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1. Introduction

The following two results are well-known (see [1, 3], cf. [1, 2, 4, 8, 10, 13, 14, 16, 17,
18]).

Theorem A. (3, p.137] If f : [ — R is a convex function on an interval I C R,
a,b € I with a < b, then the following Hermite-Hadamard inequality holds:

f(a+b)<b1aa/bf(x)dx<w, (1)

2 2

Theorem B. [1] Let f: I — R be a convex function on an interval I C R, a,b € I
with a < b, and let ¢ : [a,b] — R be a non-negative integrable weight on [a,b].
Assume that ¢ is symmetric about “TH’ Then the following Fejér inequality holds:

b

f(“*b) / olr) d < / fe) e < O [ @

2 2

a

In this paper our aim is to establish generalization of the above two theorems by
making use of majorization theory.
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To do so, in the rest of this expository section, we present the notion of majorization
on R" and its properties. Next, we extend this framework and demonstrate the
notion of GG-majorization generated by a group G of linear operators acting on a
linear space V.

In Section 2 we apply G-majorization techniques to derive some inequalities of Fejér
and Hermite-Hadamard types. In Section 3 we deal with Wright convex functions
and show their relations to such inequalities. Section 4 is devoted to applications
and interpretations of the obtained results.

Throughout I C R is an interval.

Let x = (z1,29,...,2,) € I" and y = (y1,%2,..-,Yn) € I". We say that y is
majorized by X, written as y < x, if

n n k k
Zyi:in and Zy[i]SZx[l-] forall k =1,2,...,n (3)
i=1 i=1 i=1 i=1

see |9, p. 8], [7]). Hereafter the symbols x; and yy; stand for the ith largest entry
[4] (4]
of x and y, respectively, for i =1,... n.

It is known that for x,y € R,
y <x iff ye€convP,x, (4)

where P, is the group of n X n permutation matrices, P,x = {px : p € P,,}, and
conv(-) means the convex hull of (-) (see [9, p. 10]).

A function F': I"™ — R is said to be Schur-convex on I™ (see [9, p. 80]) if
y <x implies F(y) < F(x) forx,y € I".

In the sequel, unless otherwise stated, (V,(-,-)) is a finite dimensional real inner
product space and G is a closed subgroup of the orthogonal group O(V') acting on
V. The group G induces the preorder <4 on V', called G-majorization, as follows.
For z,y € V,

y <gx iff y € convGr,

where Cg(x) = conv Gz stands for the convex hull of the set Gx = {gz : g € G}
6, 15, 19].

We introduce the subspace
Ma(V)={veV:gv=v forall g € G}.

It is known that Mg (V) is the set of minimal points in <¢ [6, 19].
For a given finite group G = {g1,...,gm}, we define

1 m
€T m;gl’ or xr

It is clear that 7 € Cg(z) N Mg(V) for each z € V.
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Let C' be a G-invariant convex subset of V. A function f : C' — R is said to be
G-increasing on C' (see [5]) if for z,y € C,

y<a o mmplies f(y) < f(x)

It follows that if f is convex on C and f is G-invariant on C, then f is G-increasing

on C.

2. (G-majorization approach to Fejér and Hermite-Hadamard like
inequalities

Throughout this section we assume that
(I)  V is a finite dimensional inner product space,
(IT) G is a closed subgroup of the orthogonal group O(V') acting on V/,

(III) for a vector a € V, the symbol Cg(a) stands for the G-invariant convex set
conv Ga,

(IV) p is a G-invariant measure on the o-field of Borel subsets of V/,

(V) there exist all integrals under consideration.

For a vector a € V' and a function f : Cg(a) — R, we introduce
R 1 &
fl@)=—> flgiw) forz € Cola), (5)
i=1

whenever G = {g1, ..., gm} is a finite group.

Lemma 2.1. Let a € V. Let f : Cgla) — R be an integrable function and let
¢ : Cg(a) — R be an integrable G-invariant function.

(i) Then /f($)<ﬁ($)d#(l‘): / flgz)e(@) dp(z) forall g € G. (6)
Cg(a)

Ca(a)

(i) If G={g1,...,9m} is finite, then

/f(m)@@)dﬂ(x): / f(@)e(z) dpu(z). (7)
Ca(a)

Cg(a)

Proof. (i) The assertion follows, because ¢, Cg(a) and p are G-invariant.

(ii) By (5) and (6) we have

| i@e@adu) = [ 3" fgaleta) duta)
Cg(a)

=1

Ca(a)
=25 [ e = 23 [ e dute)
= os(a) s
= [ fl2)e(x)du(z) =
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We say that a function f : C' — R is G-symmetrized convex on a G-invariant convex
set C' C V, if the function

m
is convex on C, where G = {g1, ..., gm} is a finite group

We say that a function f : C' — R is G-symmetrized increasing monotone on a
G-invariant convex set C' C V, if function (8) is G-increasing on C.

Some inequalities of Fejér and Hermite-Hadamard type have been studied in the
context of symmetrized convexity on a real interval (see [2, 4]). We develop this
idea to G-symmetrized increasing monotonicity on some subsets of an inner product
space V' endowed with an action of a finite group G C O(V).

Theorem 2.2. (Fejér type inequality) Let G = {g1,...,gm} be a finite group and
ae€V. Let f:Cgla) — R be an integrable function and ¢ : Cg(a) — R be an
integrable nonnegative G-invariant function.

(i) If f is G-symmetrized increasing monotone on Cg(a), then

where a =+ 3" ga.
i=1
(i) If f is G-symmetrized convex on Cg(a), then (9) holds.
(iii) If f is convex on Cg(a) then (9) holds.

Proof. Fix any z € Cg(a). Then z <¢ a. Simultaneously, a <¢ «.

(i) By the G-increasity of f on Cg(a), we see that f(a) < f(z) < f(a), that is,

f(ga) +... + flgna) _ f(gre) £+ flgmt) _ f(gla)+-~+f(gma)'

m m m

(10)
However a € Mg(V), so ga = a for all g € G. For this reason (10) takes the form

@) < f(z) < [(910) + ...+ f(gna)

m

In consequence, by ¢(z) > 0, we obtain

flgra) + ...+ f(gma)

o(z) forall z € Cgla).  (11)

flgia) + ... + f(gma)

() du(z),
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which implies
/(@) / () dpu(z) < / F(@) o) d(z)

Cq(a) Ca(a)

< S+ flgma) /@(z)du(m). (12)

m

Cg(a)
Now, by employing inequality (7) in Lemma 2.1, item (ii), we conclude that inequal-
ity (9) holds valid, as required.

(i) If f is G-symmetrized convex on Cg(a), then f is convex on Cg(a). It is easily

seen that f is G-invariant. Consequently, f is G-increasing on Cg(a). In other
words, f is G-symmetrized increasing monotone on Cg(a). So, by the proved part
(i) of Theorem 2.2, inequality (9) is fulfilled for f.

(iii) If f is convex on Cg(a), then f is also convex on Cg(a). That is, f is G-
symmetrized convex on Cg(a). On account of the proved part (ii) of Theorem 2.2,
inequality (9) is satisfied for f. O

Theorem 2.3. (Hermite-Hadamard type inequality) Let G = {g1,...,9m} be a
finite group and a € V.. Let f : Cg(a) — R be an integrable function.

(i) If f is G-symmetrized increasing monotone on Cg(a), then

f(gra) + m + f(gma) i

F@)u(Cela)) < / f(x) du(z) < Cola)).  (13)

Cg(a)

(ii) If f is G-symmetrized conver on Cg(a), then (13) holds.
(iii) If f is convex on Cg(a) then (13) holds.

Proof. It is enough to utilize Theorem 2.2 for the constant function ¢(x) = 1 for
x € Cg(a). O

Remark 2.4. In the case f is G-invariant, the fraction

flgra) + ...+ f(gma)

in inequalities (9) and (13) takes the value f(a).
Remark 2.5. Some multivariate inequalities similar to (9) and (13) for convex

functions can be found in [11].

3. A relationship with Wright-convexity

Let V™ =V x -+ x V (m times) be the mth Cartesian power of the space V.
Elements of V™ are m-tuples (x1,...,2,) withz; e V,i=1,...,m.

We define the action of the permutation group P =P, on V™ via

Y =W Um)Pr = Wirr-- > Yir) €V,
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wherey = (y1,...,ym) € V™ and p = p, € P is the mxm permutation matrix corre-
sponding to a permutation 7 of the index set {1, ..., m} such that (7(1),...,7(m)) =

(i1, i)

Following [12], we define the P-majorization <p on the real linear space V™, as
follows. For x = (z1,...,2,) € V™ and y = (y1,...,Ym) € V'™,

x <py iff x € conv{yp:pe P}.
Equivalently, x <py iff x=yS5

for some m x m doubly stochastic matrix .S.
We are interested in functions f : Cg(a) — R such that the map
F(z1,...,x0) = f(x1)+ ...+ f(zn) forz; € Cgla),i=1,...,m,
is P-increasing on (Cg(a))™.
That is, we shall be focused on functions such that if x = (z1,...,2,) € (Cg(a))™

and y = (yla B aym) S (OG(G))ma then

x <py implies f(z1)+ ...+ f(m) < F0) + oot fgm)  (14)

If m = 2 then the only doubly stochastic 2x2 matrices are of the form < ] i ; L ; t)

for ¢ € [0,1]. In this situation, condition (14) can be rewritten as

fltyr + (1 =)y2) + f((1 = yr +ty2) < flyr) + fly2) fort€[0,1].  (15)

Functions having property (15) are said to be Wright-convex.

Ng [12, Theorem 3] proved that statements (15) and (14) are equivalent for any
positive integer m > 2 (provided that V' = R™). He also showed that f is Wright-
convex if and only if f has the form f = f; + f5 for some convex f; and additive f,
(for details, see [12, Theorem 3]).

For this reason, we shall call a function f : Cg(a) — R Wright convex on Cg(a), if
condition (14) is satisfied.
Lemma 3.1. Let G ={g1,...,9m} be a finite group and z,y € V.

(i) Ifx <gy then (1, ..., gmx) <p (1Y, - -+, ImY), (16)
where P =P, is the permutation group on V™.

(ii) Let f: Cq(y) = R be a Wright convez function on Cg(y). Let x,y € Cg(a).
If v <¢ y then

flgrw) + ...+ flgmx) < f(1y) + ...+ f(gmy)- (17)
In consequence, f is G-symmetrized increasing monotone on Cg(a).

Proof. (i) Since x <¢g y, we get z = > t;hyy for some h; € G and t; > 0,
i=1

m
i=1,...,m, with > ¢, =1.
i=1
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Hence, ;T = Ztigjhiy forj=1,...,m.
i=1

Thus we arrive at

i=1 i=1 =1

For each i = 1,...,m, there exists a permutation m; of the index set {1,...,m} such
that g;h; = gr,(;) for all j = 1,...,m. Therefore,

m

(B2 gm®) = 3 i (GmYs - Imy) = D i (910, -, G
=1 =1

for some permutation p; € P. This proves (16), as claimed.

(ii) Since f is Wright convex on Cg(a), the mapping F' : (Cg(a))™ — R given by
F(zy,...,xm) = f(x) + ...+ f(zn) for (x1,...,2,) € (Cala))™

is P-increasing on (Cg(a))™.

Let z,y € Cg(a) be such that x <¢ y. By the proved part (i) of Lemma 3.1,

(17, gm) <P (Y5 Gmy)- (18)

Therefore we infer that
Fgiz,. .., gme) < F(g1y, -, gmy), (19)
which yields (17), as wanted. Hence f is G-symmetrized increasing monotone on
Cg(a). ]

Theorem 3.2. Let G = {g1,...,9m} be a finite group and a€V. Let f:Cg(a) - R
be an integrable function and ¢ : Cg(a) — R be an integrable nonnegative G-
invariant function.

If f is Wright conver on Cg(a), then the Fejér type inequality (9) and the Hermite-
Hadamard type inequality (13) are satisfied.

Proof. Let f be Wright convex on Cg(a). In light of Lemma 3.1(ii), f is G-
symmetrized increasing monotone on Cg(a). By making use of Theorem 2.2(i),
and of Theorem 2.3(i), we conclude that inequalities (9) and (13) are fulfilled. [

Remark 3.3. In the special case V' = R and G = {id, —id} (see the discussion
after the proof of Theorem 4.2), a related result to Theorem 3.2 for Wright convex
functions is that of Olbry$ [18, Theorem 11].

4. Applications for Lebesque measure on R"

In this section we interpret Theorem 2.2 in the situation when

V=R" G=C, m=2" (20)
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where C,, is the coordinate sign changes group consisting of all n x n orthogonal
diagonal matrices, that is,

+1 0 ... O
G= { g= 0+ ... 0 : for all possible choices of + signs.}
0O 0 ... #£1

The group C,, acts on R” via
gr = (xz1,...,£x,) forz=(x,...,2,) € R" and g € C,,

with all possible changes of + signs.

Then for any a = (ay,...,a,) € R" and z = (z1,...,2,) € R", we have

Ga = {(£ay,...,*a,) : for all choices of £ signs},
Cg(a) = conv Ga = A(a) = parallelepiped in R™ with vertices
at the points (%ay, ..., £a,) for all choices of £ signs,

Aa) ={b=(by,...,b,) €eR": |b;| < as|,i=1,...,n},

a=0eR" x=<ga iff |z <|a| for i=1,... ,n,
i = p, is the Lebesque measure on Borel sets of R”,
p(Cala)) = 2"ay -+ - an|.

In what follows, for a = (a4, ...,a,) € R,

(a) the expression “p is C,-invariant on A(a)” means that ¢ is even on A(a) in
each variable,

(b) the expression “f is C,-symmetrized increasing monotone on A(a)” means that
the function

_ f((ia:l,...,ixn))jhz.n.+f((ia:1,...,ia:n))’ wl<lali=1....n

(with all possible choices of £ signs), is C,-increasing on A(a) in the sense that
]x,\ S |yl‘, 1= 1,. o, ny
fl(Ezr, .o £xn) + .o+ f((£xy, .., £23))
on

JU(Ey, - Fyn)) + 4 (Y, Tyn)
o :

(c) the expression " f is C,-symmetrized convex on A(a)” means that the function

implies

IN

fla) = floz) + 2n+ f(gz) for z € A(a),

is convex on A(a).
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With these specifications, Theorem 2.2 on Fejér type inequalities, takes the following
form.

Theorem 4.1. Let a = (ay,...,a,) € R*. Let f : A(a) — R be an integrable
function and ¢ : A(a) — R be an integrable nonnegative C,,-invariant function.

(i)  If f is C,-symmetrized increasing monotone on A(a), then
10) [ o)) < [ @)@ dinto)

Afa) A(a)

Sf((j:al,...,ﬂ:an))+-2-n-+f((ia17""ia”)> /¢(x)dun(w) (21)

A(a)
with all choices of £ signs.

(ii) If f is C,-symmetrized convex on A(a), then (21) holds.
(iii) If f is conver on A(a) then (21) holds.

Proof. Apply Theorem 2.2 for the specifications given before Theorem 4.1 with
remarks (a), (b), (c). O

A variant of Theorem 4.1 for Hermite-Hadamard type inequalities is as follows.

Theorem 4.2. Let a = (ay,...,a,) ER™ with ay #0,...,a, #0. Let f:A(a) > R
be an integrable function.

(i)  If f is C,-symmetrized increasing monotone on A(a), then

1
f(0) < m / f(x) dpn(z)

f(£ay,...,xa,)) + ...+ f((£aq,...,%a,))

<
= on

(22)
with all choices of £+ signs.

(ii) If f is C,-symmetrized convexr on A(a), then (22) holds.

(iii) If f is convex on A(a) then (22) holds.

Proof. We make use of Theorem 4.1 for ¢ = 1 on A(a) and of the identity
tn(Aa)) = 2"ay - - - ay. O

A special case of the above situation is for n = 1. We now assume that
V=R, G=C;={id,—id}, m=2, (23)
where id denotes the identity map on R.
Then for any a = a; € R and x € R, we have
Ga = {a,—a}, Cg(a) = convGa = A(a) = the closed interval [—|al, |a|] in R,
a=0€R, z<a iff |z|<|al,

p = dz is the Lebesque measure on Borel sets of R, u(Cg(a)) = 2|al.
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In the forthcoming corollaries, for 0 < a € R,
(a) the expression “g is Cy-invariant on [—a, a]” means that ¢ is even on [—a, al,

(b) the expression “f is C;-symmetrized increasing monotone on [—a,a]” means
that the function
f(z) + f(==)

fla) = B,

T € [—a,al,

is C;-increasing on [—a, a] in the sense that

f(@) + f(==)
2

fy) + f(=y)

<
- 2

2] <yl implies

(For instance, it is sufficient that f is even on [—a,a] and f is (usually) increa-
sing on [0, a].) This says that f is symmetrically increasing on [—a, a] according
to terminology of Abramovich and Persson [2, Definition 1],

(c) the expression “f is C;-symmetrized convex on [—a, a]” means that the function

oy = LI

x € [—a,al,

is convex on [—a, a| in the usual sense.

In fact, this is the standard notion of symmetrized convezity [4, Definition 1].
Corollary 4.3. Let 0 < a € R. Let f : [—a,a] — R be an integrable function and
¢ : [—a,a] = R be an integrable nonnegative Cy-invariant function.

(i) If f is Cy-symmetrized increasing monotone on [—a,al, then

f(O)/ d:c</f z)dr < W/W;) dr.  (24)
(ii) If f is Cy-symmetrized convex on [—a,al, then (24) holds.
(iii) If f is convex on [—a,a] then (24) holds.

Proof. Use Theorem 4.1 for n = 1. O]

Remark 4.4. In Corollary 4.3, part (iii) amounts to the classical Fejér inequality on
[—a,a] (see Theorem B in Section 1). Part (ii) is Dragomir’s result [4, Corollary 1].
More general is part (i). It is related to a result of Abramovich and Persson [2,
Theorem 1].

Corollary 4.5. Let 0 < a € R. Let f: [—a,a] — R be an integrable function.

(i) If f is Cy-symmetrized increasing monotone on [—a,al, then

_2a/f Ydx < )f( ). (25)

(ii) If f is Cy-symmetrized convex on [—a,al, then (25) holds.
(iii) If f is convex on [—a,a] then (25) holds.
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Proof. Tt is enough to apply Corollary 4.3 for ¢ =1 on [—a, al. O

Remark 4.6. Corollary 4.5(iii) states the classical Hermite-Hadamard inequality
on [—a,a] (see Theorem A in Section 1). Part (ii) of Corollary 4.5 is a result due to
Dragomir [4, Theorem 1]. And (i) generalizes (ii) (cf. [2, Theorem 1] by Abramovich
and Persson).

We finish with some concluding remarks. The results of the present paper concern
integral inequalities on sets of type Cg(a) for a € V, where V is an inner product
space, dim V' < oo, with the action of a finite group G C O(V).

These sets, in the situation described by (23), correspond to usual intervals of the
form [—a, o] with center at 0 for 0 < a € R.

It is also of interest to have inequalities similar to (9) and (13) on the sets b+ Cg(a)

for a,b € V (that, under (23), correspond to usual intervals [, a] with center 212

for § < a € R; see (1) and (2)). i

To this end one can employ (9) and (13) and integrate by substitution using suit-
able translation with an additional assumption that the measure p is translations-
invariant (e.g., Lebesque measure p,,). The details are left for the interested reader.
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