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1. Introduction

Let us consider the bi-dimensional interval A := [a,b] X [¢,d] in R? with a < b and
¢ < d. A function f: A — R is called a separately convex function(shortly convex
function) on the co-ordinates if the partial mappings f, : [a,b] = R, f,(u) := f(u,y)
and f, : [e,d] = R, f.(v) := f(x,v) are convex for all y € [¢,d] and x € [a, ],
respectively.

Dragomir proved the following Hermite-Hadamard type inequalities.

Theorem 1.1. [3] Suppose that f : A = [a,b] X [c,d] — R is conver on the
co-ordinates on A. Then we have

a+b c+d 17 1 b c+d 1 d la+b
< Z - -
f( 272 >—2{b—a/af(x’ 2 )d“d—c/cf( 2 y)“’}

S e /ab /Cdf (& y)dyd
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<

(f(a,c) + fla,d) + f(b,c) + f(b,d)).

| =

Throughout this paper, we introduce geometric-geometrically convex functions for
two variables. Then, we prove Hermite-Hadamard type inequalities for these func-
tions. Also, we define arithmetic-geometrically convex functions for two variables.
By these functions, we obtain some new inequalities for unitarily invariant norms.

2. Inequalities for geometric-geometrically convex functions of two
variables

In this section, we prove Hermite-Hadamard type inequalities for geometric-geome-
trically convex functions of two variables.
The following definition is for geometrically convex function of one variable.

Definition 2.1. [6]A continuous function f: I C Rt — R is said to be geometri-
cally convex (or multiplicatively convex) if

f(@*™) < f(a) f(b) for a,b € I and A € [0,1].

In [8, Theorem 3], we proved the following inequalities for geometrically convex
functions of one variable

F(Vab) < \/(f(aibi)f(aibi)> < exp ( L /ab log Of(t)dt)

logb — loga t
<\ f(Vab)./f(a). v/ F(b) < v/ F(a) f (D). (1)

Now, we give the definition of geometric-geometrically convex function of two vari-
ables.

Definition 2.2. The function f : A C Rt x RT — R* is said to be geometrically
(geometric-geometrically) convex if

F (@20 V) < fla )M f(zw) Y (2)

for every (z,y), (z,w) € A and X € [0, 1].

Below, we will use the following notations:

log(z,y) = (logw,logy), =,y >0,
and exp(z,y) = (expz,expy), =,y € R.
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Lemma 2.3. Suppose that [a,b] x [c,d] is a subinterval of RT x R* and that
f:la,b] x [c,d] — (0,00) is a geometrically convex function. Then

F =logofoexp: ([loga,logb] x [loge,logd]) — R
is a convex function.

Proof. Assume that f is geometrically convex. We will show that F' = logof o exp
is convex on [log a,logb] x [log ¢, logd], that is,

logof oexp(Alogz + (1 — A)log z, Alogy + (1 — \) logw)
< Aogof oexp(logz,logy) + (1 — A)logof o exp(log z, log w)

for all z,z € [a,b], y,w € [c¢,d] and A € [0,1]. We have from the left side of the
above inequality

logof oexp(Alogz 4+ (1 — A)log z, Alogy + (1 — A\) logw)
= logof oexp (log (3:’\z(1’>‘)) log (y)‘w(l”\)))
=logof ((="2"7Y), (yw™Y))
< log (f(x)kf(z)(l_)‘), f(y))‘f(w)(l_)‘)) (since f is geometrically convex)
= (Mogof(z) + (1 = A)logof(z), Alogof(y) + (1 — A)logo f(w))
— (Aogof(exp(log z)) + (1 — A)log of (exp(log 2)), Alog o f (exp(log )
+(1 = X) logof(exp(logw)))
= Alogof oexp(logz,logy) + (1 — A) logof o exp(log z, log w),
for all z,z € [a,b], y,w € [¢,d] and X € [0, 1]. O

Theorem 2.4. Let f be a geometrically convex function defined on [a, b] X [c, d] such
that 0 < a <band 0 < c<d. Then, we have

f <\/%, @) < exp ! /b 1ng(u Ved) du + ! /d log f(vVab, U>dv>

2 log 2 log v

logf U, v
= P | Tog B)(log D) log // dd)
log f(u, c) log f(u,d)
4log5 [/a U du+/a u du }

1 4 log f(a,v) 4 log f(b,v)
+4logg [/c ” dv—l—/c — dv]

< V/fla,c)f(a,d) f(b.c) f(b,d).

< exp

Proof. Let f:[a,b] X [¢,d] — R be geometrically convex. So, by Lemma 2.3
F(z,y) =logof oexp(z,y) : [loga,logb] x [loge,logd) — R

is convex.
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Then, by Theorem 1.1 we obtain

P (loga+logb logc+10gd)
2 ’ 2

1 1 logd 1 1
P P / P (g ogctlosdy
2 [logb —loga Jigq 2

1 logd loga + logb
_— F|{—— d
+ logd—logc/logc ( 2 ,y) y]

1 logb logd
< F(x,y)dydx
(log b— IOg a)(log d— IOg C) loga Jlogc ( )
and
7 <loga +logb logc+ log d)
2 ’ 2

1 1 logb 1 logb
< - | F(x,1 d T — F(x, logd)d
! Logb—loga/loga (z,log c)dz + logb—loga/loga (w,log d)dx

logd

1

logd 1
_ F(l d _ F(loghb,y)d
+logd—logc/logc (loga, y) y+logd—logc/1()gc (log b, y) y]

- F(loga,logc) + F(loga,logd) + F(logb,logc) + F(logb,logd)
- 4
By the definition of F', we have

log of o exp(log Vab, log Vcd)

1 1 logb
< - —/ logof o exp(x,log Ved)dz
2 [logb—loga Jipga

1 logd
+— / log of o exp(log Vab, y)dy
logd —logc Jioge

1 log b logd

< ( logof o exp(x,y)dydr,

logb —loga)(logd — logc) J,

oga Jlogc

whereupon

logof o exp(log Vab,log \/ai)

1 1 logb
< - | 1 logc)d
<7 Logb—loga/loga ogof oexp(x,logc)dr

1 logb
_ 1 log d)d
+ logb—loga/loga ogof oexp(x,logd)dz

1 logd
— 1 1 d

1 logd
_ 1 logb,y)d
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and log of o exp(log Vab,log Vcd)

1 [log of oexp(loga,logc) +logof oexp(loga,logd)
+logof oexp(logb,logc) + logof oexp(logb,logd)].

The above inequalities are equivalent to write

log f(Vab, Ved) < {;/log log f(exp(z), Ved)dx

logb —loga Jigq

1 logd
_ 1 b d
= logd—logcfl og f(Vab, exp(y))dy

ogc
1 log b logd
log f(exp(z), exp(y))dydzx

(log b— 1Og CL) (log d— 10g c loga Jloge

and
logd

log f(Vab, Ved) < 2 {;/ log f(exp(x), ¢)dx

logb —loga Jigq
logd

1 logd 1
— 1 d)d S 1 d
+ logb—loga/bga og f(exp(r),d)dr + logd—logc/logc og f(a,exp(y))dy

1 logd
— log f (b d
+ logd—logc/l og f (b, exp(y)) y]

ogc

[log f(a,c) + log f(a,d) + log f(b,c) + log f(b,d)] .

By change of variable, u = exp(z) and v = exp(y), we get

log f(Vab, Ved)
1 1 log f(u Ved) 1 41og f(\/ab,v)
=3 [ / du + logd — logc/ dv]

FMH

logh — loga v

< // logfuv

- (10gb—10ga) logd — log c)

Sl 1 /logf(u,C) +/ logf(u,d)du
4 |logh—1loga \ /, “ u

1 log f(a,v) “log f(b,v)
+logd—1ogc(/c v dv+/c v dv)}

< log v/ f(a,c)f(a,d) f(b,c) f (b, d).

Since exp(x) is increasing, we have the desired result. ]

3. Inequalities for arithmetic-geometrically convex functions of two
variables

In this section, by the results obtained in Section 2, we establish Hermite-Hadamard
type inequalities for arithmetic-geometrically convex (AG-convex) functions for two
variables.
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In [9] we proved the following theorem for one variable.

Theorem 3.1. Let f be an AG-convex function defined on [a,b]. Then, we have

5522 L)) 2o )

< (“b)\/_\/_<\/f7 where u = logt. (3)

Here, we present the definition of AG-convex function for two variables.

Definition 3.2. The function f: A C R x R — RT is said to be AG-convex if

FO@+ (1 =Nz, Ay + (1= Nw) < fla,9)* f(z,0)Y (4)

for every (x,y), (z,w) € A and X € [0, 1].

Remark 3.3. The condition (4) can be written as

folog(exp(Az) exp((1 — A)2), exp(Ay) exp((1 — Mw))
< (f olog(exp(z), exp(y)))*(f o log(exp(z). exp(w)))" ™, (5)

Then we can see f : A — R* is AG-convex on A if and only if folog is geometrically
convex on exp(A) := {(exp(z), exp(y)), (z,y) € A}.

Observe that if A = [a,b] X [c,d], then exp(A) = [exp(a), exp(b)] X [exp(c), exp(d)].

Theorem 3.4. Let f be an AG-convex function defined on [a,b] X [c,d]. Then,
we have

a+b c+d

(505
1 b c+d 1 d a+b

<ow (g [ owes (57 ) @ g [ ewer (570 )

(b—a _C//logOfstdsdt)

[ logOf(s,c)ds+/ logOf(s,d)ds]

a

| /\

| /\

+ 4(d—1_c) [/d log of (a,t)dt + /cd log o f (b, t)dtD
<~/ f(a,0)f(a,d)f(b,c)f(b,d).

Proof. Let f : [a,b] = R" be a AG-convex function. Then, by Remark 3.3, the
function f o log is geometrically convex on [exp(a), exp(b)] x [exp(c), exp(d)].

Applying the inequalities of Theorem 2.4, we obtain
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folog (\/@, @)

< exp e logofolog( Ve d)du N 1 /ed logofolog(\/eaeb,v)dv
o 2 log U 2log & ed v

e / /e logof o log(u, v)d do

N log log uv

e 1 e 1 d
< exp / ogof olog(u,e )du+/ ogof olog(u,e )du
4loge—a o U ea u

N 1 ! /ed logof o log(e“,v)dv n /ed logof olog(e®, v) g
4log % e’ v e’ v

< {/ o log(en, ) f o log(e, ) f o log(e?, ¢°) f o log(e?, ).

Hence, using Theorem 1.1, we can write

a+b c+d
f( L )

1 /e log o f (log u, <) 1 /ed logof(“T“’,logv)d )
v

<
< exp 20— a) du + ”

u 2(c—d)
eb ed
< exp 1 / / log o f (log u, log v) dudo
(b—a)(d—c¢) Jea Jee uv

b b
1 ¢ logof(logu,c) /e log o f(logu,d)
<
= P 4(b — a) [/ea u du+ ca U du

d d
1 ] 1 ] 1
N / ogof(a, ogv)dv+/ ogof(blogv)
4(d—c) | Jee v " v

< Vfa, ) f(a,d)f(b,c) f (b, d).

By change of variable s = logu and t = log v, we have the desired result. Il

4. Some unitarily invariant norm inequalities
In this section, we prove some unitarily invariant norm inequalities for operators.

We consider the wide class of unitarily invariant norms ||| - |||. Each of these norms
is defined on an ideal in B(H) stand for C*-algebra of all bounded linear operators
and it will be implicitly understood that when we talk of |||T|||, then the operator

T belongs to the norm ideal associated with ||| - |||. Each unitarily invariant norm
||| - |]| is characterized by the invariance property |||[UTV||| = |||T’||| for all operators
T in the norm ideal associated with ||| - ||| and for all unitary operators U and

V in B(H). For 1 < p < oo, the Schatten p-norm of a compact operator A is
defined by ||A||, = (Tr|A|P)'/?, where Tr is the usual trace functional. These norms
are special examples of the more general class of the Schatten p-norms which are
unitarily invariant [2].
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As the first application of AG-convex functions of one variable for unitarily invariant
norms, we need the following lemma. Before we state our lemma let us mention that
the norm version of the Cauchy-Schwarz inequality ([2], Problem IV.5.7, pp. 108)
for A, B € M,(C) is as follows

IIAB*[|]* < [[|A"Al[[[[| B* B]||. (6)

Lemma 4.1. Let A, B, X € B(H) be such that A and B are positive operators.
Then o(t) = |||AB*A||| is AG-convez fort € [0,00).

Proof. Since ¢ is continuous, it is enough to prove the mid-point AG-convexity, i.e.,

o (S”) < o)t

N[

2

for s,t € [0,00). In fact, we have

S+t s+t E i3
o (S50) = llaBs all = s )

< |||[AB3 B3 A||?|||AB2 B2 A|||> the Cauchy-Schwarz inequality
= p(AB*A)1p(AB'A)? = o(s)7(1)*.
So, ¢(t) = |||AB*A||| is an AG-convex function. O

Now we give the following inequalities for weighted geometric mean
Af, B = A} (A%BA%)” A3

for two positive operators and all 0 < v < 1. In the case of v = %, we denote Aﬁ%B
by AfB.

We apply inequalities (3) to the function ¢(t) = |||AB*A||| on the interval [v,1 — V]
when v € [0, 3) and on the interval [1—v, ] when v € (3,1]. We obtain the following
result.

Theorem 4.2. Let A, B, X € B(H) be such that A, B are positive operators and
v € [0,1]. Then, we have

i i 1 1-v
LB < At Bz B < esp (= [ toglllAgu ] o)

< [I[A8BI||= ||| At B[ | ||| A1 B||* < [[| Az, BI||2 || A1 B][[>- (7)

Proof. For v € [0, %), by inequalities (3), we have

1+2v 3—2v

[AB2 A[]| < [[|[AB=+ Al[[2[[|AB " Al[|2

1 1-v
< 1 AB"A
S T Ty

< ||AB=A||[=[[[AB"AJ|[5|[|AB* Al < [[|AB"A|||2|[[AB" Al||=.
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We replace A and B by Az and A7 BA_Tl, respectively, and we obtain the following
inequalities
|43 (A% BAZ )3 A3
< [||A3(AT BAT )5 A%||[3]| A2 (AT BAT) T A%
1 1—v » .

<|||Az(A= BA= )2 Az |[|2[[| A2 (A= BA= )" A2 |||4]]|A2 (A= BA= )" Az||[s

N

< ||A2(AF BAZ )Y Az|||3]||A2 (A7 BAZ )" A3 |||5.
Equivalently, we can write

[[A2BI[| < [[|Afreze Bl||2[|| Afs=2e BI||>

1 1-v
<
<o (5 [ loelll4nBl du)

< [I[Af.BI|[2 ||| At Bl|[4|[| A1 B|[* < | A4, B2 [[| A1 Bl| |2 (8)

On the other hand, for v € (%, 1], by inequalities (3), we have

1[AEBI] < [[|Af vz B|[2 ||| Afs=2v BJ||2

1 v
< 1 At B
<o (g [ toelllazBll du)

-V

< [[lAzy Bll[=[[[Ag. Bll[1|[[ Az Bll[* < |[[ At B[z [|[Af . Bl|[z. (9)

In the last inequalities we used

. 1 1—v
i exp (=5 [ oulll4z Bl u) = 1425

v 2v
This completes the proof. O

In the special case v = 0, by the above result, one can obtain the following corollary.

Corollary 4.3. Let A, B, X € B(H) be such that A, B are positive operators. Then
we have

1
1ABII| < [I|Ag: BII[# [} Az B[ < exp (/ log ||| A%, B | du)
< (LA FIANFIIBIIIE < [11AI]11B])12 (10)

< (A +11BI). (1)

From now on, we give some applications of AG-convex functions of two variables for
unitarily invariant norms.
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Lemma 4.4. [7] Let A, B, X € B(H) such that A and B are positive. Then
f(p,q) = |[[APX B|

is AG-convex fort € [0,1] and p,q € [0,00).

Applying inequalities of Theorem 3.4 to the function f(p,q) = |||A?PX B||| on the

interval [v,1—v]x [v,1—v] when 0 < v < § and on the interval [1 —v,v] x [1 —v, V]
when % < v <1, we obtain the following theorem.

Theorem 4.5. Let A, B, X € B(H) such that A and B are positive. Then

1 1 1 1=v 1
B < e (5= [ toelllex s

2 —4v
1-v L .
1 Az X BY|||dt
[ sllabx )

1 1-v 1-v
< —_ 1 A*X B
<o (g [ [ toullaxasar)

_|_

and

4 — 8u
. 1
4 — v

N | 1 1-v 1-v
Bl < e (= | [ o llasxsllas+ [ oglllacx s

1-v 1-v
[/ 1og|||A”XBt|||dt+/ 1og|||A1—VXBt|||dtD

< VllAvx B ([[|[|A» X B=[[[[l| A= X Br[[[[[| A= X B'=]].

Proof. For 0 <v < %, by applying the inequalities of Theorem 3.4, we get

11 1 1= 1
1) sor(amam [ et ()
1 1= 1
+—2(1—2V)/,, logof (§,t) dt)
1 1—v 1—v
< exXp (m/]/ /y log Of(S,t)det)

and from here,

11 1 1—v 1-v
f (5, 5) < exp (m {/y logof(s,v)ds —|—/V logof(s,1— u)ds]

+ﬁ [/y Vlogof(z/,t)dt+/yVlogof(l—z/,t)dt])

< {L/f(y,l/)f(y,l—y)f(l—l/,y)f(l—y,l—l/).



V. Darvish et al. / Some Integral Inequalities ... 215

Hence, by Lemma 4.4, we obtain

1 1 L=v 1
AT XB3||| < . log ||| A*X B2|||d
X8| < exp (g [ sllarx s s

1 L=y 1
_ 1 A2 X BY|||dt
by [ teellaix )

1 1-v 1-v
< —_— 1 A*X B
cov ([ [ wsllaxsas)

and

1 1—v 1—v
I|A2X Bz||| < exp (m U log|||AsXB”|||ds+/V 1og|||ASXBl—V|||ds]

1 1—v 1-v
— log |||A” X B'|||dt log |||A'" X B'|||dt
b | [ ol [ gl

< VllAvx B ([[|[|A» X B=[[[[l| A= X Br[[[[[| A= X B'=]].

For % < v <1, by making use of Theorem 3.4, we have

11 1 v 1
/ (5’ 5) = e (—2@,, .y /U togof (87 5) s
1 v 1
+ —2(21/ — 1) /1—V logof (E’t) dt)

1 14 14
< -
< exp ((21/ — 12 /11/ /11/ log of(s,t)dsdt)
and

11 1 v v
f (5,5) < exp (4(2]/—_1) {[Vlogof(s,l —V)ds+/1ylogof(s,u)ds}

+m [/V logof(l—u,t)dt—l—/y logof(l/,t)dt}>

1-v 1—v

< {l/f(l—I/,l—y)f(l—y,y)f(l/,l—y)f(y,l/)_

By Lemma 4.4, we have
1A X B < ! /”1 114°X BY|[|d
2 2 ex _— O 2 S
=Pl )L

1 v 1
— 1 A2 X BY|||dt
b o [ osllaixa)

et 4

1 1% 12
< S | AsX B
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and

1 14 14
AZX B3| < —— log ||| A*X B*~|||d / log ||| A*X B”|||d
A B < oo (g | [ ol lids+ [ togllax 5

1 v v
N — 1 ATV X BY||dt / 1 A" X BY|||dt
Fm | el e+ [ tog 14X

< VillA=x B[] A= X B |||l A X B=[[[[[| A X B||].

Note that in the last inequalities we used

1 v | 1 v !
li — 1 A’XBz|||ds + —— 1 A2 X BY|||dt
liny xp (2(1_%)/” os 4B s + 5t [ g4t

1 ASX B
o ([ esllaxeasa)

1 1—v 1—v
— log |||A*X B log |||A*X B'™"
v | tosllaexeias [ ol s

1 1-v 1-v
— log |||A¥ X B'|||dt log ||| A"V X B|||dt
b | [ toelax s [ ol lit] )

= [[|A2 X B[],

I
M\»—tg
@

"

i

This completes the proof. O

Corollary 4.6. Let A, B, X € B(H). Then

1—v
/ log |[|(A*A)° X (B* B)* || ds

2
AXB*||* <
X < exp (5

+ =5 | T loglll(A°A) X (B
= / [ sl ayc sy asar
<exp< { log ||(A*A) X (B B)"|[[ds + / ng|!|(A*A)SX(B*B)1_”H|ds]
b | [ sl B+ [ losilicaray-rx sy )

< |lI(A*A)" X (B"B)"|||[[|(A*A)" X (B*B)"||
11(A*A) X (B"B)||IIl|(A*A) X (B*B) " |lI.
Proof. From the inequality (3.4) of [9], we have
IAXB|||* < |lI(A*A)2 X (B*B)2 |[|[[[(A"A)2 X (B"B)2|]| (12)

for all A, B € B(H). Now, applying Theorem 4.5, we get the desired result. N
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Remark 4.7. Let X = [ in the above theorem. Then for two operators A and B
in B(H), we have

11(A*A)2 (B*B)z ||| (13)

1 v \
< * s * 3
<ew (o [ voullierar (e los

+2—41/

1 1—v 1—-v
< —_ 1 A*A)(B*B)!
<o (g [ [ roellicarar (s myasar)

1 v * * v e * s * —v
< exp (— [/ oglll(4 4y (B BYllds + [ log l1(4° Ay (3B mds}

/ _”1og|||<A*A>%<B*B>t|||dt)

4—8v

1 I=v . A\ . 1-v . .
T i s [/ log [[[(A"A)"(B B)t\lldtJr/ log |[|(A*A)*"(B B)tmdtD

< VIli(A=A) (B B)~[[[[[|(A*A)»(B*B) ]|

x V(A A) = (B*B)“[[]][|(A* A) =+ (B~ B)'=]]]. (14)

From [5], we have

1I(A"A)"(B*B)"|| < [[|[A"AB"BJ||” (15)
and from [1] we have
I1(A"A)"(B*B)" || < [[[vA"A+ (1 — v)B"Bl|| (16)

for all A and Bin B(H) and v € [0, 1]. Now, applying (14), (15) and (16), we obtain

V(A=A (B B)»[[|[[[(A*A)»(B=B)*~]]|

x V(A A= (BB [[[[[[(AA) =+ (B*B)=|l]

< VIlAABB||[[[lvA*A + (1 = v) B*B|||[[|(1 = v)A*A + vB*B]]|. (17)
On the other hand, from the inequality (12), for X = I, we have
IIAB*[[]* < [[[(AA)2 (B"B)2|||l[|(A*A)2 (B"B)2|]| (18)

for all A, B € B(H).
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By putting (17) and (18) into (14), we have

AB* 4<
B < exp (25

1-v
[ sl ay s s)ds

1-v
* % * t
b2y [ sl ey

4 1-v 1—v
< * S * t
<o (g [ [ sl py )

1 1-v 1-v
<o (125, | [ oullicrar@ syl + [ osllcaay e py i)

1 1-v 1-v
b | [ el ar @Byl [ sl e my)

< |I(A*A)"(B*B)"|||[|[(A*A)*(B*B)"|||
x |[(A"A)=(B*B)|I][||(A*A)' = (B*B)" ||
< [|AAB"B[[[|lvA"A + (1 = v) B*Bl[[|||(1 — v)A"A + vB*Bl]|. (19)
Applying (19) for v = 0, we obtain the following inequalities.

Corollary 4.8. Let A,B € B(H). Then
I1AB*]||?

1 1
< exp (/0 log||I(z‘l*z‘l)s(ff?”‘B)2‘IIIdS+/0 10g|||(A*A)2(B*B)t|IIdt>

1 1
<o (2 [ [ ol (e pydsa)
0 0

1 ! * s 1 ! * s %
<exp (3 [ ogllicarariias + 5 [ tog i) B Bl

1 [t ) I Al T
+§/ log |[|(B B>t!!\dt+§/ log |[|A*A(B B)tllldt>
0 0

< VIlA=Al[[[l| B=Bl[[[]|A*AB* Bl

< [[lAAll[[l|B*Bll|.

We should note here that the above corollary is a refinement for the Cauchy-Schwarz
inequality.

Applying inequalities of Theorem 3.4 to the function
fp.q) = [I|APX BY|

on the interval [0,] x [0,7] when 0 < v < 5 and on the interval [v,1] X [, 1] when
% < v < 1, we obtain the following theorem by a similar proof of Theorem 4.5.
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Theorem 4.9. Let A, B, X € B(H) be such that A and B are positive. Then
(1) Forv e (0,3], we have

1% v 1 v v 1 v v
IAZX B3| < exp (— / log [|A°X B [[|ds + / 1og|||A2XBt|||dt)
2v J, 2v ),

1 14 14
< exp <ﬁ/ / log\||AsXBtH|dsdt>
0 0

1 124 124
< exp (@ {/ log ||| A° X|||ds +/ log|||ASXB”|||ds}
0 0

1 14 14
—l——{/ log||]XBtH|dt+/ 10g|HA”XBtH|dt])
v | Jo 0
< VXX B[ A X[[[[[A* X BV

(2) Also, for v € [3,1), we have

v+1 v+

] 1 !
A2 XB > < _ 1 A*XB
I i< exp (5 [ ol

1 1 v+1
e E— 1 A2 XB
e L i)

1 1 1 .
1 1 1
< exp ( U log|\|A5XB”H|ds+/ log]||ASXB|||ds]

+4<1l—u>[

v+1

> |l|ds

A\

1 1
/log|||A”XBt|||dt+/ 1og|||AXBt|||dtD

v v

< VlllAvx B ([[|[|AX Bl AX B[l AX B[

By considering the above theorem on [0,1] x [0,1] and the inequality (12) for all
A, B, X € B(H), we have the following result.

Corollary 4.10. Let A, B, X € B(H). Then

1
IAXB[||' < exp (2 / log [[[(A*A)* X (B* B)? | ds
1
+2/ 1og|H(A*A)%X(B*B)tmdt)
0
1 1
< exp (4 / / log|||(A*A)SX(B*B)t|||dsdt>
0 0
1 1
< exp ( / log |[|(A*A)*X]||ds + / log |[|(A*A)* X (B* B)|||ds
0 0

1 1
+/ longX(B*B)tHIdH/ logIH(A*A)X(B*B)tHIdt)
0 0

< [[IXHNICA A XX (B B)[[[[[(A*A) X (B"B)|[]
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