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1. Introduction

Throughout this note X will denote a non zero Banach space with topological dual
X*. For (z,2*) € X x X*, (x,z*) (or (z*, z)) will denote the natural evaluation map.
If T: X = X* is a (multivalued) operator then G(T) = {(z,z*) e X x X*:z* € T(x)}
is called its graph, Dy = {x € X : T'(z) # 0} is called its domain and the set
Ry = {z* € X*; there exists x € X such that z* € T'(z)} is called its range. The
operator T is called monotone if (x* —y*, o —y) > 0 for all (z,2%), (y,y*) € G(T); T
is called mazimally monotone if there exists no monotone operator S such that G(.5)
strictly contains G(T'). A pair (z,z*) € X x X* is called monotonically related to
the monotone operator T' if (z* — z*,x — z) > 0 for any (z,2*) € G(T'). Clearly the
(point wise) sum of two monotone operators is monotone. However the sum of two
maximally monotone operators is not necessarily maximally monotone. In reflexive
Banach spaces Rockafellar [7] proved that if 7" and S are maximally monotone
operators satisfying the following constraint qualification

(*) Dy Nint (Dg) # 0

then their sum is maximally monotone. In the context of reflexive Banach spaces,
this result was generalized by weakening (x) (see [8] for references). In the case
of non reflexive Banach spaces the situation is more complicated and only partial
results were obtained (see [2], [11], [12], [13] and for more references [8]). Before we
can state our result, we need to recall some more definitions.
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Given a closed convex subset C' of X we shall denote by N¢ its normal cone, i.e.
Ne(z) = {a* € X*: (z*,y—2) <0,y e C}if x € C and No(z) =0 if = ¢ C.
Recall that N¢ is the subdifferential of I, the indicator function of C, i.e. Io(xz) =0
if € C and Io(z) = oo if ¢ C. A maximally monotone operator 7" is called
Co-mazimally monotone if T+ N¢ is maximally monotone for any closed convex set
C satisfying Dy Nint C' # (). Our aim in this paper is to present a short and self
contained (except some well known results) proof of the following:

Main Result 1.1. Let T"and S be maximally monotone operators on X satisfying (x).
(a) If T+ Np; is Cp-maximally monotone then 7'+ S is maximally monotone.

(b) In particular, if T" is Cp-maximally monotone then 7'+ S is maximally monotone
(in fact Co-maximally monotone) .

Remark 1.2 (1) Notice first that for (b) to be true for any S satisfying (x) the
operator T" must be Cy-maximal (indeed, take S = N¢ for any C' C X closed convex
with Dy Nint C' # ().

(2) In [11] and [12] we proved the maximality of T+ S under more restrictive
conditions, namely T must satisfy a certain regularity condition and Dy N Dg C Dyg.
In the current paper we prove that Cy-maximally monotone operators satisfy that
regularity condition (Proposition 3.10) and, using ideas from [14], show that the
second condition is not necessary.

(3) A slightly more general result than (a) was proved in [14], Theorem 3.2. However,
the proof given there is considerably longer and very computational. Assertion (b)
is also mentioned in the comments at the end of that paper.

2. Notations, definitions, and known facts

Definition 2.1. (a) If T is a monotone operator on X, we shall denote by Cy(T)
the family of all closed convex subsets C' C X such that Dy Nint C' # () .

(b) A monotone operator T : X =X X* is called Cy-mazimal if T+ N is a maximally
monotone operator for any C' € Cy(T).

(¢) A monotone operator T' : X =X X* is of type (FPV) if for any open convex
subset C' C X such that Dy N C # () and any (z,z*) € C' x X* we have

if (y* — 2", y—x)>0forany y € C and y* € T(y) then = € Dy and z* € T'(x).
(d) For a monotone operator 7 : X X X*, 2 € X and z* € X* let
L(I,Qf*,T) = maX{O,sup { <y iw 7‘TH_ y>7 Y 7& €, (yvy*) € G(T)}} :
r—Yy

It is easy to check that if L(z,2*,T") < oo then L(x,y*,T) < oo for any y* € X* .
A maximally monotone operator 7" is called regular if L(z,z*,T) < oo implies that
x € DT-

It is easy the check (see [12]) that the following is true:

Lemma 2.2. If T is Cy-mazimal, Cy € Co(T) and Cy € Co(T + N¢, ) then we have
C1NCy e Co(T) and T + Ng, is Co-mazximal.
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The next result is also quite well known (see [8], Theorem 44.1).

Proposition 2.3. A Cy-mazimally monotone operator is of type FPV.

Definition 2.4. The Fitzpatrick function associated with the operator T: X = X*is

or(z,2") =sup{(y* — 2",z —y) + (¢, 2); (y,y") € G(T)}), (z,2") € X x X™.
As an immediate consequences of the definition we have

Corollary 2.5. Let T : X =X X* be monotone and (z,z*) € X x X*.
(a) The pair (x,x*) is monotonically related to T if and only if or(x,x*) < (z*, x).
(b) If x € Dp then or(z,z*) > (2*, ).

The following result is well known (see [8], Theorem 44.2).

Theorem 2.6. IfT is a mazximally monotone operator of type FPV then
(a) m(domgr) = Dr.
(b) Dr is conver.

The next result is a particular case of a more general one (see [13] Theorem 3.4 or
[8] Theorem 24.1(b)).

Theorem 2.7. Let T' and S be maximally monotone operators such that we have
Drnint (Dg) # 0. If orys(z,x*) > (z*,x) for all (z,z*) € X x X* then T + S is
maximal.

Notation. If z € X and D C X we shall denote by K, p the cone with vertex x
and base D, ie. K,p={2€ X: z=(1—-t)z+ty, 0 <t <1,y € D}. Let also
K:p=Kop\ {a}.

3. Preliminary results

Lemma 3.1. Assume that T and S are monotone operators with Dr and Rgs both
bounded and Dy C Dg. Then m(dom p7yg) = m(dom ¢r).

Proof. Choose M > diam(Dr), diam(Rg). Let z € X, 2* € X* y € Dy,
y* € T(y),z* € S(y). Since

—M? < —[l2[le =yl < (2% —y) < (Il -yl < M2
it follows that
(y' =" w—y)+ (" 2) - M* < (y" + 2" — 2",z —y) + (2", 2)
(y* —a*,x —y) + (2, 2) + M?

IN

and therefore or(x,2*) — M? < pr,s(z, 2*) < or(x, ) + M2

Thus p7is(x, x*) is finite if and only if @ (z, 2*) is finite, proving the lemma. [
Lemma 3.2. Assume that T and S are monotone operators such that

Dy Nint (Dg) # 0, T + Np is of type FPV, and S is mazimally monotone.

Then orys(z,v*) > (x,2*) for any (v,2*) € Dy x X*.
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Proof. Since wehave T'+ 5 =T+ S5 + Np; =T + Np; + S we can replace T with
T + Npg and assume that T is of type FPV and Dr C Dg. First we shall prove
that pryg(te, ta*) > (tx,tx*) for any ¢t € (0,1). We can assume that 0 € Dy N Dg.

Since Dy and Dg are convex, tx € Dy Nint (Dg) for any ¢ € (0,1). If tw € Dy, then
orys(te, ta*) > (tx,tx*) from the definition of pr,g. Assume now that tx ¢ Dr.

Since tx € int (Dg), there is an open ball B = B(tx,r) C Dg and a positive number
M such that [|y*|| < M for any y € Dg N B and y* € S(y). Let n be a positive
integer larger than r. Since tx ¢ Dy, B(tx,r/n) N Dy # 0 and T is of type FPV
there exists y, € Dr N B(tx,r/n) and v} € T'(y,) such that (y; — tz* tx — y,,) > 0.

Using this, for any z* € S(y,) and the fact tat ||y*|| < M, we have

eres(te,ta®) > (y, + 2" — ta", te — yo) + (tz”, tx)
= (y; —ta*, tx — y,) + (", tx — y,) + (ta*, tz)
>0 — Mtz — y,|| + (t*, tz).

Since y, converges to tx, this proves that o g(tz, tz*) > (tx, tx*) for any element
t € (0,1). From the convexity of ¢, g it follows that

tors(w, 2*) > orys(te, ta®) > (tr, ta*) = t*(2*,z) for any t € (0,1).
Letting ¢t — 1 we obtain that o1, g(x,z*) > (z,x%). O

Remark 3.3. The above proof is the second part of the proof of a more general
result ([see [1] Proposition 3.1; see also our Proposition 3.12 below).

Lemma 3.4. Assume that T and S are mazimally monotone operators such that
Dt and Rgs are bounded, Dy Nint (Dg) # (0, Dy C Dg and T is of type FPV. Then
oris(x,x*) > (x*,x) for all z € X, z* € X*.

Proof. Clearly Dy = Dp.g and Dy = Dy g. We shall consider two cases.

Case 1: © ¢ Dy = Dr,g. Then, following Theorem 2.6 and Lemma 3.1, we have
x ¢ m(dom ¢r) = m(dom 7 g) and the assertion follows.

Case 2: € Dp. Since T =T + Np;, the assertion follows from Lemma 3.2. 0
Corollary 3.5. Assume that T is a maximally monotone operator of type FPV with

Dt bounded and S is a maximally monotone operator with Rs bounded and Dg = X.
Then T + S is maximally monotone.

Proof. This is a straightforward consequence of Lemma 3.4 and Theorem 2.7. [

Remark 3.6. As a matter of fact the assumption that Dg = X is not necessary; it
follows from [3].

Lemma 3.7. For any r > 0 let B, be the closed ball in X centered at O and with
radius r. Let T" be a monotone operator and assume that T+ Np_. is maximally
monotone for any r sufficiently large. Then T is maximally monotone.

Proof. Assume that (z,z*) is monotonically related to T and choose r > ||z|| large
enough such that 7'+ Np_ is maximally monotone. It is straightforward to check
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that (x,2*) is monotonically related to T'+ Np, and thus z* € (T'+ Np, )(z). Since
N, (z) = {0}, the lemma is proved. O

Proposition 3.8. Assume that T is a Cy-maximally monotone operator and S is
a maximally monotone operator with Rg bounded and Dg = X. Then T + S is
maximally monotone.

Proof. In view of Lemma 3.7 it is enough to prove that 7'+ S + Np_ is maximally
monotone for any r sufficiently large. Let » > 0 be such that Dy intersects the
interior of B,. Then T+ S+ Np, = (I'+ Np,) + S. Since T + Np, is Cp-maximally
monotone (thus of type FPV) and has bounded domain it follows from Corollary
3.5 that T+ S+ Np, =T + Np, + S is maximally monotone. Lemma 3.7 implies
now that 7'+ S is maximally monotone. ]

Lemma 3.9. Assume that S : X = X* is mazimally monotone and int (Dg) # 0.
Then for any sy € int (Dg) there exist p, M > 0 such that for any x € X we have

(", 8 —x) < M||s — x|, foranys € DgN Ky psp), 55 € S(s).

Proof. Let sy € int (Dr). It is well known (see for example [6] or [8, Theorem
26.1] and the references therein) that 7" is locally bounded at such a point and thus
there exists p > 0 and M > 0 such that Blsg, p] C Dg and for any u € B(so, p) and
u* € S(u) we have ||u*|| < M.

Let x € X, s € K; B(syp) N Ds, s # x and s* € S(s).

Then there exists u € B(sg, p) and € € (0, 1] such that s = (1 —e)z +eu. If s=u

then ||s*|| < M and (s*,s —x) < M||s —x||. If s # u then ¢ # 1. Choose u* € S(u).

c (u— s) and therefore
—€

An easy computation shows that s — x = 1

(s*,s — ) _ (s*,u —s) _ (s* —u ,u—s>+<u LU — S) <04+ M
s — =] [ = ]| lu = ]| lu — sl

proving the lemma. O

Proposition 3.10. Any Cy-maximally monotone operator is reqular.

Proof. Let T be a Cy-maximally monotone operator, z € X, x* € X* and assume
that A = L(x,2*,T) is finite. We have to show that x € Dr.

First, consider the function g).(y) = Allz — y||,y € X. It is known (and easy to
check) that

Ogna(y) = {z" € X7 ||z < Aand (2% y —x) = Ay — =||}.
Notice that
L(z, 2", + 0gy..)

—mw{QWP{@ = yﬁyeT@xzeawgww#x}}

:n1ax{0,sup{<y —rhr =) - Ay GT(y)ay#x}}
lz =yl
:L(:C’I*7T)—)\:O
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This means that (x,z*) is monotonically related to 7'+ Jg, , which is maximal by
Proposition 3.8. Thus z € Dy.

Assume now that S: X X X* is a maximally monotone operator such that we have
0 € int (Dg). Then S is locally bounded at 0 and therefore there exists positive
numbers r and M such that B = B[0,r] C int (Dg) and ||s*|| < M for any s* € S(s)
and s € B. Forz € X let K = K, p.

Lemma 3.11. Let S be as above and let T X:>>X* be a maximally monotone
operators such that 0 € DrNint (Dg) and T'+ Np is Co-mazimal. Assume that for
some (z,2*) € X x X* we have pris(x,z*) < (z,2*) (i.e. (x,z*) is monotonically
related to T + S) and Dr N K 5 € Ds. Then x € Dy and g7, s(v, ") = (z,27).

Proof. Let K* = K\ {z}. Let y € Dr N K* C Dg, y* € T(y), i* € Np(y),
Jj* € Nk(y) and s* € S(y). Then u* = s* +i* € S(y), (%, —y) < 0 and, from
Lemma 3.9, (u*,y —x) < M||z — y||. It follows that

W+t =t e —y) = +u -t e —y) + G —y) + (55 y — 1)
< Mz -y

and therefore L(z,z*,T + Npg + Nk) < M. Since T + Npg + Nk is Cp-maximal

(Lemma 2.2) it is regular (Proposition 3.10) and this shows that x € Dy N Dg N K
and thus z € Dr. From Lemma 3.2 we obtain that ¢ g(z,2*) = (z,2%).

Proposition 3.12. Assume that T and S are mazimally monotone operators such
that Dr Nint (Dg) # 0 and T + Np is Co-mazimally monotone.
Then pris(x,x*) > (x,x*) for any (93 7*) € Dg x X*.

Proof. By contradiction, assume that we have ¢r,g(z,z*) < (x,z*) for some
(z,2*) € Dg x X*. Since x € Dg, with the notation in Lemma 3.11, it follows
that Dr N K 5 € Ds and Lemma 3.11 shows that @7 g(z,2*) = (r,2*). This
contradiction proves the Proposition. O

Lemma 3.13. (see [1, Fact 4.1]) Assume that S : X = X* is monotone, (s,s*) €
X x X* is monotonically related to S and 0 € int (Dg). Then there ezist p > 0 and
M > 0 such that

(s7,8) = plls™ll = M([|s]| + p)-

Proof. Since 0 € int (Dg), it is well known that there exit p > 0 and M > 0 such
that B[0, p] C Dg and ||y*|| < M for any y € B[0, p| and y* € S(y). Let (y,y*) be
as before. We have:

(s%8) =(s" =y s —y) + (") +(Ws—y) 20+ (s y) + (¥, s —y)
> (% y) = Iy IHls —yll = (" 9) — [l lllsll + [[wl])
> (s"y) — M(|Is]| + p)

Since this is true for any y € BJ0, p] the lemma is proved.
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4. Main result

Theorem 4.1. Let T and S be a mazimally monotone operators such that we have
Drnint Dg # 0 and (T+ Np) is Co-mazimal. Then T'+.S is a mazimally monotone
operator. In particular, if T is Cy-maximally monotone then T + S is maximally
monotone, in fact Cy-maximally monotone.

Proof. We can and will assume that 0 € Dy Nint (Dg) and 0 € T(0). Thus
(t*,t) > 0 for any t* € T(t), t € Dr. (1)

Since '+ S = T + (S + Np;) = (T + Np;) + S we can replace T' with T' + Np
and assume that Dy C Dg and T is Cy-maximally monotone. Assume that 7+ S is
not maximally monotone. This means that there exists (z,z*) € X x X* such that

orys(r,2*) < (z,r*). From Proposition 3.12 it follows that = ¢ Dyg.

Let p > 0 and M > 0 be such that B; = B[0,p] C Dg and |s*|| < M for all
s* € S(s) and s € By. Set B, = B[0,p/n] and let K,, = K, p, be the cone with
vertex = and base B,,. Since pryg(z,x*) < (x,z*), from Lemma 3.11

there exists z, € (DrNK,)\ Ds C (DrNK,) \ int (Dg) (2)

with 2z, = (1 — 7,)bn + Ynz, 0 < 7, < 1. By replacing {7, } with a subsequence we
may assume that it converges to v € [0, 1] and thus z,, converges to a point

zo =yx € [0,2] N (Dr \ int (Dg)).

Clearly 7o ¢ int (Dg) and Proposition 3.12 implies that # ¢ Dg. Thus 0 < v < 1.

Choose n such that ||[yz—z,| < p(1—v)/8 = X and let z = z,. Choose now z*€T(z)
and let
My = ||z*||(2+ 2d + M) /v, where d = diam K. (3)

Since z € Dg \ Dg it is known that

lim inf{[|s*]| : s* € S(s), s € B(z,1/n)} = 00
n—oo

(see for example [14, Fact 2.16]). Choose 0 < & < A such that

3Md — yMy — ~d||x*

> for any s € B(z,e)NDg and s* € S(s). 4

Clearly either 2z # xg or 3z # xy. Assume 2z # x, the other case being similar.
Choose 0 < f < max{1/3,\,e/||2z — xo||} and let « = 1 — 2. Let

v=az+ fryg=az+ fry+ B0 (of course v € int Dg). (5)
Then

z—v=(1—a)z— Prg=202— Prog= (22 —1x9) and v € B(z,e).  (6)
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Our aim is to show that there exist w € Dy N Dg N B(z,¢) and u* € T'(u) such that
(u*;u—x) < Mp. (7)
Notice that for any 21, 25 € K; we have
|21 — 22]] < d = diam K. (8)
We consider now two cases.
Case 1: z* € T(v). Set u = v and u* = z*. We have
(W' u—x) = ("0 —a) <[[2%| |lv—zf| < d]|"]| < Mo

proving (7) in this case.

Case 2: z* ¢ T'(v). Choose 0 < § < § such that B(v,d) C B(z,e) N Dg.

Since 0, z, 29 € Dr, which is convex it follows that we have v € Dy and therefore
B(v,8) N Dy # 0. Since T is FPV and z* ¢ T'(v), there exist uw € Dy N B(v, ) and
u* € T'(u) such that

(u" =z v—u)y >0 or (u',u—v) < (z*,u—0).

Since v = az + fxg and xg = yr we have

(U u—2x) = (uu—uv)+ (u,v—x)
< (", u—v) + (U, az + fyr — x)
= (z",u—v)+ (U, az —au) + (u*, au) + (u*, (fy — 1)x)
= (", u—v) + (u,az—au) + (a+ By — 1){u",u) + (1—Fv){(u*, u—2x)
= (" u—v) +alu’,z —u)+ By —2)(u",u) + (1 — fy){(u",u — z)
and thus

By(u*,u—x) < (2%, u—v) +au*,z—u) + B(y —2)(u",u)y (use (u*,u) >0)
<27l = ol + =", u = 2) + 0
= [Iz*l[llu = vll + a((z", v = v) + (=%, 0 = 2))
< [12% [ lw = vll + allz*[[(lu = vl + llv = z[])
(use u € B(v,d) and (6) and next 6 < f3)
< 0[|="( + allz*[[(6 + BlI2z — zoll)
< Bll2*|| + all2(1(8 + 2dB) < B|z*[|((2 + 2d)

It follows that
(u*,u —z) < |[27[[((2 + 2d) /v < Mo

and thus (7) is true.

To prove the theorem (by contradiction) it is enough to show that

(s"+u" —x",x—u) >0 for some s* € S*(u).
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First, from the choices of z = z,, ¢, 4, v and u, we have
vz —ull < v =2l + 1z vl +[lo —ull SA+e+6 <3A<p(1—7)/2.
Therefore, for s* € S(u), we have (by Lemma 3.13)

(L= | (e =)

(s*,x —u) = " >
o A=)l = M(llull + ) _ ls"llp(1 =)
B g 2y
= 822 (ol - aara).
Also, by (7),

(u" —x* x —u) > —My — d||z*||.

By combining the last two results and using the choice of £ we obtain

(1 =) (plls"|| — 4Md)

(s"+u" —z" x—u) >
~

— My —d||z*|| > 0

thus proving the theorem. O

Remark 4.2. The choice of u and u* in the proof above was inspired by [14].
However, our computations and other arguments are considerably shorter.

References

[1] J.M.Borwein, L.Yao: Structure theory for mazimally monotone operators with
points of continuity, J. Optimization Theory Appl. 156 (2013) 1-24.

[2] J.M.Borwein, L.Yao: Sum theorems for mazimally monotone operators of type
(FPV), J. Aust. Math. Soc. 97 (2014) 1-26.

[3] H.Debrunner, P.Flor: Ein Erweiterungssatz fiir monotone Mengen, Arch. Math. 15
(1964) 445-447.

[4]  S.P.Fitzpatrick: Representing monotone operators by convex functions, in: Work-
shop/Miniconference on Functional Analysis and Optimization (Canberra, Australia
1988), Proc. Centre Math. Anal., Australian Nat. Univ. 20 (1988) 59-65.

[5] S.P.Fitzpatrick, R.R.Phelps: Some properties of mazimal monotone operators on
nonreflexive Banach spaces, Set-Valued Analysis 3 (1995) 51-69.

[6] R.T.Rockafellar: Local boundedness of monlinear, monotone operators, Michigan

Math. J. 16 (1969) 397-407.

[7] R.T.Rockafellar: On the maximality of sums of nonlinear monotone operators,
Trans. Amer. Math. Soc. 149 (1970) 75-88.

[8]  S.Simons: From Hahn-Banach to Monotonicity, 2nd edition, Lecture Notes in Math-
ematics 1693, Spinger, Berlin (2008).

[9] A.Verona, M. E. Verona: Remarks on subgradients and e-subgradients, Set-Valued
Analysis 1 (1993) 61-272.



390

[10]

A. Verona, M. E. Verona / On Rockafellar’s Sum Theorem ...

A.Verona, M. E. Verona: Regular mazimally monotone operators, Set-Valued Anal-
ysis 6 (1998) 302-312.

A.Verona, M. E. Verona: Regular mazimally monotone operators and the sum theo-
rem, J. Convex Analysis 7 (2000) 115-128.

A.Verona, M. E. Verona: Regular mazimally monotone multifunctions and enlarge-
ments, J. Convex Analysis 16 (2009) 1003-1009.

M. D. Voisei: The sum and chain rules for maximally monotone operators, Set-Valued
Analysis 16 (2008) 461-476.

L. Yao: Maximality of the sum of the subdifferential operator and a maximally mono-
tone operator, Linear Nonlinear Analysis 1 (2015) 95-108.



