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1. Introduction and main results

We are concerned with the equation

1
(P) —Au—é(x-Vu):a(x)f(u), z € R?,
where a is a sign-changing potential and the nonlinerity f has an exponential critical
growth at infinity. The operator in (P) naturally appears when we look for self-
similar solutions for homogeneous heat equations, namely solutions of the form
w(t,x) = t=/®=2y(t~/2g) for the evolution equation

wr — Aw = |wP2w, in (0, +00) x RY.

More specifically, w is a solution for the above equation if, and only if, the profile u
is a solution for the elliptic equation

1
—Au — 5 (z-Vu) = u+ |[uffu, xRN

There is a vast literature concerning the above problem with several types of non-
linearities for bounded domains, the whole space R" and even the upper half-space
]Rf . Without intention to present a complete list of references, we could cite
3, 5, 6, 8, 10, 13, 15, 16, 17] and references therein. In these works the authors
find results about existence, nonexistence, multiplicity, decay rate, among other
properties of solutions via ODE techniques or variational methods.
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As far as we know, Escobedo and Kavian [8] were the first to treat this operator in a
variational way and particularly inspired works as [9, 12], that considered problem
(P) with sign-changing nonlinearity having a concave-convex prototype.

In this paper, we deal with an indefinite potential a. More specifically, we follow [1]
and assume that

(a1) a:R?— Ris a bounded sign-changing continuous function;

(ag) if QT :={z € R%a(x) >0} and Q" :={x € R*a(z) < 0},
then dist(Q+,Q~) > 0;

(a3) there exists R > 0 such that a(z) < 0 for |z| > R.

We are interested in the case when f is superlinear both at the origin and at infinity,
namely

(fo) f € C(R,R) and there exists o > 0 such that
lim f(S)_{ 0 if a> a,

s—+oo s’ +oo if  a < ag;

(f1) lim f(s)/s = 0.

s—0

In order to present the other conditions on f we need to say some words about
our functional space. So, we set K(z) := exp(|z|>/4) and notice that we have
div(K (z)Vu) = K(z) [Au+ (1/2)(x - Vu)], in such a way that we can use a vari-
ational approach and look for solutions in the space X defined as the closure of
C5°(R? R) with respect to the norm

folli= ([ &@)Ivup o) "

Given s > 2, it is proved in [11] that X is compactly embedded into the weighted
Lebesgue space Lj := L*(R?, K). Hence, we can define the constant

Sy = inf{ K(z)|Vul*dz / K(z)|uf? dv = 1} :
R2

RQ
Since QF is far from Q~, we can find ¢ € C*(R?,[0,1]) such that
(=1, in QF, (=0, in Q, M :=sup |V(| < oco.
R2

Our technical assumptions on f can be stated as follows:

(f2) there exist v >2and 0 <6 <v [2(1 + MS; ) B such that, for
F(s):= [; f(r)dr, there holds 0 < %F(s) < f(s)s, for all |s| > 0;

(f3) there exist Ky, Ry > 0 such that 0 < F(s) < Ko|f(s)|, for all |s| > Ry;

(fa) if g € QF and r > 0 are such that a(zy) = maxg+ a and a(x) > (maxqg+ a)/2
in B,(xp), then

8 2 4
lim sf(s)e‘"‘“s2 > By > exp (r_ + r_>

s—+o0 aor? - maxqo+ a 8 512




M. F. Furtado, K. C. V. Sousa / Indefinite Planar Problem ... 363

In this paper, we prove the following existence result:

Theorem 1.1. Suppose that (a1) — (a3) and (fo) — (fa) hold. Then problem (P)
admits at least a weak nontrivial solution.

In the proof we apply the Mountain Pass Theorem. Since the potential a changes
it sign, it is not easy to prove that Palais-Smale sequences are bounded. Condi-
tions (ag) and (fy) are important in this issue. Condition (f3) has first appeared
in [7] and provides a compactness property for the Palais-Smale sequence. With
the aim of overcome the difficulties imposed by the lack of compactness, since we
are dealing with the whole space R?, we invoke a version of the Trudinger-Moser
inequality together with assumption (f;) and the Moser’s functions to find the cor-
rect localization of the mountain pass level. We notice that (f;) is weaker than
lim,_, 400 f(5)5€7%" = 400, which have been used in some former papers (see (gs)
in [1] for instance). It is not difficult to see that, if we pick ¢ > v/6, then the
function
f(s) = (q|s|?7%s + 2aq|s|9s)e0l"
satisfies all the conditions (fy) — (f1) above.

We finish this introduction quoting the paper [4], where the authors considered
—Au+u = a(z)f(u), in Q Bu =0, on 052,

in a bounded domain, Bu = du/dv or Bu = u, a € C(,R) is a sign-changing
potential and f is a power type subcritical nonlinearity. The N-Laplacian case is
considered in [1] for an exterior domain (2, Dirichlet boundary conditions and f
having exponential critical growth. Theorem 1.1 is a complement of these papers
since we deal with the whole space case and a different operator.

The paper contains two more sections. In the first one, we present the variational
framework to deal with (P) and some auxiliary results. Theorem 1.1 is proved in
Section 3.

2. Variational framework and technical results

We start by quoting a Trudinger-Moser type inequality proved in [11].

Theorem 2.1. (Trudinger-Moser) If u € X, f > 0 and p > 0 then we have
K(x)|u>t?(e? — 1) € LY(R?). Moreover, if ||u| < M, with BM? < 47, then there
exists a constant C'= C(B, M,p) > 0 such that

K(2)|u)*(e” — 1) dz < C||u|/>*.
RQ

Let a > o and ¢ > 1. It follows from (fy) that

|s|>+oo |s]172(es® — 1)

=0.

Hence, we can use (f;) to obtain, for any given € > 0, a constant C. > 0 such that

max{] f(s)s|, |F(s)[} < es” + Cfs|(e*” — 1), (1)
for any s € R.
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Since a € L*(R?), we can use the above estimates and Theorem 2.1 to show that
the functional I : X — R given by

I(u) = %||u||2 _ /]R K (2)a(z) F(u) dz

is well-defined, it belongs to C'(R? R) and its critical points are weak solutions for
problem (P).

Let zp € QT and r > 0 be given by condition (f;). We define a slight adaptation of
the Green’s function considered by Moser in [14], namely

K(r/n)~Y2(logn)'/?, if |o—x0| <7/n,

oy L _qpplog (r/|z —mo])

M,(x) = Nord K(x)~'/? llog )2 it r/n<|r—x| <r,
0, if |z — x| >

As we shall see, the location of xy € R? does not play any role in our next cal-
culations. So, we assume with no loss of generality that o = 0. We have that

M, € H'(R?) and supp(M,,) = B,(0). Moreover, it is proved in [11, Lemma 4.6]
that there exists a sequence (d,,) C R such that

=1+ —— (e 2) g lim d,] 0 2)
n = — _— — Qp, 11m n — U.
logn \ 8 = 512 nstoo 708 T

In particular, ||]/\Zn||2 — 1, as n — +o0.

Lemma 2.2. Suppose that (a1) — (as), (f2) and (fi) hold. If M, = M,/|M,|,
then there exists n € N such that

max I(sM,) = max {S; — | K(z)a(z)F(sM,) dm} <

5>0 R2 (7))

Proof. For each n € N, consider the function g,(s) := I(sM,), for s > 0. From
(f2), we obtain Cy, Cy > 0 such that F(s) > Ci|s|*/? — Cs, for any s € R. Thus,
since supp(M,,) C Q1 we have that

2

gn(s) < G Cys/° K (x)a(z) M/ dz + C, K(z)a(x) dz.

2 O+ O+
Recalling that v/6 > 2, we obtain g,(s) — —o0, as s — +o00. Hence, g, attains its
global maximum at s, > 0 which satisfies 0 = ¢/,(s,) or, equivalently,

s2 = K(z)a(x) f(s,Mpy)snM, dz. (3)
B.(0)

Suppose, by contradiction, that the result of the lemma is false. Then g,(s,) >
(27) /g and we can use the definition of g, supp(M,,) C Q" and F > 0, to get

s3>, (4)
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Let By > 0 be given by (fy). If 0 < € < By, there exists R. > 0 such that
sF(s) 2 (B —)e, V|s| > Re. (5)
Using the definition of M, (4) and ||M,|| — 1, as n — +o0, we conclude that

Mn —r2/(8n?) 471
SnMn(x) = Spn = > ‘ ~ Tost > Rs;
[Ma]l | Ma @

for any |z| < r/n and n large. Hence, it follows from (3), (5), K > 1, the choice of
r > 01in (fy), the previous inequality and the definition of M,, that

s2 > / K(x)a(z)f(sp,My)s, M, dx
Br/n(o)

> co(Bo — 5)/ exp(ag(s,M,)?) dz
Br/n(o)

—r2/(4n?) 1
= ¢o(Bo — 8)/ exp (aosi%) dx
B,/ (0) 27| M, ||

7r? e /W) og
= co(Bo —€)—5 exp 0405721f2g :
n 2| Ma||

where ¢q := (maxq+ a)/2. Using that 1/n? = exp(—2logn), we obtain

—r?/(4n?)
s2 > co(By — e)mr?exp (2 [W%si — 1] log n) , (6)
and hence, recalling that exp(s) > s, we get that
~r2/(4n?)
s2 > 2co(By — &)mr? le‘rM—W%;si — 1] logn. (7)

Since e~*/(n)||M,|| 72 — 1, we conclude from the above inequality that (s,) is
bounded. Hence, up to a subsequence, s> — v > 47w /ag. If v > 47 /ag, we ob-
tain a contradiction after passing (7) to the limit. Thus, v = 47/ay. Combining

inequalities (4), (6) and Lemma 2, we obtain

—2
1My

si > co(fo — 5)7?7“2 exp { (||]f\\/_l'/n||2 — e‘r2/<4”2)) logn}.

Passing to the limit in n, using (2) and a straightforward computation, we obtain

4 2 4
oz_: > co(Bo — €)mr? exp <—2 (% + ;ﬁ)) :

Letting € — 0 and recalling that ¢y = (maxq+ a)/2, we finally conclude that

B < 8 r? N r
exp | — + —
0= oor? - maxo+ a P 256 )’

which contradicts assumption (fy). The result is proved. Il
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We prove in the sequel that I has the Mountain Pass geometry.

Lemma 2.3. Suppose that (a1) — (a3) and (fy) — (f2) hold. If n € N is given by
Lemma 2.2, we have that

(i)  there exist & p > 0 such that I(u) > &, for any u € X, |jul| = p.
(ii)  there exists so > 0 such that ||soM,| > p and I(soM,) < 0.

Proof. Given o > o and ¢ > 0, it follows from (1) (with ¢ = 3) that
/2 K(z)a(z)F(u)dx < X K(x)a(z)F(u)de < €HCLHLOO(Q+)HUH§
R Q
+ |lal| pee(+)Cs /N K(x)|u]3(eo‘“2 —1)dx.
R

If 0 < M < 1 has the property aM? < 4w, we can use Theorem 2.1 to obtain
Cy = C1(M,«) > 0 such that

K(z)a(z)F(u) dz < ella]| @) Sy Jull + Cr[lul?,
R2

whenever ||u|| < M. Hence, picking the number € > 0 in such a way that we have
(1 = 2¢||al|p=(@+)S5 ") = Cy > 0, we get that

I(u) >

N | —

_ &
(1= 2l 5 ) l? = Cull® = P (2 = cull).

and item (i) clearly holds for p := C5/(4C}) and & := p?Cy/4. The second statement
is a direct consequence of the proof of the last lemma, where we have that I(sM,,) —
—00, as § — +00. Il

The above result ensures the existence of a Palais-Smale sequence at the mountain
pass level [2] (see also [18, Theorem 1.15]), that is, a sequence (u,,) C X such that

lim I'(u,) =0, lim I(u,) = cup
n—+oo n—+o00
h inf max I(v(s)) € (0,27
where cyp = inf max s —
MP = e ey Tag )

and I' := {y € C([0,1], X);v(0) = 0, v(1) = e}, with e := soM,, € X given by
Lemma 2.3. Notice that the path v(s) := ssoM,, belongs to I' and therefore we
really have that ¢y < 2m/ay.

Lemma 2.4. There exists ug € X such that, up to a subsequence, u, — uy weakly
in X.

Proof. It is sufficient to prove that (u,) is bounded in X. Computing I(u,) —
(0/v)I'(uy,)(Cuy,) and using the properties of the function ¢ we get
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¢+ on(1) + on(DJun]| = %HunH2 - /RQ K(x)a(z)F(un) dx

0
L . K(z) [Vu,V(Cup) — a() f(un)Cun] da
10 , OM
> (5= 2 )t =22 [ K@Vl ds

+ [ K(z)a(z) F

Q+ v

Flun)un — F(un)] dz

and therefore we can use (f3) to obtain

1 6
c+ouD) + oDl = (5= 5 ) Il = 2 [ K@IVwllulde )

It follows from Holder’s inequality and the continuous embedding that

9 S—1/2
oM / K (2)| V] do < P22 1y, 2,
14 R2 1%

which together with (8) lead to

1 60 oMsS;V?
¢+ on(1) + 0p(1)|lun| > (5 - TQ .

By (f2), the term into parenthesis above is positive, which implies that (u,) is
bounded in X. [

Since X is compactly embedded in Lj (R?), it follows from the above lemma that

u, — ug strongly in L*(R?),
un(r) — wug(x) a.e. in R? 9)
lun(z)] < hs(z) ae. in R?,

for any s > 2 and some h, € L (R?).

Lemma 2.5. Suppose that (a1)—(as) and (fo)—(f1) hold. Ifa*(x) = max{:l:a( ),0}
and ug € X is given by Lemma 2.4, then K(x)a™(z)f(u,) — K(x)a*(z)f(uo) in
L%OC(]RQ)'

Proof. Fixed ¢ > 0, we can compute I(u,) — (¢/v)I'(u,)(Cu,) and argue as in
Lemma 2.4 to obtain

¢+ on(1) + 0n (1) ||y

~1/2
> (% . %) ol + (2= 2) | Khato) ) d
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-1
Choosing o > v [2(1 + ./\/152_1/2)} > ¢ and recalling that (u,) is bounded, we get

. K(z)a(x) f(un)u, de < C.

Moreover, since I'(u,)u, = 0, we have that

. K(z)a(x) f(un)u, de < . K(x)a(z) f(un)u, dz = ||Juy|| + 0n(1) < Cs.

Let © C R? be a bounded set. Given ¢ > 0, is is clear that
lf(s)] <ef(s)s, V|s| > R.:=1/e.

Consequently,

/[ . K(az‘)ai(x)]f(unﬂ dr < e/ K(w)ai(x)f(un)un dx < eCs, (10)

nQ [lun|>R:]NQ

with C3 := (C} + Cs). Thus, from the pointwise convergence and Fatou’s lemma,
we obtain

/ K(z)a™(2)|f(uo)| dr < eCs. (11)
[luo|>Re]

On the other hand,

/ K () (1) f (1) — fuo)| die < / K (2)a*(2)|f (uo) | da

[lun|>Re]NQ2

/ K (2)a* ()| f (un)) do + / K () (2)] f (un) — f(u0)] d.
[lun|>Re]NO2

[lun|<Re]N2

Thus, we infer from (10) and (11) that

[ K@) @) - fuw)lde

<2:Cy+ [ K@)t )|l do+ / K (@) ()1 (i) = f 1)
Yn,eNQ [lun|<Re]NQ
with ¥, . = [lug] < R N [|u,| > Re]. Passing the above inequality to the limit

as n — 400, using that 2 is bounded, Lebesgue’s theorem and the arbitrariness of
€ > (0, we obtain

lim [ K(x)a™(2)f(u, dx—/K ug) dx,

n—-+00 Q

and the lemma is proved. [
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3. Proof of Theorem 1.1

We prove in this section our main theorem. The idea is proving that the weak limit
given by Lemma 2.4 is a nonzero solution of (P). First notice that, since I'(u,) — 0,
as n — +00, we can use Lemmas 2.4 and 2.5 to conclude that I'(ug)y = 0, for all
© € C5°(R?). A density argument shows that wg is a critical point of I.

Suppose, by contradiction, that ug = 0. Using condition (f3), the continuity of f
and that Q7 is bounded, we obtain C; > 0 such that

K(z)a(z)F(u,) < Cy + KoK (z)a(z)|f(uy)], forae xeQ'.

As a byproduct of the proof of Lemma 2.5, we see that the right hand side above
goes to zero. So, we can use the pointwise convergence and Lebesgue’s theorem to
conclude that [, K(z)a(z)F(u,)dx — 0. Hence,

cnp + on(1) = I(un) = %Hun\l2 - /R2 K(x)a(x)F (u,) de

v

Sl = [ K(@ale) Flun) do = 5l +0,(1),

from which we conclude that lim sup ||u,||* < 2cpp < 47/ .
n—+o00

This provides m, ng > 0 be such that

4
||unu2 <m< a—”, Vi > no.
0

We now claim that fR2 x)a(z) f(un)u, = op(1l). If this is true, we can use
I'(uy)u, = 0,(1) and ( to get
l|wn||* = / K(x f(un)uy, dx + 0,(1) = 0,(1),

which implies that I(u,) — 0. But this is impossible because I(u,) — cpyp > 0.
Then, ug # 0 is the desired solution.

In order to prove the claim, we pick a > agp, ¢ > 2 and s > 1 to be chosen later,
and apply (1) together with Holder’s inequality to write

K(z)a(x) f(un)u, de < C’QHunHiﬁ + 03/ K (2)[u, |2 (e — 1)dx
R2

R2
) s11/s
< Callunl, + Callunll, [/ K(&)ual? (e 1) } |

R2

Using the inequality (14 a)® > 1+ a® with a = e’ — 1, we get (e — 1)® < e® — 1.
So, setting v, := u,/||u,|| and noticing that asu? = as||u,||*|v.|* < asm|v,|?, for
n > ng, we obtain

K(z)a(z) f(un)u, dx

RQ

1/s
S CYST)’L’Un2
< CollunlZs + Callua?,, [/ K (&) (et _1)] |
K R2

Since asm — agm < 4w, as @ — agp and s — 17, we can choose «, s, g close to
the numbers «g, 1, 2, respectively, and use Theorem 2.1 to guarantee that the term
into brackets above is uniformly bounded.
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It is sufficient now to recall that u, — 0 strongly in the weighted Lebesgue spaces

to obtain
K(z)a(z) f(un)un < Cillunl72 + Cslluall?,0 = 0n(1),

./
R2 LY

completing the proof.
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