Journal of Convex Analysis
Volume 29 (2022), No. 2, 321-331

Isoperimetric Inequalities in Normed Planes

Rafael S. dos Santos, Marcos Craizer*

Department of Mathematics, Pontifical University of Rio de Janeiro, Brazil
rsegadas@gmail.com; craizer@puc-rio.br

Received: October 23, 2020
Accepted: January 14, 2021

The classical isoperimetric inequality can be extended to a general normed plane (see H. Busemann:
The isoperimetric problem in the Minkowski plane, Amer. J. Math. 69/4 (1947) 863-871). In the
Euclidean plane, the defect in the isoperimetric inequality can be calculated in terms of the signed
areas of some singular sets. In this paper we consider normed planes with piecewise smooth
unit balls and the corresponding class of admissible curves. For such an admissible curve, the
singular sets are defined as projections in the subspaces of symmetric and constant width admissible
curves. In this context, we obtain some improved isoperimetric inequalities whose equality hold
for symmetric or constant width curves.
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1. Introduction

The isoperimetric inequality in the plane is an old problem: It states that

L2
- >

for any simple convex curve 7, with equality holding only for circles. The isoperi-
metric inequality has been extended to an arbitrary normed plane by Busemann. In
this case, the curve of a fixed area that minimizes length is not the unit circle, but
the dual unit circle, also called isoperimetriz ([5],[12],[14],[19],(20]). By duality, for
a fixed area, the unit circle is the curve that minimizes the dual length.

Normed planes with smooth strictly convex unit circles were considered in [9] and
normed planes with polygonal unit circles were considered in [10]. In both cases, the
notion of dual length of a convex curve can be extended to a (signed) dual length in a
class C of curves, whose elements are called admissible curves. In the strictly convex
case, the class C of admissible curves consists of the smooth Legendrian curves of
degree 1 ([3]), while for the polygonal case, the admissible curves are polygons with
sides parallel to the unit circle. Consider the subspaces C2, C C of symmetric curves
and C° ~ C C of constant width curves, both with zero dual length. Then the mixed
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area defines an inner product in C such that C2, and CJ,,, become orthogonal. In
this paper we generalize these constructions to normed planes whose unit ball is

piecewise smooth.

For a normed plane with piecewise smooth unit circle, we define a class C of admis-
sible curves and denote by C2 C C the class of constant width curves with zero dual
length. Then the orthogonal projection 7% (v) of v € C on C2, with respect to the
signed inner product given by the mixed area is a well-known object, the Wigner
caustic, also called area evolute or mid-point parallel tangent line of v ([7],[8],[11]).

The orthogonal complement of C7,, in C can be orthogonally decomposed in g, the
space of symmetric curves with zero dual length and the one-dimensional subspace
U consisting of multiples of the unit circle. In the euclidean case, the orthogonal

prcEjec]tion Toym(7) of v € C on C7,, was called the constant with measure set of ~y
in |22].

Based on the above decompositions, we prove a formula for the isoperimetric defect
related to the signed areas of 70, () and (), (7). Our approach, besides providing
another proof of the isoperimetric inequality of [5], also gives rise to some improved
isometric inequalities whose equalities hold only for symmetric or constant width
curves. These results generalize the results of [21] and [22] in the euclidean plane.
We also give a proof of Lhuilier’s inequality, taking advantage of the fact that our

proof holds for smooth unit circles as well as for polygonal unit circles.

The paper is organized as follows: In Section 2 we define the admissible curves
associated with the unitary ball of a normed plane. In Section 3 we discuss mixed
areas. In Section 4 we decompose the space of admissible curves with zero dual
length in two orthogonal subspaces and discuss the properties of the projections
of a curve in these subspaces. In Section 5 we prove the improved isoperimetric
inequalities, which are the main results of the paper.

We would like to thank the referee for many valuable suggestions that improved the
final version of this paper.

2. Unit ball and admissible curves
2.1. Unit ball and its dual

Consider a normed plane with unit ball U. We shall assume that the boundary of U,
u = 0U, is piecewise smooth. More precisely, we shall assume that u = J,;<y, i,
where u; are smooth arcs with u;,,, = —u;. We shall also assume that each wu; is
either a smooth strictly convex arc or a straight segment.

The dual ball U* is defined as U* = {f € (R*)*| ||f|| < 1}, where ||f|] =
sup{|f(z)| | * € U}. Each functional f € (R?)* can be represented by a vector
v € R? by the relation

f@)=lz,v], z €RY, (1)

where [a, b] denotes the determinant of the 2 x 2 matrix whose columns are a, b € R?
([4],[13],[15]). We shall represent U* by V under this identification.

Given v € R?, let L, denote the support line of U parallel to v, and assume L,
touches U in w € OU. Then v € V if and only if [u,v] = 1. Thus if u belongs to
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a smooth arc, the corresponding v also belongs to a smooth arc. If u belongs to
a straight segment, then v is constant. Finally if u is a vertex, then v describes a
segment. An example of a piecewise smooth unit ball U and its dual V' can be seen
in Figure 2.1.

Figure 2.1: An example of a piecewise smooth unit ball and its dual.

2.2. Parameterization of the unit circle

Consider a parameterization u(t) of u such that u/(t) # 0, for any t € [t;,t;41],
where u(t;) are the vertices of u. There are 2 types of intervals [t;, t;11]: The smooth
intervals, where u and v are strictly convex, and the linear intervals, where u is a
straight segment and v is constant. At smooth intervals we shall assume also that
[W/(t),u"(t)] # 0. For any interval ¢; <t < t;,1, we can write

u'(t)
[u(®), w ()]

In fact, the functional associated with v(¢) under the identification (1) is zero in
the direction u/(t) and is one at u(t). Thus it belongs to the dual unit circle at
direction «’(t). Since the straight lines are not included in Equation (2), this formula
parameterizes only a part of the dual circle, but in fact this part is all that we need
in the paper.

v(t) = (2)

Example 2.1. Consider the unit ball shown in Figure 2.1. Then a parameterization
for the unit circle is given by

(1 —1t,1), 0<t<1,
(cos(Gt),sin(5t)), 1<t <2,
u(t) = (t—3,2—1), 2<1<3,
(cos(5t),sin(5t)), <t <4,

(—-1,1), 0<t<l,
o(t) = (—sin(5t),cos(5t)), 1<t<2,
(1,-1), 2<t<3,
(—sin(3t),cos(5t)), 3 <t <4

Note that this parameterization does not include the straight lines of the dual ball.
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2.3. Admissible curves

Denote by C = C(U) the class of piecewise smooth closed curves 7 parameterized by
0 <t <2T, v(0) = v(2T) such that, for t; <t < t;44,

7' (8) = r()u'(1), (3)

for some scalar function r(¢). We remark that when w is smooth, the class C includes
all the convex smooth curves ([9]), and when u is polygonal, the class C consists of
all polygons with sides parallel to those of u ([10]).

The scalar r(t) = r,(t) is called the curvature radius of v at v(t) ([2],[16]). Up to
sign, the curvature radius is independent of the choice of the parametrizations of v
and u. At an interval where u is a straight segment, Equation (3) implies that -y
is also a straight segment and r(t) is the rate between the lengths of the v and u
segments. At a smooth interval, we have that

(), 7" ()] = r(0)*[u, w")(2),

which implies that v has no inflection points. It is clear from Equation (3) that, up
to a translation, we can recover v from r. It is easy to see from the curvature radius
whether or not the curve is convex, as next lemma shows:

Lemma 2.2. The curve v € C is convex if and only if v, does not change sign.

Proof. Denote 7/(t%) = limg 4+ 7/ (¢) and 7/(¢7) = limg - 7/(s). If 7 changes sign
at a point ¢y of a smooth interval, then v/(tJ) and +/(¢,) are pointing in opposite
directions and so the curve is not convex at this point. Similarly, if » changes sign
at a vertex ty, then 7/(¢;) and /(¢ ) make an angle bigger than 7, and again the
curve is not convex at this point.

Conversely, if r does not change sign, the tangents at vertices are making angles
strictly smaller than 7 and so the curve is locally convex at the vertices. Since the
curve has no inflection points, it is also locally convex at the smooth arcs. Finally,
since the index of v is £1, the curve ~ is necessarily convex. O

Corollary 2.3. Given v € C, there exists a constant K > 0 such that v + Ku is
convez.

Proof. The curvature radius of v+ Ku is r(t) + K. If we choose K > — min{r(¢)},
we obtain a convex curve. O

2.4. Dual length

Given v € C, from Equations (2) and (3), we can write

V() = r(®)u, (B (),

for any ¢ in a smooth or linear interval. The (signed) dual length of v € C is defined
by

L.(y) = / (), o) (1) . (4)

When 7 is convex, L.(v) coincides with the dual length of ~.
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Example 2.4. Let

r(2—t,1+t), 0<t<l
1 o

0 = | T (16cos(30),5in(30) + (1,1),  1<t<2

M= (C11 4409 — 4p), ooics
I S .

15sin2(%t)+1 (COS(Qt), 16 Sln(2t)) + (1, 1)7 3 S t S 4’

\

(see Figure 2.2).

Figure 2.2: A curve in C (Example 2.4).

The curvature radius is given by

( 17 O S t S 1’
16 i<
\/(15cos2(gt)+1)37 1 <t< 2,
r(t) =
47 2 S t S 37
16
<
\ \/(15sin2(gt)+1)37 3 <t <4,

We can calculate the dual length of 7 by equations (4) to obtain

L.(v) ~ 13.58.

3. Mixed areas
3.1. Basic properties

Consider two curves 71,72 € C. Then the mixed area is defined by

A(v,72) = %/0 (71, 75) (£)dt.

The signed area of v € C is defined as A(y) = A(y,7). If v is convex, A(7) is the
area of the region bounded by 7.
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Lemma 3.1. A(vy,72) is a symmetric bilinear map in C. Moreover,
Lu(y) = 2A(u,7). ()

Proof. Since [y1,72]" = [71,72] + [11,73] we obtain

A{%@@ﬁzg[%ﬂwﬁ

For the second assertion observe that

umzé mmwwwzﬁ /) (£)dt = 2A(u, ),

thus proving the lemma. [

3.2. Minkowski inequality

The Minkowski inequality states that for conver curves v € C,
A(%,%)Q > A(m)A(),

with equality if and only if 7 is a multiple of v, ([18]).

Lemma 3.2. For any v € C, L.(v)*> > 4A(y)A(u), with equality if and only if 7y is
a multiple u.

Proof. Since v € C, by Corollary 2.3 there exists a constant K > 0 such that
v+ Ku are convex. Then, by Minkowski inequality,

Ay + Ku,u)? > A(y + Ku)A(u).
Since A(y+Ku) = A(7)+K?A(u)+2K A(vy,u) and A(y+Ku,u) = A(y,u)+ KA(u),
we conclude that A(y,u)? > A(y)A(u), thus proving the lemma. O
3.3. Curves of constant width
We say that v € C is of constant width if
[y, ol(t+T) + [y, 0] (1) = ¢,

for some constant ¢. Geometrically, this means that the distance between parallel
tangent lines is constant ([1]).

Lemma 3.3. For constant width curves, we have that L.(v) = 2cA(U) and so
necessarily ¢ = w..

Proof. Since
24r0) = [ podlit = [ (o) (Bol) + B(e+ o+ T)
we conclude that L,(y) = 2cA(U). O

Corollary 3.4. A curveyeC with zero dual length is of constant width if and only if
[y, vt +T) + [y, v](t) = 0.
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4. The subspaces of constant width and symmetric curves

In this section we consider the mixed area as a signed inner product in C.

4.1. An orthogonal decomposition of C

Denote by U the 1-dimensional subspace of C consisting of the constant multiples

of the unit ball, by ngm C C the subspace consisting of symmetric curves with

respect to the origin with zero dual length and by C%, C C the subspace consisting
of constant width curves, also with zero dual length. Then Equation (5) implies

that both C? ~and C°, are orthogonal to U.

sym

0

Lemma 4.1. The subspaces CJ,,,, and CJ, are orthogonal.

Proof. If v, € C2, and 7, € C ., we have that

sym?

@ +T), ot + 0]+ 1), v(O)] =0, 2t +T) = —n().

Thus
A1, 72) = / ) (0)d + / Pt + T,
_ / ra(8) ) (1) (P (£), 0(8)] — [ (¢ + T), w(®)])
- / ra(8) )2 (I (), ()] + [ (¢ + T), 0t + T)))
which proves that A(v;,7,) = 0. O

4.2. Orthogonal projections
For v € C, let

n(t) =5 (@) +7(E+ 1))

N | —

be the Wigner caustic of 7. Observe that

@), o] + [t +T), 0 +T)] = [n(t), o(t)] = 1), v(®)] =0,

which implies that v; has constant width 0, i.e., 71 € C2,. Moreover

(v(t) =~ (t+T))

N | —

Y(t) —n(t) =

is symmetric, which means (y — ;) € C? = @®U. We conclude that

sym

(v(t) +~(t+T)).

N —

T (V) =

In other words, the Wigner caustic of v coincides with the orthogonal projection of
v on CY,.
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Now let
1(8) = 5 (00) =3 +T) = wyu(t)
where
1)
v AU

is the mean width of . In the euclidean case, 7, was called the constant width
measure set of v in [22]. Is is clear that v, is symmetric and

1

L) = L) =5 [ w w0t =0,

0

sym- Moreover

thus proving that v, € C

1

Y(t) = 72(t) = n(t) + wa(t)

has constant width, which means (y — ;) € C°, ®U. We conclude that

0 1

Toym(7) = 5 () =7t +T) = wyult)).

For future reference, we remark that

w.
v =Ty (7) + Ty (7) + U (6)

Proposition 4.2. We have that A(m%, (7)) < 0 with equality if and only if vy is
symmetric and A(r3,,, (7)) < 0 with equality if and only if v is of constant width.

Proof. The Proposition follows immediately from the fact that

and Lemma 3.2. O]

Example 4.3. The 72, (v) and 7J,,,(7) of the curve v of Example 2.4 can be seen
in Figure 4.1.

5. Improved isoperimetric inequalities
5.1. Main results

Next theorem is the main result of the paper. We prove first a isoperimetric equality
and then the two improved isoperimetric inequalities mentioned in the introduction.
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19 0.84

0.8 0.6

Figure 4.1: The projections 70, () and 72 () of the curve v of Example 2.4. Their

sym
areas are approximately —1.33 and —0.48, respectively.

Theorem 5.1. Let v € C be a convex curve. Then the following isoperimetric
equality holds:

LLLZE;?) = A, = 2A(m, (7)) — Ay (7). (7)

Moreover, the following improved isoperimetric inequalities also hold:

S 2 A) — A ), 0

W

with equality if and only if v is symmetric, and

L3(v)

T 2 AL~ 2AG0)) ©)

H~

with equality if and only if v is of constant width.

Proof. Consider the orthogonal decomposition of v given by Equation (6). Taking
into account that W' is T-periodic, we obtain

A() = 2A(55, (1) + AT, (7)) + L A).
We conclude that
A) = 24 () = A1) = T

thus proving the Equality (7). Inequalities (8) and (9) follow from Equation (7) and
Proposition 4.2. [
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The next corollary recovers the isoperimetric inequality of Busemann in a more
restricted case. In fact, Busemann’s inequality holds for any convex curve v and
any normed plane (see [5]).

Corollary 5.2. Let v € C be a convex curve. Then

LZ(v)
1A(U)

> A7), (10)

and equality holds if and only if v is a multiple of the unit ball.

5.2. Lhuilier’s inequality

In this section we prove Lhuilier’s inequality, taking advantage of the fact that our
result holds not only for smooth unit circles but also for polygonal unit circles.

Consider a convex poligon K and let K; be the polygon which is circumscribed
about the unit circle and whose sides are respectively parallel to the sides of K. Let
L.(K) denotes the dual length of K, A(K) the area enclosed by K and A(K) the
area enclosed by Kj. Then Lhuilier’s theorem ([6]) states that

LK)
AA(K))

with equality if and only if K is a constant multiple of K.

We shall now proof a weaker version of Lhuilier’s inequality, namely

Li(K)
> AK 11
it 2 AU, ()
where KY = K; N (—K) is the symmetrization of K, with equality if and only if K
is a constant multiple of K. This inequality coincides with Lhuilier’s inequality if &
has parallel opposite sides. To prove the general case of Lhuilier’s inequality, we need
to develop the results of this paper in the more general context of a non-symmetric
unit ball.

To prove inequality (11), consider the normed plane with unit ball KY. Observe
that the dual length L.(K) with respect to original normed plane is the same as
the dual length of K with respect to the normed plane with unit ball k7. Then by
inequality (10) applied to K € C(K?Y), i.e., in the normed plane whose unit ball is
K?, we obtain inequality (11).
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