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1. Introduction

In this manuscript we consider the existence of positive solutions for the following
nonlocal anisotropic problems{ −H(x, ‖u‖Lr)∆−→p u = ‖u‖αLt + ‖u‖γLs , in Ω,

u = 0, on ∂Ω,
(P1)

and


−H(x, ‖v‖Lr1 )∆−→p u = ‖v‖α1

Lt1
+ ‖v‖γ1Ls1 , in Ω,

−H(x, ‖u‖Lr2 )∆−→q v = ‖u‖α2

Lt2
+ ‖u‖γ2Ls2 , in Ω,

u, v = 0, on ∂Ω,

(P2)

where N ≥ 2, Ω ⊂ RN is a bounded domain with C2 boundary,−∆−→p denotes the
anisotropic operator

−∆−→p u := −
N∑
i=1

∂

∂xi

[∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2

∂u

∂xi

]
(1)

and pi, i = 1, ..., N are real numbers with 2 ≤ p1 ≤ p2 ≤ · · · ≤ pN < +∞, α0 := α
and γ0 := γ are non-negative constants, H : Ω × R → R is a continuous function
satisfying some hypotheses and ‖ · ‖Lt is the usual norm of Lt(Ω), 1 ≤ t <∞.
∗ Corresponding author.
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Differential equations involving anisotropic operators arise in several areas of sci-
ence and technology, for example in physics where such an operator is related with
models that describe the dynamics of fluids with different conductivities in differ-
ent directions. Another example is in biology in models related to the spread of
an epidemic disease in heterogeneous environments. We also quote the applicabil-
ity of anisotropic operators in the study of image noise reduction. Regarding the
mentioned applications we point out [5, 6, 9, 45] and the references therein.
In the last century the operator (1) and the associated anisotropic spaces attracted
the attention of several researchers, see for instance the studies considered in the
references [1, 3, 9, 25, 30, 31, 39, 40, 41, 43, 46, 48, 49, 50, 51, 52, 53, 54, 56, 57, 58].
The nonlocal term ‖ · ‖Lr with r = pi = 2, i = 1, ..., N arises in the study of the
vibrations of an elastic string. More specifically in the Carrier’s equation

ρutt − a(x, t, ‖u‖2L2)∆u = 0.

Regarding the Carrier’s equation we quote the reference [11].
Important contributions related to problems (P1) and (P2) can be found in the
literature, for example in the manuscript [17] where the authors considered the
existence of solutions for the problem −a

(∫
Ω

u

)
∆u = f, in Ω,

u = 0, on ∂Ω,

where a is a function satisfying certain properties and f ∈ H−1(Ω).

In the reference [2] the authors proved existence results, via sub-supersolutions ar-
guments, for the nonlocal problem

−a
(∫

Ω

|u|q
)
∆u = g1(x, u)f

(∫
Ω

|u|p
)
+ g2(x, u)l

(∫
Ω

|u|r
)
, in Ω,

u > 0, in Ω,

u = 0, on ∂Ω,

with q, p, r numbers satisfying some hypothesis and a, g1, g2, f and l are continuous
functions satisfying certain conditions.
We also quote the paper [32] where the authors, in the variable exponents spaces
setting, used fixed point arguments and sub-supersolutions to study the existence
of solutions for a wide class of problems which includes the case

−A(x, ‖u‖Lr(x))∆u = ‖u‖α(x)
Lq(x) + ‖u‖γ(x)

Ls(x) , in Ω,

u > 0, in Ω,

u = 0, on ∂Ω,

where A, r, q, s, α and β are functions satisfying certain conditions.
In[26] related problems with the p−Laplacian operator ∆pu := −div(|∇u|p−2∇u)
were studied.
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The authors considered respectively by means of sub-supersolutions and topological
arguments the existence of positive solutions for the scalar problem{

−∆pu = ‖u‖α(x)
Lt(x) , in Ω,

u = 0, on ∂Ω,
(P )

and its system version 
−∆pu = ‖v‖α(x)

Lt(x) , in Ω,

−∆pv = ‖u‖β(x)
Lq(x) , in Ω,

u = v = 0, on ∂Ω,

in the context of the variable spaces setting. Here α, β : Ω → R are functions that
satisfy certain conditions. We point out that the homegeneity of the p−Laplacian op-
erator and the eigenfunction associated with the first eigenvalue of the p−Laplacian
operator played an important role in their arguments.
For other works related to (P1) and (P2) we mention the papers [7, 8, 10, 12, 13, 14,
15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 27, 28, 29, 34, 35, 38, 55].
We also point out that for the study of (P1) and (P2) it is needed several topics
of nonlinear functional analysis, mainly the theory of anisotropic spaces, see for
instance [41] and its references. An additional difficulty is imposed due to the
nonlocal caracter of the problems considered, that is, the terms ‖ · ‖Lri , ‖ · ‖Lti and
‖ · ‖Lqi implies that no longer pointwise identities are satisfied. Another point is
that there are few works that consider sub-supersolution arguments for anisotropic
operators, see for instance [3, 33, 36, 52].
Therefore, based on the previous comments we propose the study of (P1) and (P2).
To the best of our knowledge the mentioned problems were not considered in the
literature. In what follows we point out the contributions of this work.
• As far we know it is the first time that a sub-supersolution approach is consi-

dered for nonlocal anisotropic problems;
• A wide class of operators, which includes the Laplacian case, is considered;
• Abstract theorems involving sub-supersolutions are obtained. Moreover, the

results improve partially [32, Theorem 1] and [32, Theorem 2];
• Explicit constructions are considered to obtain sub-supersolutions, see for ex-

ample the functions in (35) and (55). Besides that a Fan’s type Lemma (see [37,
Lemma 2.1]) was needed to construct such functions, see Lemma 4.1. We quote
that such constructions can be of independent interest. This type of argument
is rare in the anisotropic spaces setting. Such constructions were needed to
avoid of the lack of homogeneity of the operator (1), which did not occurred
[2, 26, 32].

2. Presentation of the results

Some definitions are needed to present the results of this manuscritpt. Unless
otherwise stated it will be considered that 2 ≤ p1 ≤ p2 ≤ ... ≤ pN < p⋆ and
2 ≤ q1 ≤ q2 ≤ ... ≤ qN < q⋆ are real numbers with p, q < N,
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where p⋆ :=
Np

N − p
, q⋆ :=

Nq

N − q
, p :=

N∑N
i=1

1
pi

and q :=
N∑N
i=1

1
qi

.

A positive solution u of (P1) is a function that lies in W 1,−→p
0 (Ω)∩L∞(Ω) with u(x) > 0

a.e. in Ω and, for all φ ∈ W 1,−→p
0 (Ω),∫

Ω

N∑
i=1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2

∂u

∂xi

∂φ

∂xi
=

∫
Ω

(
‖u‖αLt

H(x, ‖u‖Lr)
+

‖u‖γLs

H(x, ‖u‖Lr)

)
φ.

For u, v ∈ M(Ω) := {u : Ω → R;u is measurable}, we will write u ≤ v in Ω if we
have u(x) ≤ v(x) a.e. in Ω and we will denote by [u, v] the set

[u, v] := {w ∈ M(Ω);u(x) ≤ w(x) ≤ v(x) a.e. in Ω}.

Now we are ready to present the definition of a sub-supersolution pair for (P1). An
element (u, u) ∈ (W 1,−→p

0 (Ω) ∩ L∞(Ω)) × (W 1,−→p
0 (Ω) ∩ L∞(Ω)) is a sub-supersolution

for (P1) if 0 ≤ u ≤ u in Ω and if for all φ ∈ W 1,−→p
0 (Ω) with φ ≥ 0 the inequalities∫

Ω

N∑
i=1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2

∂u

∂xi

∂φ

∂xi
≤
∫
Ω

( ‖u‖α1

Lt1

H(x, ‖w‖Lr1 )
+

‖u‖γ1Ls1

H(x, ‖w‖Lr1 )

)
φ (2)

and ∫
Ω

N∑
i=1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2

∂u

∂xi

∂ψ

∂xi
≥
∫
Ω

( ‖u‖α2

Lt2

H(x, ‖w‖Lr2 )
+

‖u‖γ2Ls2

H(x, ‖w‖Lr2 )

)
ψ

hold for all w ∈ [u, u].

Regarding (P2) we assume that −→p and −→q = (q1, ..., qN) ∈ RN satisfy the general
condition
(H2) 2 ≤ q1 ≤ q2 ≤ ... ≤ qN < q⋆, where q⋆ :=

Nq
N−q with q := N∑N

i=1
1
qi

<N and (H1).

We say that (u, v) ∈ (W 1,−→p
0 (Ω)∩L∞(Ω))× (W 1,−→q

0 (Ω)∩L∞(Ω)) is a positive solution
of (P2) if u(x), v(x) > 0 a.e. in Ω and∫

Ω

N∑
i=1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2

∂u

∂xi

∂φ

∂xi
=

∫
Ω

( ‖v‖α1

Lt1

H(x, ‖v‖Lr1 )
+

‖v‖γ1Ls1

H(x, ‖v‖Lr1 )

)
φ,

and ∫
Ω

N∑
i=1

∣∣∣∣ ∂v∂xi
∣∣∣∣qi−2

∂v

∂xi

∂ψ

∂xi
=

∫
Ω

( ‖u‖α2

Lt2

H(x, ‖u‖Lr2 )
+

‖u‖γ2Ls2

H(x, ‖u‖Lr2 )

)
ψ,

for all (φ, ψ) ∈ W 1,−→p
0 (Ω)×W 1,−→q

0 (Ω).

We say that the [(u, u), (v, v)] is a sub-supersolution pair for (P2) if

(u, u) ∈ (W 1,−→p
0 (Ω) ∩ L∞(Ω))× (W 1,−→p

0 (Ω) ∩ L∞(Ω)),

(v, v) ∈ (W 1,−→q
0 (Ω) ∩ L∞(Ω))× (W 1,−→q

0 (Ω) ∩ L∞(Ω)),
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0 ≤ u ≤ u and 0 ≤ v ≤ v in Ω, and if the following inequalities hold:

∫
Ω

N∑
i=1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2

∂u

∂xi

∂φ

∂xi
≤
∫
Ω

‖v‖α1

Lt1
+ ‖v‖γ1Ls1

H(x, ‖w‖Lr1 )
φ, ∀w ∈ [v, v]∫

Ω

N∑
i=1

∣∣∣∣ ∂v∂xi
∣∣∣∣qi−2

∂v

∂xi

∂φ

∂xi
≤
∫
Ω

‖u‖α2

Lt2
+ ‖u‖γ2Ls2

H(x, ‖w‖Lr2 )
ψ, ∀w ∈ [u, u]

and 

∫
Ω

N∑
i=1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2

∂u

∂xi

∂φ

∂xi
≥
∫
Ω

‖v‖α1

Lt1
+ ‖v‖γ1Ls1

H(x, ‖w‖Lr1 )
φ, ∀w ∈ [v, v]∫

Ω

N∑
i=1

∣∣∣∣ ∂v∂xi
∣∣∣∣qi−2

∂v

∂xi

∂ψ

∂xi
≥
∫
Ω

‖u‖α2

Lt2
+ ‖u‖γ2Ls2

H(x, ‖w‖Lr2 )
ψ, ∀w ∈ [u, u]

for all (φ, ψ) ∈ W 1,−→p
0 (Ω)×W 1,−→q

0 (Ω) with φ, ψ ≥ 0 in Ω.

Below we describe the results of this work. The first ones below are considered with
the justificative of the existence of solution for (P1) and (P2) when one obtained
sub-supersolutions for the mentioned problems.

Theorem 2.1. Suppose that (u, u) is a sub-supersolution for (P1) with u > 0
in Ω, where H : Ω × (0,∞) → R is a continuous function with H(x, t) > 0 in
Ω×

[
‖u‖Lr , ‖u‖Lr

]
. Then (P ) has a positive solution u ∈ [u, u].

Theorem 2.2. Suppose that [(u, u), (v, v)] is a sub-supersolution pair for (P2) with
u, v > 0 in Ω, and H : Ω × (0,∞) → R is a continuous function with H(x, t) > 0
in Ω ×

[
σ, σ

]
, where σ := min

{
‖w‖Lri , i = 1, 2

}
, σ := max

{
‖w‖Lri , i = 1, 2

}
,

w(x) := min{u(x), v(x)} and w(x) := max{u(x), v(x)} for x ∈ Ω. Then (P2) has a
positive solution (u, v) with u ∈ [u,u] and v ∈ [v,v].

Some applications of Theorem 2.1 are considered. The first result is concerned with
a sublinear scalar problem of the form{

−H(x, ‖v‖Lr)∆−→p u = ‖u‖αLt in Ω,

u = 0 on ∂Ω.
(Es)

The equation (Es) under the hypothesis pi ≡ 2, i = 1, ..., N, was considered in the
recent paper [32]. The next result generalizes partially [32, Theorem 3] in the case
of constant exponents due to the general structure of (1). The following result is
obtained.
Theorem 2.3. Consider that 0 < α < p1− 1 and let h0 > 0 be a constant. Suppose
that one of the conditions below holds.
(i) H(x, t) ≥ h0 in Ω× [0,∞),

(ii) 0 < H(x, t) ≤ h0 in Ω× (0,∞) and limt→+∞ H(x, t) = h∞ uniformly in Ω.
Then (Es) has a positive solution.
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The second application of Theorem 2.1 is related to a nonlocal concave-convex prob-
lem given by {

−H(x, |v|Lr)∆−→p u = λ‖u‖αLt + θ‖u‖γLs in Ω,

u = 0 on ∂Ω.
(E)λ,θ

The local version of (E)λ,θ with pi = 2, i = 1, ..., N was studied in a classical paper
by Ambrosetti-Brezis-Cerami [4] in which a sub-supersolution argument is used.
Since we consider the anisotropic setting, the result below generalizes partially [32,
Theorem 7] in the case of constant exponents. The result proved is the following:

Theorem 2.4. Consider α and γ nonnegative numbers. Consider also the condition
0 < α < p1 − 1. Let a0, b0 > 0 positive numbers. The following assertions hold:
(i) If pN − 1 < γ and H(x, t) ≥ a0 in Ω × [0, b0], then given θ > 0 there exists

λ0 > 0 such that for each λ∈ (0, λ0), the problem (E)λ,θ has a positive solution
uλ,θ.

(ii) Consider that p1 − 1 < γ.
Suppose that 0 < H(x, t) ≤ a0 in Ω×(0,∞) and limt→∞H(x, t) = b0 uniformly in Ω.
Then given λ > 0, there exists θ0 > 0 such that for each θ ∈ (0, θ0) the problem
(E)λ,θ has a positive solution uλ,θ.

Regarding Theorem 2.2 two applications are considered. The first one consists in
solving a problem with the form below:

−H(x, ‖v‖Lr1 )∆−→p u = ‖v‖α1

Lt1
, in Ω,

−H(x, ‖u‖Lr2 )∆−→q v = ‖u‖α2

Lt2
, in Ω,

u, v = 0, on ∂Ω,

(Ss)

The system (Ss) with the condition pi ≡ 2, i = 1, ..., N, was also studied in [32]. The
next theorem generalizes partially [32, Theorem 3] in the case of constant exponents.
The following result is proved.

Theorem 2.5. Suppose that 0 < αi < min{p1−1, q1−1}, i = 1, 2. Suppose also that
H : Ω× [0,+∞) → R satisfies one of the conditions below:
(i) H(x, t) ≥ h0 in Ω× [0,+∞),

(ii) 0 < H(x, t) ≤ h0 in Ω× (0,+∞) and limt→+∞ H(x, t) = h∞ uniformly in Ω.

Then (Ss) has a positive solution.

The second application is concerned with a concave-convex system of the form below:
−H(x, ‖v‖Lr1 )∆−→p u = λ‖v‖α1

Lt1
+ θ‖v‖γ1Ls1 , in Ω,

−H(x, ‖u‖Lr2 )∆−→q v = λ‖u‖α2

Lt2
+ θ‖v‖γ2Ls2 , in Ω,

u, v = 0, on ∂Ω.

(Sλ,θ)

The result obtained is the following.
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Theorem 2.6. Consider αi, γi, i = 1, 2 nonnegative numbers and the conditions
0 < α1 < p1 − 1 and 0 < α2 < q1 − 1. Let a0, b0 > 0 be positive numbers. The
following assertions hold:
(i) If qN − 1 < γ1, pN − 1 < γ2 and H(x, t) ≥ a0 in Ω × [0, b0], then given θ > 0

there exists λ0 > 0 such that for each λ ∈ (0, λ0), the problem (Sλ,θ) has a
positive solution (uλ,θ, vλ,θ).

(ii) Consider qN−1 < γ1, pN−1 < γ2, 0 < α1 < q1−1 and 0 < α2 < p1−1. Suppose
that 0 < H(x, t) ≤ a0 in Ω× (0,∞) and limt→∞ H(x, t) = b0 uniformly in Ω.
Then given λ > 0, there exists θ0 > 0 such that for each θ ∈ (0, θ0) the problem
(Sλ,θ) has a positive solution (uλ,θ, vλ,θ).

The rest of the manuscript is organized as follows: In Section 3 we recall some facts
regarding the anisotropic spaces and some results related to the operator (1). In
Section 4 we prove an auxiliary L∞ regularity result which will play an important
role in this work. In Section 5 the proofs of Theorem 2.1 and 2.2 are presented and
applied in Section 6 to some classes of problems.

3. Preliminaries

In what follows we denote by Ω a bounded domain in RN with N ≥ 2. Let
1 < p1 ≤ p2 ≤ ... ≤ pN

be real numbers and denote by −→p the vector −→p := (p1, ..., pN) ∈ RN . We denote by
W 1,−→p (Ω) the space defined by

W 1,−→p (Ω) :=

{
u ∈ W 1,1(Ω);

∂u

∂xi
∈ Lpi(Ω), i = 1, ..., N

}
,

which is a Banach space when equipped with the norm

‖u‖1,−→p := ‖u‖L1 +
N∑
i=1

∥∥∥∥ ∂u∂xi
∥∥∥∥
Lpi

, (3)

where ‖ · ‖Lpi denotes the usual norm of Lpi(Ω). The Banach space defined by the
closure of C∞

0 (Ω) in W 1,−→p (Ω) with respect to the norm ‖ · ‖1,−→p will be denoted by
W 1,−→p

0 (Ω). Consider the harmonic mean p of pi, i = 1, ..., N, given by

p :=
1

N

N∑
i=1

1

pi
.

Suppose that p < N and define the symbol p⋆ := Np
N−p . If pN < p⋆ then there exists

an embedding W 1,−→p
0 (Ω) ↪→ Lq(Ω) which is continuous for q ∈ [1, p⋆] and compact in

the case q ∈ [1, p⋆), see [41]. Thus the norm

‖u‖ :=
N∑
i=1

∥∥∥∥ ∂u∂xi
∥∥∥∥
Lpi

, u ∈ W 1,−→p
0 (Ω)

is equivalent to the norm given in (3).
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The next two results can be found in [33, Lemma 2.4] (or [52, Lemma 2.4]) and [33,
Lemma 2.2] (or [52, Lemma 2.2]), respectively. See also [36, Lemma 2.2] and [36,
Lemma 2.5].
Lemma 3.1. Let a ∈ L∞(Ω). Then the problem −∆−→p u = a in Ω,

u = 0 on ∂Ω,

has a unique solution in W 1,−→p
0 (Ω).

Lemma 3.2. Let Ω be a bounded domain and consider u, v ∈ W 1,−→p
0 (Ω) satisfying{

−∆−→p u ≤ −∆−→p v in Ω,

u ≤ v on ∂Ω,

where u ≤ v on ∂Ω means that (u− v)+ := max{0, u− v} ∈ W 1,−→p
0 (Ω). Then u ≤ v

in Ω.

4. An auxiliary L∞(Ω) estimate

In what follows we present an auxiliary estimate that will play an important role in
the construction of sub-supersolutions.
Let Ω ⊂ RN(N ≥ 2) be a bounded and admissible domain, that is, there exists a
continuous embedding W 1,1

0 (Ω) ↪→ L
N

N−1 (Ω). The best constant of the mentioned
embedding will be denoted by C0. Then we have that

‖u‖W 1,1
0 (Ω) ≤ C0‖u‖

L
N

N−1
(Ω),∀u ∈ W 1,1

0 (Ω), (4)

where ‖u‖W 1,1
0 (Ω) := ‖|∇u|‖L1 , u ∈ W 1,1

0 (Ω). Adapting the ideas of [37, Lemma 2.1]
to the anisotropic setting we obtain the result below which will play an important
role in this work.
Lemma 4.1. Let λ > 0 and consider uλ ∈ W 1,−→p

0 (Ω) the unique solution of the
problem { −∆−→p u = λ in Ω,

u = 0 in Ω
(Pλ)

Define h :=
p1

2|Ω|
1
N
C0. If λ ≥ h then u ∈ L∞(Ω) with ‖u‖L∞(Ω) ≤ C⋆λ

1
p1−1 and

‖u‖L∞(Ω) ≤ C⋆λ
1

pN−1 when λ < h, where C⋆ and C⋆ are positive constants that
depend only on p1, pN , |Ω| and C0, with C0 given in (4).

Proof. Let uλ be a solution of (Pλ), then it is clear that uλ is a nontrivial function
with u > 0 in Ω, see for instance [36, Lemma 3.1]. For k ≥ 0, we define the set
Ak := {x ∈ Ω; u(x) > k}. Let ε > 0. In problem (Pλ) we use the test function
(u− k)+∈W 1,−→p

0 (Ω) and obtain from (4) and Young’s inequality that
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Ak

N∑
i=1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi dx = λ

∫
Ak

(u− k)dx ≤ λ|Ak|
1
N ‖(u− k)+‖

L
N

N−1 (Ω)

≤ λ|Ak|
1
NC0

∫
Ak

|∇u|dx ≤ λ|Ak|
1
NC0

∫
Ak

N∑
i=1

∣∣∣∣ ∂u∂xi
∣∣∣∣ dx (5)

≤ λ|Ak|
1
NC0

k∑
i=1

∫
Ak

(∣∣∣ε ∂u
∂xi

∣∣∣)pi
pi

dx+ λ|Ak|
1
NC0

k∑
i=1

∫
Ak

(ε−1)(pi)
′

pi′
dx.

Note that

λ|Ak|
1
NC0

k∑
i=1

∫
Ak

(
ε
∣∣∣ ∂u∂xi

∣∣∣)pi
pi

≤ M |Ak|
1
NC0

p1

∫
Ak

εpi
∣∣∣∣ ∂u∂xi

∣∣∣∣pi dx
≤ M |Ω| 1

NC0

p1

k∑
i=1

∫
Ak

εpi
∣∣∣∣ ∂u∂xi

∣∣∣∣pi dx.
Let h :=

p1

2|Ω| 1
NC0

. Suppose that M ≥ h. Define ε :=

(
p1

2M |Ω| 1
NC0

) 1
p1

.

Thus ε ≤ 1 and

λ|Ω| 1
NC0

p1

k∑
i=1

∫
Ak

εpi
∣∣∣∣ ∂u∂xi

∣∣∣∣pi dx ≤ λ|Ω| 1
NC0ε

p1

p1

k∑
i=1

∫
Ak

∣∣∣∣ ∂u∂xi
∣∣∣∣pi dx

=
1

2

k∑
i=1

∫
Ak

∣∣∣∣ ∂u∂xi
∣∣∣∣pi dx.

(6)

From (5) and (6) we get
k∑

i=1

∫
Ak

∣∣∣∣ ∂u∂xi
∣∣∣∣pi dx ≤ 2λ|Ak|

1
NC0

(pN)′

k∑
i=1

∫
Ak

ε−(pi)
′
dx ≤ γ|Ak|1+

1
N ,

where γ :=
2λN |Ak|

1
N ε−(p1)′C0

(pN)′
, which implies that

∫
Ak

(u− k)dx =
1

λ

N∑
i=1

∫
Ak

∣∣∣∣ ∂u∂xi
∣∣∣∣pi dx ≤ γ|Ak|1+

1
N .

Therefore by the L∞ estimates in [47, Lemma 5.1-Chapter 2] we obtain

‖u‖L∞(Ω) ≤ γ(N + 1)|Ω|
1
N = C⋆λ

1
p1−1 ,

where C⋆ is a constant that has the dependence described in the statement of the
result. In the other case, that is, when λ < h the result follows by repeating the
previous arguments with

ε :=

(
p1

2λ|Ω| 1
NC0

) 1
pN

.
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5. Proof of Theorems 2.1 and 2.2

The goal of this section is to prove Theorems 2.1 and 2.2.
Proof of Theorem 2.1:
Let T : L1(Ω) → L1(Ω) be the operator given by the formula

(Tu)(x) =


u(x), if u(x) ≤ u(x),

u(x), if u(x) ≤ u(x) ≤ u(x),

u(x), if u(x) ≤ u(x).

The operator T is well defined because u, u ∈ L∞(Ω), Tu ∈ [u, u] and the measure
of Ω is finite. Define the operator H : [u, u] → L1(Ω) given by

H(v)(x) =
‖v‖αLt

H(x, ‖v‖Lr)
+

‖v‖γLs

H(x, ‖v‖Lr)
.

Note that the operators H and u 7→ (H ◦ T )(u) are well defined. In fact, we
have that f and g are continuous functions and H(x, t) > 0 in the compact set
Ω× [‖u‖Lr , ‖u‖Lr ], then there is a constant K0 such that

|H(v)(x)| ≤ K0 a.e. in Ω, (7)

for all v∈ [u, u]. The inclusion Tu∈ [u, u] implies |(H ◦ T )(u)(x)| ≤ K0 a.e. in Ω.
Let v ∈ L1(Ω) be an arbitrary function. From (7) it follows that (HoT )(v) ∈ L∞(Ω).
Then we have by Lemma 3.1 that the problem{ −∆−→p u = H(Tv) in Ω,

u = 0 on ∂Ω.
(PL)

has a unique solution. Therefore we can define an operator S̃ : L1(Ω) → W 1,−→p
0 (Ω),

given by the equation S̃(v) = u, where u ∈ W 1,−→p
0 (Ω) is the unique solution of (PL).

Consider the compact embedding i : W 1,−→p
0 (Ω) → L1(Ω). We claim that the operator

S := i◦S̃ is compact. In order to prove this claim let (vn) be a sequence with vn → v

in L1(Ω) and consider un := S(vn), n ∈ N. From the definition of the operator S it
follows that ∫

Ω

N∑
i=1

∣∣∣∣∂un∂xi

∣∣∣∣pi−2
∂un
∂xi

∂φ

∂xi
=

∫
Ω

(H ◦ T )(vn)φ, (8)

for all φ ∈ W 1,−→p
0 (Ω). Using the test function φ = un, n ∈ N in (8) and in the

inequality (7) we get
N∑
i=1

∥∥∥∥∂un∂xi

∥∥∥∥pi
Lpi

≤ K0

∫
Ω

|un| ≤ K‖un‖, (9)

where K > 0 is a constant that does not depend on n ∈ N. The inequality

|t|p1 ≤ 1 + |t|pi , t ∈ R, i = 1, ..., N,
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provides that
N∑
i=1

∥∥∥∥∂un∂xi

∥∥∥∥p1
Lpi

≤ K̃(‖un‖+ 1), (10)

for all n ∈ N, where K̃ > 0 is a constant that does not depend on n ∈ N. Since
(a1 + ... + aN)

b ≤ C(ab1 + ... + abN) for ai ≥ 0, i = 1, ..., N and b ≥ 1, where C > 0
depends only on N and b, it follows that(

N∑
i=1

∥∥∥∥∂un∂xi

∥∥∥∥
Lpi

)p1

≤ K(‖un‖+ 1), (11)

for all n ∈ N with K > 0 being a constant that does not depend on n ∈ N. From
(11) it follows that the sequence un is bounded in W 1,−→p

0 (Ω). Since the embedding
W 1,−→p

0 (Ω) ↪→ L1(Ω) is compact, the boundness of (un) in W 1,−→p
0 (Ω) implies that there

exists u ∈ L1(Ω) with un → u in L1(Ω). Then it is verified that S is compact.
We affirm that S is continuous. To verify the mentioned continuity, let (vn) be a
sequence in L1(Ω) such that vn → v in L1(Ω). Considering un = S(vn), n ∈ N and
u = S(v), thus we obtain from the definition of S that

∫
Ω

N∑
i=1

∣∣∣∣∂un∂xi

∣∣∣∣pi−2
∂un
∂xi

∂φ

∂xi
=

∫
Ω

(H ◦ T )(vn)φ (12)

and
∫
Ω

N∑
i=1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2

∂u

∂xi

∂φ

∂xi
=

∫
Ω

(H ◦ T )(v)φ (13)

for all φ ∈ W 1,−→p
0 (Ω). Using φ = un as a test function and subtracting (13) from

(12) we get

∫
Ω

N∑
i=1

[(∣∣∣∣∂un∂xi

∣∣∣∣pi−2
∂un
∂xi

−
∣∣∣∣ ∂u∂xi

∣∣∣∣pi−2
∂u

∂xi

)(
∂un
∂xi

− ∂u

∂xi

)]

=

∫
Ω

((H ◦ T )(vn)− (H ◦ T )(v))(un − u). (14)

Thus by using (7) and Lebesgue’s Dominated Convergence Theorem it follows that
the right-hand side of the equation (14) converges to zero. Since(∣∣∣∣∂un(x)∂xi

∣∣∣∣pi−2
∂un(x)

∂xi
−
∣∣∣∣∂u(x)∂xi

∣∣∣∣pi−2
∂u(x)

∂xi

)(
∂un(x)

∂xi
− ∂u(x)

∂xi

)
≥ Ci

∣∣∣∣∂un(x)∂xi
− ∂u(x)

∂xi

∣∣∣∣pi a.e. in Ω, (15)

where Ci > 0 is a constant that does not depend on n ∈ N. Thus we can infer from
(15) that un → u in W 1,−→p

0 (Ω), which verifies the continuity of S.
We claim that there is R > 0 such that u = σS(u) with σ ∈ [0, 1] then ‖u‖L1 < R,
where R is a constant that does not depend on u and σ. If σ = 0 then u = 0.
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Suppose that σ 6= 0. Then S(u) = u
σ
, which implies the identitiy∫

Ω

N∑
i=1

∣∣∣∣ 1σ ∂u∂xi
∣∣∣∣pi−2

1

σ

∂u

∂xi

∂φ

∂xi
=

∫
Ω

(H ◦ T )(u)φ, (16)

for all φ ∈ W 1,−→p
0 (Ω). Using the test function φ = u

σ
in (16) and the inequality (7)

we obtain that
1

σp1

∫
Ω

N∑
i=1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ≤ ∫

Ω

N∑
i=1

1

σpi

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ≤ K0

σ

∫
Ω

|u|,

which implies that
N∑
i=1

∥∥∥∥ ∂u∂xi
∥∥∥∥pi
Lpi

≤ K0σ
p1−1

∫
Ω

|u|. (17)

Using again the inequalities |t|p1 ≤ 1+|t|pi , t∈R and (a1+...+aN)
b ≤ C(ab1+...+a

b
N)

for ai ≥ 0, i = 1, ..., N we obtain from (17) that(
N∑
i=1

∥∥∥∥ ∂u∂xi
∥∥∥∥
Lpi

)p1

≤ K1 +K2σ
p1−1

∫
Ω

|u|, (18)

where Ki > 0, i = 1, 2 are constants that does not depend on u and σ. Since σ ∈ [0, 1]

we obtain by applying the continuous embedding W 1,−→p
0 (Ω) ↪→ L1(Ω) that

‖u‖p1L1 ≤ K1 +K2σ
p1−1

∫
Ω

|u| ≤ K3 +K4‖u‖L1 , (19)

where Ki, i = 1, ..., 4 are constants that does not depend on u. If ‖u‖L1 ≤ 1 then
‖u‖L1 ≤ (K3 +K4)

1
p1 . In the case ‖u‖L1 > 1 we obtain that

‖u‖p1−1
L1 ≤ K3

‖u‖L1

+K4 ≤ K3 +K4.

Therefore ‖u‖L1 ≤ R, where R := max{(K3 +K4)
1
p1 , (K3 +K4)

1
p1−1}. Thus by the

Schaefer’s Fixed Point Theorem there exists u ∈ L1(Ω) such that u = S(u). Note
also that by the definition of S we obtain u ∈ W 1,−→p

0 (Ω) with∫
Ω

N∑
i=1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2

∂u

∂xi

∂φ

∂xi
=

∫
Ω

(H ◦ T )(u)φ, (20)

for all φ ∈ W 1,−→p
0 (Ω). We claim that u ∈ [u, u]. In order to verify this claim consider

w = T (u) in (2), and subtracting from (20) we have∫
Ω

N∑
i=1

[(∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2

∂u

∂xi
−
∣∣∣∣ ∂u∂xi

∣∣∣∣pi−2
∂u

∂xi

)(
∂u

∂xi
− ∂u

∂xi

)]

≤
∫
Ω

(
‖u‖αLt − ‖T (u)‖αLt

H(x, ‖T (u)‖Lr)

)
φ+

∫
Ω

(
‖u‖γLs − ‖T (u)‖γLs

H(x, ‖T (u)‖Lr)

)
φ, (21)

for all φ ∈ W 1,−→p
0 (Ω) with φ ≥ 0.
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Consider the test function φ := (u − u)+ = max{u − u, 0} ∈ W 1,−→p
0 (Ω). Using (21)

and that T (u) ∈ [u, u], we obtain that∫
{u≥u}

N∑
i=1

[(∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2

∂u

∂xi
−
∣∣∣∣ ∂u∂xi

∣∣∣∣pi−2
∂u

∂xi

)(
∂u

∂xi
− ∂u

∂xi

)]

≤
∫
{u≥u}

(
‖u‖αLq − ‖T (u)‖αLq

H(x, ‖T (u)‖Lr)

)
(u− u) +

∫
{u≥u}

(
‖u‖γLs − ‖T (u)‖γLs

H(x, ‖T (u)‖Lr)

)
(u− u)

≤ 0,

which implies that u ≤ u in Ω. Now, a similar reasoning applied to the function
φ := (u− u)+ ∈ W 1,−→p

0 (Ω) implies the result.
Proof of Theorem 2.2:
Consider T, S : L1(Ω) → L1(Ω) the operators provided by the formulas

(Tz)(x) =


u(x), if z(x) ≤ u(x),

u(x), if u(x) ≤ z(x) ≤ u(x),

u(x), if u(x) ≤ z(x).

(Sw)(x) =


v(x), if w(x) ≤ v(x),

u(x), if v(x) ≤ w(x) ≤ v(x),

v(x), if v(x) ≤ w(x).

The boundedness of u, u, v and v and the finite measure of Ω imply that the operators
T and S are well defined. Define the operators

H : [v, v] → L1(Ω) and H̃ : [u, u] → L1(Ω)

given respectively by

H(v)(x) =
‖v‖α1

Lt1

H(x, ‖v‖Lr1 )
+

‖v‖γ1Ls1

H(x, ‖v‖Lr1 )

and H̃(u)(x) =
‖u‖α2

Lt2

A(x, ‖u‖Lr2 )
+

‖u‖γ2Ls2

A(x, ‖u‖Lr2 )

Note that the operators H, H̃ and w 7→ (H ◦S)(w), z 7→ (H̃ ◦T )(z) are well defined.
In fact, since H is continuous and H(x, t) > 0 in the compact set Ω × [σ, σ], then
there is a constant K0 such that

|H(v)(x)|, |H̃(u)(x)| ≤ K0 a.e. in Ω, (22)

for all v ∈ [v, v] and u ∈ [u, u]. The inclusions Tu ∈ [u, u], u ∈ L1(Ω) and Sv ∈ [v, v],
v ∈ L1(Ω) imply that |(H ◦ S)(w)(x)|, |(H̃ ◦ T )(z)(x)| ≤ K0 a. e. in Ω for all
w, z ∈ L1(Ω). Since the measure of Ω is finite it follows that the operators are well
defined.
Let (z, w) ∈ L1(Ω)× L1(Ω) be arbitrary functions. From (22) it follows that

(H ◦ S)(w), (H̃ ◦ T )(z) ∈ L∞(Ω).
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Thus by Lemma 3.1 the problem
−∆−→p u = (H ◦ S)(w) in Ω,

−∆−→q v = (H̃ ◦ T )(z) in Ω,
u = v = 0 on ∂Ω.

(P̃L)

has a unique solution in W 1,−→p
0 (Ω)×W 1,−→q

0 (Ω). Therefore we can define the operator
S : L1(Ω)× L1(Ω) → W 1,−→p

0 (Ω)×W 1,−→q
0 (Ω), given by the equation S(z, w) = (u, v),

where (u, v) ∈ W 1,−→p
0 (Ω) × W 1,−→q

0 (Ω) is the unique solution of (P̃L). Consider in
L1(Ω) × L1(Ω) the norm |(z, w)| := ‖z‖L1(Ω) + ‖w‖L1(Ω), (z, w) ∈ L1(Ω) × L1(Ω).
Then consider the compact embeddings

i−→p : W 1,−→p
0 (Ω) → L1(Ω) and i−→q : W 1,−→q

0 (Ω) → L1(Ω)

given in [41]. We affirm that the operator
S̃(z, w) = (i−→p (u), i−→q (v)) = (u, v), (z, w) ∈ L1(Ω)× L1(Ω),

where S(z, w) = (u, v) is compact. In fact let (zn, wn) be a sequence with zn → z

and vn → v in L1(Ω). Define (un, vn) := S̃(wn, zn), n ∈ N. From the definition of
the operator S̃ it follows that

∫
Ω

N∑
i=1

∣∣∣∣∂un∂xi

∣∣∣∣pi−2
∂un
∂xi

∂φ

∂xi
=

∫
Ω

(H ◦ S)(wn)φ, (23)

∫
Ω

N∑
i=1

∣∣∣∣∂vn∂xi

∣∣∣∣qi−2
∂vn
∂xi

∂ψ

∂xi
=

∫
Ω

(H̃ ◦ T )(zn)ψ, (24)

for all (φ, ψ) ∈ W 1,−→p
0 (Ω)×W 1,−→q

0 (Ω). Using the inequality (22) and the test functions
φ = un and ψ = vn, n ∈ N in (23) and (24) and arguing as in (9) and (10) we obtain(

N∑
i=1

∥∥∥∥∂un∂xi

∥∥∥∥
Lpi

)p1

≤ K(‖un‖1,−→q + 1),

(
N∑
i=1

∥∥∥∥∂vn∂xi

∥∥∥∥
Lqi

)q1

≤ K(‖vn‖1,−→q + 1), (25)

for all n ∈ N where K > 0 is a constant that does not depend on n. Thus by
(25) it follows that un and vn are bounded in W 1,−→p

0 (Ω) and W 1,−→q
0 (Ω) respectively.

Using the compactness of the embeddings W 1,−→p
0 (Ω) ↪→ L1(Ω), W 1,−→q

0 (Ω) ↪→ L1(Ω)

we obtain that the operator S̃ is compact.
We claim that S̃ is continuous. To verify the mentioned continuity let (wn, zn) be a
sequence in L1(Ω)×L1(Ω) such that wn → w and zn → z in L1(Ω) with w, z ∈ L1(Ω).
Considering (un, vn) = S̃(wn, zn), n ∈ N and (u, v) = S̃(w, z), we obtain from the
definition of S̃ that
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Ω

N∑
i=1

∣∣∣∣∂un∂xi

∣∣∣∣pi−2
∂un
∂xi

∂φ

∂xi
=

∫
Ω

(H ◦ S)(wn)φ,

∫
Ω

N∑
i=1

∣∣∣∣∂vn∂xi

∣∣∣∣qi−2
∂vn
∂xi

∂ψ

∂xi
=

∫
Ω

(H̃ ◦ T )(zn)ψ (26)

and
∫
Ω

N∑
i=1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2

∂u

∂xi

∂φ

∂xi
=

∫
Ω

(H ◦ S)(w)φ,

∫
Ω

N∑
i=1

∣∣∣∣ ∂v∂xi
∣∣∣∣qi−2

∂v

∂xi

∂ψ

∂xi
=

∫
Ω

(H̃ ◦ T )(z)ψ (27)

for all (φ, ψ) ∈ W 1,−→p
0 (Ω)×W 1,−→q

0 (Ω). Using (26), (27) and φ = un as a test function
we obtain that∫

Ω

N∑
i=1

[(∣∣∣∣∂un∂xi

∣∣∣∣pi−2
∂un
∂xi

−
∣∣∣∣ ∂u∂xi

∣∣∣∣pi−2
∂u

∂xi

)(
∂un
∂xi

− ∂u

∂xi

)]

=

∫
Ω

((H ◦ T )(vn)− (H ◦ T )(v))(un − u). (28)

Thus by using (22) and the Lebesgue’s Dominated Convergence Theorem it follows
that the right-hand side of the equation (28) converges to zero. Using (15) it follows
that un → u in W 1,−→p

0 (Ω). A similar reasoning implies that vn → v in W 1,−→q
0 (Ω).

Thus it follows that S is continuous.
We claim that there is R > 0 such that if (u, v) = σS(u, v) with σ ∈ [0, 1] then
|(u, v)| ≤ R, where R is a constant that does not depend on u, v ∈ L1(Ω) and σ. If
σ = 0 then u = v = 0. Suppose that σ 6= 0. Then S(u, v) = (u,v)

σ
and it follows that∫

Ω

N∑
i=1

∣∣∣∣ 1σ ∂u∂xi
∣∣∣∣pi−2

1

σ

∂u

∂xi

∂φ

∂xi
=

∫
Ω

(H ◦ S)(v)φ,

∫
Ω

N∑
i=1

∣∣∣∣ 1σ ∂v

∂xi

∣∣∣∣qi−2
1

σ

∂v

∂xi

∂ψ

∂xi
=

∫
Ω

(H̃ ◦ T )(u)ψ,

(29)

for all (φ, ψ) ∈ W 1,−→p
0 (Ω) ×W 1,−→q

0 (Ω). Using the test functions φ = u
σ

and ψ = v
σ

in
(29) and the inequality (22) we obtain that

1

σp1

∫
Ω

N∑
i=1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ≤ ∫

Ω

N∑
i=1

1

σpi

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ≤ K0

σ

∫
Ω

|u|

and 1

σq1

∫
Ω

N∑
i=1

∣∣∣∣ ∂v∂xi
∣∣∣∣qi ≤ ∫

Ω

N∑
i=1

1

σqi

∣∣∣∣ ∂v∂xi
∣∣∣∣qi ≤ K0

σ

∫
Ω

|v|.

Arguing as in (17), (18) and (19) we obtain that

‖u‖p1L1 ≤ A1 + A2‖u‖L1 and ‖v‖q1L1 ≤ A1 + A2‖v‖L1 ,

where A1 and A2 are constants that does not depend on n ∈ N.
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If ‖u‖L1 ≤ 1 then ‖u‖L1 ≤ (A1 + A2)
1
p1 . In the case ‖u‖L1 > 1 we obtain that

‖u‖p1−1
L1 ≤ A2

‖u‖L1

+ A2 ≤ A1 + A2.

Therefore ‖u‖L1 ≤ R1, where R1 := max{(A1 + A2)
1
p1 , (A1 + A2)

1
p1−1}. A similar

reasoning implies that ‖v‖L1 ≤ R2, where R2 := max{(A1 + A2)
1
q1 , (A1 + A2)

1
q1−1}.

Thus by the Schaefer’s Fixed Point Theorem there exists (u, v) ∈ L1(Ω) × L1(Ω)
such that (u, v) = S(u, v). Note that in consequence of the definition of S we have
(u, v) ∈ W 1,−→p

0 (Ω)×W 1,−→q
0 (Ω) with

∫
Ω

N∑
i=1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2

∂u

∂xi

∂φ

∂xi
=

∫
Ω

(H ◦ S)(v)φ,

∫
Ω

N∑
i=1

∣∣∣∣ ∂v∂xi
∣∣∣∣qi−2

∂v

∂xi

∂ψ

∂xi
=

∫
Ω

(H̃ ◦ T )(u)ψ,

(30)

for all (φ, ψ) ∈ W 1,−→p
0 (Ω) ×W 1,−→q

0 (Ω). We claim that u ∈ [u, u]. In order to verify
such claim consider w = S(v) in (2) and subtracting from (30) we have

∫
Ω

N∑
i=1

[(∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2

∂u

∂xi
−
∣∣∣∣ ∂u∂xi

∣∣∣∣pi−2
∂u

∂xi

)
∂φ

∂xi

]

≤
∫
Ω

(‖v‖α1

Lt1
− ‖S(v)‖α1

Lt1

H(x, ‖S(v)‖Lr1 )

)
φ+

∫
Ω

(
‖u‖γ1Ls1 − ‖S(v)‖γLs1

H(x, ‖S(v)‖Lr1 )

)
φ,

(31)

for all φ ∈ W 1,−→p
0 (Ω) with φ ≥ 0. Consider the test function

φ := (u− u)+ = max{u− u, 0} ∈ W 1,−→p
0 (Ω).

Using the inequality (31) and the fact that S(v) ∈ [v, v] we obtain that

∫
{u≥u}

N∑
i=1

[(∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2

∂u

∂xi
−
∣∣∣∣ ∂u∂xi

∣∣∣∣pi−2
∂u

∂xi

)(
∂u

∂xi
− ∂u

∂xi

)]

≤
∫
{u≥u}

(‖v‖α1

Lt1
−‖S(v)‖α1

Lt1

H(x, ‖S(v)‖Lr1 )

)
(u−u) +

∫
{u≥u}

(
‖v‖γ1Ls1−‖S(v)‖γ1Ls1

H(x, ‖S(v)‖Lr1 )

)
(u− u) ≤ 0,

which implies that u ≤ u in Ω. A similar reasoning applied to the function ψ defined
by ψ := (u− u)+ ∈ W 1,−→p

0 (Ω) implies that u ≤ u in Ω. The previous arguments also
imply that v ≤ v ≤ v in Ω.

6. Applications

The goal of this section is the application of Theorems 2.1 and 2.2 to the nonlocal
problems (Es), (Eλ,θ), (Ss) and (Sλ,θ).
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Proof of Theorem 2.3:
We will begin the proof with the condition (i), that is, H(x, t) ≥ h0 in Ω× [0,+∞).
First it will be considered the construction of the function u. Consider λ > 0 and
let zλ ∈ W 1,−→p

0 (Ω) ∩ L∞(Ω) be the unique solutions of the problem below{
−∆−→p u = λ in Ω,

u = 0 on ∂Ω,

where λ > 0 will be chosen later. For λ ≥ 1 large enough we have by Lemma 4.1
that there is a constant K > 0, that does not depend on λ, such that

0 < zλ(x) ≤ Kλ
1

p1−1 in Ω. (32)
Since 0 < α < p1 − 1, there exists λ ≥ 1 large enough such that (32) occurs and

1

h0
λ

α
p1−1‖K‖αLt ≤ λ. (33)

The inequalities (32) and (33) imply that 1
h0

‖zλ‖αLt ≤ λ. Thus for an arbitrary
function w ∈ L∞(Ω) we get −∆−→p zλ ≥ 1

H(x, ‖w‖Lr)
‖zλ‖αLt in Ω,

zλ = 0 on ∂Ω.

Let Hλ := max{H(x, t); (x, t) ∈ Ω× [0, ‖zλ‖Lr ]}. Therefore
h0 ≤ H(x, t) ≤ Hλ in Ω,∀w ∈ [0, zλ]. (34)

Now it will be considered the function u. Since ∂Ω is C2, there exist a constant
δ > 0 such that d ∈ C2(Ω3δ) and |∇d| ≡ 1 in Ω3δ, where d(x) := dist(x, ∂Ω) and
Ω3δ := {x ∈ Ω; d(x) ≤ 3δ}, see [44, Lemma 14.16 ] and its proof.
Let k > 0 and σ ∈ (0, δ). Motivated by [36, 59] we introduce the function

φ(x) =



ekd(x) − 1, if d(x) < σ,

ekσ − 1 +

∫ d(x)

σ

kekσ
(
2δ − t

2δ − σ

)θ

dt, if σ ≤ d(x) < 2δ,

ekσ − 1 +

∫ 2δ

σ

kekσ
(
2δ − t

2δ − σ

)θ

dt, if 2δ ≤ d(x),

(35)

where θ > 1
p1−1

. Note that φ ∈ C1(Ω) and φ = 0 on ∂Ω. Consider µ > 0. Direct
computations imply that if x ∈ Ω satisfy d(x) < σ with ∂d(x)

∂xi
6= 0 then

−
N∑
i=1

∂

∂xi

(∣∣∣∣∂(µφ)∂xi

∣∣∣∣pi−2
∂(µφ)

∂xi

)

= −
N∑
i=1

(kµ)pi−1

(
ekd(x)(pi−1)k(pi − 1)

∣∣∣∣ ∂d∂xi
∣∣∣∣pi + ekd(x)(pi−1)

∣∣∣∣ ∂d∂xi
∣∣∣∣pi−2

∂2d

∂x2i

)
:= B(x). (36)
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In the case σ < d(x) < δ we have

−
N∑
i=1

∂

∂xi

(∣∣∣∣∂(µφ)∂xi

∣∣∣∣pi−2
∂(µφ)

∂xi

)

=
n∑

i=1

(µkekσ)pi−1θ(pi − 1)

(
2δ − d(x)

2δ − σ

)θ(pi−1)−1
1

2δ − σ

∣∣∣∣ ∂d∂xi
∣∣∣∣pi−1

+

+
n∑

i=1

(µkekσ)pi−1

(
2δ − d(x)

2δ − σ

)θ(pi−1) ∣∣∣∣ ∂d∂xi
∣∣∣∣pi−2(

−∂
2d

∂x2i

)
:= C(x). (37)

From (36) and (37) we get

∫
Ω

N∑
i=1

∣∣∣∣∂(µφ)∂xi

∣∣∣∣pi−2
∂(µφ)

∂xi

∂ϕ

xi
=

∫
Ω

Aϕ, ∀ϕ ∈ W 1,−→p
0 (Ω),

where A(x) is equal to B(x) when d(x) < σ with ∂d(x)
∂xi

6= 0, and equal to C(x) when
σ < d(x) < 2δ with ∂d(x)

∂xi
6= 0, and equal to zero when one of the following conditions

is satisfied: ∂d(x)
∂xi

= 0, d(x) ≥ 2δ or d(x) = σ.

Consider that µ = e−k. Since d ∈ C2(Ω3δ) and |∇d(x)| ≡ 1 in Ω2δ we have from
(36) and (37) that

|A(x)| ≤ max
i=1,...,n

{(µkekσ)pi−1} C1

2δ − σ
a.e. in Ω2δ,

≤ C1

2δ − σ
(µk)p1−1, (38)

for k > 0 large enough and for all x ∈ Ω, where C1 > 0 is a constant that does not
depend on k and σ.

Consider σ := (ln 2)/k. Note that φ(x) ≥ ekσ − 1 ≥ 2− 1 ≥ 1 for all k > 0 and for
x ∈ Ω with σ ≤ d(x) < 2δ. Then there exists a constant C2 > 0, which does not
depend on k > 0, such that

‖µφ‖αLt ≥ µαC2. (39)

Using the fact 0 < α < p1 − 1, and the L’Hospital’s rule we obtain that

lim
k→+∞

kp1−1

ek(p1−1−α)
= 0,

which implies that there exists k0 large enough such that

C2

HλC1

≥ kp1−1

ek(p1−1−α)

1

2δ − ln2
σ

, (40)

for all k ≥ k0, where Hλ is given in (34).
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Then it is possible to conclude by (38), (39) and (40) that

−
N∑
i=1

∣∣∣∣∂(µφ)∂xi

∣∣∣∣pi−2
∂(µφ)

∂xi
≤ 1

Hλ

‖µφ‖αLt ≤
1

H(x, ‖w‖Lr)
‖µφ‖αLt

in Ω for all w ∈ [0, zλ]. Note that from (38) if k is large enough we also have

−∆−→p (µφ) ≤ 1 ≤ λ = −∆−→p zλ in Ω.

Thus by Lemma 3.2 we have µφ ≤ zλ in Ω. Then by Theorem 2.1 we have the
result.
In order to prove the second part of the result suppose that 0 < H(x, t) ≤ h0 in
Ω× (0,∞) and that limt→+∞ H(x, t) = h∞ uniformly in Ω. Let δ, σ, µ,M, zλ and φ
as before. Repeating the previous arguments it follows that there exist k > 0 large
and µ > 0 small enough such that

−∆−→p (µφ) ≤ 1 in Ω and −∆−→p (µφ) ≤
1

h0
‖µφ‖αLt in Ω.

Thus for w ∈ L∞(Ω) we obtain that

−∆−→p (µφ) ≤
1

H(x, ‖w‖Lr)
‖µφ‖αLt in Ω. (41)

Using the fact that limt→+∞ H(x, t) = h∞ we can infer that there exists a constant
h1 > 0 such that H(x, t) ≥ h∞

2 in Ω× (h1,∞). Let

mk = min{H(x, t),Ω× [‖µφ‖Lr , h1]} and Hk := min{mk,
h∞
2
}.

Then H(x, t) ≥ Hk in Ω × [‖µφ‖Lr ,∞]. Fix k > 0 such that (41) occurs. Suppose
also that λ > 0 is large enough such that (32) is satisfied and

1

Hk

λ
α

p1−1‖K‖αLt ≤ λ,

where K > 0 is a constant which does not depend on k and λ (see Lemma 4.1).
Then we can infer that for all w ∈ L∞(Ω) with µφ ≤ w in Ω we have

−∆−→p zλ ≥ 1

H(x, ‖w‖Lr)
‖zλ‖αLt in Ω.

By using Lemma 3.2 we obtain that µφ ≤ zM in Ω. Then we have that (µφ, zλ) is
a sub-supersolution for (Es).

Proof Theorem 2.4:
Suppose initially that (i) occurs. Consider zλ∈W 1,−→p

0 (Ω)
⋂
L∞(Ω) to be the unique

solution of {
−∆−→p u = λ in Ω,

u = 0 in ∂Ω

where λ ∈ (0, 1) will be chosen later.
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Lemma 4.1 implies that for λ > 0 small there is a constant K > 1 which does not
depend on λ that satisfies

0 < zλ(x) ≤ Kλ
1

pN−1 in Ω. (42)

We will construct the function u. Consider K := max{‖K‖αLq , ‖K‖γLs |}. Let θ > 0
be an arbitrary number. Then it is possible choose λ0 > 0, which depends on θ,
such that

1

a0
λ

α+pN−1

pN−1 K + θλ
γ

pN−1K ≤ λ, for all λ ∈ (0, λ0), (43)

where a0 is given in (i). Thus by using (42) and (43) we obtain the inequality

1

a0
(λ‖zλ‖αLt + θ‖zλ‖γLs) ≤ λ. (44)

If necessary, consider a smaller λ0 > 0 satisfying ‖zλ‖Lr ≤ ‖K‖Lrλ
1

pN−1 ≤ b0 for all
λ ∈ (0, λ0). Then we obtain that H(x, |w|Lr) ≥ a0, w ∈ [0, zλ]. Thus from (44) we
can infer that

−∆−→p zλ ≥ 1

H(x, |w|Lr)
(λ‖zλ‖αLt + θ‖zλ‖γLs) , (45)

for all w ∈ [0, zλ].

Regarding the construction of the function u let φ, δ, σ, µ as in the proof of Theorem
2.3. Let λ > 0 such that (45) occurs. Define the quantity

H0 := max{H(x, t) : (x, t) ∈ Ω× [0, b0]}.

Using the inequality 0 < α < p1−1 and the arguments of Theorem 2.3 is is possible
to infer that there exists µ = µ(λ) > 0 such that −∆−→p (µφ) ≤ λ in Ω and

−∆−→p (µφ) ≤
λ

H0

‖µφ‖αLt ≤
λ

H(x, ‖w‖Lr)
‖µφ‖αLt

for all w ∈ [0, zλ]. From Lemma 3.2 we have µφ ≤ zλ in Ω. The first part of the
result is proved.
Now we will prove the second part of the result. Consider φ, δ, σ, µ as in the proof
of Theorem 2.3 and let λ ∈ (0,+∞). Since 0 < α < p1 − 1, it is possible to repeat
the arguments of Theorem 2.3 to obtain µ > 0, depending on λ, such that

−∆−→p (µφ) ≤ 1 and −∆−→p (µφ) ≤
λ

H0

‖µφ‖αLt in Ω.

Denote by zM ∈ W 1,−→p
0 (Ω) ∩ L∞(Ω) the unique solution of (4.1), where M will be

chosen later. By Lemma 4.1 for M ≥ 1 large enough there is a constant K > 1,
which does not depend on M , such that

0 < zM(x) ≤ KM
1

p1−1 in Ω. (46)



G. M. Figueiredo et al. / Existence of Solutions ... 311

We must find a number M ≥ 1 such that for all w ∈ L∞(Ω) with µφ ≤ w the
inequality

M ≥ 1

H(x, ‖w‖Lr)
(λ‖zM‖αLt + θ‖zM‖γLs) in Ω (47)

holds. The continuity of H and the fact that limt→∞H(x, t) = b0 > 0 uniformly in
Ω implies that there is a number a1 > 0 such that H(x, t) ≥ b0

2
in Ω× (a1,+∞).

Define mλ := min{H(x, t); (x, t) ∈ Ω× [‖µφ‖Lr , a1]} > 0

and Hλ := min{mλ,
b0
2
}. Then H(x, t) ≥ Hλ in the set Ω× [‖µφ‖Lr ,+∞). Therefore

0 < Hλ ≤ H(x, ‖w‖Lr) ≤ a0 for all w ∈ L∞(Ω) with µφ ≤ w. Using the inequality
(46) we obtain that

(λ‖zM‖αLt + θ‖zM‖γLs)

H(x, ‖w‖Lr)
≤ λM

α
p1−1K + θM

γ
p1−1K

Hλ

, (48)

where K := max{‖K‖αLq , ‖K‖γLs|}. Denote by J the right-hand side of (48). Note
that we have J ≤M if and only if

1 ≥ 1

Hλ

(
λKM

α
p1−1

−1
+ θKM

γ
p1−1

−1
)
. (49)

The conditions 0 < α < p1 − 1 < γ imply that the function

Φ(t) :=
λKt

α
p1−1

−1
+ θKt

γ
p1−1

−1

Hλ

, t > 0

which belongs to C1((0,∞),R) attains a global minimum at

Mλ,θ :=M(λ, θ) = W

(
λ

θ

) p1−1
γ−α

(50)

with W :=
(

(p1−1)−α)
γ−(p1−1)

) p1−1
γ−α . The inequality (49) is equivalent to find a number

Mλ,θ > 0 such that Φ(Mλ,θ) ≤ 1. Using (50) we get that Φ(Mλ,θ) ≤ 1 if and only if

λKR

Hλ

(
λ

θ

) γ−(p1−1)
γ−α

+
θKS

Hλ

(
λ

θ

) γ−(p1−1)
γ−α

≤ 1,

with R := W
α−(p1−1)

p1−1 and S := W
γ−(p1−1)

p1−1 . Note that the previous inequality holds
for a fixed λ > 0 for θ > 0 small, depending on λ, because of the inequalities
0 < α < p1 − 1 < γ. Then for a fixed λ > 0 there exists a θ0 = θ0(λ) such that for
each θ ∈ (0, θ0) there is a number Mλ,θ ≥ 0 such that (49) holds. Thus we have that
(47) also holds. Then we can infer that

−∆−→p zM ≥ 1

H(x, ‖w‖Lr)
(λ‖zM‖αLt + θ‖zM‖γLs) in Ω.
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Note also that we can consider Mλ,θ ≥ 1 for all θ ∈ (0, θ0) because of (50). Thus
we obtain that −∆−→p (µφ) ≤ −∆−→p zM in Ω. From Lemma 3.2 we get µφ ≤ zM in Ω,
which finishes the proof.
Proof of Theorem 2.5:
Consider the condition (i). We will begin the proof by considering the functions u
and v. Let λ > 0, which will be suitably chosen later and denote by

zλ ∈ W 1,−→p
0 (Ω) ∩ L∞(Ω) and yλ ∈ W 1,−→q

0 (Ω) ∩ L∞(Ω)

the unique solutions of the problems{
−∆−→p zλ = λ in Ω

zλ = 0 on ∂Ω

{
−∆−→q yλ = λ in Ω

yλ = 0 on ∂Ω
(51)

By Lemma 4.1 we can infer that for λ > 0 large enough we have

0 < zλ(x) ≤ Kλ
1

p1−1 in Ω (52)

and 0 < yλ(x) ≤ Kλ
1

q1−1 in Ω, (53)

where K > 0 is a constant that does not depend on λ > 0. Since 0 < α1 < q1 − 1 it
is possible to choose λ > 0 large enough such that

1

h0
‖K‖α1

Lq1λ
α1

q1−1 ≤ λ. (54)

From (52) and (54) we have that −∆−→p zλ ≥ 1

H(x, ‖w‖Lr1 )
‖yλ‖α1

Lq1 in Ω,

zλ = 0 on ∂Ω,

for all w ∈ L∞(Ω). If necessary consider a larger λ > 0, which is possible because
0 < α2 < p1 − 1, that satisfies −∆−→q yλ ≥ 1

H(x, ‖w‖Lr2 )
‖zλ‖α2

Lq2 in Ω,

yλ = 0 on ∂Ω,

for all w∈L∞(Ω). We consider the functions u and v. Let δ > 0 such that d∈C2(Ω3δ)

and |∇d| ≡ 1 in Ω3δ, with d(x) := dist(x, ∂Ω) and Ω3δ := {x∈Ω; d(x) ≤ 3δ}. Let
k > 0 and σ ∈ (0, δ). Consider the function

φ(x) =



ekd(x) − 1, if d(x) < σ,

ekσ − 1 +

∫ d(x)

σ

kekσ
(
2δ − t

2δ − σ

)ξ

dt, if σ ≤ d(x) < 2δ,

ekσ − 1 +

∫ 2δ

σ

kekσ
(
2δ − t

2δ − σ

)ξ

dt, if 2δ ≤ d(x),

(55)
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where ξ > max

{
1

p1 − 1
,

1

q1 − 1

}
.

Note also that φ ∈ C1(Ω) and φ = 0 on ∂Ω. Let µ = e−k with k > 0. Arguing as in
(38) we obtain that

−∆−→p (µφ) ≤
C1

2δ − σ
(µk)p1−1 (56)

and −∆−→q (µφ) ≤
C1

2δ − σ
(µk)q1−1, (57)

for k > 0 large enough where C1 > 0 is a constant which does not depend on k.
Consider σ := ln 2

k
. Thus φ(x) ≥ 1 for x ∈ Ω with σ ≤ d(x) < 2δ. Thus there is a

constant C2 > 0, which does not depend on k, such that

‖µφ‖α1
Lq1 ≥ µα1C2. (58)

Since 0 < α1 < p1 − 1 we have

lim
k→+∞

kp1−1

ek(p1−1−α1)
= 0. (59)

Define Hλ := max{H(x, t); (x, t) ∈ Ω× [0,max{‖yλ‖Lr1 , ‖yλ‖Lr2}]}. From (59) it is
possible to choose k > 0 large enough such that

C2

HλC1

≥ kp1−1

ek(p1−1−α)

1

2δ − ln 2
k

. (60)

Thus we can infer from (56),(58) and (60) that

−∆−→p (µφ) ≤
1

Hλ

‖µφ‖α1
Lq1 ≤ 1

H(x, ‖w‖Lr1 )
‖µφ‖α1

Lq1 ,

for all w ∈ L∞(Ω). If necessary consider a larger k > 0 such that −∆−→p (µφ) ≤ 1.
Thus −∆−→p (µφ) ≤ −∆−→p zλ, which implies that µφ ≤ zλ in Ω. Since 0 < α2 < q1− 1,
by using (57) and the previous reasonings we obtain that there is µ > 0 small enough
such that

−∆−→q (µφ) ≤
1

H(x, ‖w‖Lr2 )
‖µφ‖α2

Lq2 ,

for all w ∈ L∞(Ω) and µφ ≤ yλ in Ω. Thus the first part of the result is proved.
Now suppose that (ii) holds. Consider δ, σ, µ, λ, zλ, yλ and φ as in the first part of
the result. Repeating the reasonings of the first part of the Theorem it is possible
to find µ > 0 small enough such that −∆p(µφ) ≤ 1 in Ω and

−∆−→p (µφ) ≤
1

h0
‖µφ‖α1

Lq1 ≤ 1

H(x, ‖w‖Lr1 )
‖µφ‖α1

Lq1 in Ω,

for all w ∈ L∞(Ω) with −∆−→q (µφ) ≤ 1 in Ω and

−∆−→q (µφ) ≤
1

H(x, ‖w‖Lr2 )

‖µφ‖α2
Lq2 in Ω,

for all w ∈ L∞(Ω).
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Since limt→+∞ H(x, t) = h∞ uniformly in Ω there exists h1 > 0 large enough such
that H(x, t) ≥ h∞

2
in Ω× (h1,+∞). Define

mk := min{H(x, t); (x, t) ∈ Ω× [min{‖µφ‖Lr1 , ‖µφ‖Lr2}, h1]}.

Therefore H(x, t) ≥ Hk in Ω × [min{‖µφ‖Lr1 , ‖µφ‖Lr2},+∞). Let λ > 1 such that
(52) and (53) occurs and

1

Hk

(λ
α1

q1−1‖K‖α1
Lq1 ) ≤ λ and 1

Hk

(λ
α2

p1−1‖K‖α2
Lq2 ) ≤ λ.

Therefore we have
1

H(x, ‖w‖Lr1 )
‖yλ‖α1

Lt1
≤ −∆−→p zλ and 1

H(x, ‖w‖Lr2 )
‖zλ‖α2

Lt2
≤ −∆−→q yλ in Ω,

for all w ∈ L∞(Ω) with µφ ≤ w in Ω. By Lemma 3.2 we have µφ ≤ zλ and µφ ≤ yλ
in Ω. Thus the result is verified.
Proof of Theorem 2.6:
Consider the condition (i). Let λ ∈ (0, 1), which will be suitable chosen and consider
zλ and yλ the functions given in (51). If λ > 0 is small enough we have by Lemma 4.1

0 < zλ(x) ≤ Kλ
1

p1−1 in Ω (61)

and 0 < yλ(x) ≤ Kλ
1

q1−1 in Ω. (62)

First it will be considered the functions u and v. It will be proved that for each
θ > 0 there exists λ0 > 0, which depends on θ, such that

1

a0
(λ‖yλ‖α1

Lt1
+ θ‖yλ‖γ1Ls1 ) ≤ λ and 1

a0
(λ‖yλ‖α2

Lt2
+ θ‖yλ‖γ2Ls2 ) ≤ λ,

for all λ ∈ (0, λ0). Define

K := max{‖K‖α1

Lt1
, ‖K‖γ1Ls1 , ‖K‖α2

Lt2
, ‖K‖γ2Ls2}. (63)

Since 0 < α1 and qN − 1 < γ1, given θ > 0 there exists λ0 > 0, which depends on θ,
such that

1

a0
(λ

α1+qN−1

qN−1 K + θλ
γ1

qN−1K) ≤ λ, (64)

for all λ ∈ (0, λ0). Consider a smaller λ0 > 0 that satisfies

‖yλ‖Lr1 ≤ ‖K‖Lr1λ
1

qN−1 ≤ b0

for all λ ∈ (0, λ0). Under the previous condition we have H(x, ‖w‖Lr1 ) ≥ a0 for
w ∈ [0, yλ]. Thus by (62) and (64) we have that

−∆−→p zλ ≥ 1

H(x, ‖w‖Lr1 )
(λ‖yλ‖α1

Lt1
+ θ‖yλ‖γ1Ls1 ),

for all w ∈ [0, yλ].
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Consider also that λ0 > 0 satisfies
1

a0
(λ

α2+pN−1

pN−1 K + θλ
γ2

pN−1K) ≤ λ, (65)

and ‖zλ‖Lr2 ≤ ‖K‖Lr2λ
1

pN−1 ≤ b0 for all λ ∈ (0, λ0). Thus by (61) and (65) we have

−∆−→q yλ ≥ 1

H(x, ‖w‖Lr2 )
(λ‖zλ‖α2

Lt2
+ θ‖zλ‖γ2Ls2 )

for all w ∈ [0, zλ].
Regarding the functions u and v consider φ, δ, σ, µ as in the proof of Theorem 2.5.
Since 0 < α1 < p1− 1 and 0 < α2 < q1− 1 we can repeat the arguments of Theorem
2.5 to obtain µ > 0 small enough such that µφ ≤ zλ and µφ ≤ yλ in Ω and

−∆−→p (µφ) ≤ λ and −∆−→p (µφ) ≤
λ

H(x, ‖w‖Lr1 )
‖µφ‖α1

Lt1
,

for all w ∈ [0, yλ] and

−∆−→q (µφ) ≤ λ and −∆−→q (µφ) ≤
λ

H(x, ‖w‖Lr1 )
‖µφ‖α1

Lt1
,

for all w ∈ [0, zλ]. Then by Theorem 2.2 we have the result.
Consider now the condition (ii). Let φ, δ and σ as in the first part of the result and
let λ > 0 fixed. Since 0 < α1 < p1− 1 and 0 < α2 < q1− 1 there exists µ > 0, which
depends only on λ, that satisfies

−∆−→p (µφ) ≤ 1 and −∆−→p (µφ) ≤
λ

a0
‖µφ‖α1

Lt1

−∆−→q (µφ) ≤ 1 and −∆−→q (µφ) ≤
λ

a0
‖µφ‖α2

Lt2

in Ω. Consider M > 0 and let zM ∈ W 1,−→p
0 (Ω)∩L∞(Ω) and yM ∈ W 1,−→q

0 (Ω)∩L∞(Ω)
satisfying {

−∆−→p zM = M in Ω

zM = 0 on ∂Ω

{
−∆−→q yM = M in Ω

yM = 0 on ∂Ω

By Lemma 4.1 we have

0 < zM(x) ≤ KM
1

p1−1 in Ω, (66)

0 < yM(x) ≤ KM
1

q1−1 in Ω, (67)
for M > 0 large enough where K > 0 is a constant that does not depend on M .
Regarding the construction of the function u and v it will be proved that there
exists θ0 > 0, which depends only on λ, that satisfies the following property: given
θ ∈ (0, θ0) then there is a constant M, depending only on λ and θ, that satisfies

M ≥ 1

H(x, ‖w‖Lr1 )
(λ‖yM‖α1

Lt1
+ θ‖yM‖γ1Ls1 ) (68)
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and M ≥ 1

H(x, ‖w‖Lr2 )
(λ‖zM‖α2

Lt2
+ θ‖zM‖γ2Ls2 ), (69)

for w ∈ L∞(Ω) with µφ ≤ w in Ω. Combining the continuity of H with the fact that
limt→+∞ H(x, t) = b0 uniformly in Ω we obtain that there exists a1 > 0 such that
H(x, t) ≥ b0

2
in Ω× (a1,+∞). Define

mλ := min{H(x, t); (x, t) ∈ Ω× [min{|µφ|Lr1 , |µφ|Lr2}, a1]} > 0

and Hλ := min{mλ,
b0
2
}. Then H(x, t) ≥ Hλ in Ω× [min{‖µφ‖Lr1 , ‖µφ‖Lr2 ,+∞).

Therefore Hλ ≤ H(x, ‖w‖Lr1 ) ≤ a0 for all w ∈ L∞(Ω) with µφ ≤ w in Ω. Note that
from (66) and (67) we have that the inequalities (68) and (69) hold if the inequalities

1

Hλ

(λKM
α1

q1−1 + θKM
γ1

q1−1 ) ≤M

and 1

Hλ

(λKM
α2

p1−1 + θKM
γ2

p1−1 ) ≤M,

hold where K is given in (63). Consider the inequality

1

Hλ

(λKMρ−1 + θKM τ−1) ≤ 1, (70)

where ρ := max

{
α1

q1 − 1
,

α2

p1 − 1

}
and τ := max

{
γ1

q1 − 1
,

γ2
p1 − 1

}
. Define

Φλ,θ(M) :=
λK

Hλ

Mρ−1 +
θK

Hλ

M τ−1,M > 0.

Since 0 < ρ < 1 and τ > 1 we obtain that

lim
M→0+

Φλ,θ(M) = lim
M→+∞

Φλ,θ(M) = +∞.

We have Φ′
λ,θ(M) = 0 if and only if

M =Mλ,θ :=

(
λ

θ

) 1
τ−ρ

c, (71)

where c :=
(
1−ρ
τ−1

) 1
τ−ρ . From the mentioned properties of Φλ,θ we have that the

global minimum of Φλ,θ is attained at Mλ,θ. We have that (70) is equivalent to find
Mλ,θ > 0 that satisfies ΦMλ,θ

≤ 1. By using (71) we obtain that ΦMλ,θ
≤ 1, if and

only if
λK

Hλ

(
λ

θ

) ρ−1
τ−ρ

cρ−1 + θ1−(
τ−1
τ−ρ) K

Hλ

λ
τ−1
τ−ρ cτ−1 ≤ 1. (72)

Thus by (71) and (72), we can infer that given λ > 0 there exists θ0 > 0 such that
for each θ ∈ (0, θ0) there exists Mλ,θ that satisfies

Mλ,θ ≥ 1 and 1

Hλ

(λKMρ−1
λ,θ + θKM τ−1

λ,θ ) ≤ 1.
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Then we have that

−∆−→p zM ≥ 1

Hλ

(λ‖yM‖α1

Lt1
+ θ‖yM‖γ1Ls1 )

and −∆−→q yM ≥ 1

Hλ

(λ‖zM‖α2

Lt2
+ θ‖zM‖γ2Ls2 ),

for all w ∈ L∞(Ω) with µφ ≤ w in Ω. Note that for θ0 > 0 small enough we have
for θ ∈ (0, θ0) that

−∆−→p (µφ) ≤ 1 ≤Mλ,θ0 ≤Mλ,θ,

because Mλ,θ → +∞ as θ → 0+ and θ 7−→ Mλ,θ is decreasing. A similar argument
implies that −∆−→q (µφ) ≤Mλ,θ0 ≤Mλ,θ for all θ ∈ (0, θ0) for θ0 small enough. From
Lemma 3.2 we obtain that µφ ≤ zM and µφ ≤ yM in Ω. The proof of the result is
finished.
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