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We discuss the problem of optimal control theory given by second order sweeping processes with
discrete and differential inclusions. The main problem is to derive sufficient optimality conditions
for second-order sweeping processes with differential inclusions. By using first and second order
difference operators in a continuous problem we associate the second order sweeping processes with
a discrete-approximate problem. On the basis of the discretization method in the form of Euler-
Lagrange inclusions, optimality conditions for discrete approximate inclusions and transversality
conditions are obtained. The establishment of Euler-Lagrange type adjoint inclusions is based
on the presence of equivalence relations for locally adjoint mappings. To demonstrate the results
obtained, a second-order sweeping process with a “linear” differential inclusion is considered.
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1. Introduction

A relatively large number of papers dealing with control problems governed by
ordinary and partial differential inclusions (DFIs) of first order were developed in
2, 3],[5]-[8],[11]-[26], [28]. In the same spirit, we consider in this paper some control
problems governed by a second-order discrete (DSIs) and DFIs; essentially, we con-
sider an optimal control problem with second order sweeping processes. Some results
on the existence of solutions of second-order DFIs can be found in [1, 4, 9, 10, 14, 18].
Besides, optimal control of second order DFIs plays a crucial role in the mathemati-
cal theory of optimal processes. We refer the reader to the survey papers [22, 23, 25],
and references therein.

As well is known, sweeping process models were introduced by J.J. Moreau in the
1970s to describe dynamical processes arising in elastoplasticity and related me-
chanical areas; see [29]. Such models were given in the form of discontinuous DFIs
governed by the normal cone mappings to nicely moving convex sets. It has been
well realized in the sweeping process theory that the Cauchy problem for the basic
Moreau’s sweeping process and its slightly nonconvex extensions admits unique solu-
tions [2]. Thus, this excludes any possible optimization of sweeping DF'Is and strik-
ingly distinguishes them from the well-developed optimal control theory for their
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Lipschitzian counterparts. On the other hand, the existence and uniqueness results
for sweeping trajectories provide a convenient framework for handling simulation
and related issues in various applications to mechanics, nonequilibrium processes
with rate-independent memory in the mechanics of elastoplastic and thermoelasto-
plastic materials as well as in ferromagnetism, piezoelectricity or phase transitions,
magnetic hysteresis, social-economic modelling, robotics, electronics [3, 4, 5, 6, 7]
among more recent publications with the references therein.

The sweeping process with and without perturbation has been extensively studied by
several authors in the literature (see [16],[22],[25],(26],[27],[34],[35] and the references
therein). In [35] DFIs involving the normal cone to a moving set are investigated.
A special attention is paid to the sweeping process associated with sets for which no
regularity assumption is required. Formally, the perturbed sweeping process is the
DFIs a'(t) € —Ney(2(t)) + f(x(t)), where C(t) is a closed moving set, with normal
cone Ney(z) at @ € C(t), and the space variable belongs to a Hilbert space. If
C(t) is convex, or mildly non-convex (i.e., uniformly prox-regular), and is Lipschitz
as a set-valued map depending on the time ¢, and the perturbation f is Lipschitz,
then it is well known that the Cauchy problem admits one and only one Lipschitz
solution. The paper [5] is devoted to the study of a perturbed DFI governed by
a sweeping process in a Hilbert space. The sweeping process is perturbed by the
sum of a single-valued map satisfying a Lipschitz condition and a scalarly upper
semicontinuous set-valued map.

In [2], the Mayer problem for a controlled Moreau process is considered, the control
acts as a perturbation of the dynamics controlled by a normal cone, and the necessary
optimality conditions of Pontryagin’s Maximum Principle are derived. In the work
[11], the class of subsmooth sets was introduced, which strictly contains the class of
closed convex sets and the class of prox-regular sets. The main result is related to
the study of perturbed differential sweeping process inclusions where the moving set
is nonconvex and non prox-regular and depends both on the time and on the state.
It is shown the existence of solution under the subsmoothness of the moving set. In
the paper [13] in a vector space endowed with a uniformly Gateaux differentiable
norm, it is proved that the Moreau envelope enjoys many remarkable differential
properties and that its subdifferential can be completely described through a certain
approximate proximal mapping. This description shows, in particular, that the
Moreau envelope is essentially directionally smooth. New differential properties are
obtained for the distance function associated with a closed set.

The paper [30] concerns optimal control problems for a class of sweeping processes
governed by discontinuous unbounded DF'Is, which are described via normal cone
mappings to controlled moving sets. Developing the discretized method and using
generalized differential tools of variational analysis of the first and second order
nondegenerate necessary optimality conditions are obtained for such problems in
extended Euler-Lagrange and Hamiltonian forms involving the Hamiltonian max-
imization. The paper [6] concerns optimal control of discontinuous DFIs of the
normal cone type governed by a generalized version of the Moreau sweeping process
with control functions acting in both nonconvex moving sets and additive pertur-
bations. This is a new class of optimal control problems in comparison with the
analogues considered earlier, in which controlled sweeping sets are described by a
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convex polyhedron. In the work [9], problems of optimal control of the sweeping
process are formulated and studied, when control functions enter the moving sweep-
ing set. First, the existence theorem of optimal solutions was established, and then
the necessary optimality conditions for this optimal control problem of a new type
were obtained.

The paper [23] deals with a Bolza problem of optimal control theory given by se-
cond order convex DFIs with second order state variable inequality constraints Ac-
cording to the proposed discretization method, problems with discrete-approximate
inclusions and inequalities are investigated, necessary and sufficient conditions of
optimality including distinctive "transversality” condition are proved in the form
of Euler-Lagrange inclusions. The paper [22] is devoted to second-order polyhe-
dral optimization described by ordinary discrete DFIs. The stated second-order
discrete problem is reduced to the polyhedral minimization problem with polyhe-
dral geometric constraints and necessary and sufficient conditions of optimality are
derived in terms of the polyhedral Euler-Lagrange inclusions. Derivation of the
sufficient conditions for the second-order polyhedral DFIs is based on the discrete-
approximation method. The paper [26] studies the Mayer problem with higher order
evolution DFIs and functional constraints of optimal control theory; to this end first
we use an interesting auxiliary problem with second order discrete-time and discrete
approximate inclusions. Are proved necessary and sufficient conditions incorporat-
ing the Euler-Lagrange inclusion, the Hamiltonian inclusion, the transversality and
complementary slackness conditions.

Despite the presence of the above studies for the first-order sweeping processes,
second-order sweeping processes have not been studied in the literature; to the best
of our knowledge, there are only two papers devoted to such studies [2, 31]. We
are trying to fill this gap in the literature in this paper. The problems and results
discussed here are new; we consider a special form of the convex optimization prob-
lem with second-order sweeping processes with “perturbation”. The novelty of our
approach is the calculation and equivalence of locally adjoint mappings (LAMs) for
the discretization problem in order to obtain the necessary and sufficient optimality
conditions for convex second-order sweeping processes with DSI and DFI. In fact,
the difficulty in problems with higher order DFT is rather to construct the Euler-
Lagrange type adjoint inclusions and the suitable transversality conditions. Here
we have a twofold goal: to study optimality conditions for second order sweeping
processes with DSIs of control systems with respect to discrete approximations and
to derive sufficient optimality conditions for second order sweeping processes with
DFIs. We are not familiar with any results in these directions for such systems even
in the convex case. It is well known that, in general, many convex optimization
applications are still waiting to be discovered and are the basis for several heuristics
for solving non-convex problems. There are also theoretical or conceptual advan-
tages of setting the problem as a convex optimization problem. The main property
of convex optimization problems is that any locally optimal point is also globally
optimal.

The paper conditionally can be divided into four parts and organized as follows,
In the first part of the paper, the optimal control problem is studied, in which
the dynamics of the system are described by the so-called second-order sweeping
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processes with DST. In the second part, for transition to the problem with discrete-
approximate sweeping processes the idea of equivalence of LAM s is important. The
third part of the paper is devoted to the construction of a discrete-approximate
problem for second-order sweeping processes with DFIs. In the fourth part of the
paper, the optimization of second-order sweeping processes with DFIs are considered
and sufficient conditions of optimality for sweeping processes with DFIs are proved.

Thus, in Section 2 for the reader’s convenience from the monograph of Mahmudov
[11] and the papers [13]-[16] the necessary notions and results such as LAM prop-
erties in finite dimensional Euclidean spaces, Hamiltonian functions, argmaximum
sets, cone of tangent directions etc. are given. Then the problems for second order
sweeping processes with DSIs and DFIs are formulated.

In Section 3 the LAMs to algebraic sum F; + F3 and to product with a real number
aF(a # 0) of convex set-valued mappings are calculated. Further, in terms of LAM
necessary and sufficient conditions of optimality for a sweeping processes with DSTs
is proved.

In Section 4, using difference operators of the first and second order with a prob-
lem for second order sweeping processes with DFIs we associate the second order
sweeping processes for a problem with discrete approximation, and establish a con-
nection between discrete and discrete-approximate sweeping LAMs. Then we use the
equivalence results of LAMs connecting the main results of discrete and continuous
sweeping processes.

In Section 5, we derive sufficient optimality conditions for second-order sweeping
processes with DFIs. The formulation of these conditions is based on a formal limit
procedure in the optimality conditions of second order sweeping processes with a
discrete-approximate problem. Thus, using LAM and the discrete approximation
method, in the Euler-Lagrange form, we derive sufficient optimality conditions for
second-order sweeping processes with DFI. Moreover, Mayer’s problem is generalized
to the case of Bolza. In fact, using the functional analysis approach in the convex
problems, that is, compactness in the corresponding function spaces, uniform conver-
gence and other approaches to functional analysis, we can justify necessity of these
sufficient conditions. However, proving the necessary conditions is rather difficult
and is a separate subject of discussion and is omitted.

2. Problem statement and preliminaries

For the convenience of the reader the basic notions can be found in [20]. Let R™
be the standard n-dimensional Euclidean space, (z,y) be the usual inner product of
elements z,y € R™ and (z,y) be a pair of z,y. A set-valued mapping F : R** = R"
is convez if its graph gphF = {(z,y,2) : 2 € F(z,y)} is a convex subset of R*". Tt is
convex-valued if F(z,y) is a convex set for each z,y €domF = {(x,y): F(x,y) # &}.

As usual the Hamiltonian function and argmazimum set for a set-valued mapping
F' is defined as follows

Hp(x,y,z") = sup{(z,z*} iz € F(z,y)} 25 e R™,

F(x,y;2") = {z € F(x,y) : (z,2") = Hp(z, vy, z*)}
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respectively. The interior and the relative interior of the set A C R*" are denoted
by intA and riA, respectively, where we put Hp(x,y,z*) = —oo if F(x,y) = &.
Obviously, for a convex set-valued mapping F' the Hamiltonian function Hg(-, -, 2*)
is concave.

Definition 2.1. Let A be a convex set. Then the convex cone K4(w), w = (x,y, 2)
is called the cone of tangent directions at a point w € A to the set A if from
w = (Z,y,2) € Ka(w) it follows that is a tangent vector at w € A.

Then the set-valued mapping F' at a point (x,y, z) € gphF satisfies

KgphF(xaya Z) = Cone[gphF - (ﬂf,y,Z)]
—{@5.2): 7 =ali-2), g=a@-y), 2=a(z-2), a >0}, (7,5, €gphF.

Definition 2.2. Let F : R?" = R" be a convex set-valued mapping. Then a set-
valued mapping F*(-,w) : R®™ = R*" defined by

Fr(5w) = {(@"y") : (0 =) € Kpnp(w) |

is called a LAM to F at a point (z,y, 2) € gphF’, where K}, -(7,y,2) is the dual
to the cone of tangent vectors Kgp,r(x,y, z). Basically, we will use a more suitable
equivalent definition of LAM for (z,y,z) € gphF, z € Fa(z,y, z*):

Heol7.7.2%) — H *
< <CE ,$—$>+< Y =

F* (2" (z,y,2)) = {(ﬂf*ay*> : y Y)

We state here the following widely used Theorem 2.1 of [20]:

Lemma 2.3. Let F : R?" = R" be a convex set-valued mapping. Then one has
Oz Hr(x,y,2%), 2z € Fa(x,y;2"),

F* (2*7 (I,y,Z)) — (z,y) F( Y ) A( Yy )

@, 2 & Fa(z,y;2%)

where Oy Hp(x,y,2*) == —0uy | — Hr(z,y,2%)] is the usual subdifferential of

Hg(-, -, 2%) at the point (x,y).

For the further presentation we present Proposition 4.5 of [24].

Proposition 2.4. Let Q(-,-) be a proper convex function defined by the relation

Qx,y) = <I><x, %) Then the following inclusions are equivalent:

(1) ('f*7 g*> € a(x,y)Q(‘%ag)a (fag) € dOmQ;

2) <f*+g*, hg*) eé@(f, y;x)

The optimal control of second-order sweeping processes with DSIs is the subject
of research in Section 3, which deals with the following second-order discrete model
labelled as (SWD):
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1)
2)
3)
where z; € R", ®(-,-) : R* — R! are real-valued functions, F(-,t) : R* = R" is
a convex set-valued mapping, C' is a convex mapping defined as t — C(t) = C(zy),
t=0,...,T, C(t) C R" T is a fixed natural number, and @y, @; are fixed vectors,
Nc(z) is the usual normal cone: Ng(z) := {u € R" : (u,y —z) < 0,y € C} if
x € C. In fact, N¢ is cone-valued mapping. If C' is convex, the normal cone N¢(x)

is a closed convex cone containing the origin and Ne(x) = {0} for x € intC. By
convention, we put N¢(z) := @ for z ¢ C' . Clearly,

dom(—N¢g + F(-,t)) = dom(—N¢) NdomF(-,t) = gphC N domF (-, 1)
where gphC = {(z,y) : y € C(x)}.

Condition (3) is a discrete analogous of Cauchy initial conditions for second-order
sweeping processes with DFIs. A sequence {x;}_, = {z; :t =0,1,...,T} is called
a feasible trajectory for the stated problem (1)—(3).

minimize ®(xr_1, z7), (
(SWD) Ti42 € —Nc(mt)(l’tJrl)+F(£L’t,l’t+1,t> ,tZO,...,T—Z (
(

g = (D(), T = @1 < C(GJO),

We will investigate the convex problem (SWD), where F(-,t) is a convex set-valued
mapping, C(t) is convex closed mapping and @ is a proper convex function, that is,
it does not assume the value —oo and is not identically equal to +oo .

Definition 2.5. Let us denote G(z,y,t) = —Ne(@)(y) + F(x,y,t). Then a convex

problem (SW D) satisfies the non-degeneracy condition, if for some feasible solution

{z:}I_, we have either (i) or (ii):

(i) (xt, Tigt, xt+2) € int[gphG(-,t)],t =0,...,T—2 (with the possible exception of
one fixed t) and ®(-,-) is continuous at (x7_1,27),

(ii) (24, Ter1, Teg2) € rilgphG (-, 1)], (211, 27) € ri[dom®).

We recall that the convex cones K, K, ..., K, are called separable, if there exist
vectors xf € K/ (i = 1,...,m), not all zero such that z} + --- + 2} = 0. Besides,
by Theorem 1.12 [20, p.20] either (K1 N---N Km)* = K{ + .-+ K}, or the cones
Ky, K, ..., K, are not separable.

The non-degeneracy condition provides that if {Z;}7_, is the optimal trajectory in
the problem (SWD), then the cones of tangent directions Kgpna(. o) (T4, Toy1, To42) are
not separable. It follows that the requirement of Theorem 3.2 in [20] regarding to
necessary conditions for an extremum in convex programming problem is satisfied.

Section 5 is devoted to the convex problem for second-order sweeping processes with
DFIs labelled as (SWC):

minimize ®(x(T), 2'(T)), (4)
(SWC) 2"(t) € =Ne@ey (@' (1)) + F(z(t),2'(t),t), a.e. t € [0,T], (5)
2(0) = wp, 2'(0) =w; € Clwy), (6)

where F(-,t) : R* = R" is a convex set-valued mapping, ® is continuous and
convex function ®(-,-) : R*" — R wy,w; are fixed vectors, Ng(x) as usual nor-
mal cone, where C' is closed convex mapping, T is a positive real number. The
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problem is to find an arc Z(-) of the Cauchy problem (SWC) for sweeping processes
with DFIs satisfying the second-order DFIs almost everywhere (a.e.) on [0,7] and
the initial conditions (6) that minimize the Mayer functional ®(x(7),2'(T)). To
do this, we first derive the necessary and sufficient optimality conditions for the
discrete-approximate problem (SWDA ), and then, by going over to the formal limit,
establish sufficient optimality conditions for the problem (SWC) described by DFI.
The arc z(-) and its first-order derivative are absolutely continuous function on a
time interval [0,7] and 2”(-) € L}([0,7]). Clearly, such class of functions is a
Banach space, endowed with the different equivalent norms.

3. Optimality conditions for sweeping processes with DSIs

In this section we consider the convex problem (1)—(3). The algebraic sum of set-
valued mappings —N¢ () (%i41) and F(xy, x441,t) is denoted by G:

G(Sﬁt, Tt41, t) = —NC(xt)(l‘tH) + F(l‘t, Tit1, t)-

Proposition 3.1. Let C': R" = R” be a convex closed set-valued mapping. Then
the cone of tangent directions Kc(z,)(Ze11), Te41 € C(F4) is closed.

Proof. By the definition of cone of tangent directions, we have
Koy (@) = {Z1 1 Tpr = a1 — Tes1), Te1 € C(Zy), o> 0}

Since C' is closed-valued, for arbitrary convergent sequences {z}',}, @}, — 2} 4,
as n — oo, =, € C(&y) it follows ., € C(Z;). Then since a9, — T € C(Zy)
the limit of ), = a(z}’; — Z4+1) designated by 0., = a(z,, — Zy1) belongs to
Ko, (@) 5 e, 2001 € Koy (T1) and Ko, (Ze4) is closed. O

Proposition 3.2. Let C(%;) be a convex set. Then
—No(a) (Tr1) = Kz, (Tee1)
and the Hamiltonian function H,Nc(it)(i’tﬂ, -) is the indicator function of the cone
Ko@) (Zig1) , dee.
0, if Tio € Ko (Tis1),

H ngoo (Teg1, —Tfy ) = . .
o +oo, i @iy & Ko (@),

where K¢;,\(Te11) is the dual to the cone of tangent vectors Ke,)(ZTet1).-

Proof. In fact, by the definition of a normal cone at a point Z;,1 € C(Z;)

T € O(24)}

NC(@)@HI) = {Ug2 1 (Uppo, Tyy1 — Tyy1) <0,
>0, z141 € C(74)}

(i
= {Uyp2 : (—Ug2, Tpr1 — Tys1)

= {Ut2 + (Uep2, Tep1 — Teg1) 2 0, T — Top1 € Ko () }
= —K{ ) (Tr41)-

We note that, if Z,1, € int C(Z;), then we have K¢(z,)(Z¢+1) = R™ and consequently,
Ké(it)(iz%l) = _NC(:Et)<it+1) = {O}
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Furthermoreu H—NC(;%) (‘%t-i-la _$:+2> - HNC(@) (‘%t-i-la I:—&—Q)
= sup {<Ut+2> — i)t Ussn € _NC(i‘t)(:Et+1>}
Ut 42
= sup { (Ues2, —T740)  Urra € Koy (Ter1) |
Ut 42

_J0 it afyy € K, (Tia),
400, otherwise,

where K&i;, ) (Ze1) = Koy (@) and Koy (Ti41) = Ko (Tee1) because of
Proposition 3.2. O

Proposition 3.3. Let F; : R = R",i = 1,2, be convex set-valued mappings and
assume that the functions Hp, (-, 2*) are continuous except possibly one at a point
(Z,y) € domFy, N domFs.

Then for the LAM of the sum of the set-valued mappings

G(z,y) = (F1 + F2)(x,y) = Fi(x,y) + Fa(x,y), (x,y) € domFy; N domFy

we have G*(2*; (z,y,2)) = Ff (2% (z,y,21)) + F5 (2% (x,y, 22)), where z =z + 29,
zi € Fi(z,y), i=1,2.

Proof. In fact, the sum of convex set-valued mappings is convex. Furthermore,
He(z,y,2") = Hp (x,y,2") + Hg, (2,9, 2%), (z,y) € domF; N domF,
by the hypothesis of the proposition we derive from Theorem 1.29 [20]
OwyyHa(w,y,2") = Oy Hp, (x,y, 2") + Oy Hp, (2, y, 27). (7)
Besides, Galz,y,2") ={2 € G(x,y) : (2,2%) = Hg(z,y,2")}
= {z1 + 29,2 € Fy(z,y) : (21 + 29, 2%)
= Hp (z,y,2") + Hp,(x,y,2"), i = 1,2}

= Fia(z,y,2") + Foa(x,y, 2%) (8)

Now, we remind that by Lemma 2.3 of Section 2 for we have
G*(Z*)($7yaz)) = 8(z7y)Hg(ZB,y,Z*). (9)
Then taking into account (8), (9) in (7) we have the needed result. O

Proposition 3.4. Let F' : R?® = R" be convex set-valued mapping and assume
G(z,y) = aF(z,y), where a # 0 is any real number. Then

G* (2% (v, y,az)) = |a|F*(z"sign o; (x,y, 2)).

Proof. It is elementary to verify that for a convex mapping F' the set-valued map-
ping G(z,y) = aF(z,y) is convex. Then it is not hard to see that

He(z,y,2") = sup {(z,2") : 2 € G(z,y) }
=sup {(z,2%) : 2 € aF(z,y)} = sup {{az1,2") : 21 € F(z,y)}
= |a|sup {(z1, signaz*) : z1 € F(z,y)} = |a|Hp(z,y, sign az").

21
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Therefore O, ) Ha(,y, 2°) = |0y Hr (2, y, sign az*). Now using Lemma 2.3 we
obtain the required result. [

Theorem 3.5. Let F(-,t) : R* = R™ be convexr set-valued mappings and let
¢ : R*™ — R!' U {+o0} be a proper convex function. Moreover, let C' : R = R"
be convex closed set-valued mapping. Then, in order for {Z,}_, to be an optimal
trajectory of the problem (SVD), it is necessary that there ezists a number X € {0, 1}

and vectors xy,xp,nf,t =0,...,T—1 not all equal to zero, satisfying the following
Fuler-Lagrange inclusions and the transversality condition:
(1) (x;fk - 77;(7 77:+1) € F* ('II-I—Q; (i‘h ft-f—lv 6t+2)a t)) = 07 cee aT - 27
U2 € —Ne) (Ter1), Urye € F(Th, Topa,t), Tora = Urga + Urya,
H*Ncm (th, x:+2> = _<95:+2>71t+2>>
(2) (77T—1 - Tp_q, _$§“) S Aa(x,y)q)(jT—la jT)-

Moreover, if the non-degeneracy condition is satisfied, then A\ = 1 and these condi-
tions are sufficient for optimality of the trajectory {Z;}1_,.

Proof. By Theorem 2.2 [22] for optimality of the trajectory {Z;}7_, it is necessary
that there is a number A € {0, 1} and vectors z}, z%, 0, t =0,...,T — 1 at the same
time, not all equal to zero, satisfying discrete Euler-Lagrange inclusions

(z7 —nf nf) € G (2740; (&, Tugr, Tysa),t), t=0,...,T =2 (10)
and transversality condition
(N7—1 — @71, —07) € ANz )@ (Tr-1,77), (11)

where A = 1 is guaranteed that these conditions are sufficient for optimality.

Let M(x¢,%441) = —Ne(a,)(®i41). Then according to Proposition 3.3 the LAM G*
corresponding to the algebraic sum G(xy, v441) = M (2, x441) + F (24, 1451, 1) is

G” (mZ‘H; (ft, Ty1, ft+2)) =M ($:+2; (fn Tii1, —ﬂt+2)) + I ('T:JFQ; (ft, Tiy1, @t+2)7 t)
Tiyo = Upgo + Uppa, Upa € —No) (Ter), Vigo € F(Ty, Tyga, t). (12)

In turn, by Proposition 3.4 in the case a = —1 we have
* * L[~ ~ ~ _ * * L~ ~
M <$t+2v (xt7$t+1v_ut+2)> = NC(:Et)(_xt+27l't+1aut+2)>
* *
a($7y)HM<xt’ Lt+15 xt+2> = a(zyy)H*NC(zt) (mt+1> _xt+2>7
where on the Lemma 2.3 we can write
* * .~ ~
NC(:?:t) (_37t+2a Tit1, Ut+2)

Ay H-Nogs,) (Tra1, —T715),  if 2 € Negoa(@e; —27i),
@, if Upt2 ¢ NC(jt)A(fit—i-l? _m:+2)’

NC(@)A(@H% —$I+2)

= {Ut+2 € Ne@) (@) + — (@0, Urye) = Honp, ) (et —5'3212)}-
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But by Proposition 3.2 for (x4, x441) € domH _n,, (-, 2712)

a(x,y)H—NC(m(xtJrl’ —x;‘+2) = {(07 0)}7 33:+2 € _Kc(ft)(xt-i-l))

where z7,, € —Ke(z,)(2441) is equivalent to Heg,) (27,5) = (2349, Te41). Then taking
into account (10)—(12) we obtain the desired result. O

Remark 3.6. Suppose that for all z € domC we have C'(z) = R". Then obviously,
Ne(a) (Zi41) = {0}. Consequently, @y = 0 in Theorem 3.5 and 50 &2 = U442. In
turn it follows that the condition H_n, ,(Zi+1, —2}40) = — (T} 9, Usyo) is superflu-
ous. Thus, by substituting 0,12 = #;.2 in the adjoint Euler-Lagrange inclusion (1)
we obtain the necessary and sufficient condition of optimality for DSIs.

4. Necessary and sufficient conditions of optimality for
discrete-approximate sweeping problems

Let h be a step on the t-axis and let z(t) = x,,(t) be a grid functions on a uniform
grid on [0, T]. We introduce the following first and second order difference operators
(forward and backward difference approximations) A xz(t) = Ax(t) and A_x(t),
t=0,...,T—2h

Ax(t) = (i +h) — 2B, A_a(t) = 2 [elt) —2(t — h).],
A2a(t) = S[Aw(t + h) — Ax(t)]

h

and associate with the problem (SWC) the following second order discrete-approxi-
mate evolution discrete-approximate problem:

minimize ®(z(T), A_z(T)),
A’2(t) € =Ny (Az(t)) + F(x(t), Ax(t),t), t =0,...,T — 2h, (13)
z(0) = wp, Az(0) = w; € C(wy).

Here A2z(t) can be represented as A2x(t) = A2u(t) + A%v(t) , where
A*u(t) € —Negy) (Az(t); A%(t) € F(z(t), Ax(t),t).

We reduce the problem (13) to a problem of the form (SWD). To do this, we intro-
duce the following auxiliary set-valued mappings and function

P(z,y,t) =2y —x+ h2F<x, %,t), D(z) =z + hC(x),
(T — h),2(t) = B((T), A_a(T)). (14)
Proposition 4.1. The following equality holds:

Npe()(Z(t + h)) = Noge) (AZ(1)).
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Proof. In fact
Np@uy(@(t + h)) = {u(t +2h) : (u(t +2h),z(t+h)—2(t+h)) <0
z(t+ h) € D(Z(t))}

= {at+2m): (hat + 2), Tl + h])l_i"(t) - j(t+h]z - f(t>> <0,
D=2 ¢ o)

_ {%v(t +2h) - (o(t +2h), 2t £ h})L — 30 _ A1) <0, Ai(t) € C(E() )

= %NC@(t))(M(tD = Ne@w) (AZ(1)). O

Then using first and second order difference operators Ax(t) and A2z (t) we can
rewrite the problem (13) as follows:

minimize Q(z(T — h),z(T)),
(SWDA) x(t+2h)€—ND( ())( (t+h)) (l‘(t ,l’(t—Fh) )

z(0) = wp, x(h) = wo + hwy € C(wy), t =0,...,T — 2h.
Here it is taken into account here that since Ne(u))(Az(t)) is a normal cone
I Nea) (Az(t)) = Noe) (Ax(t)).

Now by Theorem 3.5 for optimality of the trajectory {z(t)} = {z(t) : t =0, h,..., T},
in the problem (SW DA) it is necessary that there exist a pair of vectors {x*(t), p*(t) }
and a number A € {0, 1}, not all zero, such that

(z*(t) — " (t), p*(t + h)) € P*(a*(t + 2h); (Z(t),Z(t + h),0(t + 2h)), 1),
a(t +2h) € 2a(t + h) — @(t) — B’ Np@@y) (&t + h)),
O(t+2h) € 20(t + h) — 0(t) + R*F(2(t),2(t + h), 1), (15)
A2%(t) = A%a(t) + A%*(t), t =0,...,T — 2h,
H_npo, @+ h), 2" (t+ 2h)) = —(@*(t + 2h), A%(t)),
(1(T = h) = 2*(T = h), —2*(T)) € Nuyy2AF(T = h), H(T)).  (16)

In the above relationship (15) we should express the LAM P* in terms of LAM F*.
Before all let us prove two lemmas crucial in what follows.

Proposition 4.2. The following equality is valid
H_Np oy (4 h), 2" (t + 2h)) = H N, (AU(t), 2" (t + 2h).

Proof. Indeed, using Proposition 4.1 we can write
H_Np o, (Z( + h), 2*(t + 2h))
= sup { (Au(t), z*(t + 2h)) : Au(t) € —Npw)(Z(t +h))}
= sup {(Au(t), z*(t + 2h)) : Au(t) € —Negae) (2t +h))}
=H_ (AZ(t), 2" (t + 2h)). ]

Ne@e)
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Lemma 4.3. Let F' and C' be convex set-valued mappings. Then, between the Hamil-
tonian functions Hp, Hr and Hp, He, there are the following connections

(1) HP(mﬂy7Z*> = <2y—l'Z*> +h2HF<$,%,Z*>,
(2) Hp@)(y") = (2,y") + hHew (y7).

Proof. Indeed, by definition of the Hamiltonian function and set-valued mapping
P (see(14)) we can write

Hp(x,y, z*) = sup {<z, 2*y iz € P(x,y)}

=2y —x,2z%) +h25up{<2172*> PAaLE F(:L”, y;$’z*>}

=2y — x,2") —|—h2HF<x, y;gj,z*).

Furthermore
Hp(y*) = sup {(y,y*> cy € D(:U)} = sup {(x + hy,y") sy € C(x)}
= (2,y") +sup {(hy1,y") s y1 € Cl2)} = (w,y") + hHe(y"). O
The following Lemma 4.4 and Proposition 4.5 play a crucial role in the construction
of LAM to the original discrete approximate problem (14) or (15).

Lemma 4.4. Let F : R?™ = R" be a convex set-valued mapping and P : R** = R"
be defined as P(x,y) = 2y — x + h*F(x,(y — x)/h). Then the following inclusions
of LAMs are equivalent

Tyt — 2t oyt — 22" of %, y—xr z2—2y"+=x
) ( 2ok ) e Fe (=5 T R )
_9 _

Proof. Let Kyynp(x,y,2), (2,y,2) € gphP be the cone of tangent directions. It is
easy to verify that, the inclusions

(i’,ﬂ,?) € KgphP(:Ea?%Z) (17>
_ Y, —T Z—-2y+7= y—x z—2y+ux
and (:1:, T 2 ) € Kypnr (:1:, P 2 > (18)

are equivalent. For example, we prove that (18) implies (17). The converse is proved
by analogy. In fact, satisfaction of (18) means that for a > 0

T = —x) g—x_&<y,—f y—x)
- - ) h - h ) h 9

zZ—=2y+=zx Z=2y+1x z—2y+cx
h? :< e h? >

and for all (Z,§, Z) such that =25+ € F(f, i

> or equivalently, Z € P(Z, 7).
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Simplifying the latter relations, we have = = a(Z—x), y—7 = a(§—2) —a(y—z),
Z=204+T=a(z—2)—2a(y—vy) +a(z —x).

Now, substituting = into the second relation, we have § = «a(y — y), and then
substituting both # = (% — z) and § = a(y — y) into the third relation, we derive
Z = a(Z — z), which means that (z,y, 2) € Kypnp(z,v, 2).

Suppose now that (z*,y*) € P*(z*; (x,y,2)), z € Pa(z,y, z*) or equivalently
(Z,2%) +(9,y") — (2,2") > 0; (7,9, %) € Kp(x,y,2). (19)

We rewrite this inequality in the form

o+ (520 - (7B 20

for which (18) is satisfied. Here the vectors a and b should be appropriately defined.
It is not hard to see that the latter inequality is equivalent to the inequality

(Z,h*a — hb — 2*) + (5, ha + 22*) — (z,2*) > 0.
Then comparing it with (19), we find that #* = h?a —hb— z*, y* = ha +2z*, whence

x* *_z*
a:+y—, b

h? T h

h

Then from the equivalence of (17) and (18) we have

Tyt — 2t oyt =227 wf % y—x z2—2y+=x
() el )

Moreover, it is easy to see that P*(z*; (z,y, 2)) # @ if z € Ps(x,y, 2*) and

_ ) —9 _
P (2R ) o H g (0

respectively. Hence, the theorem is proved. Il

Proposition 4.5. If P(z,y) = 2y — x + h*F(x), where F;R" = R" is a convex
set-valued mapping independent of y, then the following statements for the LAM s,
provided that y* = 22* are equivalent:

(1) (z%,y7) € P*(z"; (2,9, 2)), 2z € Pa(x,y,27),
(2) (z*+2%)/hPeF*(2*(z,(z =2y +2)/h?)), (2 —2y+a)/h* € Fa(x; 2%), z* €R™

Proof. By Lemma 4.3 Hp(x,y, 2*) = (2y — x, 2*) + h?Hp(x, z*). Then it is easy to
calculate that

Oy Hp(v,y,2") = {—2"} x {227} + h28xHF(x,z*) x {0}
or a(mjy)Hp(l’,y, Z*) = {_Z* + hQazHF(xa Z*>} X {22*}7

where by convention it is understood that 0, ) Hp(z,y, 2*) = —0a,y) [—Hp(a:, Y, z*)] .
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Then we obtain from Lemma 2.3(Section 2) and the latter relation
P (9, 2)) = {2 + B2F (2" (0, 2))} x {2}, (20)

where 2 € Py(x,y,2), (2 — 2y +2)/h* € Fa(z; 2%), 2* € R"
Moreover, if (z*,y*) € P*(z*; (z,y, z)), then from (20) under the condition y* = 2z*
we derive that x* = —z* + h2F*(2*; (z, 2)). The proof is completed. O
Lemma 4.6. The adjoint inclusion of FEuler-Lagrange type

(z*(t) — w*(t), p*(t + b)) € P*(z*(t + 2h); (2(t), Z(t + h), 0(t + 2h), 1)
has the form

(A%2*(t) + An*(t),n" (t + h)) € F*(2*(t + 2h); (2(t), AZ(t), A%0()), 1),
t=2h...,T —2h, where n*(t) = (u*(t) — 22*(t"))/h.
Proof. By Lemma 4.4 the LAM inclusion

(z*(t) — p*(t), W (t + b)) € P*(a*(t + 2h); (2(t), Z(t + h),0(t + 2h)), )

is equivalent to

(x*(t) — () +p(t+h) —a*(t+2h) p*(t+h) — 22"t + 2h)>
h? ’ h
€ F*(a*(t + 2h); (Z(t), AZ(t), A*0(t)),t), t = 2h,3h,..., T — 2h;

Then since p*(t + h) = hy*(t + h) + 22*(t + 2h) it follows that

x*(t) — p*(t) + p*(t + h) — 2*(t + 2h)
12
x*(t) —hn*(t) =2z (t+h)+hn*(t+h)+x*(t+2h)

= 73 = A%x*(t) + An*(t). O

Theorem 4.7. Suppose that F(-,t) : R*™ = R" is a convex set-valued mapping,
and ® : R*" — R' U {+o0} is a proper convex function. Besides, suppose that
C:R™ = R" is a closed set-valued mapping. Then for the optimality of the trajectory
{Z(t)} in the discrete approzimate problem (SWDA) it is necessary that there ezist a
number A € {0,1} and a pair of vectors {x*(t), u*(t)} not all equal to zero, satisfying
the approrimate Euler-Lagrange inclusions and transversality condition:

(i) (A% () + An (), n"(t + h)) € F*(a*(t + 2h); (2(t), AZ(L), A%0(1)), 1),
t=2h,....,T —2h; A%u(t) € —Neguy) (AZ(L)); A*0(t) € F(2(t), AZ(t),t),
(i)  A%%(t) = A%u(t) + A%(t),t =0,...,T — 2h,
H_ N, (AU(E), (4 2h)) = —(2*(t + 2h), A%a(t))
(i)  (n*(T — h) + A_a*(T), —2*(T)) € Nuyy®(F(T — h), A_E(T)).

In addition, under the non-degeneracy condition, these conditions are also sufficient
for optimality of {Z(t)}.
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Proof. It is clear that, taking into account the positive homogeneity of the Euler-
Lagrange inclusion in the first argument, condition (i) is the result of Lemma 4.6.
Let us prove the remaining statements. The condition

H gy (Bt 4 1), (¢ + 20)) = — (@ (¢ + 2h), A%(#))
by Proposition 4.2 means that

H Ny (AG(E), 27 (t 4 2R)) = —(2*(t + 2h), A%a(t)).

fc(t>>(

Furthermore, in view of the relation p*(t+h) = hn*(t+h)+2x*(t+2h) the inclusion
(16) is equivalent to

(k" (T — h) + 2*(T) — 2*(T — h), —2*(T)) € Ay UZT(T — h),Z(T)).

Then by Proposition 2.4 of Section 2

(hy* (T —h)+a*(T)—a* (T —h), —ha*(T)) e)@(%y)q)(;g(T _py, 2= (T—h))7
whence (n*(T = h) + A_a*(T) — 2°(T)) € Auyy® (#(T—h), AZ(T)). 0

Similarly, using Proposition 4.5, we have

Theorem 4.8. Assume that in problem (SWC') F(x,2',t) = F(x,t), i.e. the map-
ping F(-,t) is independent of the ’. Then the conjugate second-order Euler-Lagrange
DSI(i) and the discrete transversality condition (iii) of Theorem 4.7 have the form

(1) A’z*(t) € F*(2*(t + 2h); (2(t), A*0(t)),t), t=0,...,T — 2h;
(2) (A_z*(T), —2*(T)) € ANz ®(2(T — ), A_Z(T)),
respectively.

Proof. By condition (2) of Proposition 4.5 we deduce from the inclusion
(2 () = (0, 1 (¢ B)) € Q* (& (£ 4+ 20); (3(1), &(t + B, 5(t + 2h), 1)
that we have

¥ (t) — p*(t) + z*(t + 2h)
12

€ F*(z*(t + 2h); (z(t), A%v()), t).

Note that the condition y* = 22* of Proposition 4.5 means that p*(t) = 2z*(t + h).
Then by substituting p*(t) = 22*(t + h) into the last inclusion we have the adjoint
second order Euler-Lagrange DSIs (1) of the theorem.

Now, since we have p*(t) = hn*(t)+2x*(t+h) (see Lemma 4.6) and p*(t) = 22*(t+h)
it follows that n*(t) = 0, i.e., n*(T"— h) = 0 in the condition (iii) of Theorem 4.7.
The proof is completed. ]
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5. Sufficient conditions of optimality for second order sweeping
processes (SWCQC)

Setting A = 1 and by passing to the formal limit in the conditions of Lemma 4.3 as
h — 0, we establish the so-called second-order Euler-Lagrange DFIs:

(a) (d ;;w + dn;t(t)m*(t)> € F* (2" (t); (2(t), &' (t), 7" (1)), t) a.e. t € [0, T,

W"(t) € —Negy (E(t)); 0"(t) € F(2(t), & (t),t); #'(t) = a"(t) + 0"(t);
(b) H—Ncuz(t))(j,(t)? —x*(t)) = —(@"(t),z*(t)), t € [0,T]

and the transversality condition

(c) (1(7) + 2¥(T), =2"(1)) € By (T, (T)).

We assume that the function z*(¢),t € [0, 7], is absolutely continuous together with
the first order derivatives for which z*"(-) € L([0,T]). Besides, v*(t),t € [0,T] is
absolutely continuous and n*'(-) € L?([0,T7).

In addition, the following condition ensures that the LAM F* is not empty at a
given point:

(d) djtgt) € Fa(i(t), #(t);2"(t),t), ae. t € [0,T).

It turns out that the following statement is true.

Theorem 5.1. Suppose that ® : R*" — R! U {+o0} is a continuous proper convex
function, and that F(-,t) : R* = R" and C : R® = R" are convez set-valued map-
pings. Then for the optimality of the arc Z(-) in the problem (SWC') it is sufficient
that there exists a pair of absolutely continuous function {x*(t),n*(t)},t € [0,T]
satisfying a.e. the Euler-Lagrange type adjoint inclusion (a), (d) and transversality
condition (c).

Proof. Since F* (z*, (z,v, z),t) = Oy Hr(2,y,2"),2 € Fa(x,y; 2*,t) by using the
Moreau-Rockafellar theorem [12, 20, 28] and the fact that from condition (a) we
obtain the second order adjoint DF'T

(d z;(t) + dn;t(t) v (t)) € Jay) [HF (:f;(t),a:«'(t),x*(t))], t € [0,7).

On the definition of sudifferential set of the Hamiltonian function Hr we rewrite the
last relation in the form:

Hp(x(t),2'(t), z*(t)) — Hp(2(t), ¥'(t), 2*(t))

<(TO IO ) sw) o - o) @

In turn, by using the definition of the Hamiltonian function, (21) can be converted
to the relation

(20,00 (2580 ) = (2510, 500) - .ot 30
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Since 0"(t) = @"(t) — 2"(t), let us rewrite the latter inequality as follows

<d2(x(tc)lt; 4 o) <W,x*(ﬂ>

_ <d2§;(t),x(t) - iz(t)> _ %(n*(t),x(t) 1) <0
(RS (250,

or di2 dez ’

Now, in view of condition (b)

<d2;igt)’_$*<t)> < _<d2$gt)’x*(t)>, u"(t) € —Ne@e) (T'(t))

or N <d (U(t()gt; ﬂ(t)),x*(f)>v u'(t) < 0 for all w”(t) € —=No) (T (1))

and so the inequality (22) can be rewritten as

(PEOZIO) o)) (P20 ay i) — Lo (0).200) ~ 20) <0, (23)

Integrating (23) over the interval [0,7] and taking into account that z(-),Z(-) are
feasible (z(0) = #(0) = wp) we can write

/O ' (@1 = &), 2" (1)) = (2 (1), w(t) = F(0)) |t
+(°(0), 2(0) = #(0)) — (n*(T),2(T) — (T))
_ /0 ' (1) = #(1), 2" (1) = (2 (1), w(t) — (1)) at
— (" (T), 2(T) — &(T)) < 0. (24)
Now, transform the expression in the square parentheses of (24) as follows
(@"(t) = 2"(t), (1)) — (2" (1), 2(t) — 2(t))

= AT ey~ LD o) 2,

Then we can compute the integral on the left hand side of (24) as follows

/(;T [<x”<t) - f”(t),x*(t» — <.T*N(t),x(t) — :E(t)ﬂ dt

LR A S OELD

-, a(T) - 97;(T)> n <dx;io) ,2(0) — gz»<0)>. (25)
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Again since x(0) = Z(0) = wy, 2'(0) = 7’(0) = w; we have

and so (25) can be rewritten as follows
/0 (1) = 2 (2).2° (1)) — (" (0 2(0) — 2(0)) ] s

_ <d(w(T)d; i’(T)),x*(T)> B <dx*(T>7x(T) B Q<T)>_

Thus (24) and (25) imply

(T (), (1)~ (D)) + {

,—:1:*(T)> >0.  (26)
Recalling that by condition (c) for all feasible arcs z(t), t € [0, T):
& (a(T),2'(T)) — B(#(T), (1))

> () + P iy iy~ (o), I S o

Then from the inequalities (26),(27) we obtain that
®(z(T),2'(T)) > ®(&(T),z'(T)) for all z(t),t € [0,T],
i.e. z(t), t € [0,T] is optimal. O

Below we prove that if the mapping F'(-,t) depends only on the first argument, then
in the second-order Euler-Lagrange DFIs there is no auxiliary variable n*(t).

Corollary 5.2. Suppose that in the problem (SWC) F(x,2',t) = F(x,t) and that
the conditions of Theorem 4.7 are satisfied. Then the second order Euler-Lagrange
DFI and the transversality condition of Theorem 4.7 consist of the following

(i) d g;(t) € F* (a7 (1); (#(t), §"(1)), 1) a.e. t € [0,T),
() € Fi(t), t): @"(t) € —Negy (3(t); &(t) = @"(t) + "();
(ii) ddﬁ—tgt) € Fa(z(t);2*(t),t) a.e. t €[0,7T]

and the transversality condition
(iii) (27(T), —2*(T)) € Ouyy®(&(T), % (T)).

Proof. Indeed, by passing to the formal limit in the discrete Euler-Lagrange type
inclusion A%z*(t) € F*(a*(t + 2h); (2(t), A*0(t)),t), t = 0,...,T — 2h, of Theorem
4.8 we have the condition (i) of the theorem. The rest of the theorem is simply a
repetition of Theorem 4.7. 0
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Corollary 5.3. In addition to the assumptions of Theorem 5.1 let F'(-,t) be a closed
set-valued mapping. Then the conditions (a), (c) of Theorem 5.1 can be rewritten in
terms of the Hamiltonian function in symmetric form as follows

<d x*(t> + i (t) ;N (t)> € 8(z,y)HF (j(t)v j/(t)’ x*(t))’

dt? dt
d?Z(t
;9 € 0. Hp(2(t), @ (t); 2*(t)), a.e. t € [0,T].
Proof. By Lemma 2.3 F*(2*, (2,y, 2),t) = 0y Hr(z,y, 2*). On the other hand it
is elementary to verify that Fa(x,y, z*,t) = 0, Hp(z,y, 2%). ]

Note that the technique of proof of Theorem 5.1 can easily be extended to the case
of the Bolza problem:

minimize J[z / f(x(t), t)dt + p(x(T)),
(SWB) ( )6 NC( ())( +F( ( ) (t)at)> a.e.t:[O,T],
z(0) = wo, 2'(0) = wy,

where f(-,t) and ¢ are proper convex functions.

The conditions of Theorem 5.1 in this case consist of the following:

(1) (d g;(t) i dnd*ft)’n*@)) c F*(l'*(t); (i'(t),.i'/(t),f]//(t)),t)—af(i’(t),t)X{O},

a.e. t€[0,7);
@) (1) € FE0.7(0).0; 7'(1) € ~Nowy(F0): F'(0) = /) + (2

H Nega, (@'(1), =2 (1) = = (@"(t), —2"(t)), t € [0, T,
% € Fa(2(t), &' (t),2*(t),t), ae. t € [0,T]

and the transversality condition

(3) #"(T) +2™(T) € dp(&(T)), «*(T) = 0.

Theorem 5.4. Suppose that f(-,t),p : R" — R U {400} are continuous proper
convex functions and F : R*™ = R" and C : R® = R" are convex set-valued
mappings. Then for the optimality of the arc Z(-) in the Bolza problem (SWB) it
is sufficient that there exists a pair of absolutely continuous function {x*(t),n*(t)},
t € [0,1] satisfying the conditions (1)—(3).

Proof. The proof of the theorem is a slight modification of the proof of Theorem
5.1, therefore we omit it. O

Suppose now that we have the so-called linear sweeping problem for second order
DFlIs:

minimize J[z(-)] = /0 d(x(t), t)dt + p(2(T)),

2"(t) € =Ny (@'(t)) + F(z(t),2'(t)), a.e. t € [0,T7,
x(0) = wo, 2 (0) =wy, F(x,y) = Ajx + Ayy + BU,

(SWL)
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where f(-,t) and ¢ are continuously differentiable function in x, A;,7 = 1,2 and B
are n xn and n X r matrices, respectively, U is a convex compact in R". The problem
is to find a controlling parameter w(t) € U such that the arc Z(t) corresponding to
it minimizes J[x(-)].

Theorem 5.5. The arc &(-) corresponding to the controlling parameter w(t) min-
imizes J[z(-)] in the problem (SWL) if the conditions (1), (2) of Theorem 5.4 are
satisfied, where an absolutely continuous function x*(-) satisfies the second order
adjoint differential equation, the transversality and the Weierstrass-Pontryagin con-
ditions:
d*z*(t)
dt?

dz*(t)
dt
2 (T) = ¢ (#(T)), 2*(T) =0, a.e. t €[0,T],

(Bw(t),z*(t)) = max(Bw(t), x*(t)).

welU

= A

AT () — F(@(1), 1) ace te0,T],

Proof. In this problem, we rely on Theorem 5.1. Further

Hp (2,9, 2") = sup {2, ") :2€ F(w,9)} = (&, A{2")+{y, Aje")+max(Bu(t), =),

where A* is the transposed matrix of A.

Then by Lemma 2.3 one has F*(2*; (&,9,2)) = {Ajz*, Ajz*} if —B*z* € K} (w),
where Z = A1 + Aoy + Bw,w € U. Thus, using Theorem 5.4, we obtain the
following result

d?z*(t) N dn*(t)
2 dt

= A" (), (1) = Azx™(1). (28)

Differentiating the second equation of (28) and substituting it into the first equa-
tion we easily derive the second order adjoint differential equation. The remaining
conditions of the theorem follow from condition (3) of Theorem 5.4 and the formula
—B*2* € K};(w). Notice that here the conditions n*(7T") = Asx*(T) and z*(T") =0
entail n*(T") = 0. O
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