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The numerical range of a bounded linear operator on a complex Banach space need not be convex
unlike that on a Hilbert space. The aim of this paper is to study operators T on ℓ2p for which the
numerical range is convex. We also obtain a nice relation between V (T ) and V (T t) considering
T ∈ L(ℓ2p) and T t ∈ L(ℓ2q), where T t denotes the transpose of T and p and q are conjugate real
numbers i.e., 1 < p, q < ∞ and 1

p + 1
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1. Introduction

The numerical range of a bounded linear operator on a real or complex Hilbert space
is a convex subset of the scalar field by the well known result of Toeplitz-Hausdroff
theorem [7]. On real Banach spaces of dimension (≥ 2) the numerical range of a
bounded linear operator is always convex [3]. For operators defined on a complex
Banach space the numerical range is connected but not necessarily convex. The
purpose of this paper is to find classes of operators on certain special Banach spaces
for which the numerical range is convex. Let us first introduce some notations and
terminologies.
Let X and H denotes complex Banach and Hilbert spaces respectively. Let BX =
{x ∈ X : ∥x∥ ≤ 1} and SX = {x ∈ X : ∥x∥ = 1} be the unit ball and the unit sphere
of X, respectively. Let L(X) ( L(H)) denote the space of all bounded linear operators
defined on X ( H ), endowed with the usual operator norm.
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Let T ∈ L(H), then the numerical range, W (T ) and the numerical radius, w(T ) are
defined as :

W (T ) = {⟨Tx, x⟩ : x ∈ H, ∥x∥ = 1},

w(T ) = sup{|λ| : λ ∈ W (T )}.

For further information on the properties of numerical range and related things
one can see [1, 2, 5, 7, 9]. The structure of inner product inherently present in
Hilbert space helps to study the geometric properties of both H and L(H) and that
motivated Lumer [8] to introduce semi inner products (s.i.p.) in normed spaces.
This notion of s.i.p. and its applications in the study of Banach space geometry has
grown over the years with contribution from many mathematicians [4, 6]. This is
the proper time to write down the well known definition of s.i.p. in a normed space.

Definition 1.1. ([8, 6]) Let X be a normed linear space.
A function [ , ]: X × X → K(= C,R) is a semi-inner-product if and only if for any
λ ∈ K and for any x, y, z ∈ X, it satisfies the following properties:
(i) [x+ y, z] = [x, z] + [y, z],
(ii) [λx, y] = λ[x, y] & [x, λy] = λ[x, y],
(iii) [x, x] > 0, when x ̸= 0,
(iv) |[x, y]|2 ≤ [x, x][y, y].

For every normed linear space, there exists a s.i.p. [ , ] which is compatible with the
norm (see [6] ), i.e., [x, x] = ∥x∥2 for all x ∈ X. Given a normed linear space, there
exists many s.i.p.s compatible with the norm. In case of smooth space there exists
exactly one s.i.p. compatible with the norm and that s.i.p. is the inner product if
it is a Hilbert space. Let us recall that a normed space X is said to be smooth if
for each x ∈ SX there exists a unique supporting functional at x i.e., there exists a
unique linear functional x∗ such that x∗(x) = 1 and ∥x∗∥ = 1.

For T ∈L(X), the numerical range V (T ) and the numerical radius v(T ) are defined

as V (T ) = {[Tx, x] : [x, x] = 1}, v(T ) = sup{|λ| : λ ∈ V (T )}.

These are equivalent to the following definition:

V (T ) = {x∗(Tx) : ∥x∥ = 1, ∥x∗∥ = 1, x∗(x) = 1}, v(T ) = sup{|λ| : λ ∈ V (T )}.

We denote the boundary of V (T ) by δV (T ).

There is not much literature available on the structure of V (T ) as it is not necessarily
convex. The purpose of this paper is to present a class of operators on ℓ2p(1 < p <∞)
for which the numerical range V (T ) is convex. We also obtain a nice relation between
V (T ) and V (T t) considering T ∈ L(ℓ2p) and T t ∈ L(ℓ2q), where T t denotes the
transpose of T and p and q are conjugate real numbers i.e., 1 < p, q < ∞ and
1
p
+ 1

q
= 1.

2. Main results
We begin with the following elementary results on numerical range and numerical
radius, the proof of which follows from definitions.
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Proposition 2.1. ([8]) Let T1, T2 be any operators on semi-inner-product space X,
I be the identity operator and α, β ∈ K(= C,R). Then we have
(i) v(T1) ≤ ∥T1∥,
(ii) V (αI + βT1) = α + βV (T1),

(iii) V (T1 + T2) ⊂ V (T1) + V (T2).

Let ℓp, 1 < p < ∞ be the complex normed space of all p-summable sequences, with
the norm

∥x̃∥p =
( ∞∑

k=1

|xk|p
) 1

p

,

where x̃ = (x1, x2, x3, ....) ∈ ℓp. Given any two elements x̃ = (x1, x2, x3, ....), ỹ =
(y1, y2, y3, ....) ∈ ℓp, the unique semi-inner-product can be easily seen to be

[x̃, ỹ]p =


∑∞

k=1 xkyk|yk|p−2

∥ỹ∥p−2
p

, ỹ ̸= 0

0, ỹ = 0.

where yk denotes the complex conjugate of yk, that generates the norm ∥.∥p. We
denote n-dimensional ℓp space by ℓnp .
We note that if D is an n× n diagonal matrix with complex entries dii, then V (D)
is the convex hull of its entries and v(D) = max{|dii| : 1 ≤ i ≤ n}.
We now prove first result which states that numerical range of a nilpotent operator
on ℓ2p is convex.

Proposition 2.2. Let T ∈ L(ℓ2p) be such that T =

(
0 1
0 0

)
. Then V (T ) is a circular

disc with center at origin and radius v(T ) = (1
p
)
1
p (1

q
)
1
q .

Proof. Let x = (x1, x2) ∈ Sℓ2p
, x1 = cos

2
p θ eiα and x2 = sin

2
p θ eiβ, where we chose

θ, α, β ∈ [0, 2π]. Then [Tx, x]p = x2x1|x1|p−2 = sin
2
p θcos

2
q θeiϕ, where ϕ = β − α

and q = p
p−1

. Therefore, real part of [Tx, x]p = ℜ[Tx, x]p = sin
2
p θcos

2
q θ cosϕ and

imaginary part of [Tx, x]p = ℑ[Tx, x]p = sin
2
p θcos

2
q θ sinϕ. Hence

(ℜ[Tx, x]p)2 + (ℑ[Tx, x]p)2 = (sin
2
p θcos

2
q θ)2.

These are equations of concentric circles with center at origin. Therefore, the nu-
merical range of T is the disc with radius

v(T ) = sup
θ∈[0,2π]

sin
2
p θ cos

2
q θ.

By a simple calculation, it can be seen that v(T ) = (1
p
)
1
p (1

q
)
1
q .

Using Proposition 2.1(ii) and Proposition 2.2, we get the following corollaries.

Corollary 2.3. Let T ∈ L(ℓ2p) be such that T =

(
α β
0 α

)
, where α, β ∈ K. Then

V (T ) is a disc with center at α and radius |β|(1
p
)
1
p (1

q
)
1
q .
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Corollary 2.4. Let T ∈ L(ℓnp ) be such that T = (tij)n×n where

tij =

{
1, (i, j) = (i0, j0) and i0 ̸= j0,

0, (i, j) ̸= (i0, j0).

Then V (T ) is a disc with center at origin and radius v(T ) = (1
p
)
1
p (1

q
)
1
q .

We now consider the class of operators of the form T =

(
1 b
0 −1

)
and proceed step by

step to show that the numerical range V (T ) is convex. First we prove the following
proposition.

Proposition 2.5. Let T ∈ L(ℓ2p) be such that T =

(
1 b
0 −1

)
. Then

V (T ) =
⋃

θ∈[0,2π]

C(θ), where for each θ ∈ [0, 2π],

C(θ) = {(x, y) : (x− cos 2θ)2 + y2 = R2(θ)} with R(θ) = |b|(sin2 θ)
1
p (cos2 θ)

1
q .

Proof. Let x = (x1, x2) ∈ Sℓ2p
. Suppose x1 = (cos θ)

2
p eiϕ1 , x2 = (sin θ)

2
p eiϕ2 , where

θ, ϕ1, ϕ2 ∈ [0, 2π]. Then

[Tx, x]p = |x1|p + bx2x1|x1|(p−2) − |x2|p = cos 2θ + |b|(sin θ)
2
p (cos θ)

2
q ei(ϕ2−ϕ1+θb),

where b = |b|eiθb . Let [Tx, x]p = h+ ik, where h = cos 2θ + |b|(sin θ)
2
p (cos θ)

2
q cosψ,

k = |b|(sin θ)
2
p (cos θ)

2
q sinψ and ψ = (ϕ2 − ϕ1 + θb). Eliminating ψ from h and k,

we get (h− cos 2θ)2 + k2 = |b|2(sin θ)
4
p (cos θ)

4
q = R2(θ) (say). For each θ ∈ [0, 2π],

write C(θ) = {(x, y) : (x − cos 2θ)2 + y2 = R2(θ)}. Therefore, from definition it
follows that

V (T ) =
⋃

θ∈[0,2π]

C(θ).

In the following theorem we show that the numerical range of a particular class of
operators is convex.

Theorem 2.6. Let T ∈L(ℓ2p) be such that T =

(
1 b
0 −1

)
. Then V (T ) is a convex

set.
Proof. By Proposition 2.5, V (T ) =

⋃
θ∈[0,2π]C(θ), where

C(θ) = {(x, y) : (x− cos 2θ)2 + y2 = R2(θ) = |b|2(sin2 θ)
2
p (cos2 θ)

2
q }.

Let u ∈ C(θ1) and v ∈ C(θ2). Then

u = (cos 2θ1 +R(θ1) cosψ1, R(θ1) sinψ1)

v = (cos 2θ2 +R(θ2) cosψ2, R(θ2) sinψ2),

for some ψ1, ψ2 ∈ [0, 2π].
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Let t ∈ [0, 1] and (1− t)u+ tv = (α, β). Then
α = (1− t) cos 2θ1 + t cos 2θ2 + (1− t)R(θ1) cosψ1 + tR(θ2) cosψ2

β = (1− t)R(θ1) sinψ1 + tR(θ2) sinψ2.

We want to show that (α, β) lies on C(θ) for some θ ∈ [0, 2π], i.e., there exists
θ ∈ [0, 2π] such that (α− cos 2θ)2 + β2 = R2(θ) = |b|2

4
(1− cos 2θ)

2
p (1 + cos 2θ)

2
q .

Consider f(θ) = (α− cos 2θ)2 + β2 − |b|2
4
(1− cos 2θ)

2
p (1 + cos 2θ)

2
q .

Our claim is established if we can exhibit some θ ∈ [0, 2π] for which f(θ) = 0. Now
f(0) = (α−1)2+β2 ≥ 0. Choose θ0 ∈ [0, 2π] with cos 2θ0 = (1− t) cos 2θ1+ t cos 2θ2.
Then it can be seen that
f(θ0) = [(1− t)R(θ1) cosψ1 + tR(θ2) cosψ2)]

2

+ [(1− t)R(θ1) sinψ1 + tR(θ2) sinψ2]
2 −R2(θ0)

= (1− t)2R2(θ1) + t2R2(θ2) + 2t(1− t)R(θ1)R(θ2) cos(ψ1 − ψ2)−R2(θ0).

So, f(θ0) ≤ [(1− t)R(θ1) + tR(θ2)]
2 −R2(θ0).

Let g(z) = |b|
2
(1 − z)

1
p (1 + z)

1
q . Clearly, g(z) ≥ 0 for all z ∈ [−1, 1] and g(z) is

continuous on [−1, 1]. It is easy to show that g(z) is concave in [−1, 1]. Therefore
f(θ0) ≤ [(1− t)g(cos 2θ1) + tg(cos 2θ2)]

2 − [g(cos 2θ0)]
2 ≤ 0. Hence f has a solution

in [0, 2π] as f is continuous. Thus V (T ) is convex.

Using Theorem 2.6, we have the following corollary.

Corollary 2.7. Let T ∈ L(ℓ2p) be such that T =

(
a b
0 d

)
, where a, b, d ∈ K. Then

V (T ) is a convex set.

Proof. If a = d, then by Corollary 2.3, V (T ) is a convex set. If a ̸= d, then consider

T ′ =

(
1 2b

a−d

0 −1

)
. Now T can be written as

T =
a+ d

2
I +

a− d

2
T ′.

Since V (T ′) is a convex set by Theorem 2.6, then using Proposition 2.1, we can
conclude that V (T ) is a convex set.

Next, we obtain the equation of boundary of numerical range of the same class of
operators.

Proposition 2.8. Let T ∈ L(ℓ2p) be such that T =

(
1 b
0 −1

)
. Then the parametric

equation of the boundary of V (T ) is given by
x = cos 2θ + f(θ), y2 = R2(θ)− f 2(θ),

where f(θ) = |b|2
2
(tan2 θ)(

2−p
p

)[1
p
cos2 θ − 1

q
sin2 θ], R(θ) = |b|(sin2 θ)

1
p (cos2 θ)

1
q with

1
p
+ 1

q
= 1 and θ ∈ [0, 2π] \ {0, π

2
, π, 3π

2
, 2π}. Moreover

(cos 2θ+f(θ),±
√
R2(θ)− f 2(θ)) ∈ δV (T ) if and only if tan

4
q θ ≥ |b|2

4
(1
p
−1

q
tan2 θ)2.
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Proof. By Proposition 2.5, it is clear that the boundary of the numerical range of
T is the envelope of the family of the circle C(θ), where

C(θ) = {(x, y) : (x− cos 2θ)2 + y2 = R2(θ), where θ ∈ [0, 2π]}.

Now differentiating (x − cos 2θ)2 + y2 = R2(θ) partially with respect to θ we get
2(x− cos 2θ)2 sin 2θ = 2R(θ)R′(θ).

Since R′(θ) = |b| sin 2θ[1
p
(cot θ)

2
q − 1

q
(tan θ)

2
p ], we get

x = cos 2θ +
|b|2

2
(tan2 θ)(

2
p
−1)[

1

p
cos2 θ − 1

q
sin2 θ].

Note that x is undefined if 2
p
− 1 < 0 and θ = 0, π, 2π or 2

p
− 1 > 0 and θ = π

2
, 3π

2
.

In these cases, the coordinate (x,±y) does not contribute to the boundary of the
numerical range of T as all these conditions gives R(θ) = 0.

Also y is undefined if (R(θ))2 < (f(θ))2, i.e., tan
4
q θ < |b|2

4
(1
p
− 1

q
tan2 θ)2, where

f(θ) = |b|2
2
(tan2 θ)(

2−p
p

)[1
p
cos2 θ − 1

q
sin2 θ]. Then

x = cos 2θ + f(θ), y2 = R2(θ)− f 2(θ).

Remark 2.9. (i) We note that V (T ) is the union of family of circles with center at
(cos 2θ, 0), i.e., V (T ) is the collection of circles whose center lie on X-axis. Therefore,
V (T ) is symmetric about X-axis. We note the following:
(ii) If (x,±y) ∈ δV (T ) then (f ′(θ)− 2 sin 2θ) ̸= 0.

(iii) If p = 2, then by Proposition 2.8, we get x = cos 2θ(1 + |b|2
4
) and furthermore,

y2 = |b|2
4
[(sin 2θ)2 − |b|2

4
(cos 2θ)2]. Then eliminating θ, we get x2

1+
|b|2
4

+ y2

|b|2
4

= 1,

which is the equation of the boundary of the numerical range W (T ) for the operator

T =

(
1 b
0 −1

)
acting on a complex Hilbert space.

In the next proposition, we give an upper bound for numerical radius of the operator

T =

(
1 b
0 −1

)
.

Proposition 2.10. Let T ∈ L(ℓ2p) be such that T =

(
1 b
0 −1

)
.

Then v(T ) ≤ 1 + |b|(1
p
)
1
p (1

q
)
1
q .

Proof. Let x = (x1, x2)∈Sℓ2p
. Then [Tx, x]p = |x1|p + bx2x1|x1|(p−2) − |x2|p. Then

v(T ) = sup
x∈S

ℓ2p

∣∣∣∣|x1|p + bx2x1|x1|(p−2) − |x2|p
∣∣∣∣

≤ sup
x∈S

ℓ2p

[
|x1|p + |b||x2||x1|(p−1) + |x2|p

]
= 1 + |b|(1

p
)
1
p (
1

q
)
1
q .
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The numerical range of an operator T ∈ L(ℓ2p), may not be convex. In the following
theorem we exhibit a class of operators T ∈ L(ℓ2p) , p ̸= 1, 2,∞ for which V (T ) is
not convex.
Theorem 2.11. Let T ∈ L(ℓ2p) , p ̸= 1, 2,∞ be such that

T =

(
a b
c d

)
; a, d ∈ R \ {0}, b, c ̸= 0, and

(i) a+ d = 0, (ii) |b| = |c|, (iii) ℜ(b)ℑ(c) + ℜ(c)ℑ(b) = 0.
Then V (T ) is not convex.
Proof. By given condition, we can consider T ∈ L(ℓ2p) such that

T =

(
a b1 + ib2

c1 + ic2 −a

)
,

where a, b1, b2, c1, c2 ∈ R and b1c2 + b2c1 = 0.
Let x = (x1, x2) ∈ Sℓ2p

and x1 = reiϕ1 , x2 = seiϕ2 , where r, s ≥ 0, ϕ1, ϕ2 ∈ [0, 2π].
Then

[Tx, x]p = a|x1|p + (b1 + ib2)x2x1|x1|(p−2) + (c1 + ic2)x1x2|x2|(p−2) − a|x2|p

= arp − asp + (b1 + ib2)rsr
(p−2)eiϕ + (c1 + ic2)rss

(p−2)e−iϕ,

where ϕ = ϕ2 − ϕ1. Let [Tx, x]p = h+ ik, where

h = a(rp − sp) + rs(b1r
p−2 + c1s

p−2) cosϕ+ rs(−b2rp−2 + c2s
p−2) sinϕ,

k = rs(b2r
p−2 + c2s

p−2) cosϕ+ rs(b1r
p−2 − c1s

p−2) sinϕ.

Eliminating ϕ from h and k, we get an ellipse of the form(
h−H

F

)2

+

(
k

G

)2

= 1,

where H = a(rp − sp), λ = |b| = |c|,

F =
λ2rs(r2(p−2) − s2(p−2))

[(b1rp−2 − c1sp−2)2 + (b2rp−2 + c2sp−2)2]
1
2

,

G =
λ2rs(r2(p−2) − s2(p−2))

[(b1rp−2 + c1sp−2)2 + (−b2rp−2 + c2sp−2)2]
1
2

.

It is easy to see that H,F and G are continuous function of r, s. Thus if we define

E(r, s) :=

{
(x, y) :

(
x−H

F

)2

+

(
y

G

)2

= 1

}
,

then V (T ) =
⋃

rp+sp=1E(r, s). Therefore,
(
H + F cosψ,G sinψ

)
∈ V (T ) for all

ψ ∈ [0, 2π]. Since λ ̸= 0 and p ̸= 2, then clearly V (T ) ̸⊂ R.
Now, since G is a continuous function on a compact set, it attains its supremum.
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Let G attain it supremum at (r0, s0) and its supremum is G0. Clearly, r0s0 ̸= 0 and
r0 ̸= s0. Let the value of H and F at (r0, s0) is H0 and F0, respectively.
Now (H0 + F0 cos

π
2
, G0 sin

π
2
) ∈ V (T ), i.e., (H0, G0) ∈ V (T ).

Then it is easy to see that (−H0, G0) ∈ V (T ). Since H0 ̸= 0 and F0 ̸= 0, we have(
0−H

F

)2

+

(
G0

G

)2

> 1 for all r, s ≥ 0.

This shows that (0, G0) /∈ V (T ). Hence V (T ) is not convex.

Now, we give a relation between V (T ) and V (T t) considering T, T t ∈ L(ℓ2p). For
this purpose we need the following lemma.

Lemma 2.12. Let T ∈ L(ℓ2p) be such that T =

(
a b
c d

)
, where a, b, c, d ∈ R.

Then V (T ) is symmetric about X-axis.

Proof. Let x = (x1, x2) ∈ Sℓ2p
with x1 = (cos θ)

2
p eiϕ1 , x2 = (sin θ)

2
p eiϕ2 , and where

θ, ϕ1, ϕ2 ∈ [0, 2π]. Therefore, [Tx, x]p = h(θ) + F (θ) cosϕ+ iG(θ) sinϕ, where

ϕ = ϕ2 − ϕ1,

h(θ) = a(cos θ)2 + d(sin θ)2,

F (θ) = b(cos θ)
2
q (sin θ)

2
p + c(cos θ)

2
p (sin θ)

2
q ,

G(θ) = b(cos θ)
2
q (sin θ)

2
p − c(cos θ)

2
p (sin θ)

2
q .

Let Eθ = {(x, y) :
(
x−h
F

)2
+
(
y
G

)2
= 1}. Therefore, V (T ) is the union of the ellipses

Eθ with center (h, 0), major-axis F and minor-axis G. Hence V (T ) is symmetric
about the X-axis.

Let us relate the numerical range of T and T t in the following theorem.

Theorem 2.13. Let T ∈ L(ℓ2p) be such that T =

(
a b
c d

)
, where a, b, c, d ∈ R. Then

V (T t) is the mirror image of V (T ) with respect to the line x = a+d
2

.

Proof. Let x = (x1, x2) ∈ Sℓ2p
. Now,

[Tx, x]p = a|x1|p + d|x2|p + bx2x1|x1|p−2 + cx1x2|x2|p−2

= a|x1|p + d|x2|p + b|x2||x1|p−1eiϕ + c|x1||x2|p−1e−iϕ,

where ϕ = arg(x2)− arg(x1).

Let (α, β) ∈ V (T ). Since V (T ) is symmetric about X-axis by Lemma 2.12, if we able
to show (2λ0 − α,−β) ∈ V (T t), where λ0 = a+d

2
and vise-versa then we are done.

Using Proposition 2.1, (2λ0 − α,−β) ∈ V (T t) equivalent to (α, β) ∈ V (2λ0I − T t).

Now, 2λ0I − T t =

(
d −c
−b a

)
= T 0 (say).
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Since (α, β) ∈ V (T ), we have

α = a|x1|p + d|x2|p + b|x2||x1|p−1 cosϕ+ c|x1||x2|p−1 cosϕ

β = b|x2||x1|p−1 sinϕ− c|x1||x2|p−1 sinϕ,

for some x = (x1, x2) ∈ Sℓ2p
and ϕ = arg(x2)− arg(x1). Let y = (y1, y2) ∈ Sℓ2p

. Then

[T 0y, y]p = d|y1|p + a|y2|p − by1y2|y2|p−2 − cy2y1|y1|p−2

= d|y1|p + a|y2|p − b|y1||y2|p−1e−iθ − c|y2||y1|p−1eiθ,

where θ = arg(y2)− arg(y1). Let (α′, β′) ∈ V (T 0). Then

α′ = d|y1|p + a|y2|p − b|y1||y2|p−1 cos θ − c|y2||y1|p−1 cos θ

β′ = b|y1||y2|p−1 sin θ − c|y2||y1|p−1 sin θ.

Now, if we choose y1 = x2 and y2 = x1e
iπ. Then

θ = arg(y2)− arg(y1) = π + arg(x1)− arg(x2) = π − ϕ.
Therefore,

α′ = a|x1|p + d|x2|p − b|x2||x1|p−1 cos(π − ϕ)− c|x1||x2|p−1 cos(π − ϕ)

= a|x1|p + d|x2|p + b|x2||x1|p−1 cosϕ+ c|x1||x2|p−1 cosϕ = α

β′ = b|x2||x1|p−1 sin(π − ϕ)− c|x1||x2|p−1 sin(π − ϕ)

= b|x2||x1|p−1 sinϕ− c|x1||x2|p−1 sinϕ = β.

Similarly, we can show that for every (α, β) ∈ V (T t) imply (2λ0 − α,−β) ∈ V (T ).
This completes the proof of the theorem.

Next, we obtain the relation between V (T ) and V (T t) considering T ∈ L(ℓ2p) and
T t ∈ L(ℓ2q).

Theorem 2.14. Let T ∈ L(ℓ2p) and T t ∈ L(ℓ2q). Then V (T ) = V (T t).
Proof. Without loss of generality, we may assume that T ∈ L(ℓ2p) is of the form

T =

(
|a|eiα |b|eiβ

|c|eiγ |d|eiδ

)
,

where α, β, γ and δ ∈ [0, 2π]. Then T t ∈ L(ℓ2q) is of the form

T t =

(
|a|eiα |c|eiγ

|b|eiβ |d|eiδ

)
.

Now, to show that V (T ) = V (T t), it is sufficient to prove that for every z ∈ Sℓ2p

there exists w ∈ Sℓ2q
such that [Tz, z]p = [T tw,w]q and vice-versa. Now assume

z = (cos
2
p θeiθ1 , sin

2
p θeiθ2) ∈ Sℓ2p

, where θ, θ1, θ2 ∈ [0, 2π]. Then by simple calculation,
it can be seen that [Tz, z]p = h+ ik, where
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h = |a| cos2 θ cosα + |d| sin2 θ cos δ

+|b| sin
2
p θ cos

2
q θ cos(β + θ2 − θ1) + |c| sin

2
q θ cos

2
p θ cos(γ + θ1 − θ2)

and

k = |a| cos2 θ sinα + |d| sin2 θ sin δ

+|b| sin
2
p θ cos

2
q θ sin(β + θ2 − θ1) + |c| sin

2
q θ cos

2
p θ sin(γ + θ1 − θ2).

Now, if we choose w ∈ Sℓ2q
such that w = (cos

2
q θeiθ2 , sin

2
q θeiθ1) then we have

[T tw,w]q = h + ik. Similarly, we can show that for every w ∈ Sℓ2q
there exists

z ∈ Sℓ2p
such that [T tw,w]q = [Tz, z]p. This completes the proof of the theorem.

Finally, we have the following relation between V (T ) and V (T ∗) when we consider
T ∈ L(ℓ2p) and T ∗ ∈ L(ℓ2q), where T ∗ is conjugate transpose of T.

Proposition 2.15. Let T ∈ L(ℓ2p) and T ∗ ∈ L(ℓ2q), where 1
p
+ 1

q
= 1.

Then V (T ) = V (T ∗).
Proof. Proceeding similarly as in the proof of Theorem 2.14, we can conclude that
for x = (cos

2
p θeiθ1 , sin

2
p θeiθ2) ∈ Sℓ2p

, where θ, θ1, θ2 ∈ [0, 2π] we have

y = (cos
2
q θeiθ1 , sin

2
q θ eiθ2) ∈ Sℓ2q

such that [Tx, x]p = [T ∗y, y]q. Therefore, we conclude that V (T ) = V (T ∗).

Remark 2.16. We know that for T ∈ L(H),W (T ) = W (T ∗). If p = q = 2 then
Proposition 2.15 shows that W (T ) = W (T ∗).
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