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A new class of (h, g; m)-convex functions is presented, together with its properties, thus generalizing
several varieties of convexity such as (h—m)-convex functions, (s, m)-Godunova-Levin functions
or exponentially (s, m)-convex functions. Also, the Hermite-Hadamard inequality for an (h, g; m)-
convex function is proved and some special results are pointed out.
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1. Introduction

Motivated by a large number of different classes of convexity, we present a new
convexity that unifies a certain range of them. Starting from the basic definition of
a convex function:

A function f: I C R — R is called convex if the following inequality holds

FOz+ (1 =Ny <Af(x)+(1=N)f(y) (1)
for all x,y € I and all X € [0,1].
up to a recent convexity [9]:

A function f: I C R — R is called exponentially (s,m)-convex in the 2™ sense if
the following inequality holds

@)+ (1;—3)

fQz+m(l=Ay) < mf(y) (2)

eCM:B

for all z,y € I and all A € [0, 1], where o € R, s,m € (0, 1].

we noticed that the whole range in-between could be covered if we use on the right-
hand side functions hA and g in a form

FQz +m(1 = A)y) <h(N) f(z)g(z) + mh(l =) f(y)g(y).

We named this convexity (h, g; m)-convezity, and in Section 2 we give its definition
and certain properties.
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Here are several more varieties of convexity that will be generalized with this:
e A non-negative function f: I C R — R is called P-function if the inequality
FQe+ 1 =XNy) < flz)+ f(y)
holds for all z,y € I and all A € [0, 1].
o A function f:[0,00) — [0, 00) is called s-convez in the
FOz+(1=XNy) <X f(x)+(1=N)f(y)
holds for all z,y € [0,00) and all A € [0, 1], where s € (0, 1].
e A non-negative function f : I C R — R is called Godunova-Levin function if

the inequality
FOr+(1— )y <@ JW)

A 1—A
holds for all z,y € I and all A € (0, 1).
e A non-negative function f: I C R — R is called h-convez if the inequality

fQz+ (1 =X y) <h(N)f(x) +h(1=XN)f(y)

holds for all z,y € I and all A € (0,1), where h : J — R is a non-negative
function, h Z 0, (0,1) C J .

o A function f:[0,b] — R is called m-convez if the inequality
fQz+m(l—=A)y) <Af(z)+m(l=A)f(y)
holds for all z,y € [0,b] and all A € [0, 1], where m € [0, 1].

e A non-negative function f : [0,b] — R is called (h—m)-convez if the inequality

fQz+m(1=XN)y) <hA)f(z) +mh(l =) f(y)

2" sense if the inequality

holds for all z,y € [0,0] and all A € (0,1), where h : J — R is a non-negative
function, h £ 0, (0,1) C J and m € [0, 1].

e A non-negative function f: I C R — R is called (s, m)-Godunova-Levin func-
tion of the 2" kind if the inequality

mf(y)
(1—=X)s

fOatm-ny <12y

holds for all z,y € I and all A € (0, 1), where m € (0,1], s € [0, 1].
e A function f: I C R — R is called exponential convez if the inequality

FOw+ (L= X)y) € o fla) + )

holds for all z,y € I and all A € [0, 1], where o € R.

o A function f: I C R — R is called exponentially s-convex in the 2"¢ sense if
the inequality

fQz+ (1 =ANy) < f(z)+

holds for all z,y € I and all A € [0,1], where « € R, s € (0, 1].

eaa:
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More detailed information may be found in [1]-[11]. Also, recall that a real valued
function f on the interval I is said to be starshaped if

fAz) < Af(x)

whenever z € I, Az € [ and A € [0, 1].

Section 3 is dedicated to the famous Hermite-Hadamard inequality which gives us
an estimate of the (integral) mean value of a continuous convex function.

Theorem 1.1. (The Hermite-Hadamard inequality) Let f : [a,b] — R be a con-
tinuous convex function. Then

(55 =gk [ < 22510

Of course, equality holds in either side only for affine functions. We prove the
Hermite-Hadamard inequality for an (h, g; m)-convex function and point out some
special results. Also, we improve certain known inequalities.

By L,la,b], 1 < p < oo, the space of all Lebesgue measurable functions f for which
| fP| is Lebesgue integrable on [a, b] is denoted.

2. Definition and basic results

Definition 2.1. Let h be a nonnegative function on J C R, (0,1) C J, h # 0 and
g be a positive function on I C R. Also, let m € (0,1]. A function f : I — R is said
to be (h, g;m)-convez if it is nonnegative and if

FOx+m(1 = N)y) < h(N)f(x)g(x) +mh(l =) f(y)g(y) (3)

holds for all z,y € I and all A € (0,1).

If (3) holds in the reversed sense, then f is said to be (h, g; m)-concave.

Remark 2.2. For a different choices of functions h, g and parameter m in (3),
we can get corresponding convexity from Introduction. E.g., if we set h(\) = A%,

s € (0,1], g(z) = e, a € R, then (h, g;m)-convexity reduces to exponentially
(s, m)-convexity in the 2"¢ sense (2).

Lemma 2.3. If f: I — [0,00) is an (h, g;m)-convex function such that f(0) = 0,
g(x) <1 and h(X\) < A, then f is a starshaped.

Proof. Let f be an (h, g;m)-convex function. Then we have

fAz) = f(Ax+m(1—X)0)
< BOVS()g(x) + mA(L = X)f(0)g(0)
< M),

Therefore, f is a starshaped. [
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Remark 2.4. Let g be a positive function such that g(z) > 1. If f is a nonnegative
(h—m)-convex function on [0, 00), then we have

fOz+m(1—=Ny) < h(A)f(x)+mh(l—N)f(y)
< WA f(z)g(x) + mh(l =) f(y)g(y).

Hence, f is an (h, g; m)-convex function.

If in addition A(\) > A, then for nonnegative m-convex functions f on [0, co) we have

FOz+m(1=XNy) < M) +m(1—N)f(y)
< R f(x) +mh(l—=N)f(y)
< R\ f(2)g(z) + mh(1—N)f(y)g(y),

that is, f is an (h, g;m)-convex function. An example of a function that satisfies
h(A) > Xis h(\) = A¥, where k < 1 and A > 0.

Similarly, if g(z) < 1, then all nonnegative (h — m)-concave functions are (h, g; m)-
concave functions on [0,00). Also, if g(z) < 1 and h(A) < A, then all nonnegative
m-~concave functions are (h, g; m)-concave functions on [0, 00).

Proposition 2.5. Let hy, hy be nonnegative functions on J C R, (0,1) C J,
hi,he #Z 0, such that ha(X) < hy(A), A€ (0,1).

Let g be a positive function on I CR and m € (0,1].

If f: I —[0,00) is an (ha, g; m)-convex function, then f is an (hy,g; m)-convex.

If f: I —[0,00) is an (hy, g;m)-concave function, then f is an (hs, g;m)-concave.
Proof. Let f be an (hg, g; m)-convex function. Then we have

fOz+m(l=Ny) < ho(A)f(z)g(x) + mhao(l = N)f(y)g(y)
< ha(A) f(x)g(z) +mhi(1 = N) f(y)g(y).

Hence, f is an (hy, g; m)-convex.

If f is an (hq, g; m)-concave function, then analogously follows that f is an (hq, g; m)-
concave. ]

Proposition 2.6. Let h be a nonnegative function on J CR, (0,1) C J, h £ 0 and
g be a positive function on I CR. Also, let m € (0,1] and o > 0.

If f1, fo: I — [0,00) are (h, g;m)-convex function, then fi+ fo and afy are (h, g;m)-
convex.

If fi,fa :+ I — [0,00) are (h,g;m)-concave function, then f; + fo and af, are
(h, g; m)-concave.

Proof. Let fi, f2 be (h, g;m)-convex functions and « > 0. Then we have

fildz +m(1 = N)y) < h(N)fi(z)g(z) + mh(l = A)fi(y)g(y) (4)
and oAz +m(1 = Ny) < h(A) fo(x)g(z) + mh(1 = A) f2(y)g(y)- (5)
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Adding (4) and (5) we get

L1+ fo] Az +m(1 = N)y)
< h(A) [fi1 + fo] () g(2) +mh(1 = A) [f1 + fo] (¥)9(y)

and lafi] Az +m(1 — N)y)
< ah(A) fi(z)g(z) + amh(l = A) f1(y)g(y)
= h(A) [oof1] (2)g(z) + mh(1 = N) [afi] () g(y).

We conclude that f; + f> and af; are (hq, g; m)-convex.

If fi,fo: 1 — [0,00) are (h, g; m)-concave function, then analogously follows that
fi+ f2 and af; are (h, g; m)-concave. H

Proposition 2.7. Let h be a nonnegative function on J C R, (0,1) C J, h # 0
and g be a positive increasing function on I C R. Also, let 0 <n <m < 1. If
f I —[0,00) is an (h,g;m)-convex function such that f(0) = 0, g(z) < 1 and
h(X\) < A, then f is an (h, g;n)-conver.

Proof. Let f be an (h,g;m)-convex function. From f(0) = 0, g(z) < 1 and
h(A) < X by Lemma 2.3 follows f(Ax) < Af(z). Considering also that ¢ is an
increasing function, we obtain

fOz+n(l—=Ny)

fOx+m(1 =) (7))

m

< AN f(x)g(x) +mh(l = A) f(Zy)g(Ly)
< S (@)glw) +mh(l = N2 F)a(y)
which proves that f is an (h, g; n)-convex. =

Proposition 2.8. Let hy, hy be nonnegative functions on J C R, (0,1) C J,
hi,ho Z 0 and let
h(t) = max{hi(t), ha(t)}, te€J

Let g1, g2 be positive functions on I C R and let my,my € (0,1]. Fori = 1,2, let
fi: I —[0,00) be an (h;, g;; m;)-convex function. If the functions fi1 g1 and fs go are
monotonic in the same sense, i.e.

[fi(x)g1(x) — fi(y) g1 ()] [f2(2)g2(z) — f2(y)g2(y)] = 0, z,y €1,
and if ¢ > 0 such that
ROV +mh(1—X) <e, Ae(0,1),
where m = max{my, ma}, then fi fo is a (ch, g1g2; m)-convex function.

Proof. Let f; : I — [0,00) be (h;, g;;m;)-convex function, i = 1,2. From the
hypotheses on the functions, for x,y € I we have

fi(x)g1(z) f2(2) g2 () + f1(y)91(y) f2(y) 92(y)
> fil@)gi(x) foa(y)g2(y) + fr(y) g1 (y) f2(2) ga ().
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Let a and 8 > 0 be positive numbers such that o + g = 1. Then we have

fifolaw + By)
< [h(a) filx)gi(z) + miha(8) fi(y) g1 (y)]
x[ha(a) f2(2)ga(z) + maha(B) f2(y)g2()]
[h(@) fi(z)g1(x) +mh(B8) f1(y)91(y)]
x[h(a) f2(x) g2 () + mh(B) f2(y)g2(y)]
= (@) fi(2)g1(2) fa(2)g2(x) +mh(a)h(B) fi(x)g1(2) f2(y)ga(y)
+mh(@)h(8) f1(y)91(y) fo(2) ga(x) +m*R2(5) fi(y)g1(y) f2(4)g2(y),

IN

hence

Jifolax + By)
< W (@) fi(x)gi(2) fo(2) ga(x) + mh(@)h(B) fr(x) g1 (2) fa(x) ga(2)
+mh(a)h(B) ()91 (v) f2(y)g2(y) + m°h*(B) f1(1) 91 (y) f2(1) 92 (y)
= [h(a) + mh(B)]
x [h(a) fi(z) fo(2) g1 (z)g2(z) +mh(B) f1(y) f2(y) 91(y)g2(y)]
< chla)fi(z)fo(z)g1(x)g2(z) +mch(B)fi(y) f2(y)91(y)g2(y).

This proves that f fo is a (ch, g1g2; m)-convex. N

Analogously we obtain the following proposition.

Proposition 2.9. Let hy, hy be nonnegative functions on J C R, (0,1) C J,
hi,ho Z 0 and let
h(t) = min{hy(t), ha(t)}, te€J

Let g1, g2 be positive functions on I C R and let my,my € (0,1]. Fori = 1,2, let
fi : I — [0,00) be an (h;, gi;m;)-concave function. If the functions fi g1 and fago
are monotonic in the opposite sense, i.e.

[fi(@)g1(z) = fi(y) g1 ()] [fa(z)ga(z) — fa(y)g2(y)] <0, =,y €l
and if ¢ > 0 such that
h(A\) +mh(1—X\) >¢, Ae(0,1),

where m = min{my, mo}, then fi fo is a (ch, g1g2; m)-concave function.

3. The Hermite-Hadamard inequality for an (h, g;m)-convex function

In this section we prove the Hermite-Hadamard inequality for an (h, g; m)-convex
function and we point out some special results. Also, several known inequalities are
improved.
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Theorem 3.1. Let f be a nonnegative (h, g; m)-convex function on [0,00) where h
is a nonnegative function on J C R, (0,1) C J, h # 0, g is a positive function on
[0,00) and m € (0,1). If f,g,h € Li[a,b], where 0 < a < b < oo, then following
inequalities hold

1(557) = 38 [ oo ems (7)o ()]
h(3) fla)g(a) /b ) (b—_x

b—a

)
G E0) [ (20
(

IN

mh () £ (2)g () *

(A OIGEGE) [ (1my (ya

b—a

Proof. Let f be an (h, g;m)-convex function. Then for A = ; we have

P55 <h () U@t + mit)ato)

for all z,y € I. Choosing y = £ we get

F(552) <) [@ae) +ms (L)9 (L) @

Let z = Xa+ (1 —A)band y = (1 — A)a + Ab. Then

f(”b) < h(l) [f()\a+(1—)\)b)g(>\a+(1—)\)b)

2
+mf ((1—)\)%+)\b)g((1—)\)%+)\b>].

m m

In the following step we will need to integrate the above over A € [0,1]. From

/01 fQa+(1=Xb) g(ha+ (1= N)p)dr = - i - /abf(u)g(u) du
and
[1(0-nget)oo-ng rb)a=5ts [1(2)s()
we obtain

(55 <38 [ st s (1) 0 (4] 0



264 M. Andrié, J.Pecari¢ / On (h,g;m)-Convezity ...

By the (h, g; m)-convexity of f we have

P+ (1= ) < ) F(algta) + (=0 (1) g (2]

m m

Multiplying the above inequality by g(Aa + (1 — A\)b) and integrating over A € [0, 1]
we obtain

+mf (3) g (3) /01 h(1 = N)g(ha + (1 — \)b) dA

Again, by the (h, g; m)-convexity of f we have

(o o) = (2 () oo (1) ()

and if we multiply the above inequality by g¢ ((1 —A)E+ )\%) and integrate over
A € [0,1] we get

oG

VAN
—
/N

| =

L mf (2%_) ’ (52) /abh (%) g (=) du. (10)
Now from (8), (9) and (10) we obtain (6). O

In the following we state several corollaries, using special functions for h and/or g.
We start with the first special case: if ¢ = 1, then we have the Hermite-Hadamard
inequality for an (h—m)-convex function.
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Corollary 3.2. Let f be a nonnegative (h—m)-convez function on [0,00) where h is
a nonnegative function on J C R, (0,1) C J, h £ 0 andm € (0,1]. If f,h € Li[a,}b],
where 0 < a < b < 0o, then following inequalities hold

1(557) = 5 [ T ems ()]
<h(3) /Olh(x)dx X [f(a)+mf (%)erf (%)+m2f (%)} (11)

Proof. We use
b b—x b T —a !
/ah<b_a>dx—/ah(b_a>dx—(b—a)/0 h(u) du. O

Remark 3.3. In [8, Theorem 9] the authors gave the following Hermite-Hadamard
type inequality for an (h—m)-convex function

(45) = 7 [ ens ()] e
< n(p) [ ms () s (&) +oer ()] a2

S|

For all functions h such that fol h(z)dz <1, our result (11) improves (12).

If g =1 and m = 1, then we have the Hermite-Hadamard inequality for an h-convex
function ([11]):

Corollary 3.4. Let f be a nonnegative h-convexr function on [0,00) where h is
a nonnegative function on J C R, (0,1) C J, h £ 0. If f,h € Li[a,b], where
0 <a<b<oo, then following inequalities hold

57 (50) < "GO ) de

< n(Y) [fa)+ FO)] / h(z) de. (13)

For h being identity and g = 1, the Hermite-Hadamard type inequality for a m-
convex function holds ([3]):

Corollary 3.5. Let f be a nonnegative m-convez function on [0, 00) with m € (0, 1].
If f € Li[a,b], where 0 < a < b < o0, then following inequalities hold

1(57) < mma [ rosms (D]

< }L {f(a) +mf (%) +mf (=) +m?f (%)} .
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Of course, if h(z) = =, g = 1 and m = 1, then we have the Hermite-Hadamard
inequality given in Theorem 1.1.

An interesting Hermite-Hadamard type inequality follows if A is identity.

Corollary 3.6. Suppose that the assumptions of Theorem 3.1 hold and let h(x) =
Then we have

= / @)l >+mf(x)9(%)} o (14)
s%/f@—x)g(w)dm b_a /
' % [ 020 (L) s nggf_)j)g@ /a l’<x_a>g ()

Next we discuss h(A) = A*, s € (0,1] and a special case of the positive function
g(x) = e * «a € R, to obtain the following new Hermite-Hadamard inequality for
the exponentially (s, m)-convex function in the 2"¢ sense.

Corollary 3.7. Let f be a nonnegative exponentially (s, m)-convex function in the
274 sense on [0,00) where s,m € (0,1]. If f € Ly[a,b], where 0 < a < b < oo, then
following inequalities hold

1(550) = [ e oms () ] e (15)
S%[lb(b—@ “dr + %/{lb(x—a)sewdx

mf(&)e %t e omEf (et
+ W/a (b—l’) e mdr + 23(b—a)5+1 /a (a:—a) e dzx.

The last result is for an exponentially convex function: a special case of Theorem

3.1 when h(\) = A, g(z) = e ** and m = 1.

Corollary 3.8. Let f be a nonnegative exponentially convex function, o # 0. If
f € Lya,b], where 0 < a < b < 0o, then following inequalities hold

b
f(“‘QH)) < bia/ f(2)e* da

CESa) =) | (0 = )
alb—a) a?(b— a)? '

<

(16)

Proof. The second part of (16) follows from

e f(a) [° N (O
W/ﬂ(b—x)e dx+m/G(l‘—&)€ dx

) =) g ) D)
a(b—a) a?(b—a)? '
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Remark 3.9. In [1, Theorem 1] authors gave the following Hermite-Hadamard type
inequality for exponentially convex function

F(150) < 1?Léﬁﬂxkﬂmdx§ezwwa;e(%ﬂm,

2 b—

Actually, this results holds only for a > 0 (not for all A € R, as the authors stated).
In that case, our result (16) is an improvement of the above inequality since

=2 f(a) — =20 f(1) e~ f(a) = e f(1)

+ [efab o efaa:|

alb—a) a?(b—a)?
= —e(baif;;) /a (b—x)e *dx + —e(b“_fa()bQ) /a (x —a)e”*dx
< —e(baif;;) /a (b—x)dx+ —?ba_f;)bg /a (x —a)dx
_e(a) £ ety )
5 :

We use the basic property of the exponential function: e=** < 1 for x € [0, 00) and
a > 0.

At the end of this paper, we emphasize that all other Hermite-Hadamard inequa-
lities for different types of convexity, which follow from Theorem 3.1, can be treated
analogously.

Acknowledgements. This research is partially supported through project num-
ber KK.01.1.1.02.0027, a project co-financed by the Croatian Government and the
European Union through the European Regional Development Fund, the Competi-
tiveness and Cohesion Operational Programme and the Ministry of Education and
Science of the Russian Federation (Agreement No. 02.a03.21.0008).

References

[1]  M.U.Awan, M. A. Noor, K.I. Noor: Hermite-Hadamard inequalities for exponentially
conver functions, Appl. Math. Inf. Sci. 2/2 (2018) 405-409.

[2] W.W.Breckner: Stetigkeitsaussagen fir eine Klasse verallgemeinerter konvexer
Funktionen in topologischen linearen Rdumen, Publ. Inst. Math. 23 (1978) 13-20.

[3] S.S.Dragomir: On some new inequalities of Hermite-Hadamard type for m-convex
functions, Tamkang J. Math. 33/1 (2002) 45-56.

[4]  S.S.Dragomir, J.Pecari¢, L. E. Persson: Some inequalities of Hadamard type, Soo-
chow J. Math. 21 (1995) 335-341.

[5] E.K.Godunova, V.I.Levin: Neravenstva dlja funkcii sirokogo klassa, soderzZascego
vypuklye, monotonnye i nekotorye drugie vidy funkcii, Vycislitel. Mat. i. Mat. Fiz.
Mezvuzov. Sb. Nau¢. Trudov, MGPI, Moskva (1985) 138-142.

[6] N.Mehreen, M. Anwar: Hermite—Hadamard type inequalities for exponentially p-
convex functions and exponentially s-conver functions in the second sense with ap-
plications, J. Inequalities Appl. (2019), art. no. 92.



268 M. Andrié, J.Pecari¢ / On (h,g;m)-Convezity ...

[7] M.A.Noor, K.I.Noor, M.U. Awan: Fractional Ostrowski inequalities for (s,m)-
Godunova-Levin functions, Facta Univ. Ser. Math. Inform. 30 (2015) 489-499.

[8]  M.E.Ozdemir, A. O. Akdemir, E. Set: On (h—m)-convezity and Hadamard-type in-
equalities, Transylv. J. Math. Mech. 8/1 (2016) 51-58.

9] X.Qiang, G.Farid, J. Pecari¢, S. B. Akbar: Generalized fractional integral inequalities
for exponentially (s, m)-convex functions, J. Inequalities Appl. (2020), art. no. 70.

[10] G.H.Toader: Some generalizations of the convezity, Proc. Colloq. Approx. Optim.
Cluj-Napoca (1984) 329-338.

[11] S.Varosanec: On h-convezity, J. Math. Analysis Appl. 326 (2007) 303-311.



