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1. Introduction

In this manuscript we consider the existence of positive solutions for the following
nonlocal anisotropic problems

—H(z, Jull)Agu = [ullze + JullL., in Q, )
u =0, on 012, !
—H(z, [vllzr)Apu = |vl|IZ + o]z, n &
and —H(z, [ullr2)Agv = |lull7E, + [[ull%,  in Q, (£)

u,v =0, on 09,

where N > 2, O C RY is a bounded domain with C? boundary,—A denotes the
anisotropic operator

N
0 ou
—Azu = — T 1
= Lo [ o, 2
and p;, ¢ = 1, ..., N are real numbers with 2 < p; < p; <--+ < py < +00, ap 1=
and vy := 7 are non-negative constants, H : {2 x R — R is a continuous function
satisfying some hypotheses and || - ||z¢ is the usual norm of L'(),1 <t < oco.

P2 oy
8@-
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Differential equations involving anisotropic operators arise in several areas of sci-
ence and technology, for example in physics where such an operator is related with
models that describe the dynamics of fluids with different conductivities in differ-
ent directions. Another example is in biology in models related to the spread of
an epidemic disease in heterogeneous environments. We also quote the applicabil-
ity of anisotropic operators in the study of image noise reduction. Regarding the
mentioned applications we point out [5, 6, 9, 45] and the references therein.

In the last century the operator (1) and the associated anisotropic spaces attracted
the attention of several researchers, see for instance the studies considered in the
references [1, 3, 9, 25, 30, 31, 39, 40, 41, 43, 46, 48, 49, 50, 51, 52, 53, 54, 56, 57, 58].

The nonlocal term || - ||~ with » = p; = 2,7 = 1,..., N arises in the study of the
vibrations of an elastic string. More specifically in the Carrier’s equation

puy — a(,t, [[ul[72) Au = 0.
Regarding the Carrier’s equation we quote the reference [11].

Important contributions related to problems (P;) and (P;) can be found in the
literature, for example in the manuscript [17] where the authors considered the
existence of solutions for the problem

—a(/ﬂu)Au = f, in €,

u =0, on 0f),

where a is a function satisfying certain properties and f € H~(Q).

In the reference [2] the authors proved existence results, via sub-supersolutions ar-
guments, for the nonlocal problem

a (/Q |u|q) Au = gu(au)f (/ﬂ |u|p) + go(a, )l </Q |u|7") o,

u > 0, in §,
u =0, on 0f),

with ¢, p, r numbers satisfying some hypothesis and a, g1, g2, f and [ are continuous
functions satisfying certain conditions.

We also quote the paper [32] where the authors, in the variable exponents spaces
setting, used fixed point arguments and sub-supersolutions to study the existence
of solutions for a wide class of problems which includes the case

—A(z, [[u]l g ) Au = (] 25 + Jul 1%, in @,
u >0, in §,
u =0, on 0f2,

where A, r,q,s,a and [ are functions satisfying certain conditions.

In[26] related problems with the p—Laplacian operator Ayu = —div(|Vu[P~2Vu)
were studied.
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The authors considered respectively by means of sub-supersolutions and topological
arguments the existence of positive solutions for the scalar problem

_Apu = ||u|’z£?;))7 in Q7 (P)
u =0, on 0f),

and its system version

—Aju=|v]|*®, i Q

Lt(z)>
~Apv = [lulf5), i 0,
u=v=0, on OS2,

in the context of the variable spaces setting. Here o, 8 : Q@ — R are functions that
satisfy certain conditions. We point out that the homegeneity of the p—Laplacian op-
erator and the eigenfunction associated with the first eigenvalue of the p—Laplacian
operator played an important role in their arguments.

For other works related to (P;) and (P;) we mention the papers [7, 8, 10, 12, 13, 14,
15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 27, 28, 29, 34, 35, 38, 55].

We also point out that for the study of (P) and (P,) it is needed several topics
of nonlinear functional analysis, mainly the theory of anisotropic spaces, see for
instance [41] and its references. An additional difficulty is imposed due to the
nonlocal caracter of the problems considered, that is, the terms || - ||z, || - || and
| - ||z implies that no longer pointwise identities are satisfied. Another point is
that there are few works that consider sub-supersolution arguments for anisotropic
operators, see for instance [3, 33, 36, 52].

Therefore, based on the previous comments we propose the study of (P;) and ().
To the best of our knowledge the mentioned problems were not considered in the
literature. In what follows we point out the contributions of this work.

e As far we know it is the first time that a sub-supersolution approach is consi-
dered for nonlocal anisotropic problems;

e A wide class of operators, which includes the Laplacian case, is considered;

e  Abstract theorems involving sub-supersolutions are obtained. Moreover, the
results improve partially [32, Theorem 1] and [32, Theorem 2];

e  Explicit constructions are considered to obtain sub-supersolutions, see for ex-
ample the functions in (35) and (55). Besides that a Fan’s type Lemma (see [37,
Lemma 2.1]) was needed to construct such functions, see Lemma 4.1. We quote
that such constructions can be of independent interest. This type of argument
is rare in the anisotropic spaces setting. Such constructions were needed to
avoid of the lack of homogeneity of the operator (1), which did not occurred
[2, 26, 32].

2. Presentation of the results

Some definitions are needed to present the results of this manuscritpt. Unless
otherwise stated it will be considered that 2 < p; < py < ... < py < p* and
2<q < gy <..<qn <q" are real numbers with p,g < N,
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here o NP e NS N and @ N
wher P = —, ¢ = =, D= =¥ nd q:= ——-
N-p N-—q Zi:lp%- Zi:l%

A positive solution u of (Py) is a function that lies in W&’?(Q)F‘ILOO(Q) with u(z) > 0
a.e. in Q and, for all ¢ € Wh7 (Q),

ou |P
8@-

/i 0w 0g _ ( lulg .l )¢
0 Ox; Ox; Q (x, ||ullr)  H(z, ||u|Lr)

For u,v € M(Q) := {u : Q — R;u is measurable}, we will write u < v in Q if we
have u(z) < v(z) a.e. in 2 and we will denote by [u, v] the set

[u,v] == {w e M(Q);u(zr) <w(x) <v(x)ae. in Q}.

Now we are ready to present the definition of a sub-supersolution pair for (P;). An
element (u,u) € (Wolﬁ(Q) N L®()) x (W&?(Q) N L>(R2)) is a sub-supersolution
for (P;) if 0 <u < in Q and if for all ¢ € W&’?(Q) with ¢ > 0 the inequalities

N —2
ou" 000 [ (i iz, )
— — < + 2
[l s = | Grd taeid)? @

and

/i o [P2 ou o - ( 17|93, N e )w
o |0xi | Ox 01 T Jo \H(z, [Jwl|=) — H(z, w])

hold for all w € [u,u].

Regarding (P,) we assume that 7 and ¢ = (q1,...,qn) € RY satisfy the general
condition
Ng

Ng <N and (Hy).

(Hy) 2<q1 < ¢ < ... < qn < q*, where ¢*:= with q:=

_N
Yo
(W, ( YNL>®(Q)) x (Wol7(Q) NL>(Q)) is a positive solution
> O a.e. in 2 and

2 ou0p ( o]l 7, R I )¢
Ox; 0, Jo \H(z, ||vllzn)  Hiz, |vllgn))

We say that (u,v) €
of (Py) if u(x),v(x)

/z
/z

for all (¢,) € WhT (Q) x W7 (Q).
We say that the [(u, @), (v,7)] is a sub-supersolution pair for (Py) if

ox;

and

200 o _ < [[ull7?, N [[ull 5 )w
0z; 01; o \H(z, ||lullL)  H(z, |ullz=)) "

ox;

(w,m) € (We' (Q) N L¥(Q)) x (W7 (Q) N L=(9)),

(1,0) € (WerT(Q) NL=(Q)) x (Wy 7 (Q) N L=(9)),
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0<u<uwand 0 <v <7in Q, and if the following inequalities hold:

L51
o 0m = ), Al 0 € ]

gy oy [ Il + I
axzaxz_ Q H( HwHLTz)

ox;
P
0x;

W, Yw € [u,T|

N
(‘) 8u 8@5 ||U||Lt1 + ||U||LS1
< Yw € |v,v
/QZ; Or;|  9x;07; — Jo H(z,|wrm) > 7]
N
O |"7? v 9¢ Jull 73, + llullzs
<
/Z:: Jas|  Bmom = Jy Hiw ol W €T
and
/ﬁ: ou [P ou 0¢ - HUHLM + ||v]| 7

for all (¢,7) € WOW’(Q) « WET(Q) with ¢,¢) > 0 in Q.

Below we describe the results of this work. The first ones below are considered with
the justificative of the existence of solution for (P;) and (FP;) when one obtained
sub-supersolutions for the mentioned problems.

Theorem 2.1. Suppose that (u,uw) is a sub-supersolution for (Py) with u > 0
in Q, where H : Q x (0,00) — R is a continuous function with H(zx,t) > 0 in
Q x [|lullrr, |[@llrr]. Then (P) has a positive solution u € [u,u).

Theorem 2.2. Suppose that [(u, ), (v,7)] is a sub-supersolution pair for () wzth
w,v >0 in Q, and H:Q x (0,00) — R is a continuous function with H(x,t) >

in Q x [0,7], where ¢ = min {|Jw||;,i = 1,2}, 7 := max {|[w||;,i = 1 2}
w(z) := min{u(x),v(zr)} and wW(x) = max{u(z ) v(z)} for x € Q. Then (Py) has
positive solution (u,v) with u € [uu] and v € [v V],

Some applications of Theorem 2.1 are considered. The first result is concerned with
a sublinear scalar problem of the form

—H 5 r A - at 1 Q)
{ (@ [[vllr)Apu = luflf. in (E.)

u = 0 on 0f).

The equation (Fy) under the hypothesis p; = 2,4 = 1, ..., N, was considered in the
recent paper [32]. The next result generalizes partially [32, Theorem 3| in the case
of constant exponents due to the general structure of (1). The following result is
obtained.

Theorem 2.3. Consider that 0 < a < p; — 1 and let hg > 0 be a constant. Suppose
that one of the conditions below holds.

(i) H(z,t) > ho in Q x [0,00),
(ii) 0 < H(z,t) < hg in Qx (0,00) and lim;_, o H(z,t) = hoo uniformly in €.
Then (Es) has a positive solution.
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The second application of Theorem 2.1 is related to a nonlocal concave-convex prob-
lem given by

v oo
s in £,

{ ~H( o)Ay = Alullg + 6l )
20

v = 0 on 0f.

The local version of (E)y with p; = 2,7 =1, ..., N was studied in a classical paper
by Ambrosetti-Brezis-Cerami [4] in which a sub-supersolution argument is used.
Since we consider the anisotropic setting, the result below generalizes partially [32,
Theorem 7] in the case of constant exponents. The result proved is the following:

Theorem 2.4. Consider a and v nonnegative numbers. Consider also the condition

0<a<p—1. Let ag,by > 0 positive numbers. The following assertions hold:

(i) Ifpy —1 < v and H(z,t) > ag in Q x [0,b], then given 0 > 0 there exists
Xo > 0 such that for each A€ (0, \y), the problem (E)xg has a positive solution
UN,0-

(ii) Consider that py —1 < 7.

Suppose that 0 < H(x,t) < ag in 2x(0,00) andlimy_ o, H(z,t) = by uniformly in Q.

Then given A > 0, there exists 6y > 0 such that for each 6 € (0,0y) the problem

(E)ag has a positive solution uy g.

Regarding Theorem 2.2 two applications are considered. The first one consists in
solving a problem with the form below:

H(z, o]
H(z, |[uller=)Agv = [lullZ,,  in (55)
u,v = 0’ on @Q,

p)Apu= ol i Q,

The system (.Ss) with the condition p; = 2,7 =1, ..., N, was also studied in [32]. The
next theorem generalizes partially [32, Theorem 3] in the case of constant exponents.
The following result is proved.

Theorem 2.5. Suppose that 0 < o; < min{p1—1,q1—1}, i = 1,2. Suppose also that
H :Q x [0,+00) — R satisfies one of the conditions below:

(i) H(z,t) > ho in Q x [0, +00),
(i) 0 < H(z,t) < hg in Q x (0,4+00) and limy_, ;o H(x,t) = heo uniformly in Q.

Then (Ss) has a positive solution.

The second application is concerned with a concave-convex system of the form below:

H(z, [vllzr)Agu = Avl|Zi + 6v]|7:
H(z, lullLr)Ago = Alull7s, +0llv]7E,,  n & (Sx0)
u,v =0, on 0f).

15, in €

The result obtained is the following.
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Theorem 2.6. Consider «;,7;, © = 1,2 nonnegative numbers and the conditions
O<ar <pr—1and 0 < ay < qu — 1. Let ag,by > 0 be positive numbers. The
following assertions hold:

1) Ifgv—1<vy,pv — 1 <7 and H(z,t) > ag in Q x [0,b], then given 6 > 0
there exists Ao > 0 such that for each A\ € (0,)g), the problem (Sxq) has a
positive solution (uyg,vxg)-

(ii) Considerqn—1 <y, pn—1< 7,0 < a1 < g1—1 and0 < as < p1—1. Suppose
that 0 < H(z,t) < ag in Q x (0,00) and lim;_,o. H(z,t) = by uniformly in €.
Then given X\ > 0, there exists 0y > 0 such that for each 0 € (0,0y) the problem
(Sxe) has a positive solution (uyg,vxg).

The rest of the manuscript is organized as follows: In Section 3 we recall some facts
regarding the anisotropic spaces and some results related to the operator (1). In
Section 4 we prove an auxiliary L*° regularity result which will play an important
role in this work. In Section 5 the proofs of Theorem 2.1 and 2.2 are presented and
applied in Section 6 to some classes of problems.

3. Preliminaries
In what follows we denote by 2 a bounded domain in RY with N > 2. Let
I<pi<p2<...<pn

be real numbers and denote by 7 the vector ' := (p1, ..., pn) € RY. We denote by
WL7(Q) the space defined by

W7 (Q) = {u e Whi(Q); % € LP(Q),i=1, N} :

which is a Banach space when equipped with the norm

: (3)

LPi

ou
aZEZ’

N
lalh,z = Ml +
i=1

where || - ||z» denotes the usual norm of LPi(£2). The Banach space defined by the
closure of C§°(2) in WL?(Q) with respect to the norm || - ||;  will be denoted by
W&’?(Q). Consider the harmonic mean D of p;,i =1, ..., N, given by

N

_ 1 1
Suppose that p < N and define the symbol p* := NN—_T%. If py < p* then there exists

an embedding W, ?(Q) — L9(§2) which is continuous for ¢ € [1,p*] and compact in
the case g € [1,p*), see [41]. Thus the norm

N

lull =

i=1

Lue WET(Q)

LPi

ou
3@»

is equivalent to the norm given in (3).
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The next two results can be found in [33, Lemma 2.4] (or [52, Lemma 2.4]) and [33,
Lemma 2.2] (or [52, Lemma 2.2]), respectively. See also [36, Lemma 2.2] and [36,
Lemma 2.5].

Lemma 3.1. Let a € L>(2). Then the problem

—Apu = a in €,
u = 0 on 09,

has a unique solution in Wol’?(Q).

Lemma 3.2. Let 2 be a bounded domain and consider u,v € Wol’?(ﬂ) satisfying

—Azu < —Apv in Q,
u < wvon 0,

where u < v on I means that (u — v)* = max{0,u — v} € W&’?(Q). Then u < wv
in €.

4. An auxiliary L>*(2) estimate

In what follows we present an auxiliary estimate that will play an important role in
the construction of sub-supersolutions.

Let Q C RY(N > 2) be a bounded and admissible domain, that is, there exists a
continuous embedding Wy (Q) < L%(Q) The best constant of the mentioned
embedding will be denoted by Cy. Then we have that

lully ) < Collull, e (2),Yu € Wy (9), (4)

where ||u||W3,1(Q) = |||Vul|| 21, u € W' (). Adapting the ideas of [37, Lemma 2.1]

to the anisotropic setting we obtain the result below which will play an important
role in this work.

Lemma 4.1. Let A\ > 0 and consider uy € W&’?(Q) the unique solution of the
problem

(Py)

—Apu = X in Q,
u = 0 in Q

Define h := 2|£F Co. If X > h then u € L®(Q) with ||ul|L=@) < C*ART and
N

1
|ullLe)y < CuAPN=T when X < h, where C* and C, are positive constants that
depend only on p1,pn, || and Cy, with Cy given in (4).
Proof. Let uy be a solution of (Py), then it is clear that u, is a nontrivial function

with w > 0 in 0, see for instance [36, Lemma 3.1]. For k& > 0, we define the set
A = {z € Q;u(x) > k}. Let € > 0. In problem (Py) we use the test function

(u—k)y*reWw, ?(Q) and obtain from (4) and Young’s inequality that
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"o = — k)dz < MAR|¥||(u—k)*
/Z gur| A=A [ R <AL 0,
1 1 al ou
< /\|A,C|N(JO/ |Vu|dx§/\|Ak|NCo/ Z o\ da (5)
Bzz ) *1 (pz
< AL~ Cy Z/ AT e 4+ A AR Y G Z/
Note that
Pi
rx M| Ag|~ &
/\|Ak|NCOZ/ 3 < |;1|NCO/A i aa_;b dr
k (2
M|Q|NC() /
Z (931:Z
. Y41 . b =
Let h:= ———. Suppose that M > h. Define ¢ := | ———— .
2|Q| v Cy 2M Q|7 Cy
Thus € <1 and
)\\Q\NCO / Pi )\]Q]NC’Oepl /
Z 8% az Z 81'1

0;1:i

1
_5;/4k

From (5) and (6) we get

>[5

IAN|Ay|ve®)'
(pn)

1 )
[omm=3 ]

Therefore by the L> estimates in [47, Lemma 5.1-Chapter 2| we obtain

2)\ A / 1
A

81’1 (pn)

, which implies that

where v :=

pi
dr < V‘Ak|1+#

lull o) < AV + D)|QYF = CAmT,

where C* is a constant that has the dependence described in the statement of the
result. In the other case, that is, when A\ < h the result follows by repeating the

previous arguments with
1

PN
€:= p—11 . [
2X|Q| ¥ Cy
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5. Proof of Theorems 2.1 and 2.2

The goal of this section is to prove Theorems 2.1 and 2.2.
Proof of Theorem 2.1:

Let T : L'(Q) — L'(Q) be the operator given by the formula

u(z), if u(x) <wux),
(Tu)@) = { ule), i u(x) < ulz) < T(),
u(x), if u(x) <wu(x).

The operator T is well defined because u,uw € L>*(Q), Tu € [u,u] and the measure
of  is finite. Define the operator H : [u,u] — L'(Q) given by

[v]l7 [v]lZs

H(w, [[v][er) — H(z, v

H(v)(z) =

L)

Note that the operators H and u +— (H o T)(u) are well defined. In fact, we
have that f and g are continuous functions and H(x,t) > 0 in the compact set
Q X [||w||zr, [[Z||-], then there is a constant Kj such that

|H(v)(x)] < Ky a.e. in £, (7)

for all v €[u,@]. The inclusion T € [u, ] implies |(H o T)(u)(z)| < Ky a.e. in Q.

Let v € L'(Q) be an arbitrary function. From (7) it follows that (HoT)(v) € L> ().
Then we have by Lemma 3.1 that the problem

{ —Ayu = H(Tv) in Q, (P,)

u = 0 on Of).

has a unique solution. Therefore we can define an operator S : L'(€) — W ’?(Q),
given by the equation S(v) = u, where u € Wy ?(Q) is the unique solution of (Py).
Consider the compact embedding i : W, 7(9) — L'(Q). We claim that the operator
S := 0S8 is compact. In order to prove this claim let (v,) be a sequence with v, — v
in L'(Q) and consider u,, := S(v,),n € N. From the definition of the operator S it

follows that
N
5>

for all ¢ € WOI’?(Q). Using the test function ¢ = u,,n € N in (8) and in the
inequality (7) we get

ou,,
al‘i

P72 Ou, 0

(H o T)(vn), (8)

N

D

i=1

pi

ou,,

8@-

< K, / ft] < K ] (9)
(9]

LPi

where K > 0 is a constant that does not depend on n € N. The inequality
[t <1+ |t|Pi, teR, i=1,...,N,
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N
provides that Z

i=1

p1 .
< K([Junll + 1), (10)
LPi

(9951-

for all n € N, where K > 0 is a constant that does not depend on n € N. Since
(a1 + ... +an)® < C(a} + ...+ ab) for a; > 0,i =1,..., N and b > 1, where C' > 0
depends only on N and b, it follows that

) < K(|luall + 1), (11)

for all n € N with K > 0 being a constant that does not depend on n € N. From
(11) it follows that the sequence u,, is bounded in W, 7(Q) Since the embedding
W, ?(Q) < L*(Q) is compact, the boundness of (u,,) in W, ?(Q) implies that there
exists u € L' () with u, — w in L'(Q). Then it is verified that S is compact.

We affirm that S is continuous. To verify the mentioned continuity, let (v,) be a
sequence in L'(Q) such that v, — v in L'(Q). Considering u,, = S(v,),n € N and
u = S(v), thus we obtain from the definition of S that

N i—2
aun b aun 8@5 o
/szl O Ox; Ox; Q(H °T)(vn)9 (12)
ou |"77 ou ¢
" /Q; or|  omom  J,H D (13)

for all ¢ € W, 7(Q) Using ¢ = u, as a test function and subtracting (13) from

(12) we get
/i P2 oy Ou,  Ou
Q54 (‘)xz &vz 8%

_ /Q((HoT)(vn) — (H o T)(®))(tn — u). (14)

ou
89@-

pi—2
7 Ouy,

3@»

ou,,
@(L’i

Thus by using (7) and Lebesgue’s Dominated Convergence Theorem it follows that
the right-hand side of the equation (14) converges to zero. Since

Oun () |72 Ou () | Ou(=) P2 ou(z) \ [ Oun(z) _ Ou(a)
Oun(z)  Ou(x)|” ,
> C; — .e.
> C; oz, o, a.e. in €, (15)

where C; > 0 is a constant that does not depend on n € N. Thus we can infer from
(15) that u, — u in W, ’7(9), which verifies the continuity of S.

We claim that there is R > 0 such that u = 0S(u) with o € [0, 1] then ||u||;: < R,
where R is a constant that does not depend on v and o. If ¢ = 0 then u = 0.
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Suppose that o # 0. Then S(u) = %, which implies the identitiy

/z

for all ¢ € W&’?(Q). Using the test function ¢ = % in (16) and the inequality (7)
we obtain that

18u do

o 0x; 0r; Jq

(H o T)(u)¢, (16)

o 0x;

1 au KO
Upl/z ox; /X:JPZ 7/Q‘u|’
ou pi
hich implies that < Koo ! : 17
which implies tha ; e 00 /Q|u| (17)

Using again the inequalities [¢t["* < 1+|t[P/, t€R and (a;+...+an)’ < C(ab+...4+a%)
for a; > 0,7 =1,..., N we obtain from (17) that

( N
i=1

where K; > 0,7 = 1,2 are constants that does not depend on u and o. Since o € [0, 1]

ou
8IZ’

P1
gm+mw1/w, (18)
LPi Q

we obtain by applying the continuous embedding W 7(9) — L'(Q) that
Jullh < Ky + Kaom ™ [ ful < Ko+ Kl (19)
Q

where K;,i = 1,...,4 are constants that does not depend on u. If ||ul/;1 < 1 then

1
|lu||zr < (K3 + K4)?r. In the case ||u||zr > 1 we obtain that

a7 <

K
= Tl < K3+ K.
Therefore ||ul|,1 < R, where R := max{ (K3 + K4)ﬁ, (K5 + K4)T1—1}. Thus by the

Schaefer’s Fixed Point Theorem there exists u € L'(Q) such that v = S(u). Note
also that by the definition of S we obtain u € W, ?(Q) with

/z

for all ¢ € Wy ?(Q) We claim that u € [u,@]. In order to verify this claim consider
w = T(u) in (2), and subtracting from (20) we have

1 ) ()
1 — 1Tz

fsécﬂgjﬁgﬁ?>¢+ﬁ(%«mwxmy>)Q 1)

for all ¢ € W7 (Q) with ¢ > 0.

? Ou do

or; Or; Q

(H o T)(u)o, (20)

o0x;

i—2
p ou
al'i

Ou
8$i

ou
8$i
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Consider the test function ¢ := (u — u)y = max{u —u,0} € W&’?(Q). Using (21)

and that T'(u) € [u, U], we obtain that
P2 Oy Ou  OJu

o2l

Jule — [Tl Jull ~ IT@IEY
{M}( Hw [T @) )<— ”/{W( e [T @)]2) >(— )
0,

i—2
pi ag

82%

ou
axi

ou
83:1-

IN

IN

which implies that u < u in . Now, a similar reasoning applied to the function
p=@w—-1u)t e W&’?(Q) implies the result.

Proof of Theorem 2.2:

Consider T, S : L'(2) — L'(Q) the operators provided by the formulas

( u(x), if z(z) <wu(z),
(Tz)(x) = § w(x), if w(z) <z(r) <u(z),
[ u(z), if u(z) < z().

(Sw)(z) = { u(x), if wv(z)<w(z)<v(2),

\

The boundedness of u, @, v and T and the finite measure of {2 imply that the operators
T and S are well defined. Define the operators

H:[v,0] = LYQ) and H : [u,u] — L'(Q)

given respectively by

HE)(a) = 7l
H(z, [[olln) — Hiz, [[oflr)
. 7
and H(U)(x) _ ||u||L2 4 ||u||L2

Al lullze) A, flullz)

Note that the operators H, H and w — (H 0 S)(w), z — (H o T)(2) are well defined.
In fact, since H is continuous and H(z,t) > 0 in the compact set Q x [g, 7], then
there is a constant K such that

|H(v)(z)], |H(u)(z)] < Ky ae. in €, (22)

for allv € [v,v] and u € [u,u]. The inclusions Tu € [u,u], u € L*(Q2) and Sv € [v,7],
v € LY(Q) imply that [(H o S)(w)(z)], |(H o T)(2)(z)] < K, a.e. in Q for all

w, z € LY(€). Since the measure of ) is finite it follows that the operators are well

defined.
Let (z,w) € L*'(Q) x L'(Q2) be arbitrary functions. From (22) it follows that

(H o S)(w), (HoT)(z) e L=(Q).



304 G. M. Figueiredo et al. / Existence of Solutions ...

Thus by Lemma 3.1 the problem

—Ayu = (HoS)
—Agv = (HoT)(z) in €, (PL)
u=v = 0 on 0N

has a unique solution in W, ?(Q) x W, 7(Q) Therefore we can define the operator
S LYQ) x LY(Q) — W&’?(Q) X WOI’7(Q), given by the equation S(z,w) = (u,v),
where (u,v) € Wol’?(Q) X Wolj(Q) is the unique solution of (P.). Consider in
LY(Q) x LY(Q) the norm |(z,w)| := ||z| 1) + |wlri@), (z,w) € LY(Q) x L1(Q).
Then consider the compact embeddings

iz WEP(Q) = LY(Q) and iy : WET(Q) = LY(Q)
given in [41]. We affirm that the operator

3(2,w) = (i (1), i (0)) = (), (2, w) € Q) x LX(9),
where S(z,w) = (u,v) is compact. In fact let (z,,w,) be a sequence with z, — z
and v, — v in L'(Q). Define (un,v,) :== S(wy, 22),n € N. From the definition of
the operator S it follows that

[p>

=1

O, [P Ouy 09

(H o 5)(wn), (23)

v, |“72 Du,, O B

(H o T)(20)¢, (24)

for all (¢, ) € W&’?(Q) X Wolj(Q). Using the inequality (22) and the test functions
¢ = u, and ¢ = v,,n € Nin (23) and (24) and arguing as in (9) and (10) we obtain

>

p1
ou,,
< K({|un, 1),
i ) < Kl +1)

i=1

>

i=1

q1
ov,,
<K 1 2
o ) < K(onlh 7 + 1), (25)

for all n € N where K > 0 is a constant that does not depend on n. Thus by
(25) it follows that wu, and v, are bounded in W, ?(Q) and W, 7(9) respectively.
Using the compactness of the embeddings W&’?(Q) — L'(Q), WOI’?(Q) — L'(Q)
we obtain that the operator S is compact.

We claim that S is continuous. To verify the mentioned continuity let (w,, z,) be a
sequence in L'(2) x L*(Q2) such that w,, — w and 2, — z in L}(Q) with w, z € L'().
Considering (un, vn) = S(wn, z,),n € N and (u,v) = S(w, ), we obtain from the
definition of S that
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O, [P Ouy, 09
al ov, =2 ov,, O ~
/ 21: Oz Or; 0x; /Q<H o T)(zn)¥ (26)
N ou P2 du 96
ov ¢i=2 ov oY -
/Q; ox; 0x; Ox; - /Q(H o T)(2)¥ (27)

for all (¢,7) € W&’?(Q) X W01’7(Q). Using (26), (27) and ¢ = u,, as a test function

we obtain that
2 du ou,, B ou

3]

_ /Q ((H o T)(vy) — (H o T)(0))(tn — u). (28)

pi—2
7 Ouy,

al‘i B

ou,
81‘1‘

ou |?
81‘,‘

Thus by using (22) and the Lebesgue’s Dominated Convergence Theorem it follows
that the right-hand side of the equation (28) converges to zero. Using (15) it follows

that w, — wu in Wol’ﬁ(Q). A similar reasoning implies that v,, — v in Wol’?(Q).
Thus it follows that S is continuous.

We claim that there is R > 0 such that if (u,v) = 0S(u,v) with ¢ € [0,1] then
|(u,v)] < R, where R is a constant that does not depend on u,v € L'(Q) and o. If

o =0 then u = v = 0. Suppose that ¢ # 0. Then S(u,v) = @ and it follows that

10ul"?1 0u op
/Z Jaxz Jf)xzaxl Q(HOS)( V),
(29)
1ov %21 dv o
/Z 089&1 a@xl&%’l Q(HOT>( W,

for all (¢,v) € W&’?(Q) X W&’?(Q). Using the test functions ¢ = % and ¢ = ¥ in

(29) and the inequality (22) we obtain that
Ko
— [ |y
o Ja
1
Z 0'q1
=1

1
w/z /;w
Ko
— | [l
g Ja
Arguing as in (17), (18) and (19) we obtain that

N
and - / Z
lulffh < Av+ Agflullis and - [oll$ < Ar+ Asfol,

au

o0x;

87}

83:1

where A; and A, are constants that does not depend on n € N.
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If ||u|lpr <1 then ||ullz: < (A +A2) . In the case ||ul]|z1 > 1 we obtain that

Ay

lull7i7 <
el

< Ay + As.

Therefore ||u||z: < Ry, where Ry := max{(A; + A2)ﬁ, (A + Ag)m%l}. A similar
reasoning implies that ||v||1 < Ry, where Ry := max{(A; + Ag)i, (A + Ag)%%l}.

Thus by the Schaefer’s Fixed Point Theorem there exists (u,v) € L'(Q2) x LY(Q)
such that (u,v) = S(u,v). Note that in consequence of the definition of S we have

(u,0) € WEP(Q) x Wh7(Q) with

ou "7 Ou ¢
= H
/Q Zl 8.731 8;5@ 81»1 Q< © S) (v)(ba
y (30)
/iv: O %% 9y 9 B (FIOT)(u)Qp
Q= |0x; 0x; 0r;  Jo ;

for all (¢,v) € Wol’ﬁ(ﬂ) X Wolj(Q). We claim that u € [u,w]. In order to verify
such claim consider w = S(v) in (2) and subtracting from (30) we have

[ ) .
< [ (St o+ (S et ¢

for all ¢ € Wolj(ﬂ) with ¢ > 0. Consider the test function

ou
ox;

Pi— ag

8@ B

ou
8Ii

¢:=(u—u); =max{u —u,0} € W&’?(Q).
Using the inequality (31) and the fact that S(v) € [v, 7] we obtain that

/ i 2 u ou B ou
{u>u} i=1 axl axl axl

[t one) e [, (G mon) e <o

which implies that v < w in €2. A similar reasoning applied to the function v defined

ou |P
8.’171'

—2
pi au

8@- B

du
al‘i

by ¢ = (u—1)t € W, 7(Q) implies that « < @ in §2. The previous arguments also
imply that v < v <7 in Q.

6. Applications

The goal of this section is the application of Theorems 2.1 and 2.2 to the nonlocal
problems (E;), (Exg), (Ss) and (S) ).
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Proof of Theorem 2.3:

We will begin the proof with the condition (i), that is, H(x,t) > hg in Q x [0, +-00).
First it will be considered the construction of the function u. Consider A > 0 and
let z) € Wol’?(Q) N L>(2) be the unique solutions of the problem below

—Apu = X in €,
u = 0 on 01,

where A > 0 will be chosen later. For A > 1 large enough we have by Lemma 4.1
that there is a constant K > 0, that does not depend on A, such that

0 < z\(z) < KART in Q. (32)

Since 0 < a < p; — 1, there exists A > 1 large enough such that (32) occurs and

1 o
AR RS < A (33)
0

The inequalities (32) and (33) imply that hLo lzalle < A. Thus for an arbitrary
function w € L>(§2) we get
1
—Azzy > ——|al$ in
TR A )
zy = 0 on 0f).

Let Hy = max{H(x,t); (x,t) € Q x [0,]|2x]|z-]}. Therefore
ho < H(z,t) < Hy in Q,Vw € [0, z,]. (34)

Now it will be considered the function w. Since 08 is C?, there exist a constant
d > 0 such that d € C?(Q35) and |Vd| = 1 in Qas, where d(z) := dist(x,09Q) and
Q5 := {x € Q;d(z) < 35}, see [44, Lemma 14.16 | and its proof.

Let £ > 0 and o € (0,d). Motivated by [36, 59] we introduce the function

(ekd(@) _ 1, if d(z)<o
i d@) 25—\’ .
g __ 1 (o2 - : < 2
é(z) = { —i—/a ke (25 — a) dt, if o <d(x)< 29, (35)
i 2 (20-t\’
-1 ke™ dt if 20 <d
\6 —i—/g e (25_0) : i <d(x),
where 6 > . Note that ¢ € C*(Q) and ¢ = 0 on 89 Con81der p > 0. Direct
computatlons unply that if z € Q satisfy d(z) < o with 242 7§ 0 then
N _
X0 (|owe) P o)
im1 8]71 8@ aZL’z
ad | oad |~ @2d
_ k pi—1 [ okd(z)( pl—l)k 1 kd(z)(pi—1)

= B(a:). (36)
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In the case 0 < d(x) < 6 we have
_ Z A(pue) "~ 0(ug)
0x; o0x; ox;
_ 26 —d(z)\"" V1 |ad
— ko\p;—1 o
;(uke e - 1) ( 20 — o ) 20 — o | Oz;
ad

n (26— d(z) 0(pi—1) pi—2 92d
ko\p;—1 >
+;(“ke ) ( % o > oz, a2

= C(x). (37)

pi—1

From (36) and (37) we get

(o)
ox;

"2 O(ng) O

(%r:i ZT;

Z/Aw, Vo € WP (Q),
Q

where A(z) is equal to B(z) when d(z) < o with %l—g) # 0, and equal to C'(z) when
o<d(x) <20 With ad—(m) # 0, and equal to zero when one of the following conditions
is satisfied: 8d =0, d( ) > 26 or d(x) =

Consider that p = e * Since d € C*(Qss) and |Vd(x)] = 1 in Qs we have from
(36) and (37) that

|A(z)] < _max {(,uk:e"’")pl_l} G a.e. in (g,

.....

< P
< (k)" (38)

for £ > 0 large enough and for all x € €2, where C; > 0 is a constant that does not
depend on k£ and o.

Consider o := (In2)/k. Note that ¢(z) > e —1>2—1> 1 for all k£ > 0 and for
x € Q with 0 < d(z) < 25. Then there exists a constant Cy > 0, which does not
depend on k > 0, such that

[pellge > p*Cs. (39)
Using the fact 0 < a < p; — 1, and the L’Hospital’s rule we obtain that

km*l

lim — =0
koo ek(p1—1—a) ’

which implies that there exists ko large enough such that

Cy > Jpi—t 1
HACy = ehm—i-a) o5 _ 2’

(o

(40)

for all k& > ko, where H, is given in (34).
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Then it is possible to conclude by (38), (39) and (40) that

D)

i=1

I(pe)
(9@

pi—2
Oud) 1\ o)e, <

LY
Or; M, H(z, Jw]p) HOM

in Q for all w € [0, z,]. Note that from (38) if k is large enough we also have

A5 (pg) <1< A= —-Apz,in Q.
Thus by Lemma 3.2 we have u¢ < z, in 2. Then by Theorem 2.1 we have the
result.

In order to prove the second part of the result suppose that 0 < H(z,t) < hg in
Q x (0,00) and that limy_, . H(x,t) = hs uniformly in Q. Let 6,0, u, M, zy and ¢
as before. Repeating the previous arguments it follows that there exist k£ > 0 large
and g > 0 small enough such that

: 1 a
SAp(d) <10 and — Ap(uo) < ool in 0
Thus for w € L*(2) we obtain that

—Ag(ug) < e [ l|7e in €2, (41)

z, [lwllzr)

Using the fact that lim;, o H(z,t) = he we can infer that there exists a constant
hy > 0 such that H(z,t) > %" in Q x (hy,00). Let

mi = min{H(z,t), 0 x [[|ué||rr, hi]} and Hj := min{my, =}
Then H(x,t) > Hy, in Q x [||ué]| -, 00]. Fix k > 0 such that (41) occurs. Suppose
also that A > 0 is large enough such that (32) is satisfied and

1 o
— AL K|[F < A,
H, ! ” ”L >

where K > 0 is a constant which does not depend on k£ and A (see Lemma 4.1).
Then we can infer that for all w € L*>°(2) with p¢ < w in 2 we have

2]l in Q.

—-A >
TN Z H(

z, [lwllzr)

By using Lemma 3.2 we obtain that pu¢ < zp; in . Then we have that (ug, z,) is
a sub-supersolution for (Ej).

Proof Theorem 2.4:
Suppose initially that (i) occurs. Consider zy € W, F(Q) () L>(£2) to be the unique

solution of
—Apu = X in Q,
v = 0 in 90

where A € (0,1) will be chosen later.
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Lemma 4.1 implies that for A > 0 small there is a constant K > 1 which does not
depend on A that satisfies

0 < zy(z) < KA in Q. (42)

We will construct the function u. Consider K := max{||K||%,, || K||7.|}. Let § >0
be an arbitrary number. Then it is possible choose Ay > 0, which depends on @,
such that

a+py—1

1 otpy-1__ . A—
— A v K40 ev1TK <)\, forall A € (O, )\0)7 (43)

Qo

where ag is given in (z). Thus by using (42) and (43) we obtain the inequality

1 «
a_o()‘Hz)\HLt +0][zlL:) < A (44)

If necessary, consider a smaller Ay > 0 satisfying ||z)||.r < || K]| Lr)\l’Nl—l < by for all
A € (0,)9). Then we obtain that H(z, |w|rr) > ag,w € [0, z)]. Thus from (44) we
can infer that

1
—A z > )\ z at+6 z
TN Z 7‘[(1’, |w|LT) ( || >\||L ” A

Ls) (45)

for all w € [0, z,].
Regarding the construction of the function u let ¢, 9, o, 1 as in the proof of Theorem
2.3. Let A > 0 such that (45) occurs. Define the quantity

Ho = max{H(z,t) : (z,t) € Q x [0, bo]}.

Using the inequality 0 < o < p; — 1 and the arguments of Theorem 2.3 is is possible
to infer that there exists p = p(\) > 0 such that —A5(u¢) < Ain Q and

A
—A7(18) < - lnf < rzadly
0

A
H(x, [lw]|Lr)
for all w € [0, z,]. From Lemma 3.2 we have u¢ < z, in . The first part of the
result is proved.

Now we will prove the second part of the result. Consider ¢, d, o, v as in the proof
of Theorem 2.3 and let A € (0, +00). Since 0 < a < p; — 1, it is possible to repeat
the arguments of Theorem 2.3 to obtain > 0, depending on A, such that

A .
—Ap(pg) <1 and — Ay(ue) < %—OIIWH% in €2.

Denote by zy € W&’?(Q) N L*(€2) the unique solution of (4.1), where M will be
chosen later. By Lemma 4.1 for M > 1 large enough there is a constant K > 1,
which does not depend on M, such that

0 < za(z) < KM#T in Q. (46)
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We must find a number M > 1 such that for all w € L*>®(Q) with p¢ < w the
inequality
1
M = = (Allzar 7 + Ollznl[ 1) i €2 (47)
H(z, [lwllzr) -
holds. The continuity of H and the fact that lim; ., H(x,t) = by > 0 uniformly in
Q implies that there is a number a; > 0 such that H(z,¢) > 2 in Q x (a1, +00).

Define my = min{H(z,t); (v,t) € Q x [||ud||z-, a1]} >0

and Hy := min{m,, 2}. Then H(z,t) > H, in the set O x [[|u|| .-, +00). Therefore
0 < Hy < H(z,||w||zr) < ag for all w € L>(Q) with u¢ < w. Using the inequality
(46) we obtain that

(Mlzarlle + Ollzarlly.) _ AMATEK + 0MnTK

A Tole) S 7 ’ (48)

where K := max{| K||%.,||K]|7.|}. Denote by J the right-hand side of (48). Note
that we have J < M if and only if
1 —_— o — 7
1> (AKMm—I LR M 1) . (49)
H

The conditions 0 < @ < p; — 1 <~ imply that the function
R
- T

D) -

,t >0

which belongs to C*((0,0), R) attains a global minimum at

p1—1

Mg = M(\0) =W (g) (50)

—1

with W = (%)ﬁ. The inequality (49) is equivalent to find a number

M) ¢ > 0 such that ®(M, ) < 1. Using (50) we get that ®(M, ) < 1 if and only if
— y—(p1—1) _— y—(p1—-1)
AKR [(A\ @ OKS [N\ -«
_ + _ S 1’
Hy \ 0 Hy \ 0

with R = W% and § == W~ p(fill). Note that the previous inequality holds
for a fixed A > 0 for & > 0 small, depending on A, because of the inequalities
0 <a<p —1<~. Then for a fixed A > 0 there exists a 6y = 6y(\) such that for
each 6 € (0,6y) there is a number M)y > 0 such that (49) holds. Thus we have that

(47) also holds. Then we can infer that

(AllzarllZe + Ollzae

1 :
—A?ZM Z W zs) in €.

jwlr)
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Note also that we can consider M,y > 1 for all § € (0,6) because of (50). Thus
we obtain that —Ax (1¢) < —Agzy in Q. From Lemma 3.2 we get u¢ < zpr in €,
which finishes the proof.

Proof of Theorem 2.5:

Consider the condition (i). We will begin the proof by considering the functions @
and v. Let A > 0, which will be suitably chosen later and denote by

2 € WET(Q)NL®(Q) and yy € WET(Q) N Lo(Q)

the unique solutions of the problems

{ —Apzy = Ain Q { —Azyy = X in Q (51)
zy = 0 on 00 yy = 0 on 090
By Lemma 4.1 we can infer that for A > 0 large enough we have
0 < 2:(z) < KART in (52)
and 0 <yr(z) < KAa T in Q, (53)

where K > 0 is a constant that does not depend on A > 0. Since 0 < a; < g1 — 1 it
is possible to choose A > 0 large enough such that

1 _op

—[[K ||z An= <A (54)

ho

From (52) and (54) we have that

Apnr 2 o[l i ©

— N Z 57 0 WUl 1 )
7 Az, o) -
zy = 0 on 012,

for all w € L*>(2). If necessary consider a larger A > 0, which is possible because
0 < ap < p; — 1, that satisfies

1
—A > — |z *2 n Q,
7?//\ jl H(SE, ||UJ”L7'2) || )\||Lq2

yn = 0 on 01,

for all w € L>(2). We consider the functions u and v. Let § > 0 such that d € C?(Qs5)
and |Vd| = 1 in Qas, with d(z) := dist(x,0Q) and Q35 := {r€Q; d(x) < 35}. Let
k>0 and o € (0,0). Consider the function

[ ehd(@) 1, if d(z) <o,
(=) 20—t
ko ko .
dx)= ¢~ 1 +/U ke (25 — 0) dt, if o <d(x) <29, (55)
N 20 L 26—t 13 )
e — 1+ ke™ 55 dt, if 20 <d(z),
\ o -0
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pr—1 g —1

Note also that ¢ € C*(Q) and ¢ = 0 on 0. Let p = e * with k > 0. Arguing as in
(38) we obtain that

1 1
where &> max{ , } .

—Ag(ug) < ~(pk)m (56)

— 20 —

C
and — Az (ug) < o _1 0(”1{:)%_1’ (57)

for £ > 0 large enough where C; > 0 is a constant which does not depend on k.
Consider o := 22, Thus ¢(z) > 1 for z € Q with o < d(x) < 2. Thus there is a
constant Cy > 0 Wthh does not depend on k, such that

el ze = p® Co. (58)

Since 0 < a; <p; —1 we have
km—l

S R =0 .
Define H, := max{H(x,t); (z,t) € Q x [0, max{||yx|lc~, [[yall}]}. From (59) it is
possible to choose & > 0 large enough such that

Cy kPt 1

HACy — k1w g5 — B2

(60)

Thus we can infer from (56),(58) and (60) that

1
—Ap(ug) < IIM¢H n < o el za,
7 P Ha, )
for all w € L>(€2). If necessary consider a larger & > 0 such that —A(u¢) < 1.
Thus —A4 (1¢) < —A4 2y, which implies that p¢ < 2y in €. Since 0 < ap < q1 — 1,
by using (57) and the previous reasonings we obtain that there is ;1 > 0 small enough
such that

1
A < — a2 5
7(:“’925) = H(l’, HwHL’“ )H (bHL

for all w € L>(Q2) and u¢ < yy in . Thus the first part of the result is proved.

Now suppose that (ii) holds. Consider 0,0, i, A, zx, yx and ¢ as in the first part of
the result. Repeating the reasonings of the first part of the Theorem it is possible
to find p > 0 small enough such that —A,(u¢) <1 in 2 and

1
—Ag (g 1ollze < o llpollza in Q,
7 (1o) < || 12 = s oy 1ol
for all w € L>(Q) with —A(u¢) < 1in Q and
1
Ao (pp) < || uo||52, in Q,
7( ) H(%HUJHU H ||L

for all w € L>().
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Since limy_, o H(z, t)_: heo uniformly in €2 there exists h; > 0 large enough such
that H(z,t) > 2= in Q x (hy,+00). Define

my = min{H(z, 0); (2,1) € D x fmin[lubpe. 6]} ).

Therefore H(z,t) > Hy in Q x [min{||po| 1, |||z}, +00). Let A > 1 such that
(52) and (53) occurs and

1
S OFTIRIE) <A and o= (VAT K35) <

Therefore we have

1 1

- - < _Aszy, oand ——— |22 < —A in Q.
G ) P58 = =872 0 gy 1l < —aan

for all w € L>(Q) with u¢ < w in Q. By Lemma 3.2 we have pu¢ < z, and pu¢ < y,
in . Thus the result is verified.

Proof of Theorem 2.6:

Consider the condition (i). Let A € (0, 1), which will be suitable chosen and consider
zy and gy, the functions given in (51). If A > 0 is small enough we have by Lemma 4.1

0 < zy(z) < KAiT in Q (61)

and 0<yr(z) < KA in Q. (62)

First it will be considered the functions @ and ©. It will be proved that for each
6 > 0 there exists \g > 0, which depends on 6, such that

1 . )
a_0<>‘Hy)\HL%1 +(9”y/\ L51) < A and _()‘”y)\HLtg + eHy/\ ’[yﬁz) § )\7
for all A € (0, Ag). Define
K= max{|| K74, 1K Fe, 1057 K1 3 (63)

Since 0 < a7 and gy — 1 < 71, given 6 > 0 there exists \g > 0, which depends on 6,
such that

1 a1ty -1
— (AN K+ 0OANTR) < A, (64)

Qo

for all A € (0, \g). Consider a smaller Ay > 0 that satisfies

_1
lyallzr < K[l Aav=t < b

for all A € (0,)\). Under the previous condition we have H(x, |[|w|[z~) > ao for
w € [0,y]. Thus by (62) and (64) we have that

L51)7

—Ag2 > (AMlallze, + Olluallz

1
H(z, [wlzr)

for all w € [0, y,].
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Consider also that A\g > 0 satisfies

ags+py—1
LOSET R L omwTR) < ), (65)

Qo

and ||z 2 < | K[|z APV T < by for all A € (0, A). Thus by (61) and (65) we have

(Allzall 72, + Ollzall2

152)

1
A -
792 3wl

for all w € [0, z,].

Regarding the functions v and v consider ¢, d, o, i as in the proof of Theorem 2.5.

Since 0 < a; < p; —1and 0 < as < g1 — 1 we can repeat the arguments of Theorem
2.5 to obtain g > 0 small enough such that pu¢ < z), and p¢ < y, in  and

—A=(pp) <A and —Ax(up) < ——m— b
7 (1o) #0) = s ey el
for all w € [0,y,] and
A
—As(pp) <A and —A ¢§— 1ol 7

for all w € [0, z)]. Then by Theorem 2.2 we have the result.

Consider now the condition (ii). Let ¢,0 and o as in the first part of the result and
let A > 0 fixed. Since 0 < a1 < p; —1land 0 < ay < ¢; — 1 there exists u > 0, which
depends only on A, that satisfies

—Az(pp) <1 and — Az (ug) < _HM¢HLH

—Az(pe) <1 and — A (ug) < _||ﬂ¢||Lt2

in Q. Consider M > 0 and let 2y, € WP (Q) N L*(Q) and ya € WhT (Q) N L=(Q)
satisfying
—Apzy = M in Q —Agyy = M in Q
zy = 0 on 00 yv = 0 on 00
By Lemma 4.1 we have
0 < za(z) < KMaT in Q, (66)
0 < yar(r) < KMaT in Q, (67)
for M > 0 large enough where K > 0 is a constant that does not depend on M.

Regarding the construction of the function w and v it will be proved that there
exists 6y > 0, which depends only on A, that satisfies the following property: given
0 € (0,60y) then there is a constant M, depending only on A and 6, that satisfies

1 1
M > = (Mlya |7+ Ollyal[74) (68)

H(w, [lwllz)
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1
2 o (
H(x, [[w]|Lr)

for w € L>®(Q) with p¢ < w in Q. Combining the continuity of H with the fact that
limt_>+oo7-l(x,t)_: by uniformly in €2 we obtain that there exists a; > 0 such that
H(z,t) > % in Q x (a1, +00). Define

and M Mlzar |5, + Ol zar

1), (69)

my = min{H (z,t); (z,t) € Q x [min{|pg|rm, |[pdlr}, ar]} > 0

and M, := min{my, 2}. Then H(z,t) > H, in Q x [min{[|pud||r, 1o L= , +00).

Therefore Hy < H(z, ||w||zr) < ag for all w € L*°(Q2) with pu¢ < w in 2. Note that
from (66) and (67) we have that the inequalities (68) and (69) hold if the inequalities

1
Ha
1
Ha

WEM@T +0KMa1) < M
and WEM#T 4+ 6K Mw-1) < M,

hold where K is given in (63). Consider the inequality

1 — _
— (AKMP P+ OKM™ ) <1, (70)
Ha
where p:= max{ U , @2 } and 7 := max{ n , 7 } Define
a—1p—1 a—1p—1
MK 0K
Drg(M) = Mt —M"" M >0.
ro(M) =27 TN

Since 0 < p < 1 and 7 > 1 we obtain that

]\/}5%‘* (I))\ﬂ(M) = Mli}—rf—loo (I))\yg(M) = +o00.

We have @ ,(M) = 0 if and only if

M=M= (%) e, (71)

1

where ¢ := (%)i" From the mentioned properties of ®,4 we have that the
global minimum of @, 4 is attained at M) ». We have that (70) is equivalent to find

My > 0 that satisfies ®57, , < 1. By using (71) we obtain that ®,;, , < 1, if and
only if
— p=1 _
)\_K é o Pl 91_(%) K
Hy \ 0 H

Thus by (71) and (72), we can infer that given A > 0 there exists 6y > 0 such that
for each 0 € (0, 6y) there exists M)y that satisfies

Al < 1 (72)

- _
My > 1 and H—(AKMfgl +ORM;Y < 1.
)\ ) bl
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Then we have that

1 a
—Ag a2 g (Myalzh + Ollyallzs)

1
and = Agym 2 - AMlanllz, + Ollzullze),

for all w € L*>(2) with u¢ < w in Q. Note that for 6, > 0 small enough we have
for 6 € (0,6) that

A5 (pe) <1< Mg, < My,

because M),y — +00 as § — 01 and 0 — M, 4 is decreasing. A similar argument
implies that —A- (ug) < Mg, < Myy for all § € (0,6,) for 6, small enough. From
Lemma 3.2 we obtain that pu¢ < zp; and pu¢ < yps in 2. The proof of the result is
finished.
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