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1. Introduction

The numerical range of a bounded linear operator on a real or complex Hilbert space
is a convex subset of the scalar field by the well known result of Toeplitz-Hausdroff
theorem [7]. On real Banach spaces of dimension (> 2) the numerical range of a
bounded linear operator is always convex [3]. For operators defined on a complex
Banach space the numerical range is connected but not necessarily convex. The
purpose of this paper is to find classes of operators on certain special Banach spaces
for which the numerical range is convex. Let us first introduce some notations and
terminologies.

Let X and H denotes complex Banach and Hilbert spaces respectively. Let Bx =
{z € X: |jz|| <1} and Sx = {z € X: ||z|| = 1} be the unit ball and the unit sphere
of X, respectively. Let L(X) ( L(H)) denote the space of all bounded linear operators
defined on X ( H ), endowed with the usual operator norm.
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Let T € L(H), then the numerical range, W (T') and the numerical radius, w(7") are
defined as :
W(T) = {(Tw,z) - x € H, |[zf| = 1},

w(T) =sup{|\| : A € W(T)}.

For further information on the properties of numerical range and related things
one can see [1, 2, 5, 7, 9]. The structure of inner product inherently present in
Hilbert space helps to study the geometric properties of both H and LL(H) and that
motivated Lumer [8] to introduce semi inner products (s.i.p.) in normed spaces.
This notion of s.i.p. and its applications in the study of Banach space geometry has
grown over the years with contribution from many mathematicians [4, 6]. This is
the proper time to write down the well known definition of s.i.p. in a normed space.

Definition 1.1. ([8, 6]) Let X be a normed linear space.

A function [, |: X x X — K(= C,R) is a semi-inner-product if and only if for any
A € K and for any x,y, z € X it satisfies the following properties:

) [z+y 2 =lz,2]+y, 2],

(i) [Az,y] = Az, y] & [, Ay] = Alz, ],

(iii) [z,x] > 0, when x # 0,

(iv) [l yl* < [z, 2]y, y].

For every normed linear space, there exists a s.i.p. [, | which is compatible with the
norm (see [6] ), i.e., [z,x] = ||z||* for all z € X. Given a normed linear space, there
exists many s.i.p.s compatible with the norm. In case of smooth space there exists
exactly one s.i.p. compatible with the norm and that s.i.p. is the inner product if
it is a Hilbert space. Let us recall that a normed space X is said to be smooth if
for each x € Sx there exists a unique supporting functional at x i.e., there exists a
unique linear functional z* such that z*(z) = 1 and ||z*|| = 1.

For T € L(X), the numerical range V(T') and the numerical radius v(T) are defined
as V(T)=A{[Txz,x]: [x,2] =1}, v(T) =sup{|A| : A € V(T)}.
These are equivalent to the following definition:

V(T) = A{z*(T) : |Jzf| = 1, [|2"[| = 1,2"(2) = 1}, (T) = sup{[A| : A € V(T)}.

We denote the boundary of V(T') by dV (T').

There is not much literature available on the structure of V' (T") as it is not necessarily
convex. The purpose of this paper is to present a class of operators on 612)(1 <p <o)
for which the numerical range V(T) is convex. We also obtain a nice relation between
V(T) and V(T*) considering T € L(£2) and T* € L(£Z), where T* denotes the
transpose of T" and p and ¢ are conjugate real numbers i.e., 1 < p,q < oo and
1,1

> + i 1.

2. Main results

We begin with the following elementary results on numerical range and numerical
radius, the proof of which follows from definitions.
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Proposition 2.1. ([8]) Let Ty, T be any operators on semi-inner-product space X,
I be the identity operator and o, € K(= C,R). Then we have

(i) o(h) < |13,
(ii) V(al + pTh) = a+ pV(TY),
(i) V(T,+Ty) C V(TY) + V(T).

Let ¢,,1 < p < oo be the complex normed space of all p-summable sequences, with

the norm o 1
P
I@ll, = (Z w) ,

k=1

where T = (21,22, 23,....) € £,. Given any two elements T = (z1,22,23,....), § =
(Y1, Y2, Y3, -...) € {p, the unique semi-inner-product can be easily seen to be

Ziil TRk |yp P2 740
%, 9], = [l
0, 7 =0.

where 7, denotes the complex conjugate of y, that generates the norm ||.||,. We
denote n-dimensional £, space by (7.

We note that if D is an n x n diagonal matrix with complex entries d;;, then V(D)
is the convex hull of its entries and v(D) = max{|d;| : 1 <7 < n}.

We now prove first result which states that numerical range of a nilpotent operator
on (2 is convex.

0
0

disc with center at origin and radius v(T) = (%)%(%)%

Proposition 2.2. Let T € L(£2) be such that T = < é) Then V(T) is a circular

2 L2
Proof. Let o = (z1,25) € Sglg, 21 = cosr 0 € and x5 = sin? 0 ¢®, where we chose

0,a,8 € [0,27]. Then [Tz, x|, = xoTr|z1[P~2 = sinrfcoss O, where ¢ = 8 — a

and ¢ = ]%. Therefore, real part of [T'x,z], = R[Tz,z|, = sin» fcos 0 cos ¢ and

imaginary part of [Tz, z], = [Tz, x], = sin»fcosa 0 sin ¢. Hence
(R[Tz, 2],)? + (S[Tz, 2],)2 = (sinrcoss 0).

These are equations of concentric circles with center at origin. Therefore, the nu-
merical range of T is the disc with radius

2 2
v(T) = sup sin»fcosab.
0€[0,27]
By a simple calculation, it can be seen that v(T) = (%)%(%)% O

Using Proposition 2.1(ii) and Proposition 2.2, we get the following corollaries.

o
0

1

V(T) is a disc with center at o and radius ]B|(%)%($)E

Corollary 2.3. Let T € ]L(f%) be such that T = ( §>’ where o, f € K. Then
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Corollary 2.4. Let T € IL(£})) be such that T = (tij)nxn where

b L, (i,5) = (i0,Jo) and i # jo,
Y 0, (4,7) # (i, Jo)-

™=
Q=

(g)7

Then V(T) is a disc with center at origin and radius v(T) = (%) %

We now consider the class of operators of the form T' = ((1) bl> and proceed step by

step to show that the numerical range V(T) is convex. First we prove the following
proposition.

b

Proposition 2.5. Let T € ]L(Ef;) be such that T = ((1) 1

) . Then

U C(6), where for each 6 € |0, 27],

0€(0,27]
C(0) = {(z,y) : (x — cos20)2 + 3% = R2(0)} with R(6) = |b|(sin®6)7 (cos? ).

Proof. Let « = (21,22) € Spz. Suppose z; = (cos 0)7ei®, 1, = (sinf)r €2, where
0, &1, ¢ € [0,27]. Then

[Tx,x), = |21|P + broZy|21| P2 — |22]P = cos 260 + |b|(sin 0)# (cos 0) 1 ei(¢2=61+6),
where b = |ble?®. Let [Tz, z], = h + ik, where h = cos 26 + |b|(sin 9)%(008 9)% cos 1,

k = |b|(sin 9)%(00:3 0)5 siny and ¢ = (ng — ¢1 + 0p). Eliminating ¢ from h and k,

we get  (h — cos20)? + k? = |b|?(sin 9) (cos 0)§ = R?*(0) (say). For each 0 € [0, 27],
write C'(0) = {(z,y) : (r — cos20)* + y*> = R?(A)}. Therefore, from definition it

follows that
= |J c@ m

0€[0,27]
In the following theorem we show that the numerical range of a particular class of
operators is convex.

1 b

Theorem 2.6. Let T € () be such that T = <0 o

). Then V(T') is a convex
set.
Proof. By Proposition 2.5, V(T') = U 2, C(0), where
C(0) = {(z,y) : (x — cos20)? + y? = R2(H) = |b[*(sin2 )7 (cos? 0)1}.
Let uw € C(0;) and v € C(#3). Then

u = (cos260y + R(61)cosy, R(61)siny)
v = (cos20y + R(63)costhy, R(0s)sins),

for some 11,1y € [0, 27].



K. Mandal et al. / On the Numerical Range ... 375

Let t € [0,1] and (1 — t)u + tv = (o, ). Then

a = (1 —1t)cos260; +tcos20y+ (1 —t)R(01) cos + tR(02) cos by

5 = (1 — t)R(Ql) sin ¢1 -+ tR(ez) sin wg.
We want to show that («, 3) lies on C(0) for some 6 € [0,27], i.e., there exists
6 € [0, 27] such that (o — cos20)* + 32 = R?() = ‘b‘ (1 — cos 29)% 1 + cos 2«9)%.
Consider f(0) = (a — cos20)? + 3% — %(1 — cos 29)?(1 + cos 29)5.
Our claim is established if we can exhibit some 0 € [0, 27 for which f(6) = 0. Now
f(0) = (a—1)?+ 5% > 0. Choose 6, € [0, 2r] with cos 20y = (1 —t) cos 20, +t cos 205.

Then it can be seen that
f(6o) = [(1 — t)R(0,) cos iy + tR(6) cosapy)]?
+ [(1 = t)R(6y) sinpy + tR(f) sinhy]” — R?(6)
= (1 —1)*R*(0)) + t2R*(0,) + 2t(1 — t)R(6,)R(0y) cos(y — 1bs) — R*(6y).
So, f(bo) <[(1-t)R (91) + 153(92)]2 — R*(6o).
[b]

Let g(z) = 5(1 — z) (1+ z) Clearly, g(z) > 0 for all z € [—1,1] and g(z) is
continuous on [—1,1]. It is easy to show that g(z) is concave in [—1, 1]. Therefore
f(0o) <[(1—1t)g (cos 201) + tg(cos 265)]* — [g(cos 265)]* < 0. Hence f has a solution
in [0,27] as f is continuous. Thus V(T') is convex. O

Using Theorem 2.6, we have the following corollary.
Corollary 2.7. Let T € ]L(Ef)) be such that T = (8 Z), where a,b,d € K. Then
V(T) is a convex set.

Proof. If a = d, then by Corollary 2.3, V(T') is a convex set. If a # d, then consider

_2b_
T = (1 ad>. Now T can be written as

0 -1
a-+d a—d
T= 1 T
2 + 2
Since V(T") is a convex set by Theorem 2.6, then using Proposition 2.1, we can
conclude that V(7T') is a convex set. O

Next, we obtain the equation of boundary of numerical range of the same class of
operators.

Proposition 2.8. Let T € IL(£2) be such that T = <1 b

0 _1>. Then the parametric

equation of the boundary of V(T) is given by
= cos20 4 f(0), o = R(0) — °0)
where f(0) = ﬁ(taHQ 9)(2;17)[l cos? 9 — o sin® 6], R(0) = [b|(sin? 0)7 (cos? 0)s with
+——1 and 6 € [0,2x]\ {0, 5,7, 3¢,
(cosQ@—i—f( ), £v/R2(0) — f2(0)) € $V(T) if and only if tane 6 > %(%—%tarﬂ 0)2.

277} Moreover
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Proof. By Proposition 2.5, it is clear that the boundary of the numerical range of
T is the envelope of the family of the circle C'(6), where

C(0) = {(z,y) : (x — cos20)* + y* = R*(0), where 6§ € [0,27]}.

Now differentiating (z — cos260)* + y* = R?(#) partially with respect to 6 we get
2(z — cos20)2sin 20 = 2R(0)R'(0).

Since R'(0) = |b| sin 26[}%(00‘5 9)3 — %(tan 9)%], we get
|b]? 2 1

1
2L (tan?0) 5 Y [= cos? 6 — = sin®4].
2 p q

T = cos 20 +

272
In these cases, the coordinate (x,+y) does not contribute to the boundary of the
numerical range of T" as all these conditions gives R(6) = 0.

Also y is undefined if (R(0))* < (f(0))?, ie., tans 6 < %(% - étan2 6)?, where
2-p
£(6) = %2 (tan? 9)<T)[% cos?§ — < sin”f]. Then

Note that z is undefined if 2 —1<Oand(9—07r27Tor1;—1>0and9—7r

x=cos20 + f(0), y*= R*0)— f*0). O

Remark 2.9. (i) We note that V(7') is the union of family of circles with center at
(c0s26,0), i.e., V(T) is the collection of circles whose center lie on X-axis. Therefore,
V(T') is symmetric about X-axis. We note the following:

(ii) If (z,+y) € OV(T') then (f'(0) — 2sin26) # 0.

(iii) If p = 2, then by Proposmon 2.8, we get x = cos20(1 + Us ) and furthermore,
y2 = PE | [(sin26)? — (Cos 20)%]. Then eliminating 0, we get \b\2 + ‘b‘g = 1,
which is the equation of the boundary of the numerical range W(T) for the operator

T= <é _b1> acting on a complex Hilbert space.

In the next proposition, we give an upper bound for numerical radius of the operator
1 b
T < ! _1> |

Proposition 2.10. Let T € IL(£2) be such that T = <(1) _bl)
1

Then v(T) <1+ [b](3)»(L)s.

Proof. Let x = (21,22) €Sz. Then [Tz, z], = [2:[F + baoZ1 |71 P2 — |22|P. Then

v(T) = sup ||x1]? + bxgx_l\xll(p’m — |xo|?
LEESZ%

Q=
U]

S

1
< sup [|z]” + 1] |222] 21| P~V + |zofP] = 1+ [bl(=)7 (=)
IESZ% p

Q| =
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The numerical range of an operator T € ]L(K%), may not be convex. In the following
theorem we exhibit a class of operators T' € () , p # 1,2, 00 for which V(T') is
not convex.

Theorem 2.11. Let T € L(}) , p # 1,2, 00 be such that

T = (CCL 2), a,d € R\ {0}, b,c#0, and
(i) a+d=0, (i) [b] =], (iii) R(b)S(c) + R(c)I(b) = 0.
Then V(T') is not convex.

Proof. By given condition, we can consider T' € L(£}) such that

T — ( a- b1+2b2) ’
C1 + 1co —a

where a, by, ba, c1,co € R and bycy + by = 0.
Let = (71, 22) € Sz and 1 = rel®l, xy = se'®? where 1,5 > 0, ¢1, ¢s € [0, 27].
Then
Tz, x], = alz1|P + (b + ibg)xga:_l\xll(p_z) + (c1 + icz)xlx_2]$2|(p_2) — alzo|?
= ar? — as? + (by + iby)rsr®P e’ 4 (¢; +icy)rssP2e™,

where ¢ = ¢o — ¢1. Let [Tz, x|, = h + ik, where

h=a(r? — ) 4+ rs(b1r?™2 + c15P7%) cos ¢ + 15(—bor? " + o577 ?) sin ¢,

k = rs(bar?™? + cps”7?) cos ¢ + rs(byrP " — ¢18772) sin ¢.

Eliminating ¢ from h and k, we get an ellipse of the form

ho V(R
F G) 7
where H=a(r? —s"), X=|b] =],
)\27‘8(7"2(1072) J— 82(p72))
[(byrP=2 — ¢18P72)2 + (borP—2 + CQSP*Q)Z]%
)\2T5(r2(p_2) — 52(13—2))

(b= + e1572)? + (<bar? = + cps72)) 3

F =

I

G:

It is easy to see that H, I and GG are continuous function of r, s. Thus if we define

s {em (52) (2) -1

then V(T) = U,» 01 E(r,s). Therefore, (H + Fcost,Gsinyy) € V(T) for all
1 € [0,27]. Since A # 0 and p # 2, then clearly V(T) ¢ R.

Now, since G is a continuous function on a compact set, it attains its supremum.
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Let GG attain it supremum at (rg, so) and its supremum is Gy. Clearly, rosg # 0 and
ro # So. Let the value of H and F at (rg, so) is Hy and Fy, respectively.

Now (Hy + Fycos 5, Gosin §) € V(T), i.e., (Hy, Go) € V(T).
Then it is easy to see that (—Hy, Go) € V(T'). Since Hy # 0 and Fy # 0, we have

_H\? 2
(0T> +(%> >1 for all 7> 0.

This shows that (0,Gy) ¢ V(7). Hence V(T') is not convex. O

Now, we give a relation between V(T) and V(T"*) considering T,T* € LL(£2). For
this purpose we need the following lemma.

Lemma 2.12. Let T € IL(€2) be such that T = (i Z), where a,b,c,d € R.
Then V(T) is symmetric about X -axis.

Proof. Let z = (z1,7) € Sz with x; = (cos 0)7ei® |z, = (sinf)re®2, and where
6,1, p2 € [0,27]. Therefore, [Tz, x|, = h(8) + F(0) cos ¢ + iG () sin ¢, where

¢ = Q2 — @1,

h(0) = a(cos 6)* + d(sin 6)?,
F(6) = b(cos 9) (sin 9)% + ¢(cos 6)%(5111 9)%
G(6) = b(cos 0) (sin 9)% — ¢(cos 9)%(sm 9)%

Let Ey = {(z,y) : (Th) (G)2 = 1}. Therefore, V(T) is the union of the ellipses
Ey with center (h,0), major-axis F' and minor-axis G. Hence V(T') is symmetric
about the X-axis. O

Let us relate the numerical range of 7' and 7" in the following theorem.

Theorem 2.13. LetT € L(EIQ)) be such that T = (Z Z), where a,b,c,d € R. Then
V(T") is the mirror image of V(T) with respect to the line x = 1.

Proof. Let z = (z1,22) € Spz. Now,

[Tx, 7], = a|z,|P + d|xa|? + brymr|a|P~% + ca1Ta|zo P2
= al|z1 [P + d|2o|P + blaa||z1 [P e + |z ||zo]P e,
where ¢ = arg(zq) — arg(zy).
Let (o, 8) € V(T'). Since V(T is symmetric about X-axis by Lemma 2.12, if we able

to show (209 — o, =) € V(T"), where Xy = %54 and vise-versa then we are done.
Using Proposition 2.1, (2Xg — a, =) € V(T") equivalent to («, 5) € V(2X\eI — T").

Now, 2Nl — Tt = (_db _ac) =T° (say).
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Since (a, 8) € V(T), we have

a = alzy|P + dlzaf” 4 blas||z: [P cos ¢ 4 clai||zoP T cos ¢

B = b|x2||x1|p_lsin¢—c|x1||x2|p_lsingz5,

for some x = (z1,22) € Spz and ¢ = arg(zs) — arg(z1). Let y = (y1,v2) € Siz. Then

[T, y], = dlnlP+ alyel” — by T|yelP 2 — cyoi|yi [P
= dlyi’ + aly=” — blya ||yl e — |yl [P 'e”,

where 6 = arg(y,) — arg(y:). Let (o/,8') € V(T°). Then

/

o = dlyl”+ alysl’ — blyi|lyal"~" cos @ — el P cos b
B = blyillyel""" sind — clys|[y: [ sin 6.

Now, if we choose y; = x5 and y, = x1¢™. Then

0 = arg(ys) — arg(y1) = 7 + arg(z1) — arg(z2) =7 — ¢.
Therefore,

o = alzy|P +dzs|f — b|x2|\x1]p’1 cos(m — @) — c|x1||x2\p’1 cos(m — @)

= alx, [P + d|za|P + blas||2 [P cos ¢ + ¢z ||z2]P T cos g = a
B = blzs||zi|P sin(r — @) — c|ay||ao[P sin(m — @)

= blag||z1 [P sin ¢ — c|zy||as[P sing = 8.
Similarly, we can show that for every («, 3) € V(T") imply (2\g — o, —f3) € V(7).
This completes the proof of the theorem. [
Next, we obtain the relation between V(T') and V(T") considering T € L(£2) and
T* € L(€2).
Theorem 2.14. Let T € L(2) and T" € L(¢2). Then V(T) =V (T").
Proof. Without loss of generality, we may assume that 1" € IL(£2) is of the form

o (lale [ple?
el fdle )

where a, 3,7 and ¢ € [0,27]. Then T* € L(£2) is of the form

ale’™ |cle™
T =
ble®|dle® ]

Now, to show that V(T') = V(T"), it is sufficient to prove that for every 2 € Sp

there exists w € Sp such that [T'2,z], = [T*w,w], and vice-versa. Now assume
z= (cos% e, sin» fei%2) € Sez, where 0,01, 0, € [0, 27]. Then by simple calculation,
it can be seen that [Tz, z], = h + ik, where
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h = la|cos®fcosa + |d|sin® 0 cos

+10] sin? 6 cost 0 cos(B + 0y — 01) + || sins 0 cosr 0 cos(y + 601 — 0,)

and
kE = |a|cos®@sina + |d|sin® 0 sin &
+10] sin? 6 cost Gsin(f + 02 — 61) + || sine 6 cos? Osin(y + 60, — 02).
Now, if we choose w € Sgg such that w = (cos% 96i92,sin% 0e1) then we have

[T'w,w], = h + ik. Similarly, we can show that for every w € Sz there exists
z € Sgz such that [T'w, w], = [Tz, z],. This completes the proof of the theorem. [

Finally, we have the following relation between V(7) and V(7*) when we consider
T € IL(£2) and T* € L(¢;), where T* is conjugate transpose of T.

Proposition 2.15. Let T € L(£}) and T* € L((;), where | + - = 1.

Then V(T) =V (T*).
Proof. Proceeding similarly as in the proof of Theorem 2.14, we can conclude that
for x = (cos% fei® sinr 0c'?) € Spz, where 0,6,, 6, € [0, 2] we have

y = (cost 0e™® sins ) ¢2) € Se2

such that [Tz, z|, = [T*y, y|,. Therefore, we conclude that V(7T") = V(T™*). O

Remark 2.16. We know that for 7" € L(H), W(T') = W(T*). If p = ¢ = 2 then
Proposition 2.15 shows that W (T') = W(T*).

References

[1] F.L.Bauer: On the field of values subordinate to a norm, Numer. Math. 4 (1962)
103-113.

[2] F.F.Bonsall, J. Duncan: Numerical Ranges of Operators on Normed Spaces and of
Elements of Normed Algebras, London Math. Soc. Lecture Note Series 2, Cambridge
University Press, London (1971).

[3] F.F.Bonsall, J.Duncan: Numerical Ranges II, London Math. Soc. Lecture Note
Series 10, Cambridge University Press, London (1973).

[4]  S.S.Dragomir: Some functionals associated to semi-inner products on complex Ba-
nach spaces, Bull. Allahabad Math. Soc. 34/1 (2019) 85-103.

[5] K.E.Gustafson, D.K.M.Rao: Numerical Range. The Field of Values of Linear
Operators and Matrices, Springer-Verlag, New York, 1997.

[6] J.R.Giles: Classes of semi-inner-product spaces, Trans. Amer. Math. Soc. 129 (1967)
436—446.

[7] P.R.Halmos: A Hilbert Space Problem Book, D. Van Nostrand, Princeton (1967).
G. Lumer: Semi-inner-product spaces, Trans. Amer. Math. Soc. 100 (1961) 29-43.

)

[9]  O.Toeplitz: Das algebraische Analogon zu einem Satze von Fejér, Math. Zeitschrift
2/1-2 (1918) 187-197.



