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Jessen’s inequality is the functional form of Jensen’s inequality for convex functions defined on an
interval of real numbers. It is studied by many authors, but not always in a correct form. Jessen’s
inequality has a nice generalization based on totally normalised sublinear functionals. A brief
overview of this topic is presented. The main result of this paper is a combinatorial improvement
of the generalized Jessen’s inequality. There are only a few refinements even for Jessen’s inequality,
our result gives a new type of refinement in a more general context. As an application we introduce
and study new means.
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1. Introduction

The functional form of Jensen’s inequality for convex functions defined on an inter-
val of R was given by Jessen [7]. Jessen’s inequality can be formulated by linear
functionals satisfying the following properties:

(C1) Let E be a nonempty set, and let L be a subspace of the vector space of real
valued functions defined on E. It is also assumed that 1z € L (for every
¢ € R the constant function cg : E — R is defined by cg () = ¢).

(Cy) Let A: L — R be a linear functional.
(C3) Assume A is nonnegative that is A (f) > 0 for all nonnegative f € L.
(Cy) Assume A(lg) = 1.

Linear functionals satisfying (Cs) are often called isotonic (or monotonic). It is said
that a linear functional is normalised (or unital) if (C,) holds.

The set of positive integers will be denoted by N.

A real valued function ¢ defined on an interval C' C R is called convex if it satisfies
e (at; + (1 —a)ts) Sap(t) + (1 —a)p(t2)

for all 1,15 € C and all a € [0, 1].

Jessen’s inequality is studied by many authors, but not always in a correct form. To
understand this, we first consider the integral version of Jensen’s inequality.
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Theorem 1.1. (integral Jensen’s inequality, see [8]) Let f be a real integrable func-
tion on a probability space (E,A, ) taking values in an interval C C R. Then
fE fdu lies in C'. If ¢ is a convex function on C' such that po f is u-integrable, then

w(/fcha) S/wfdu- (1)

In particular Jensen’s inequalities can be obtained by setting the probability space
as follows: E is either {1,...,n} for some n > 1 or N, A is the set of all subsets
of £, and pu := ), ppic; where (p;),.p represents a probability distribution (this
means that p; > 0,7 € E,and ) ,_pp; = 1) and ¢; is the unit mass at i on A for all
1€ b

Theorem 1.2. (discrete Jensen’s inequalities) Let C' C R be an interval and let
p: C = R be a conver function.

(@) Ifpi,...,pn represent a probability distribution, and x1, ..., x, € C, then
® (ZM%) < ZP%P (@) - (2)

(b) If p1,p2, ... Tepresent a probability distribution, and xq,xs,... € C such that

the series > pix; and > pip(x;) are absolutely convergent, then > p;x;
i=1 i=1 i=1
lies in C' and

® <sz$z> < ZZMP () . (3)

The following important normalised isotonic linear functional appears in Theorem
1.1.

Example 1.3. Let (E, A, 1) be a probability space. If L means the vector space of
real integrable functions on F and the linear functional A is defined on L by

A = [ fan

E
then A is obviously isotonic and normalised.

Example 1.3 and Theorem 1.1 suggest the next — commonly used but not valid —
properties of normalised isotonic linear functionals: Let A : L — R be a normalised
isotonic linear functional, and let f be a function from L taking values in an interval

CCR.
(P;) Then A(f) lies in C.
(P2) If ¢ is a convex function on C' such that g o f € L, then

p(A(f)) < Alpef). (4)

Actually, inequality (4) is the so-called Jessen’s inequality.
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A number of papers contain examples illustrating that (P;) and (P3) do not hold
in general. If the interval C' is compact and the function ¢ is continuous, then (P;)
and (Pg) are really true, but it is not easy to find a paper in which the proof of this
assertion is complete. There is an elegant proof of this claim in [9] in a more general
context, but the proof is far from elementary. A proof that is both elementary and
complete may be found in [4]. Moreover, the authors work with weaker conditions
than (C;-Cy), and thus a generalization of Jessen’s inequality is obtained.

To formulate the generalized Jessen’s inequality, we need the following conditions:

(D;) Let E be a nonempty set, and let L be a subspace of the vector space of real
valued functions defined on FE. It is also assumed that 15 € L.

(Dy) Let A : L — R be a sublinear functional which means that A is positive
homogeneous and subadditive.

(D3) Assume A is increasing that is f, g € L, f < g implies A (f) < A(g).

(Dy) Assume A (1g) =1and A(—1g) = —1.

On the model of the name normalised isotonic linear functional the following names
are used: sublinear functionals satisfying (D3) are called isotonic; it is said that a
sublinear functional is totally normalised if (D4) holds.

Obviously, normalised isotonic linear functionals are totally normalised isotonic sub-
linear functionals too, but the converse is not true in general.

The second section has an auxiliary character: we formulate the generalized Jessen’s
inequality in a precise form and, for the sake of completeness, we also give a proof of
it; some normalised isotonic linear functionals are given to clarify certain differences
between Jessen’s and Jensen’s inequalities; moreover, we obtain a sufficient condition
for (D3) to be fulfilled. Some preliminary results can be found in the third section.
The main result of this paper is a combinatorial improvement of the generalized
Jessen’s inequality which is given in the fourth section. This result essentially (but
not completely) contains the refinements of the discrete and integral versions of
Jensen’s inequality in [5] and [6]. The proofs in [5] and [6] use the unique properties
of the considered functionals substantially, and therefore sharper assertions can be
obtained in the considered special cases. There are only a few refinements even
for Jessen’s inequality (see [3] and [11]), our result gives a new type of refinement
to a more general inequality. We test the scope of theorems in the last section by
applying them to some special normalised isotonic sublinear functionals and to a new
mean. The idea of the introduced mean comes from the notion of quasi-arithmetic
mean, and it is a correction and generalization of means studied in [2].

2. The generalized Jessen’s inequality and some notes on it

The closure of a subset H of R is denoted by H.

The following properties of convex functions are well known.

Lemma 2.1. Let ¢ be a convex function on the interval I C R. The endpoints of
I are denoted by a and b (a, b € [—00,00], a < b). Then ¢ admits left and right
derivatives at every inner point of I. Moreover, if a € I then the limit

o (at) = lim o (t) —¢(a)

€ [—o0, 00|
t—a+ t—a
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exists, while, if b € I, then the following limit also exists:

S (b—) = lim () — ¢ (b)

t—b— t—>b € Jo00,0].

The following result contains Jessen’s inequality with maximal precision.

Theorem 2.2. (generalized Jessen’s inequality) Let A be a totally normalised iso-
tonic sublinear functional. Let ¢ be a convex function on the interval C' C R, and
let f € L such that f(x) € C for all x € E. The endpoints of C' are denoted by a
and b (a, b € [—00,00], a < b). Then

(a) A(f)eC.
(b) IfA(f) € C, pofeL,and ¢ is continuous at A(f), then
@ (A(f) <A(pof). (5)

Proof. (a) In case a > —oo it follows that the function f — ag is nonnegative. By
(Dy), f —ag € L, and by (D) and (Dy),

OSA(f_CLE):A(f)_a7
which is equivalent to A (f) > a. We can prove similarly that A (f) < b in case of
b < oo.
(b) The proof of this assertion is divided into two parts.

(i) Assume that ¢ has either right hand derivative or left hand derivative at A (f).

We consider only the right hand derivative, the left hand derivative can be handled
in a similar way. Since ¢ is convex on I, we obtain

p () = (AN (E=A) +e(A(f), tel

and therefore
e (f (@) = ¢ (AN) (f(x) —A(f) +o(A(f), z€E,

or otherwise @ o f> ¢ (A(f)(f—=A(f)g) +e(A(f))g-

Now, apply A to both sides of this inequality. Since A is a totally normalized isotonic
sublinear functional, we get

Alpo f) = A (AN — A(f)e) + ¢(A(f)) 2 e(A(f)).

(ii) By Lemma 2.1, it remains to prove the following two cases: either A (f) =a € I,
and ¢’ (a+) = —oo, or A(f)=0b€ I, and ¢’ (b—) = oc.
We consider only the first case, the second case can be discussed similarly.

Choose a positive integer [ such that the sequence (a + %)zo:l belongs to the interior
of I.

Denote the set {l,l+1,...} by N;. Since ¢ is convex,

1 1 1
e (t) > ¢} <a+—) (t— (a+—)) +90(a+—), tel, neN,
n n n
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and therefore

e ze (ar 1) (s - (ar D)) ve(ar ), 2em nem
©)

It now follows from the properties of A that

1 1
Next we show that lim — ¢/, (a + —) =0. (8)
n

n—oo M,
To this end, use the convexity of ¢ again to obtain
plaro)—eloty) o (H%) celats)—elaty)

1 1

2n n

which imply that

1 1 1, 1
—2lelat— | —plat -] < -y l|lat+—
2n n n n
2 1
SQO CL—FE — @ a—l-; s nGNl.

This estimation and the continuity of ¢ at a yield (8).
By using (8) and the continuity of ¢ at a again, it follows from (7) that

Apof)=w(a) =¢(A(f)).
The proof is complete. [

Remark 2.3. The result could be proved with a technique similar to the one used
in [4] Theorem 3.1.

The following example shows that properties (Py) and (P3) are indeed not satisfied
in general.

Example 2.4. Define
L= {f :10,00] — R | f is differentiable, l(i)glf and lim f’exist and ﬁnite},

and A: L —>R, A(f):= l[i)grnf%—limf’. It is easy to check that A: L — R is a
normalised isotonic linear functional. The following functions belong to L:

1

f9:00,00[ =R, fl2)=1——, g(z) = Va.

The range of f is |0,1[, but A(f) = 0 ¢ ]0,1[, and hence property (P;) does not
hold.
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Let C := [0, oo[, and consider the convex function

t2, te]0,00
pilol ok w0 ={ 4 S0

The range of g is |0,00[ C C, and (p o g) () =z (z € ]0,00[). Elementary calcula-
tions show that
p(A(9) =¢(0)=2>1=A(poyg),

and hence property (P5) is not satisfied.

It is worth to note that strict inequality may hold in (5) even if A is linear and
A(f) =a € Cor A(f) = b € C. This can never happen if A is defined by an
integral as in Example 1.3. We illustrate this phenomenon by an example.

Example 2.5. Let
L= {f :[0,00[ = R | f is differentiable, and lim f’ exist and ﬁnite} ,

and define A: L — R, A(f):= f(0)+lim f’. It is not hard to see that A is a

normalised isotonic linear functional.

Consider the interval C' := [0, co[ and the continuous and convex function
w:C—=R, o) =t.

If the function f : [0,00[ — R is given by f(z) =+x+1—1 then f € L such that
f(x) e Cforall xz €[0,00], po f €L, and

p(A(f)=0<1=A(pof).

Now, an additional example is given, in which an interesting normalised isotonic
linear functional is constructed starting from an often used but almost trivial one.

Example 2.6. Let
M = {f :[0,00[ = R | f is bounded and l[i)r+nf exists and ﬁnite},
and define A:M—R, A(f):= l(ijgl f (9)

Then A is obviously is a normalised isotonic linear functional. In this case Jessen’s
inequality is of no weight. Indeed, if C' C R is a compact interval, ¢ : C' = R is
a continuous (not necessarily convex) function, f € M such that f (z) € C for all
x € [0,00[, then p o f € M and

e (A(N) =¢(lim f) =Tim (o f) = Apof).

1, if x is rational

Now let g:0,00[ 2R, g(x)= { —1, if z is irrational ’

let M; be the vector space generated by M and g, that is
My ={f+ag|feM, «oacR},
and extend A to a linear functional A; on M; by A, (f + ag) := A(f).
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Since every f € M has right hand limit at 0, it is not hard to think that f+ag € M,
f 4+ ag > 0 implies that A (f) = l(i)r+nf > 0, and therefore A; is nonnegative on M;.

We have shown that A; is a normalised isotonic linear functional. Jessen’s inequality
is already interesting by considering A;. Indeed, let

0:[-1,1] = R, ¢(x)=2"
Then ¢ is convex, g (z) € [—1,1] for all € [0,00[, and p 0 g = 19 € M;, and
hence Jessen’s inequality gives

(A1(9)=0<1=A(lpe) =Ai(pog).

In fact A; : M; — R can be extended to a nonnegative linear functional on the
vector space

:={f:[0,00] = R | f is bounded},
(see e.g. [1]) and thus we obtain a new normalised isotonic linear functional essen-
tially different from the usual ones.

Remark 2.7. Consider the normalised isotonic linear functional A defined in (9).

(a) It is easy to check that for all r € [—1, 1] we can also extend A to a nonnegative
linear functional A; on M; by A (f + ag) := A(f) + ar.

(b) A direct extension of either A or A; to a nonnegative linear functional on L can
be done by applying the Hahn-Banach theorem with the subadditive and positive
homogeneous functional

p:L—R, p(f)=Ilimsupf.
0+

(c) The functional A (or any of its extensions) cannot be defined by an integral as
in Example 1.3.

Let A : L — R be a totally normalised isotonic sublinear functional. Then it is
obvious that

(D5) For all f e L with |f(x)] <1 (z € E), we have |[A(f)| < 1.

It has been proved in [9] that (Dy) and (D4-Djs) imply (D3) when L is the vector
space of real valued continuous functions on a compact Hausdorff space. We show
that this implication also holds if the functions in L are bounded.

Lemma 2.8. Assume (D1)—(D2) and (D4)—(Ds). If the functions in L are bounded,
then (D3) is also satisfied.

Proof. Assume f € L and f < 0g. Since f is bounded, m := —inf f € [0, 00[. The
subadditivity of A implies that

A(f) < A(=mp)+A(f +mp)=-—m+A(f +mpg). (10)

Since Op < f+mpg < mg, the condition (Dj) yields that A (f 4+ mg) < m, and
thus by (10), A(f) < 0. Due to the subadditivity of A, it follows from this that if
f, g€ L and f < g, then

A(f)—A(g) <A(f—g) <0.

The proof is complete. [
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Finally, it is illustrated by a simple example that the boundedness condition cannot
be omitted from the conditions of the previous result.

Example 2.9. Denote the identical function on [0, o[ by idj o[- Let
L= {apeo[+b-idoef | a,b R},

and A: L — R, A(apoec|+b-idjpe) :=a+[b. It is easy to check that (D;)—~(D,)
and (D4)—(Dj) are satisfied without the boundedness of the functions in L. Moreover,
A is also nonnegative. Since

—idjp,oo] < Opooof, A (—idpee) =1 >0,

it can be seen that A is not isotonic.

3. Preliminary results

We shall use the following result for double series.
Theorem 3.1. (see [10]) Let a(i,j) € R ((,7) € N x N). If any of the two sums
. (Z |a<z',j>|> Y (Z |a<z',j>|>
i=1 \j=1 j=1 \i=1
is finite, then both of the series
> (Za(m‘)) Y (Za(z‘,ﬁ)
i=1 \j=1 j=1 \i=1

are absolutely convergent and both have the same sum.

The positive part f* and the negative part f~ of a real valued function f are defined
in the usual way.

We need another result for the proofs.

Lemma 3.2. Assume (D;), and assume further that for all f € L the function |f]
also belongs to L. If f € L taking values in an interval C' C R and ¢ is a convex
function on C' such that po f € L, then there exists a convex function b on C' such
that || < and o f € L too.

Proof. Under the conditions on L, it is a Stone vector lattice, and therefore g € L
implies |g| € L, gt € L and g~ € L.

Along with the function ¢ the function ¢* is also convex. Since p o f € L, the
function ¢ o f = (po f)* belongs to L too.

The convexity of ¢ on C' shows that there is an affine function ! : C' — R, [ (t) = at+b
for which ¢ (t) > at+0b, t & C. Then

¢~ (t) =max (—¢ (t),0) <max(—at —b,0) =1~ (t) < |at + 0| = |l (t)|, teC.

Since f € L, |l| o f is also an element of L.



L. Horvdth / A Combinatorial Refinement ... 69

Using that the function || is convex, |p| = ¢ + ¢, and the sum of two convex
function is also convex, it follows from the above that 1) := ¢ + || can be chosen.

The proof is complete. [

4. A combinatorial refinement of the generalized Jessen’s inequality

We need the following hypotheses:

(Hy) Assume a totally normalised isotonic sublinear functional A : L — R is given,
that is (D;-Dy4) are satisfied. Further, it is assumed that for all f € L the
function |f] also belongs to L (in this case L is a Stone vector lattice).

(Hy) Let the index set I denote either {1,...,n} for some n > 1 or N. Let the
index set J denote either {1,...,k} for some £ > 1 or N.

(Hs) Let (A;),., represent a positive probability distribution which means that
A >0(jeJ), and ZjeJ A; = 1. For each j € J let m; be a permutation of
the set I.

(Hy) Suppose we are given a sequence 2(; = (A;),.; of isotonic sublinear functionals

A;: L —Rwith A, (1g) = —A;(—1g) >0foralli € [ and )  A; = A.
iel
From now on the phrase closed interval always means an interval in R which is a
closed (not necessarily compact) set.

The main result of this paper is the following refinement of the generalized Jessen’s
inequality.

Theorem 4.1. Assume (Hy)—(Hy). Let C C R be a closed interval, and ¢ : C' — R
be a continuous convex function. Let f € L taking values in C' such that o f € L.

Then 2 (A (f)) < Cfunct - Cfunct (f, @, )\, W’Q[I)
ZJAjAm-u‘) (f)
; (; A ( E)> @ ;AjAw) ) (pof) (11)

Proof. In this proof we don’t distinguish between finite and infinite sums, their
common name is series. A series with finite number of reals has a finite evaluation,
and hence it is obviously considered (absolutely) convergent.

We begin with three simple remarks.

For each i € I the functional A; is sublinear and isotonic, as well as L is a vector
lattice, and hence

—Ai(lg)) < Ai(=1gl) < Ai(g) < Ai(lgl), gel, icl

which implies l4; (9)| < Ai(lg]), geL, iel. (12)
This yields S TIA @I <Y Ai(lgh) =Allgl), g€l
i€l el

that is, the series ) ,.; A; (g) is absolutely convergent, and therefore
S Aviylg) =D _Ailg), jeJ (13)
il il

because 7; is a permutation of the set I for each j € J.
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Since the functionals A; (i € I) are isotonic, Y A; = A, and 7; is a permutation of
icl
the set I for each j € J, we have for every nonnegative g € L that

0<Anu(9) <A(g), i€l, je (14)
We proceed in three steps.
(a) We first study the convergence of some series.
(a1) By using (12) and (14), we obtain that

D N [ Anw (D] <Y NAge () <A YN =AdfD) <

JjeJ JjeJ jeJ

and hence the series

> NiAn (f) (15)

jed

is absolutely convergent for each i € I. As a special case, the series
Y NiAne (1e)
jeJ

is also convergent (absolutely) with positive sum for each i € I.

(ag) Due to Lemma 3.2, there exists a convex function ¥ on C' such that

ol <vand o f € L. (16)

Since the functional g — Ax;) (9), g € L, is totally normalised, isotonic

1
Ar;i) (1g)
and sublinear for all i € I and j € J, the generalized Jessen’s inequality and (14)

imply that
1
Aﬂ'ji f)‘
<A 50 (1e) o)

> Aidn (1p)
1
<> XAz (1) (WAWj(i) (f))

jeJ
jeJ

<Y NAnp(Wof) SAWof)Y N =A@Wof), i€l (17)

Jj€J Jje€J

which shows that the series

S A An g (1e) (ﬁfm ) (18)

jeJ

1

jeJ

are absolutely convergent for each i € I.
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(a3) Taking into account |p o f| € L and (12), and then (13) and Y A; = A, we get

Z (Z Aj [ Ay (00 f) ) < Z (ZA Ari6) |s00f|)) (20)
jeJ i€l jeJ i€l
=2 <A > An) ([0 f) ) > (AjZAiusoofD)

= A(lpo f) Y N =Alpo f]), (21)

jed

and therefore Theorem 3.1 yields that both of the series

> (Z AjAm @) (0o f)> " (Z AjAz;) (p o f))

iel \jeJ jeJ \iel

are absolutely convergent and both have the same sum. According to this, an
analogous procedure to that used to obtain (21) from the second expression in (20)
(p o f instead of |p o f|) can be applied, and we get

Z (Z )\jAﬂj(i) (po f)) = Z (Z )\jij(z') (po f)) =A(pof). (22)

el jeJ jeJ iel

When choosing ¢ as the identical function on C' we have that the series

> (Z Aj Az i (f)) Y (Z AjAr ) (f)> (23)

iel \jeJ jeJ \iel
are absolutely convergent and both have the same sum A (f).

(a4) It has already been proved that series (15) and (19) are absolutely convergent.
This makes it clear that the discrete Jensen’s inequality can be applied to

z Aj Aﬂ](z (f)

jeJ

> NAnw (e) |

jed

(8

iel,

(see (16) for the properties of the function ), and we obtain

ZAAm)(f)
MA (1 Jes < Crumet (f> 10, A, 7,2
;(; #n00 E)> v > NiArm (k) punct )
JjeJ

> > AidAn o) (1) 1 Ao ()
(G

jeJ
2 AjAx; ) (1p)
jeJ

¥ (z A (16)

iel \jeJ

= Z (ZA AT‘-J(l 1E (A (11(1E) Aﬂ’j(i) (f))) :

i€l JjeJ
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By using the middle inequality in (17) and then (22) with ¢ o f instead of o f, we
find that

Cfunct (f7 w; )\7 71—7911) S Z (Z /\jAﬂj(i) (w © f)) =A <w © f) )

iel \jeJ
and hence the series defining C'rynet (f, @, A, m,2) is absolutely convergent. This
shows also that Crynet (f, o, A, m,2;) is well defined.

(b) Now the proof of the second inequality in (11) follows a method similar to the
one used in (a4) (the derivation can be applied to ¢ instead of 1, an we refer to (18)
instead of (19)).

(c) Since A (1g) = 1, it follows from (22) (let ¢ be the identical function on C' and
f = 1E) that

> (Z XAy (1E)> = A(lp) =1. (24)
iel \jeJ
It now follows from the absolute convergence of Clyner (f, ¢, A, m,20;) (see (ay)) and

the absolute convergence of the first series in (23) that the discrete Jensen’s inequal-
ity can be applied, and it implies that

Crunct = ¢ (Z <Z AjAz;) (f))) :

iel \jeJ

Another application of (23) gives that

(S () -,

iel \jeJ
which is the first inequality in (11).
The proof is complete. O

5. Applications
First some interesting totally normalised isotonic sublinear functionals are given.

Example 5.1. (a) Let the index set I denote either {1,...,n} for some n > 1 or
N, and let (p;),.; represent a probability distribution. Let L be the vector space of
all bounded real valued functions on the nonempty set E.

(a1) Let (Ej);e;
A:L—Rby

be a sequence of nonempty subsets of E. Define the functional

A(f):= Zplsgpf

i€l
(ag) Let E be a metric space, and let (a;),.; be a sequence of accumulation points
of E. Define the functional A: L — R by

A(f) = pilimsup f.

el
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(ag) Let (A;),.; be a sequence of totally normalised isotonic sublinear functionals
on L. Define the functional A : L — R by

A(f) =) pAi(f)

il

(b) Let L be the vector space of all bounded real valued functions on the nonempty
set .

(by) Let 2 be a nonempty set of totally normalised isotonic sublinear functionals on
L. Define the functional A : L — R by

A(f):==supB(f).

Be

(be) Let (A;) be a net of totally normalised isotonic sublinear functionals on L.
Define the functional A : L. — R by

A(f) = limsup 4; (f).

7

(c) Let (E, A, 1) be a probability space, let L be a subspace of integrable real valued
functions on E such that 1z € L, and let B : L — R be a totally normalised isotonic
sublinear functional. Define the functional A : L — R by

A(f) = / max (B (f) . f) dp.

It is not hard to see that each functional defined above is a totally normalised
isotonic sublinear functional.

Special cases of examples (be) and (c¢) can be found in [9].

The following applications of our main result are motivated by the previous exam-
ples.

Proposition 5.2. Assume (Hy) and (Hs). Let (p;);c; represent a positive probability
distribution, and let L be the vector space of all bounded real valued functions on the
nonempty set E. Let C' C R be a closed interval, and ¢ : C'— R be a continuous
conver function. Let f € L taking values in C' such that ¢ o f € L.

(a) If (Ai),c; is a sequence of totally normalised isotonic sublinear functionals on
L, then

jeJ

> AjPr; i)

jeJ

> AjPryy Ay (f)
¥ <ZplA% (f)) < Z (Z )‘jpﬂj(i)> 2

iel iel \jeJ

<Y pidi(pof).

i€l
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(b) If (Ei);cp is a sequence of nonempty subsets of E, then
>~ AiPri(iy sup (f)

jEJ ETF(’L)
@ pisup f | < APy | @ -
VIS

iel iel \jeJ
<Y pisup(pof).
i€l Ei

(c) If E is a metric space, and (a;),.; is a sequence of accumulation points of E,
then

> Ajpx, () limsup (f)

> AP
: : ; 3 (4)
el el jeJ ieg

< pilimsup (o f).

i€l @i

Proof. Apply Theorem 4.1 to the functionals defined in Examples 5.1 (a3), (a1)
and (ag), respectively. O

Now we introduce and study some new means.
The range of a function f is denoted by Ry.

Let C' C R be an interval, and let ¢ : C' — R be a continuous and strictly monotone
function. If (X, A, 1) is a probability space, and f : X — C'is a function such that
qo f is p-integrable on X, then

My (fp):=q" /qudu

X
is called the quasi-arithmetic mean (integral g-mean) of f.

Based on the notion of quasi-arithmetic mean, a new mean generated by a normalised
isotonic linear functional is introduced in [2]: Assume a normalised isotonic linear
functional A : L — R is given. Let C :=]a,b[, —oo < a <b < oo,and let ¢: C — R
be a continuous and strictly monotone function such that qo f € L for some f € L.
Then define

My (f, A)=q " (Algo f)). (25)
This definition is not precise, the mean (25) does not always exist. For example, let

C=10,00[,q:]0,00[ > R, qg(z) =1— ﬁ, let A be the normalised isotonic linear

functional defined in Example 2.4, and let f : ]0,00[ = R, f(x) = /z. Then ¢ is
continuous and strictly increasing, R, = |0, 1], f and ¢ o f belong to L, but in spite
of these (see Example 2.4)

A(go f)=0¢ R,
In the following considerable generalization of the mean (25) the interval C' is not
necessarily open, the function f does not necessarily belong to L, a totally nor-
malised isotonic sublinear functional is considered and under the conditions it exists.
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Definition 5.3. Let a totally normalised isotonic sublinear functional A : L — R be
given. Let C' C R be an interval, ¢ : C' — R be a continuous and strictly monotone
function, and let f : E — R take values in C such that ¢ (Jinf f,sup f[) C R, and
qgo f € L. Define

M, (f,A):==q " (Ago f)). (26)
Remark 5.4. Assume the conditions of the previous definition are satisfied. Let
a:=inf f € [—oo0,00[ and f :=sup f € |—o0, 0.

(a) Since C' is an interval and Ry C C, |a, 5[ C C. The continuity of ¢ implies that
q (Jar, B]) is also an interval. Due to the strict monotonicity of ¢, we have

q(Ja, Bl) =

lim,y q,limgy q|, if g is increasing
{ Jlim s+ 4 @)

Jlimgy ¢, lim, q[, if ¢ is decreasing '

Since ¢ (], A[) is a closed interval containing R,.¢, Theorem 2.2 (a) and the inclusion

q(Ja, B]) C R, yield that
A(go f) € q(Ja, B]) C Ry, (28)

and therefore the definition (26) is correct.

(b) The number M, (f, A) is really a mean in the following sense: Suppose a € R.
By using (27) and (28), it is easy to think that M, (f, A) > a. We can get similarly
that if 5 € R, then M, (f,A) < S.

Further, we introduce some other means related to the formula C'ypet.

Definition 5.5. Assume (H;-Hy). Let C' C R be a closed interval, ¢, : C' — R
be continuous and strictly monotone functions, and let f € E — R take values in
C such that ¢ (Jinf f,sup f[) C Ry, go f € L and r (Jinf f,sup f[) C R,, ro f € L.

Then we define the following mean of f with respect to Crypet:

quT (f, A, )\, W,Ql[)

jedJ

> AjAra) (1)

jeJ

2 AjAx) (o f)
= qil Z (Z )\jAﬂj(i) (1E>> q o 7’71

iel \jeJ

In the next result the introduced means are compared.

Proposition 5.6. Assume the conditions in Definition 5.5 hold. If either gor—! is

convex and q is strictly increasing, or gor~! is concave and q is strictly decreasing,
then
MT (f7 A) S Mq,?" (907 :ua )‘7 7.‘—72[[) S Mq (f7 A) )

1 1

while if either roq™" is convex and r is strictly decreasing, or roq~" is concave and

r s strictly increasing, then

Mq (f7 A) S Mr,q (QO,,LL, )‘77]-72[[) S MT (f7 A) .
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Proof. We consider only the case when gor~! is convex and ¢ is strictly increasing.

By applying Theorem 4.1 with ¢ := gor~! and with 7 o f instead of f, we obtain

gor ' (A(rof))

2 XA i) (7o )
< NAr o (1g) | gor™! < < A(gof),
; (gze; o > AjArm) (1g)
JjeJ
and this implies the result since ¢! is strictly increasing.
The proof is complete. 0
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