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1. Introduction

Delaunay triangulation and Voronoi diagram (two dual structures) are classical prob-
lems and important structures in convex geometry and computational geometry.
They have many applications in different areas such as pattern recognition [1], com-
puter graphics [10], image processing [26], [29], modeling a surface wildfire propaga-
tion through a complex landscape [27], and further applications. Many algorithms
for computing Delaunay triangulation and Voronoi diagrams have been proposed by
computer scientists as well as mathematicians. Guibas and Stolfi proposed in 1985
a Divide and Conquer algorithm [16], Fortune introduced a Sweepline algorithm for
Voronoi diagrams [14] in 1987. However, these algorithms are not easy to implement
on a computer. To overcome this drawback, Guibas presented an O(nlogn) opti-
mal randomized incremental algorithm [15] in 1992 and an incremental algorithm
[20] was given by Mucke in 1996. Sikiric, Schuermann, and Vallentin dealt with
finding the Voronoi diagram on a Euclidean lattice in low dimensional ([25]). Some
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generalizations of Voronoi diagam and Delaunay triangulations are introduced, Au-
renhammer introduced power diagrams [9]. Joe considered k-dimensional Delaunay
triangulations [17]. Demaret and Iske dealt with anisotropic Delaunay triangulations
[13].

Many properties of Delaunay triangulations were given in [7], [11], [18], [21], [24].
Among the others, [12] states that determining the Delaunay triangulation of a
finite planar point set is equivalent to determining the lower convex hull of the
corresponding point set in R? by a lifting projection of a polytope in 3D to the
convex hull of the point set, here the lifting projection of convex polyhedra was
introduced by Walkup and Wets in [28]. Motivated by the relationship between the
Delaunay triangulation and the lower convex hull, in 2015, An and Giang proposed
a direct method for determining the lower convex hull of a finite point set in R3
and determining Delaunay triangulation via the corresponding lower convex hull in
R? [5]. The algorithm introduced in [5] is more efficient than the previous proposed
algorithms.

Since 2010 the restricted region technique of orienting curves has been used suc-
cessfully for solving convex hull, shortest path and Delaunay triangulation problems

(see [2], [3], [4], [6], [7], [8])-

In this paper, we present the restricted region technique of lifting projection between
a polytope in 3D and a convex polygon in 2D for computing the lower convex
hull in R? in finding Delaunay triangulation of a finite set of planar points. In
concrete, recognizing some special characteristics of this problem class, we propose
a projection on planes parallel to the coordinate planes (see Propositions 4.3 and
4.4), thereby eliminating a large number of points to be calculated. We apply this
technique to the algorithm introduced in [5] to get an improved version (Procedure
3). Our numerical experiments on randomly generated test instances show that the
modification reduces the computation time of the original algorithm by a factor from
2.03 to 3.60 in case ¢ is chosen as the origin O(0,0) (outside the convex hull of the
point set) and from 1.70 to 2.19 in case ¢ is the median point of P (Tables 5.1, 5.2
and Figures 6.1, 6.2).

The paper consists of several sections. Section 2 gives some geometrical notions that
will be used in this paper. We also present a special case of the lifting projection:
lifting a convex hull of points on a paraboloid to a convex polygon. Section 3
introduces a lower convex hull algorithm of a finite point set in R3. Section 4
presents the restricted region technique in lifting projection for computing the lower
convex hull in a class of finding Delaunay triangulation of a finite set of planar points.
Section 5 closes the paper with some numerical experiments and comparisons with
the algorithm introduced in [5].

2. Preliminaries

Throughout this paper, we focus on the problem of determining the lower convex
hull of a finite point set in R3. For convenience of the readers, in this section we
review some necessary concepts.

For any points p,q in R3, set [p,q] := {(1 = XN)p+ Ag: 0 < X < 1} and denote pq
([p,q], Lpyg, respectively) the line (segment, the length of the segment, respectively)



P.T.An, N. D. Hoang, N. K. Linh / The Lifting Projection ... 145

through the points p and q. We assume that the finite point set in R3, mentioned

in this paper, does not have any four coplanar points. The general case is presented
in [5].

Given three points p = (py, Py, 02), ¢ = (¢u: 4y, ¢2), t = (ta,ty,t.), then the plane
through the three points p, q,t, denoted by (p, q,t), has the form

TNy + yny + 2n, = d,

where 7 = (g, ny,n.) is a vector normal and d := ¢,n, + q,ny, + ¢:n,. Suppose

that n, # 0 and w = (w,, wy, w,).

* *

If w, > w} = (d — wyn, —wyny)/n, (w, < wi, w, = wi, respectively) then w is
called above (below, on, respectively) the plane (p,q,t) (see Figure 2.1).

l>t

Figure 2.1: The point w is above the plane (p, g, ).

Let P be a finite point set in R3, the convexr hull of P, denoted by CH(P), is the
smallest convex set containing all points of P (in the sense of set inclusion). We are
interested in the lower convex hull of P as defined in Definition 2.1.

Definition 2.1. (see [5, 22, 23]) A lower facet of P is a triangle whose three vertices
belong to P such that all points of P are on or above the plane passing these vertices.
Lower convex hull of P, denoted by CH(P), consists of all lower facets of the convex
hull. We call a facet of the convex hull of P, which is not a lower facet, an upper
facet.

Figure 2.2: The Delaunay triangulation and the lower convex hull

The segment connecting two vertices of a lower facet is called an edge of the lower
convex hull. An edge is shared by exactly either two lower facets or by one lower
facet and one upper facet (see [5]). We now determine the Delaunay triangulation
of a finite point set P* = {p%, p5,...,p:} in R? as follows (due to [12]):
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1. Consider P = {p;i(z;,y:,2) € R i =1,2,...,n} such that z; = 2}, y; = y;, and
2 = (xf — q)* + (yf — q,)%, where q(g.,q,) € R?. Denote by u this mapping.
Thus, any point u of P* in R? is lifted onto p(u) on a paraboloid in R3.
Construct the lower convex hull CHL(P) of P.

Project all the lower facets of CHy(P) in the direction parallel to the z-axis onto
the plane Oxy (which contains the set P*) and return the resulting Delaunay
triangulation of P*. We denote this projection as p*

Definition 2.2. [28] Suppose 7 is an affine transformation taking a closed convex
polyhedron L onto a closed convex polyhedron (). A function 7* taking () into L is
said to be a lifting of () into L relative to 7 if

(i) 7% is a single-valued inverse of 7, that is, 7*(¢) is a point of 771(¢) for each
q € Q, and

(ii)) 7%(Q) is the union of closed faces of L.

Clearly, the lifting p* above projects the lower convex hull @) of P (a convex polytope
in 3D) on the convex hull L of P* (a convex polygon in 2D). Note that L is formed
by Delaunay triangles of P* (see Sect. 5.3.1 [22]). It follows that p* is a special
case of the lifting projection of convex polyhedra in Definition 2.2. Similarly, the
transform that embeddes power diagrams in one dimension higher of Aurenhammer
[9] is also a special case of the lifting projection.

The point ¢ is usually chosen as the origin O(0,0) (see [7], [11], [12], [21]) that is
outside the convex hull L. However, in [7] and [11], the authors use the median
point of P as ¢q. The problem of finding the lower convex hull is taken from the

result of the convex hull problem which can be solved by many simple algorithms
7, [11], [12], [21].

3. Lower convex hulls and a solving algorithm

To find the lower convex hull CH(P) of a finite point set P, it is usual to find the
convex hull CH(P) of P. Then from the set of facets of CH(P), one will take out
the lower facets of CHy(P) based on the following property.

Proposition 3.1. (see [5, 22, 23]) Let P be a finite point set in R® and a,b,p€e P,
suppose that 1 = (Ngy My, M) = % x ap, then we have:

(i) if (a,b,p) is a facet of CH(P) and n, < 0 then it is a lower facet of CHL(P);
(ii) if n, >0 then (a,b,p) is not a lower facet of CHL(P).

In 2015, An and Giang proposed an algorithm to find the lower convex hull directly

without finding the convex hull. By the proposition above, they showed the following
result.

Proposition 3.2. (see [5]) Let e := [a,b] be an edge of CHL(P), and suppose that
= (Ng, Ny, n,) = % x ap. Then,

(i) ifn, <0 and nyv, < d—vyn, —vyny, then v is above the plane passing (e, p),
(i) ifn, >0 orn, <0 andn,v, > d—uv,n, —vyn, then (e,p) is not a lower facet,

where d := pyng + pyny + p.n..
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The lower convex hull algorithm starts with finding the first edge e; in the set of
edges EL(P) of the lower convex hull of P (see [5]). The next step is to find a
lower facet F' of CH(P) through the edge e;. From the edges of the lower facet F,
the algorithm continues to find other facets of the lower convex until all facets of
CH_(P) are found. First, we discuss how to find the first edge of the lower convex
hull. Let

P={pi= (zs,yi,zm) € i=1,2,...,n},n>4

and P = {p}|,ph,...,p,} with the coordinates (0,y;,2;), i = 1,2,...,n be the
projection of P in the direction parallel to the z-coordinate axis onto the plane Oyz.
We view the plane Oyz from z ~ +o0o in R? and Oy axis is from right to left. We
choose the point in P’ as the rightmost lowest point of P’ and label it v].

z

“

v}

Figure 3.1: Three cases of v}, v}, and v;,.

Procedure 1 LF (e, P) (see [5])
Input: Let P = {p; = (2;,9;,2) € R i =1,2,...,n},n >4, e := [a,b] is an edge of

CHL(P).

Output: A facet F' of CHf(P) through e or return e.

1. [:=1.

2: while (p; € {a,b}) do

3: set [ :=1+1.

4:  Consider (abp;) with p; = (pia, 1y, p12), compute n = (Mg Niys M2) = % x ap] and
d = pi,ng + pi,ny + pi.ns

5 ifn;, <0

6: for all (p € P\ {a,b,p;}) do

7 if (ny,pz + ny,py +ni.p. > d) then goto 9 > p is below the plane (abpy)

8: return F' = (abp;)

9: setl:=101+1

10: if (I <n) then goto 2
11: return e

Suppose that P’ contains at least three noncollinear points. Then, take v} (v], re-
spectively) such that all other points of P’ are on or to the left (right, respectively)
of viv)(viv), respectively). In [5], the authors show that at least one of the two
segments [vy, vo] and [v1,v,] is an edge of CHL(P). Specifically, we have three cases
as follows.
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o If vy, < vy < vy or vy < vy, < vy then both of the two segments [vy, v9] and
[v1, v,] are edges of CHL(P) (see Figure 3.1a).

o If vy, > max{uvyy, vy, } then [v1,vs] is an edge of CHL(P) (see Figure 3.10).
o If vy, < min{vyy, vy, } then vy, v,] is an edge of CH(P) (see Figure 3.1¢).
Where v] = (0, v1y, v12), vy = (0, vy, v2,) and v}, = (0, Vpy, Unz).

Similar to the gift-wrapping algorithm for finding convex hull of a finite point set
(see [22] and [6]), the most important procedure in the lower convex hull algorithm is
to find a lower facet of CH(P) through a given edge e € £ (P), which is illustrated
in the Procedure 1. However, if e is a bound-edge (an edge of the lower convex hull
which is shared by exactly one lower facet and one upper facet) then Procedure 1
returns e.

An algorithm for finding all the facets of CH(P) modified from the gift-wrapping

algorithm is Algorithm 2. The time complexity of this algorithm in the worst case
is O(n?).

Algorithm 2 The lower convex hull algorithm (see [5])

Input: P:= {p; = (z;,vi,z) € R3i=1,2,...,n},n > 4.

Output: Set Q of all the faces of CHf(P).

1: Find the first edge e; of CHL(P)

2:  Consider three sets &.(P) := 0, &} (P) := 0, Q := 0 and a queue Q" := . Call
LF (e, P) to obtain the first lower facet Fp; all edges of F} except e; are pushed into
EL(P); e1 is pushed in to &} (P) and F} is pushed into Q'

3: while (Q' # 0) do

4 F is extracted from the front of Q'

5: T := edges of F

6: for each (e € T and e ¢ £} (P)) do

7.

8

9

call LF (e, P)
if LF (e, P) returns a facet F’ sharing e with F then
insert into £ (P) all edges €’ # e of F' not yet present in 1 (P) and re-

10: move all those already present in £7,(P) to &} (P); facet F” is pushed into Q'
11: else remove e in E1,(P) to £ (P)
12: F' is pushed into Q

13: return Q

4. The restricted region technique for computing the lower convex hull
in finding Delaunay triangulations

In this section we introduce a technique to speed up LF (e, P) of Algorithm 2 for
computing the lower convex hull in finding Delaunay triangulation. Based on the
special characteristics of the input point set in this problem class, we propose a
restricted region technique to reduce a large number of points to be processed.

We recall that all the points in the input set P of the lower convex hull problem lie
on a paraboloid (P) given by the equation

2= (r—q) +(y—q)
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The most important part in the lower convex hull algorithm (Procedure LF (e, P)) is
to find a lower facet of CH(P) through a given edge e € £ (P). On the other hand,
we see that each LF (e, P) call, to determine whether a plane (a, b, p) is a lower facet,
one needs to consider whether all points of P are on or above (a,b,p). Therefore,
calculations used to consider the position of a point with respect to a plane are
repeated many times. The number of these calculations is the main factor of time
consumption by executing the algorithm. In this section, we present a technique to
reduce the number of these calculations. Recall that a point v € P is above (on,
below, respectively) the plane (a,b,p) (in which a,b,p € P) if

d — ngyv, — nyvy, —n,v, > 0(= 0, < 0, respectively),
where 7 = (ng,ny,n,) is a vector normal of (a,b,p) with n, < 0 and d = ¢,n, +
qyTy +q.n;.
Suppose that the plane (a,b, p) has the form

TNy +yny + z2n, = d.

Since a,b,p € P, the plane (a,b,p) always cuts the paraboloid (P) according by
a cross-section. The boundary of the cross-section has the form of an ellipse (E).
We will find the maximum and minimum values of the x,y, and z-coordinates of
the points belonging to the ellipse (E). Based on these values, we can consider the
relative position of a point of P with the plane (a,b,p) in a more convenient and
simple way. First, let

min zg ;= min{z : (z,y,2) € (E)}, maxzg := max{z : (z,y,2) € (E)}
min yg == min{y : (z,y,2) € (E)}, maxyg := max{y : (z,y,2) € (E)},
min zg ;= min{z : (x,y,2) € (E)}, max zg := max{z: (z,y,2) € (E)}.

By Propsition 3.1, we only need to consider planes which have n, < 0 to check
whether they are lower facets of the lower convex hull. Let

then the plane (a,b, p) through three points a, b, p has the form
z=oar+ Py + 7.

{ZZ(l‘—qm)%r(y—qry)2

The equation of (E) is
4 (E) z=ax+ Py + 7.

Equation (1) can be given as a circular equation (C) as follows

oy B o 2

(@ == 5+ y—g—5) =77,
where 1% = aq, + 8q, + %2 + ’%2 + 7. The circle (C), which is the projection of (E) in
the direction parallel to the z-axis onto the coordinate plane Oxy (see Figure 4.1),

has the center at c(q, + §,q, + g) and the radius r = \/oqu + Bq, + %2 + %2 + 7.
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Based on the characteristics of circle (C), we can immediately calculate the following
values

MINTg = C; — 7, MaXTg = Cp + 7, MINYg = Cy — 7, MAXYg = Cy + T

Lemma 4.1 below gives us the formula for determining min 2z and max zg.

Figure 4.1: The projection of (E) onto Oxy.
Lemma 4.1. We have (i) min zg = (L., —7)?%, and (ii) max 2z = (Le+7)?, where
Log =+/(a2+ [(2)/4 is the length of the segment [c, q].

Proof. Suppose that w(z,y, z) is a point of (E) and w'(z,y) is its projection in the
direction parallel to the Oz-axis onto the coordinate plane Ozy (see Figure 4.1),
hence w'(z,y) € (C). We have

L =@ —q)+y—q) ==

So we need to find the locations of the point w’ on the circle (C) such that L.,
reaches the minimum and maximum value.

Figure 4.2: w/,w) are the intersection points of the line cq and the circle (C).

Suppose that w| and w), are the intersection points of c¢q and the circle (C) as Figure
4.2. We will prove that £,,, reaches the minimum value when v’ = w} and maximum
value when w’ = wj. Suppose that s is any point on the circle (C). We will show

Ew’lq < L < Ewéq. (2)

We consider two cases of the point ¢ and the circle (C).
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The first case: The point ¢ is outside or on the circle (C) (see Figure 4.2a). Applying
triangle inequality, we have L. < Lo+ Ly From Loy = Loy + Loy g and Leg = Loy,
hence L, < L4s. Equality occurs when s = wj. So the first inequality of (2) is
proved. The second inequality comes from the fact that L£,s < L., + L.s (triangle
inequality) and L, = Lewy. Equality occurs when s = wy.

The second case: The point ¢ is inside the circle (C) (see Figure 4.2b). In this case,
to prove the first inequality of (2) we also apply the triangle inequality L.,. = Ls <
Leog + Lgs. Since Loy = Leog + Lawt, Lurg < Lsg- Equality occurs when s = wy. The
second inequality of (2) is similarly proven in the first case.

So we conclude that w'q reaches the minimum value when v’ = w] and maximum
r— ; — : 2 _ 2 — 2
value when w’ = wj. It follows that minzg = min Ly, = £, = (Leg — r)* and

max zg = max L3, = L2, = (Log+7)°. O

Note that if the center of the paraboloid is outside the convex hull of the set then the
first case in the proof above does not happen any more. Suppose that the projection
of the points a, b, and p in the direction parallel to the Oz-axis onto the coordinate
plane Ozy are a/,V', and p/, respectively. It is clearly that the circle (C) contains
a', b, and p’ (see Figure 4.3). We have the following proposition.

Lemma 4.2. The points of P that have the projections lying outside (inside, on,
respectively) the circle (C) are above (below, on, respectively) the plane (a,b,p).

Figure 4.3: Ellipse (E) and Circle (C).

Proof. Consider any point ¢(t,,t,,t.) of P, whose projection t(t,,t,) is outside the
circle (C) (see Figure 4.3). We have £2_ > r? i.e.,

an 2 B 2 a? B2
(tx—qm—§> —|—<ty—qy—§) >aqz+ﬁqy+z+z+v. (3)
Inequality (3) can be rewritten as.
(tz — Q$)2 + (ty — Qy)2 > aty + fty + 7. (4)

Hence t is above the plane (a, b, p) since t, = (t, — qgﬁ)2 +(t, — qy)z. The same proof
works for the other cases. [
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The following propositions help us quickly identify a point lying above, below or on
a plane based on coordinate comparisons.

Proposition 4.3. If a point t(t,,t,,t.) € P satisfies one of the following conditions
then t is above the plane (a,b,p):

(i) t < minwxg, (ii) ¢, > maxwxg, (iil) £, < minyg,

(iv) t, > maxyg, (v)t, > maxzg.

Proof. (i) We first prove that if ¢, < minag then the projection t'(¢,,t,) of ¢ is
outside the circle (C). Indeed, we have t, < minzg = ¢, —r, i.e., ¢, —t, > 7. On
the other hand, we have

Ll = (co—te)? +(c,— 1) > 71+ (¢, — t,)* > 17,

i.e., t' is outside the circle (C). According to Lemma 4.2, we conclude that ¢ is above
the plane (a,b,p). Similar arguments apply to the cases (ii)—(iv).
(v) Suppose that t(t,,t,,t,) € P satisfies

ty=(ty — qu)* + (ty — qy)* > max zg = (Lo +1)°
So the projection t'(t,,t,) of t(t,,1,,t,) lies on the circle (C;) which has the center
q(¢s, qy) and the radius 1 > Lo, + 7, i.e., 11 — 7 > L, . From this inequality it
follows that the circle (C;) is outside the circle (C). Since the point ¢ € (Cy), t/

is outside the circle (C). According to Lemma 4.2, the point ¢ is above the plane
(a,b,p). O

Proposition 4.4. If a point t(t,,t,,t,) € P satisfies t, < minzg and L., < r, then
t is below the plane (a,b,p).

Proof. Suppose that t(t,,t,,t,) € P satisfies
t, = (tz: — qu)* + (t, — qy)* <minzg = (Lo — 1)°

So the projection t'(t,,t,) of t(t,,t,,t,) lies on the circle (C2) which has the center
q(¢x, gy) and the radius ro < |L., —7]. Since Loy <7, 79 <7 — Loy Or Loy < T — T3
This inequation implies that the circle (Cs) is inside the circle (C). Since the point
t' € (Cq), t' is inside the circle (C). According to Lemma 4.2, we conclude that the
point t is below the plane (a, b, p). ]

Based on Proposition 4.3 and Proposition 4.4, we improve Procedure LF(e, P)
to get a new procedure called LFRes(e, P). Replacing Procedure LF (e, P) by
LFRes(e, P) in Algorithm 2 we obtain a new version of Algorithm 2. Our new
version also has the same O(n?) worst case complexity as the original one.

5. Implementation

Recall that our problem is to find the lower convex hull of a point set P, where all
the points of P are “evenly spread” on the surface of the paraboloid (P). Consider
both cases of choosing the vertex q of the paraboloid P, namely as the origin or the
median point. We call the former as case 1 and the latter as case 2. The algorithms
are implemented in C and run on PC Core i5 1.8 GHz 3M with 8 GB RAM.
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Procedure 3 LFRes(e, P)

Input: Let P = {p; = (x;,9i,2) €R3 i=1,...,n},n >4, e :=[a,b] is a lower edge of
CHL(P).

Output: A facet F' of CHf(P) through e or return e.

1. :=1.

2:  while (p; € {a,b}) do

3: set [ :=1+1

4:  Consider (abp;) with p; = (pia, p1y, p12), compute n = (Mg Niys M2) = % x ap] and

d = pi,ng + pr,ny + pr.n.

5. if n;, < 0 then
d
. = _ ny _ 1
6: compute the coefficients o« = —%, 8 = —ﬁ, v = n—,ﬁcq = 5va?+ (2%, and
r= \/“y—i-aqx—i-ﬁqy—i-ﬁgq
) a « . B
7 compute minxg = g + 5 T, MaXTg = (i + B} + 7, minyg = gy + 5 T,
max yg = ¢y + 5 +r, minzg = (Leg — )2, max g = (Leg + r)?

8: for all (p e P\ {a,b,p;}) do
9: if (Lcy < r and p., < minzg) then goto 12 > Using Proposition 4.4
10: else if (minzg < p, < maxaxg and minyg < p, < maxyg and p, < max zg

and ny, py + ny,py +n,p. > d) then goto 12 > Using Proposition 4.3
11: return F' = (abp;)

12: set {:=1+1
13: if (I <n) then goto 2
14: return e

The input data is the set of points

P ={pi=(xi,Yi, %) 1 ¥, yi, u €ER, zi=(z; — %)2 + (yi — Qy)27 i=1,2,...,n} C R?,
where the set {(z;,y;), 2z, y; € R, i = 1,2,...,n} is randomly positioned in the
interior of a square of size [0,200] x [0,200] (on the uniform distribution). Figures

5.1 and 5.2 illustrate the data of 1000 points observed from two different directions
in case 1 and case 2, respectively.

"1000.dat" +

"1000.dat"  +

80000

60000

40000 - R

20000 - g
!

80000

60000

40000

20000

Figure 5.1: The data 1000 points in case 1.

Table 5.1 describes the actual running times (in seconds) of the algorithms in case
1 and Table 5.2 describes those in case 2.

Tables 5.1, 5.2 and Figures 6.1, 6.2 show that the new version of Algorithm 2 (using
LFRes(e, P)) runs significantly faster than the Algorithm 2 (using LF (e, P)) in [5].
The speedup ratio of the new algorithm compared to the original one is from 2.03
to 3.60 in case 1 and from 1.70 to 2.19 in case 2. However, the computation time in
case 2 is better.
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"1000g.dat"  +

25000
20000
15000
10000

5000

Figure 5.2: The data 1000 points with the vertex of (P) at the median point.

Table 5.1: The actual running times (in seconds) of the algorithms in case 1.
Algorithm 2 New version of Algorithm 2 Speedup

Input (using LF (e, P)) (using LFRes(e, P)) ratio
1,000 0.162 0.078 2.09
2,000 0.672 0.301 2.23
3,000 1.525 0.666 2.29
5,000 4.534 1.790 2.53
7,000 10.843 3.014 3.60
8,000 13.110 5.100 2.57
10,000 22.560 9.740 2.32
15,000 70.237 34.567 2.03
20,000 102.257 49.339 2.07

Table 5.2: The actual running times (in seconds) of the algorithms in case 2.

New version of

. . Algorithm 2 Speed

Input  Median point (usinggOEF(I: P)) Algorithm 2 Iizeti;lp
’ (using LFRes(e, P))

1,000  (100.82, 98.73) 0.088 0.052 1.70
2,000 (99.58, 98.58) 0.368 0.210 1.75
3,000 (99.59, 97.56) 0.376 0.235 1.60
5,000  (98.30, 100.60) 2.341 1.067 2.19
7,000 (98.65, 99.88) 4.611 2.144 2.15
8,000 (100.24, 101.09) 6.287 3.023 2.08
10,000 (101.39, 98.41) 11.789 6.015 1.96
15,000 (98.63, 100.53) 29.132 15.513 1.88
20,000  (100.07, 99.86) 53.417 31.183 1.71

6. Concluding remarks

To find the Delaunay triangulation of disks in the plane, we can establish a relation
between the lower convex hull of disks lying on a paraboloid in R?® and the Delaunay
triangulation of disks in the plane then use the restricted region technique for finding
such a lower convex hull, here the convex hull of disks was presented in [19]. Similar
to the lifting projection on convex polyhedra (Definition 2.2), the technique can be
used in higher dimensions. It can be also used for finding the anisotropic Delaunay
triangulations given in [13] and for finding the power diagrams given in [9]. These
will be the subject of another paper.
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Figure 6.1: The running time compari- Figure 6.2: The running time compari-
son of Algorithm 2 and the new version son of Algorithm 2 and the new version
in case 1. in case 2.
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