < ϵ for all x∗ ∈ SX∗ . Let 1 < t < 1

1−δ′
where

δ′ = δ
k+1

. For any C ∈ C1, if x1, . . . , xk+1 ∈ C ∩ tBX , then

1 ≤ ∥x1∥, . . . , ∥xk+1∥,
1

k + 1
∥

k+1∑
i=1

xi∥ ≤ t.

Choose x∗ ∈ SX∗ such that x∗(
k+1∑
i=1

xi) = ∥
k+1∑
i=1

xi∥.

Then 1− δ′ <
1

t
≤ 1

t(k + 1)
∥

k+1∑
i=1

xi∥ =
1

t(k + 1)
x∗(

k+1∑
i=1

xi).

Since 1
t
x∗(xi) ≤ 1 for i = 1, . . . , k + 1, it follows that

1− δ <
1

t
x∗(xi) for i = 1, . . . , k + 1.

Thus, 1
t
x1, . . . ,

1
t
xk+1 ∈ S(X, x∗, δ). Since diamk(S(X, x∗, δ)) < ϵ, we have

1

tk
V (x1, . . . , xk+1) < ϵ.
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Thus 1

tk
diamk(C ∩ tBX) ≤ ϵ for any C ∈ C1 when t ∈

(
1, 1

1−δ′

)
.

This proves that, lim
t→1+

sup

{
1

tk
diamk(C ∩ tBX) : C ∈ C1

}
= 0, and therefore,

lim
t→1+

sup{diamk(C ∩ tBX) : C ∈ C1} = 0.

(3) ⇒ (1):
Suppose that limt→1+ sup{diamk(C ∩ tBX) : C ∈ C1} = 0. Then

lim
t→1+

sup

{
1

tk
diamk(C ∩ tBX) : C ∈ C1

}
= 0.

Let ϵ > 0 and x1, . . . , xk+1 ∈ BX such that we have V (x1, . . . , xk+1) ≥ ϵ. Choose
δ ∈ (0, 1) such that if t ∈

(
1, 1

1−δ

)
, then 1

tk
diamk(C ∩ tBX) < ϵ for C ∈ C1. If

d(0, co{x1, . . . , xk+1}) = 0, then we have δ < 1 = 1 − d(0, co{x1, . . . , xk+1}). If
d(0, co{x1, . . . , xk+1}) > 0, let

t =
1

d(0, co{x1, . . . , xk+1})
and C = tco{x1, . . . , xk+1}.

Then C ∈ C1. Since C ⊆ tBX , we have

diamk(C ∩ tBX) = diamk(C) = tkV (x1, . . . , xk+1) ≥ tkϵ.

Therefore, t ̸∈
(
1, 1

1−δ

)
. Since by Theorem 2.5, diamk(C ∩ BX) = 0 we have t ̸= 1.

So we must have t ≥ 1
1−δ

. Thus, 1− d(0, co{x1, . . . , xk+1}) ≥ δ. So,
inf{1− d(0, co{x1, . . . , xk+1}) : x1, . . . , xk+1 ∈ BX , V (x1, . . . , xk+1) ≥ ϵ} ≥ δ > 0.

By Theorem 4.5, X is k-uniformly convex.
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