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1. Introduction

The purpose of the present article is to continue the study of orthogonality properties
of bounded linear operators between Banach spaces, in light of the seminal result
obtained by Bhatia and Semrl [1] regarding orthogonality of linear operators on
Euclidean spaces. Let us first establish the relevant notations and the terminologies
in this context.

The letters X and Y denote Banach spaces. Throughout the article, we work only
with real Banach spaces. Let Bx = {z € X: ||z]| <1} and Sx = {z € X: ||z]| = 1}
denote the unit ball and the unit sphere of X respectively. Let EFx denote the set
of all extreme points of Bx. For a set S C X, |S| denotes the cardinality of S.
Let L(X,Y) denote the Banach space of all bounded linear operators from X to Y,
endowed with the usual operator norm. We write L(X,Y) = L(X), if X =Y. For a
bounded linear operator T' € L(X,Y), let My denote the norm attainment set of T,
ie, My ={x € Sx:||Tx| = ||T||}. The notion of Birkhoff-James orthogonality in
a Banach space is well-known and is used extensively in the study of the geometry
of Banach spaces. For z,y € X, x is said to be orthogonal to y in the sense of
Birkhoff-James [2], written as x Ly, if ||z + Ay|| > ||z|| for all A € R. Similarly, for
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T, A € L(X,Y), T is said to be Birkhoff-James orthogonal to A, written as T L gA,
if |7+ AA|| > ||T|| for all A € R. For the n-dimensional Euclidean space E", Bhatia
and Semrl [1] proved that for T, A € L(E"), T L g A if and only if there exists x € Sg»
such that ||Tz| = ||T|| and Tz L gAzx.

We refer the reader to [4, 5] for another approach in this context. In recent times,
various generalizations of this remarkable theorem has been obtained [6, 7] in the
setting of Banach spaces. We note that the sufficient part of the above theorem is
true whenever the domain space and the co-domain space are normed linear spaces
of any dimensions, and not just Euclidean spaces. On the other hand, the necessary
part of the said theorem is not true in general Banach spaces, even in the finite-
dimensional case [3, 7, 9]. In view of this, the authors [9] defined the Bhatia-Semrl
(BS) Property of a bounded linear operator 7' € IL(X). It is possible to extend the
definition of the BS Property in a broader context, by not imposing the restriction
that the domain space and the co-domain space must be identical. Therefore, let us
first make note of the following definition of the BS Property in its full generality.

Definition 1.1. Let XY be Banach spaces and let T € L(X,Y). We say that T
satisfies the Bhatia-Semrl (BS) Property if for any A € (X, Y), TLgA implies that
there exists x € My such that Tzl gAx.

Our aim is to study the BS Property of bounded linear operators between Banach
spaces, especially when the domain space and the co-domain space are polyhedral.
X is said to be a polyhedral Banach space if Bx has only finitely many extreme
points. Equivalently, X is a polyhedral Banach space if Bx is a polyhedron. In this
context, let us mention the following formal definitions:

Definition 1.2. A polyhedron P is a non-empty compact subset of X which is the
intersection of finitely many closed half-spaces of X, i.e., P = (;_; M;, where M;
are closed half-spaces in X and r € N. The dimension of the polyhedron P, written
as dim P, is defined as the dimension of the subspace generated by the differences
v — w of vectors v, w € P.

Definition 1.3. A polyhedron @) is said to be a face of the polyhedron P if either
@ = P or if we can write ) = PNdM, where M is a closed half-space in X containing
P and dM denotes the boundary of M. If dim @) = i, then @ is called an i-face of
P. (n—1)-faces of P are called facets of P and 1-faces of P are called edges of P.

Definition 1.4. [8] Let X be a finite-dimensional polyhedral Banach space. Let F
be a facet of the unit ball Bx of X. A functional f € Sx- is said to be a supporting
functional corresponding to the facet F' of the unit ball Bx if the following two
conditions are satisfied:

(1) f attains norm at some point v of F,

(2) F = (v+kerf)NSx.
We also make use of the concept of normal cones in a Banach space in our study.

Definition 1.5. A subset K of X is said to be a normal cone in X if
(i) K+ K C K, (ii)aK C K for all @ >0, and (iii) K N (—=K) = {0}.
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Normal cones are important in the study of the geometry of Banach spaces, because
there is a natural partial ordering > associated with a normal cone K. Namely, for
any two elements z,y € X, x > y if xr —y € K. It is easy to observe that in a
two-dimensional Banach space X, any normal cone K is completely determined by
the intersection of K with the unit sphere Sx. Keeping this in mind, when we say
that K is a normal cone in X determined by vy, v9, what we really mean is that

KHSX—{ (L= Doy + o, -te[o,l]}.

(1 —t)vy + tug||

Of course, in this case K = {av; + fvy : o, B > 0}.

A complete characterization of linear operators on a two-dimensional real Banach
space satisfying the BS Property has been obtained in [9] by proving the following
theorem:

Theorem 1.6. A linear operator T on a two-dimensional real Banach space X
satisfies the BS Property if and only if the set of unit vectors on which T attains
norm is connected in the corresponding projective space RP' = Sx/{zx ~ —x}.

Equivalently, we can say in the two-dimensional case that T' € L(X) satisfies the BS
Property if and only if My = D U (—D), where D is a closed connected subset of
Sx. In this context, we refer the readers to the following conjecture [9], which is yet
to be proved or disproved, when the dimension of the space is greater than two.

Conjecture 1.7. A linear operator T on an n-dimensional real Banach space X
satisfies the BS Property if and only if the set of unit vectors on which T attains
norm is connected in the corresponding projective space RP"t = Sx/{x ~ —z}.

However, the sufficient part of the conjecture was proved in [7]. Indeed, if X is a
finite-dimensional real Banach space and T € L(X) is such that My = D U (—D),
where D is a closed connected subset of Sx, then T satisfies the BS Property. We are
interested in exploring the converse to the above result. To be precise, if dim X > 2
and My # D U (—D), where D is a closed connected subset of Sx, then whether
T € L(X,Y) satisfies the BS Property, where Y is any Banach space. With this
motivation in mind, we introduce the following definition for a Banach space X,
which plays a significant role in our study.

Definition 1.8. Let X be a Banach space. Given n € N, we say that X has Property
P, if for every choice of n vectors zy, s, ..., x, € Sx we have I, z;" ; X.

It is clear from the above definition that if X has Property P, then X has Property
P,, for all m € N, with m < n. We illustrate the connection between Property P,
for a Banach space and bounded linear operators not satisfying the BS Property.
We further explore Property P, for different polyhedral Banach spaces.

2. Main results

We begin this section with the observation that Theorem 2.3 of [9] holds true even if
the co-domain space is any Banach space with dimension at least two. Indeed, the
said theorem can be stated in the following more general form, by using essentially
the same arguments presented in the proof of the original result.
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Theorem 2.1. Let X be a two-dimensional Banach space and let Y be a Banach
space of dimension greater than or equal to two. Let T € IL(X,Y) be such that My
has more than two components. Then T does not satisfy the BS Property.

As a corollary to Theorem 2.1, we can provide an elementary condition on My so
that T" does not satisfy the BS Property, when X is a two-dimensional Banach space.

Corollary 2.2. Let X be a two-dimensional Banach space and let Y be a Banach
space of dimension greater than or equal to two. Let T € L(X,Y) be such that there
exist x,y € My with x # +y and (22 ==Y & My, Then T does not satisfy the

Ta+yll> Tlz—yll
BS Property.

Proof. We claim that MT has more than two components.

Let u; = ”i—iz“ and uy = ”x y” Consider the following subsets of Sx:
1—1¢ t 1-—1t t(—
51:{ (L= t)us + tup 6(0,1)}, 52:{< Jur + 1 “2):te(0,1)},
11— ) + tus] - (1 = t)ur — tus||

Sg = —Sl and 54 = —SQ.

Then clearly S;, © = 1,2, 3,4, are connected subsets of Sx and by the construction
of S; we have x € S, y € Sy, —x € S3 and —y € Sy. Also, S; N S; = ¢ for all
i,7 €{1,2,3,4} with i # j.

As SX \ {:i: T4y

Tetoll? ”x y”} U1 S; we conclude My C U?Zl S;.

Also for each disjoint connected set S;, S; N My # ¢. Therefore, My must have
more than two components. Hence using Theorem 2.1, we conclude that T" does not
satisfy the BS Property. 0

The following example illustrates the applicability of Theorem 2.1 in studying the
BS Property of a bounded linear operator between Banach spaces.

Example 2.3. Let us consider a bounded linear operator T : £3 — (3 defined by
T(z,y) = (z,y, 5Y) for all (z,y) € 3. Then it is easy to see that |T|| = 1 and
Mr = {£(1,0),+£(0,1)}. Therefore by using Theorem 2.1, we conclude that 7" does
not satisfy the BS Property.

If X is a two-dimensional Banach space, then from Theorem 2.1 of [7] and Theorem
2.3 of [9], it follows that T € L(X) satisfies the BS Property if and only if we have
My = D U (—=D), where D is a connected subset of Sx. If dimX > 3 and My
has more than two components then it is not known whether 7" will satisfy the
BS Property. Our next result gives some insight in that direction, under certain
assumptions on the co-domain space Y and the norm attainment set My, for a
bounded linear operator T' € L(X,Y).

Theorem 2.4. Let X be an n-dimensional Banach space, where n > 3 and let Y
be any Banach space. Let T' € L(X,Y), with |My| > 4, be such that the following
conditions are satisfied:

(a) There exists a basis {1, xa,x3,...,2,} of X such that x1,x9 € Mr.
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(b) There exist scalars asz, oy, ..., a, and Ps, By, ..., B such that we have for each
W = Cly®1 + CowTo + ... + CpwTn € Mp:
Clw + Cow + Q3C30 + ... + QpCpwy 0 and 1y — Cou + 83630 + -+ - + BuCnw # 0.

Then at least one of the following is true:

() Usensy(T2): = Y.
(ii) T does not satisfy the BS Property.

Proof. Assuming that (i) is not true, we show that 7' does not satisfy the BS
Property. Under this assumption, ¢y, (T2)" G Y. Take z € Y\ U,epy, (T2) "
We note that it follows from Proposition 2.1 of [6] that for each i = 1,2, either
z€ (Tx)t or z € (Tx;).

Case 1: Let z€(Txy)T N (Txe)t or z€(Txy)” N (Txg)”. We define A:X — Y by
Axy =2z, Arg = —z and Ax; = f;z for i =3,4,...,n.

If z € (Taxy)" N (Taz)t, then Azy € (Tx1)" and Axg € (Tx5)”. On the other hand,
if z € (Twy)” N (Tz2)~, then Azy € (Tz1)” and Azy € (T'z2)". Therefore, using
Theorem 2.2 of [6], we have T L g A, in both cases. We claim that Tu fp Au for any
u € Myp. Let u = c1,21 + Coya + ... + Cpuy, € Mrp.

Then,

Au = (€14 — Cou + 303 + - .. + Coufn)z = 72, (say).

As v # 0 and Tu fp z, so we conclude that Tu fp Au. Thus T does not satisfy
the BS Property.

Case 2: Let z € (Txy)"N(Tx2)” or z € (Txy)" N(Tx2)". Let us define A : X —» Y
by Axy = 2z, Axy = z and Ax; = oz for i = 3,4,...,n. Proceeding in a similar
manner, we can conclude that 7L g A but there exists no u € My such that Tul g Au.
Therefore T does not satisfy the BS Property. This completes the proof of the
theorem. O

The above theorem indirectly hints at the importance of the notion of Property P,
for a Banach space in the study of the BS Property of a bounded linear operator.
We state this formally in the following corollary.

Corollary 2.5. Let X be an n-dimensional Banach space, where n > 3 and let Y
be a Banach space such that Y has Property P, for some m € N. Let T € L(X,Y)
be such that the following conditions are satisfied:

(a) |Mry| >4 and |T(Mrz)| < 2m,
(b) There exists a basis {1, o, x3,...,2,} of X such that x1, 29 € My,

(¢) There exist scalars ag,ay, ..., and B3, By, - .., Bn such that we have for each
W = Clp®1 + CowTo + ... + Cpwtn € Mrp:
Clw + Cow + @3C30 + .. + QCrw 0 and ¢y — Cow + B3¢30 + - - - + BuCnw # 0.
Then T does not satisfy the BS Property.

Proof. As T'(Mr) contains at most 2m elements which are pairwise scalar mul-
tiples of one another and the co-domain space Y has Property P,,, we must have
Usens, (T2)= S Y. Then from Theorem 2.4, we conclude that 7' does not satisfy

the BS Property. [
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We now give an example to illustrate the applicability of Corollary 2.5 in studying
the BS Property of a bounded linear operator between Banach spaces. Here we
would like to mention that every smooth Banach space of dimension at least 2, has
Property P,, for each n € N.

Example 2.6. We consider a bounded linear operator 7' : 3. — ¢3  defined by

Te=JFforallze (3. Then it is easy to see that ||T]| = 1,

My ={£(1,1,1), £(-1,1,1), £(-1,-1,1), £(1,—1,1)} and
1 -1 1 1 -1 -1 1 1 -1 1
T( ) {:l:< 3 37 7§)7 :l:<7§v V3! 73)7 i(%?%?%)ﬁ j:(jga V3! Tg)}
Consider x; = (1,1,1), 2o = (—1,1,1), 23 = (=1, —1,1) and x4 = (1, —1,1). Clearly
{x1, 19,23} forms a basis of £ . If we choose @ = = 1, then condition (c) of
Corollary 2.5 is satisfied. Also, £3 has Property P,, for any n € N, as /3 is a smooth

space. Therefore, by using Corollary 2.5, we conclude that T" does not satisfy the
BS Property. ]

It is worth mentioning that Theorem 2.2 of [9] holds true when the domain space is
any finite-dimensional Banach space and the co-domain space is any smooth Banach
space of dimension at least two. Indeed, the said theorem can be stated in the
following more general form, by using the same arguments presented in the proof of
the original result.

Theorem 2.7. Let X be a finite-dimensional Banach space and Y be a smooth
Banach space of dimension greater than or equal to two. Let T € L(X,Y) be such
that My is a countable set with more than two points. Then T does not satisfy the
BS Property.

In the remaining part of this article, we focus on Property P, for polyhedral Banach
spaces. Our first observation reveals that given any polyhedral Banach space X,
there exists a natural number ny such that X does not have Property P,, for any
n > ny.

Theorem 2.8. Let X be a finite-dimensional polyhedral Banach space such that Bx
has exactly 2n extreme points. Then X does not have Property P,.

Proof. Let us denote the extreme points of Bx by +uy, tus,...,+u,. We claim
that |J;_,u = X. Let y € X be arbitrary. Given z € X there ex1sts scalar

a € R such that ay + 2L gy, by Theorem 2.3 of [2]. Take x = ”ZZIZ”, then x 1 py.

If x is an extreme point of By, then we have nothing more to show. Now, suppose
that x is not an extreme point of Bx. As x 1 gy, by using Theorem 2.1 of [2], there
exists a linear functional f € Sx» such that f(z) = ||z|| = 1 and f(y) = 0. Since
f attains norm, it is easy to see that there exists an extreme point u; of Bx such
that |f(u,)| = ||fH = 1. Therefore, by Theorem 2.1 of [2], we have u; Lgy. Thus
Ui, ui = X. This completes the proof of the theorem. O

Our next theorem shows that we have a definitive answer for two-dimensional poly-
hedral Banach spaces, regarding Property P,. To prove the theorem, we need the
following lemma:
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Lemma 2.9. Let X be a two-dimensional polyhedral Banach space. Then for any
x € B, there exists a normal cone K of X such that 2+ = K U (—K). In addition,
if the normal cone K is determined by vy,vy € Sx, then

{1 =ty +tg 1t € (0,)} Nyt =¢ foreach y e Bx\ {£z}.

Proof. Let g € Sx- and g(x) = ||z|| = 1, i.e., g is a supporting functional of Bx at
x. Let f; and fy be the two supporting functionals corresponding to the two edges
of Sx meeting at x. Now, = + ker g is a supporting line to Bx at x, that lies entirely
within the cone formed by the straight lines z+ker f; and x+ker fo. For ¢ = 1,2, let

fiF=1{2eX: fi(z) >0} and f; = {2z € X: fi(z) <0}.

“‘x+ker g

x+ker f5

ker g ) ' |
Figure 2.1: Hlustration for Lemma 2.9

We note that each f;" (f;) is a closed half-space in X. Let u € ker g be arbitrary.
The situation is illustrated in Figure 2.1. It follows immediately that either of the
following must be true:

(i) ve fiandue fy, (ii) ve f; andue f.

Taking K = fr N f,, it is easy to see that —K = f; N f;7. Thus for any u € X, with
rLgu, we have u € K U (—K). Therefore, 2t = {w € X: 2z Lpw} = KU (-K).
This completes the proof of the first part of the lemma.

Next, suppose K is determined by vy, vy € Sx. From the construction of K it is clear
that vy € ker fy N Sx and vy € ker foNSx. Let V = {(1 —t)v; +tvg : t € (0,1)}. We
show that V Nyt = ¢, for each y € Fx \ {£x}. If possible, suppose that V Ny* # ¢,
for some y € Fx \ {#x}. Then there exists v = (1 —t)v; +tvy € V such that v € y*.

Since z L g v, there exists f € Sk« such that f(x) = ||z|| = 1 and f(v) = 0. On
the other hand, since y Lp v, there exists h € Sx- such that h(y) = ||y|| = 1 and
h(v) = 0. Since X is two-dimensional, it is easy to deduce that f = +h. Therefore,
either x,y are adjacent vertices and f = h is an extreme supporting functional
corresponding to the facet Liz,y] = {(1—t)z+ty : t € [0, 1]}, or, z, —y are adjacent
vertices and f = —h is an extreme supporting functional corresponding to the facet
Lz, —y] ={(1—-t)x+t(—y) : t € [0,1]}. As f; and f, are two supporting functionals
corresponding to the two edges of Sx meeting at x, f is equal to either f; or fs.

Therefore, v is equal to either v; or vy, which is a contradiction to our assumption
that v € V. This completes the proof of the lemma. [
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We now prove the desired theorem.

Theorem 2.10. Let X be a two-dimensional polyhedral Banach space such that Bx
has exactly 2n extreme points for some n € N. Then X has Property P,_;.

Proof. If z € Sx is a non-extreme point of By, then there exist x1,zs € Sx such
that x = (1—t)xy + tzy for some ¢t € (0,1) and xq, x5 are extreme points of Bx. It
is easy to observe that z+ G zi and #+ G xy. Therefore, without loss of generality
we may consider any (n—1) extreme points of By, instead of any (n—1) points in
Sx, to prove that X has Property P,_;.

Let Bx = {*z1,£ay,...,+2,}. Then from Lemma 2.9, for each i € {1,2,...,n},
there exists normal cone K; of X such that zi* = K; U (—K;). If the normal cone K;
is determined by v;1, v;0 € Sx, then
{1 —t)va +tvp -t € (0, )} N U 27 = ¢.
j=1
Since x; is any extreme point of By, we conclude that the union of the Birkhoff-
James orthogonal sets of any (n—1) extreme points of Bx must be a proper subset

of X. However, this is clearly equivalent to the fact that X has Property P,_;. This
establishes the theorem. O

As an application of Corollary 2.5, we next give an example of a bounded linear ope-
rator T" between a three-dimensional polyhedral Banach space X and a two-dimen-
sional polyhedral Banach space Y such that T does not satisfy the BS Property.

Example 2.11. Let X = £3_and let Y be a two-dimensional real polyhedral Banach
space such that Sy is regular decagon with vertices (cos &, sin &), j € {0,1,2,...,9}.
Consider the linear operator 7' : X — Y, defined by

t+y (y—a)cosZE (y—x)sinZ

It is easy to check that ||T|| = 1, My = {£+(1,1,2), £(—1,1,2):z € [-1,1]} and
T(Mr) = {£(1,0), £(cos %, sin2)}. Consider 21 = (1,1,1),25 = (—1,1,1) and
x3 = (—1,—1,1). Clearly {xy,z2, 23} forms a basis of X. If we choose a = —10
and 8 = 52, then condition (c) of Corollary 2.5 is satisfied. From Theorem 2.10, we
know that Y has Property P;. Therefore, by using Corollary 2.5, we conclude that

T does not satisfy the BS Property. 0

For any two Banach spaces X, Y, it is easy to see that X x Y, equipped with the norm
|(z,y)|| = max{||z||, ||y||} for all (z,y) € X x Y, is a Banach space. Let us denote
this space by X@ Y. Similarly, X x Y, equipped with the norm ||(z,y)|| = ||z||+]y||
for all (z,y) € Xx Y, is a Banach space which is denoted by X@; Y. In the following
theorems, we study Property P, for Banach spaces X @, Y and X @, Y, where X is
a polyhedral Banach space.

Theorem 2.12. Let X be a polyhedral Banach space such that X does not have
Property P,, for some n € N. Then X &, Y does not have Property P,, for any
Banach space Y. Moreover, if Y is a polyhedral Banach space such that Y does not
have Property P,,, for some m € N, then X @+ Y does not have Property P,., where
r = min{m,n}.



A. Ray et al. / Some Remarks on Orthogonality ... 173

Proof. As X does not have Property P,, there exist x1,s,...,z, € Sx such that
U zi- = X. Now we claim that |J(z;,0)t =X @, Y.
i=1

i=1
We first show that 23 x Y C (x;,0)%, for each i € {1,2,...,n}. Let (z,y) € 23 x Y.
Then for any scalar A,

1(3,0) + Az, )| = [[(zi + Az, Ay)|| = max{|[z; + Az, [ Ayl[}
2 i + Azl = flzil] = [z, 0)]],

as ¥ € ;. Therefore, (z,y) € (2;,0)*. Hence z;- x Y C (z;,0)*. Therefore we have

Ox,, Ox XY)=X®sY.
i=1 i=1

Hence U, (7;,0)" = X @, Y. Further if Y does not have Property P,,, then as
before we can show that X @&, Y does not possess Property P,,. Thus X &, Y
does not have Property P,., where r = min{m, n}. This completes the proof of the
theorem. [

Corollary 2.13. Consider X =02 for any n € N, n > 2. Then X does not have
Property Ps.

Proof. From Theorem 2.8, it follows that (2 does not have Property P;. Also, we
know that (3. = (?, &, R. Therefore, by using Theorem 2.12, we conclude that ¢3_
does not have Property P,. Continuation of this argument proves that ¢7 , for any
n (> 2) € N does not have Property P,. O

Applying similar arguments, the proofs of the following results are now apparent:

Theorem 2.14. Let X be a polyhedral Banach space such that X does not have
Property P,, for some n € N. Then X &, Y does not have Property P,, for any
Banach space Y. Moreover, if Y is a polyhedral Banach space such that Y does not
have Property P,,, for some m € N, then X @1 Y does not have Property P,, where
r = min{m, n}.

Corollary 2.15. Consider X = {} for any n € N, n > 2. Then X does not have
Property Ps.

Let X be a three-dimensional polyhedral Banach space such that Bx is a prism with
vertices (cos 2 i sm— ,£1),7€{0,1,2,...,2n — 1}, n > 2. Then it is trivial to see
that X =Y @oo R, Where Y is a two-dimensional polyhedral Banach space so that
the extreme points of By are given by (cos & IT sin %), j€{0,1,2,....2n—1},n > 2.
Therefore, by using Theorem 2.8 and Theorem 2.12, we can conclude that X does
not have Property P,. However, in the next theorem we show that X does not have
Property P, for any n > 2.

Theorem 2.16. Let X be a three-dimensional polyhedral Banach space such that
By is a prism with vertices (cos &, sin %, £1), j € {0,1,2,...,2n—1},n > 2. Then
X does not have Property P,.

Proof. Let the vertices of Bx be vi(j11), j € {0,1,2,...,2n — 1}, where vy(j1) =
(cos £, sin 2T +1). The unit sphere Sx is shown in Figure 2.2.



174 A. Ray et al. / Some Remarks on Orthogonality ...

A simple computation reveals the explicit expression for the norm function on X.
Given any (z,y, z) € X, we have,

|cos B |z| [sin BIEDT |y
{ + » |21

Iy, 2)ll =  max  § —— 2= cos

2n %

We claim that vi- Uvy, = X. Let (2,y,2) € X be such that z > 0,z < 0 and y is
arbitrary.

S

V@ )2 l‘f(.z n+3)/2

Vi /o

GG nry2

Vi+l

V(n+3)/2 V(n+1)/2

G

or-------1 R EE SRR e =

...........................

v,

5
Y
Figure 2.2: Illustration for Theorem 2.16

Now, for any scalar A > 0, we have
1(1,0,1) + Az, y, 2)|| = |(1 4 Az, Ay, 1 + Az)||

(2j+1)m . (2]+1 7
cos 2|1 + \z sin L2 |\

0<j<2n—1 U

oS o~ cos%
> |1+)\x|+tan%|/\y| >1=|(1,0,1)].
Also, for any scalar A <0,
1(1,0,1) + Az, y, 2)|| = [[(1 + Az, Ay, 1 + A2)||
N {|COSW||1+M| N [ sin 22007 |y |1+AZ|}

: ™ T
0<j<2n—1 COS 5~ COS 5~

> 1422 > 1= (1,0, 1)
Therefore, (1,0,1)Lg(x,y, z), for all z > 0,z < 0 and for any y. From the homo-

geneity property of Birkhoff-James orthogonality, it follows that (1,0, 1) Lg(z,vy, 2),
for all z <0, 2 > 0 and for any y.
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Let (x,y, 2) € X be such that x > 0,2z > 0. Now for any A > 0,

1(=1,0,1) + Alz,y, 2) || = [[(=1 + Az, Ay, 1+ Az2) |

(2j+1)m . (2j+ )7

cos || — 14+ Az sin L2 |\

- {\ i | %ﬂum’u+M@
0<j<2n—1 COS 5~ COS 5

= 14+ Azl =2 1=|(=1,0,1)].
Also, for any A <0,

1(=1,0,1) + Az, y, 2) || = [[(=1 + Az, Ay, 1 + A2)

(2j+1)m . (2j+ )7

cos = — 1+ Az sin 22T\

BRI ~[EERSUNLI LU
<j<2n-1 cos CoS

2n 2n

> |1+ Al +tan21|Ay| >1=|(=1,0,1)].
n

Therefore, (—1,0,1)Lg(z,y, 2), for all z > 0,z > 0 and for any y. From the homo-
geneity property of Birkhoff-James orthogonality, it follows that (—1,0, 1) Lg(z, y, 2),
for all x < 0,2 < 0 and for any y. Hence for any (z,y, 2) € X, either (x,vy,2) € v
or (x,y,2) € vy, Le., v Uvp,, = X. Therefore, X does not have Property Ps.

This completes the proof of the theorem. [

Remark 2.17. Theorem 2.16 shows that the space X&,, Y may not have Property
P, even if both spaces have Property P,.

Our previous results point to the fact that there is a large family of three-dimensional
polyhedral Banach spaces not having Property P,. The concerned spaces have been
constructed by taking ¢, sum of two-dimensional polyhedral Banach spaces with R.
In the next theorem, we give another such example of a three-dimensional Polyhedral
Banach space, not having Property P,, which cannot be constructed by taking /.
sum of lower dimensional Banach space.

Theorem 2.18. Let X be a three-dimensional polyhedral Banach space such that
Bx is a polyhedron obtained by gluing two pyramids at the opposite base faces of
a right prism having square base, with vertices £(1,1,1),+£(—=1,1,1), £(—1,—-1,1),
+(1,—-1,1),4(0,0,2). Then X does not have Property P;.

Proof. Let the vertices of Bx be vy, j € {1,2,3,4} and wy, where vy = (1,1, £1),
veg = (—1,1, 1), vag = (=1, —1,£1), v4g = (1,—1,£1) and wy = (0,0, £2). The
unit sphere Sx is shown in Figure 2.3.

Given any (x,y, z) € X the expression for the norm function on X turns out to be
the following:

_ o, b e
w2 = mae {Ja ol 51+ 1,0 I
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We claim that, v{- Uv; = X. Let (z,vy, 2) € X be such that x > 0,y > 0.

Now, for any A > 0, we have

[(1,=1,1) + A, y, 2)[| = (1 + Az, =1+ Ay, 1 + Az2)]|

T+ Az L4+ Xz] [—1+ Myl |1+ )z
= 1+ -1+
max{\ + Az, | + Ayl 5 + 9 2 + 2
’
R TS I R X

VA1

w_y

Figure 2.3: Hlustration for Theorem 2.18
Also, for any A <0,

1L =1,1) + M,y 2) | = [[(1+ Az, =1 4 Ay, 1+ Az

|1+)\x|+|1+)\z| |—1+/\y|+|1+)\2|}
2 2 2 2

:max{\l—l—)\x], | — 1+ Ay,

Therefore, (1, —1,1)Lg(z,y, 2), for all z > 0,y > 0 and for any z. From the homo-
geneity property of Birkhoff-James orthogonality, it follows that (1, —1,1) Lg(z, y, 2),
for all z < 0, y <0 and for any z.

Let (z,y,2) € X be such that z > 0,y < 0. For any A > 0,

1L 1, 1) + Ay, 2)[ = 11+ Az, 1+ Ay, 14+ A2)|

114+ Az N 1+ Az| |14 Ayl N 114 Az
2 2 2 2

= max{|1+)\x], 11+ Ay,

> 1+ Az > 1=(1,1,1)].
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Also, for any A <0,

1L 1, 1) + A,y 2)[ = [1(1+ Az, 1T+ Ay, 14+ A2)|

11+ Az N 1+ Az| |14 Ay N |1+)\z|}
2 2 7 2 2

= max{|1 + Az|, |14 Ayl,
> [T+ Ayl =1 =1, 1, 1)].

Therefore, (1,1,1)Lg(x,y,2), for all z > 0, y < 0 and for any z. From the homo-
geneity property of Birkhoff-James orthogonality, it follows that (1,1,1) Lg(z,y, 2),
for all x <0, y > 0 and for any z.

Hence for any (z,y, z) € X, either (z,y,2) € v{- or (z,y,2) € vy, i.e., vi Uvf =X,
Therefore, X does not have Property P. This completes the proof. Il

We next give an example of a three-dimensional polyhedral Banach space which has
Property P, but does not have Property Ps.

+Z
1
1
1
1
|
le
1
1
1
|
1
V(3 n+1)/2 ! v
' (3 n+3)/2
X \
ey ol R Rl G (9 Vo
V42 G~ )
(3 n+l)/2
Vi+l ! Gop v
| -1 v
|_—1 1 I~
Vs 4| \ T v
1
1
: G
YR E ) »X
e ;-, --------- ""i—Zn
%’ v
d -2
//,
’
Y
w1

Figure 2.4: Hlustration for Theorem 2.19

Theorem 2.19. Let X be a three-dimensional polyhedral Banach space such that Bx
is a polyhedron with vertices (cos ¥, sin 2%, £1),(0,0,£2), j € {0,1,2,...,2n — 1},
n > 3. Then X has Property P, but X does not have Property Ps.

Proof. We prove the theorem by assuming that n is an odd integer. Similar calcu-
lations hold true, when n is an even integer.
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Let the vertices of Bx be vi(i1y, 7 € {0,1,2,...,2n — 1} and w4y, where
Vi (j+1) = (cos ZZ sin I +1) and wyy = (0,0, £2).

The unit sphere Sx is shown in Figure 2.4. Let G4, denote the facet of Bx containing
Vj41,V—j-1,Vj42,V—j—9, where Vop+1 = U1 and V_op—1 = V_1. Let F:I:(j+1) denote the
facet of Bx containing vi(ji1), va(j42), w+1. For each j € {0,1,2,...,2n — 1}, let
gj+1 and fi(j11) be the supporting functionals corresponding to the facets G4 and
F4 (j+1), respectively, i.e.,

(vjr1 +kergjp1) N Sx = Gy and  (vigyn) +ker fagip) N Sx = Fligip)-
For every v;y1 € Sx, 7 = 0,1,2,...,2n — 1, there are four adjacent facets Gj,
Gjt1, Fj, Fj11. Here we assume that Gy = Gg, and Fy = Fj,. Therefore by
Lemma 2.1 of [8], extreme supporting functionals corresponding to the vertices v,
J=0,1,2,...,2n =1, are g;, gj+1, fj, fj+1. Here also we assume that gy = go2,, and
fo = fan. Now consider the following subsets of Sx-:

h=MXg;+ Xagjr1+ Asf; + A\afjr1, e >0
Hyot = {hGSX* 19; 29j+1 3Jj J+1 ’

Vke{l,2,34}and 3, M =1

for each j =0,1,2,...,2n — 1. Then by using Theorem 2.1 of [2] and Lemma 2.1 of
[8], we conclude that UjL+1 = Upep.. kerh, for each j =0,1,2,...,2n — 1.
j+1

Again, for wy, there are 2n adjacent facets Fji1, j =0,1,2,...,2n — 1. Therefore,
as before, extreme supporting functionals corresponding to the vertex w; are fj41,
7=0,1,2,...,2n — 1. Now, consider the following subset of Sx::

2n—1
h=3"0"0 M1 frsts Aggr > 0
H = h € Sx* . In—1
VEe{0,1,2,....,2n— 1} and ) ;" Apy1 =1
From this, we conclude that wi = Uh6 g ker h. Now, for any (z,y,z) € X, we have
cos 2itDm || (23+1)7r ly| cos (2j+1)7 || sin (2J+1)7f |yl
||(.l’,y,2’)|| - ma,}f_l { cosin CoS 5 ’ QCOQSnL 2cos— + 2 |}
OSJST 2n 2n 2n

Using the above expression of the norm function, we can compute the Birkhoff-
James orthogonal sets of the extreme points of Bx. For the extreme points of By,
lying above the plane z = 0, we have,

:(17071)L:i[{($7y,z)GXS%ZO,yZO,ZEO,x tan(Z )y < 0}
U{(z,y.2) €X:2<0,y>0, 2>0,2+ M+é>0}
U{(z,y,2) €X:2<0, y<0, 2>0,&— 2220 4 =5y
U{(z,y,2) €eX:22>0, y<0, 2>0,r+ tan(g- )y<()}

Now, for each j € {1,2,..., "T_l}, we have

U(J;H) (COSJ—W Sin%,l)l:j:[{(a:,y,z)EX:Q:<O y>0, 2>0,
cos (2j+1)m sin (2j+1)m (2] m (2] 1)
20052% T+ 2(30822" y+ > 0 siln l’—l- szln yg 0}

27+ )7 sin (2j+1)7r

22 Z—y+ 3 >0}
2

2cos o— I 2 cos

COos

U{(z,y,2) eX:2<0, y<0, z>0,
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cos 2i—L)m gin 2i=D)7
U{('ray7z)exx§07y§0’2207 260822nln I’+ 20082} y+§20}
2i—Dm (2j—1)m
U{(m,y,z)EX $>0 y<0 Z>0 20082;L T+ 2(:082;I y—i_%ZO?
cos <2J2+nl)7r (2g2+n1)7r
cos% ZL’+ % ySO}]

Again, for each j € {1,2,..., "T_l}, we have

U(J;yil) = (—cos%,sin%,l)l:j:[{(a:,y,z) eX:z>0,y>0, 2>0,
2

cog 23+ sin (24417 ; o (2= sin (23—
B 2‘3052% z+ 2‘3052% y+§20’ o coSan x+ szln ng}
cos i=1)m sin 24— B
U{(z,y,2) eX:2<0,y<0,2>0, — Tk z+ 2 2608; y+352>0,
cos (2];»1)77 (2];1)7«'
o cos% .1'—|— s% y§0}
cos 23+ sin d+DT
U{(z,y,2) eX:2>0, y<0, 2>0, — QCOSQQ"L T+ 2c052:w y+35>0}
cos (2j2—1)7'r sin (2]2 1w .
U{(z,y,2) eX:2>0, y<0, 2>0, — Toos T+ Toos y+3 20}].
Now,
Uy = (FLO 1) = £ {(2,y,2) € X0 2 0,y 20,2 2 0,—5 + =20 4 2 >0}
U{(z,y,2) €eX:2<0, y>0, 2>0, —z —tan(5-)y < 0}
U{(z,y,2) €eX:2<0, y<0, 2>0, —z + tan(5-)y < 0}
U{(@,p,2) €X:020, y <0, 220, —F - G0 4 5> 0}].
Again, for each j € {1,2,..., 251}, we have
Uignsny = (—cos 2, —sin 28 1)+ =i[{(:c,y,z) €X:22>0,y>0, 2>0,
(2];1)77 sin (23;1)71'
B 2cos2— T = 2cos2 y+220}
cos Bi-Um sin 2i-17
U{(z,y,2) eX:2>0, y>0, 2>0, 2COSQ2"L T — QCOSQ;; y+35 >0}
cos (2j—1)m (2j—1)m .
U{(z,y,2) eX:2<0, y>0,z >0, — 2CO52:% x — QCOSQ;’% y+35 >0,
cos 27+ sin (24417
- COS% L= Coszln y S O}
cos (23;1)‘” sin (2];—1)77 .
U{(QZ,y,Z)EXZQ?ZO, ygoa 2207 - QCOS; T — 2COS§T y+520,
(2j—1)m sin (2;—1)m
- cosz— L= coszln ySO}]
Also, for each j € {1,2,..., ”T_l}, we have
U(J;_i_gL;A) = (cos L&, —sin I 1)L:j:[{(x,y,z) eX:z>0,y>0, 2>0,
(212 Hm (232 1w cos (212+1)7r sin (2J2+1)Tr
20052— l‘— 2cos2 y+ >0 cos 5 r = cos 5 y<0}
cos ZFDT g Gitn
U{(z,y,2) eX:2<0, y>0, 2 >0, 2cos: x — QCos: y+ 3 >0}
cos (232 1w (212 1w .
U{(z,y,2) €eX:2<0, y>0, z>0, Yoo ¥ 2cos: y+3 >0}
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cos 21T sin (2i+Dm ;
U{(Iy,Z)GX{L‘SO7y§O’ZZO’ 20082;1 = 2(:052:% y+§207
g (2i-Dm gin (23=Dm
cosz—n T — COSQLn ySO}]
2n on
Now, wl_(ooz) [AUBUCUD} where
" -1
oz N
U _UBJ’ ¢= UCJ’ D= UD]’
=0 =0
(21+1)7T . (2j+1)7r
COS ~=5—— sin ~= %
A_{(.Ty,) szo’yz()?’zzoa_ 27711— T — 2137 y‘i‘zSO}a
2cos 5 2cos 5 2
Bj={ JeX:x<0,y>0, 23>0, — ot sin BT <0}
. — » Y, < : < U, >0, >0, n i n Z < 7
i =1{(z,y,2 T y z Yoon & Teos vt
(2j+1)m . (2§47
cos sin
Cj={(z,y,2) €X:2<0,y<0, 220, By 2y D <),
2cos 5 2cos o 2
(2j+1)m 2+
COS —F— sSin >
D. = ,2) X >0, y<0, 2>0,— 2n o Z 0
i =1{(z,y,2) r>0,y<0, 2> Feon &£ 3 oos L y+g< }

From the above expressions of the Birkhoff-James orthogonal sets of extreme points
of By, it follows that, for any two extreme points u,v € Sx, u=Uv" G X. Therefore
X has Property P,.

Again, by using the same expressions, we can show that (1,0,1)* U (—1,0,1)*
(0,0,2)* = X. Therefore, X does not have Property Ps. This completes the proof
of the theorem. O

Finally, we give an example of a linear operator T between a three-dimensional
polyhedral Banach space and a three-dimensional polyhedral Banach space having
Property P, such that 7" does not satisfy the BS Property.

Example 2.20. Let X = (3 and let Y be a three-dimensional polyhedral Banach

space such that By is a polyhedron with vertices (1,0, il) (\/i’ 75 +1), (0,1, £1),

Consider a bounded linear operator 7" : X — Y, defined by

r+y y—=x
) = (S22 555,).
Then it is easy to check that ||T|| =1, My = {£(1,1,2), £(—1,1,2) : z € [-1,1]}
and T'(Mr) = {£(1,0,1), £(0,1,1)}. Consider z; = (1,1,1), o = (—1,1,1) and
x3 = (—1,—1,1). Clearly {x1,xq, 23} forms a basis of X. If we choose o = —10
and § = _73, then condition (c) of Corollary 2.5 is satisfied. From Theorem 2.19, we
know that Y has Property P,. Therefore, by using Corollary 2.5, we conclude that
T does not satisfy the BS Property. [

In view of the methods employed to study the BS Property of linear operators and
the results obtained in the present article, it is perhaps appropriate to end it with
the following remark:
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Remark 2.21. We have illustrated the important role played by Property P, in
determining the BS Property of linear operators. Indeed, using this concept, we
have extended the previously obtained results in [9]. It is worth mentioning in
this connection that Example 2.6, Example 2.11 and Example 2.20 provided in this
article are beyond the scope of Proposition 2.1 of [9]. We note that Property P, is
essentially a structural concept, associated especially with polyhedral Banach spaces.
Therefore, it might be interesting to further study various polyhedral Banach spaces
in light of the newly introduced concept of Property P,.
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