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1. Introduction

Throughout this note X will denote a non zero Banach space with topological dual
X∗. For (x, x∗) ∈ X×X∗, ⟨x, x∗⟩ (or ⟨x∗, x⟩) will denote the natural evaluation map.
If T :X→→X∗ is a (multivalued) operator then G(T )={(x, x∗)∈X×X∗ :x∗∈T (x)}
is called its graph, DT = {x ∈ X : T (x) ̸= ∅} is called its domain and the set
RT = {x∗ ∈ X∗; there exists x ∈ X such that x∗ ∈ T (x)} is called its range. The
operator T is called monotone if ⟨x∗−y∗, x−y⟩ ≥ 0 for all (x, x∗), (y, y∗) ∈ G(T ); T
is called maximally monotone if there exists no monotone operator S such that G(S)
strictly contains G(T ). A pair (x, x∗) ∈ X × X∗ is called monotonically related to
the monotone operator T if ⟨x∗ − z∗, x− z⟩ ≥ 0 for any (z, z∗) ∈ G(T ). Clearly the
(point wise) sum of two monotone operators is monotone. However the sum of two
maximally monotone operators is not necessarily maximally monotone. In reflexive
Banach spaces Rockafellar [7] proved that if T and S are maximally monotone
operators satisfying the following constraint qualification

(∗) DT ∩ int (DS) ̸= ∅

then their sum is maximally monotone. In the context of reflexive Banach spaces,
this result was generalized by weakening (∗) (see [8] for references). In the case
of non reflexive Banach spaces the situation is more complicated and only partial
results were obtained (see [2], [11], [12], [13] and for more references [8]). Before we
can state our result, we need to recall some more definitions.
ISSN 0944-6532 / $ 2.50 © Heldermann Verlag
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Given a closed convex subset C of X we shall denote by NC its normal cone, i.e.
NC(x) = {x∗ ∈ X∗ : ⟨x∗, y − x⟩ ≤ 0, y ∈ C} if x ∈ C and NC(x) = ∅ if x /∈ C.
Recall that NC is the subdifferential of IC , the indicator function of C, i.e. IC(x) = 0
if x ∈ C and IC(x) = ∞ if x /∈ C. A maximally monotone operator T is called
C0-maximally monotone if T +NC is maximally monotone for any closed convex set
C satisfying DT ∩ intC ̸= ∅. Our aim in this paper is to present a short and self
contained (except some well known results) proof of the following:

Main Result 1.1. LetT andS be maximally monotone operators onX satisfying (∗).
(a) If T +NDS

is C0-maximally monotone then T + S is maximally monotone.
(b) In particular, if T is C0-maximally monotone then T +S is maximally monotone

(in fact C0-maximally monotone) .

Remark 1.2 (1) Notice first that for (b) to be true for any S satisfying (∗) the
operator T must be C0-maximal (indeed, take S = NC for any C ⊆ X closed convex
with DT ∩ intC ̸= ∅).
(2) In [11] and [12] we proved the maximality of T + S under more restrictive
conditions, namely T must satisfy a certain regularity condition and DT ∩DS ⊆ DS.
In the current paper we prove that C0-maximally monotone operators satisfy that
regularity condition (Proposition 3.10) and, using ideas from [14], show that the
second condition is not necessary.
(3) A slightly more general result than (a) was proved in [14], Theorem 3.2. However,
the proof given there is considerably longer and very computational. Assertion (b)
is also mentioned in the comments at the end of that paper.

2. Notations, definitions, and known facts

Definition 2.1. (a) If T is a monotone operator on X, we shall denote by C0(T )
the family of all closed convex subsets C ⊆ X such that DT ∩ intC ̸= ∅ .
(b) A monotone operator T : X→→X∗ is called C0-maximal if T+NC is a maximally
monotone operator for any C ∈ C0(T ).
(c) A monotone operator T : X→→X∗ is of type (FPV) if for any open convex
subset C ⊆ X such that DT ∩ C ̸= ∅ and any (x, x∗) ∈ C ×X∗ we have
if ⟨y∗ − x∗, y − x⟩ ≥ 0 for any y ∈ C and y∗ ∈ T (y) then x ∈ DT and x∗ ∈ T (x).

(d) For a monotone operator T : X→→X∗, x ∈ X and x∗ ∈ X∗ let

L(x, x∗, T ) = max

{
0, sup

{
⟨y∗ − x∗, x− y⟩

∥x− y∥
, y ̸= x, (y, y∗) ∈ G(T )

}}
.

It is easy to check that if L(x, x∗, T ) < ∞ then L(x, y∗, T ) < ∞ for any y∗ ∈ X∗ .
A maximally monotone operator T is called regular if L(x, x∗, T ) < ∞ implies that
x ∈ DT .

It is easy the check (see [12]) that the following is true:
Lemma 2.2. If T is C0-maximal, C1 ∈ C0(T ) and C2 ∈ C0(T +NC1) then we have
C1 ∩ C2 ∈ C0(T ) and T +NC1 is C0-maximal.
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The next result is also quite well known (see [8], Theorem 44.1).
Proposition 2.3. A C0-maximally monotone operator is of type FPV.

Definition 2.4. The Fitzpatrick function associated with the operator T :X→→X∗ is

φT (x, x
∗) = sup{⟨y∗ − x∗, x− y⟩+ ⟨x∗, x⟩; (y, y∗) ∈ G(T )}⟩, (x, x∗) ∈ X ×X∗.

As an immediate consequences of the definition we have
Corollary 2.5. Let T : X→→X∗ be monotone and (x, x∗) ∈ X ×X∗.
(a) The pair (x, x∗) is monotonically related to T if and only if φT (x, x

∗) ≤ ⟨x∗, x⟩.
(b) If x ∈ DT then φT (x, x

∗) ≥ ⟨x∗, x⟩.

The following result is well known (see [8], Theorem 44.2).

Theorem 2.6. If T is a maximally monotone operator of type FPV then
(a) π1(domφT ) = DT .
(b) DT is convex.

The next result is a particular case of a more general one (see [13] Theorem 3.4 or
[8] Theorem 24.1(b)).

Theorem 2.7. Let T and S be maximally monotone operators such that we have
DT ∩ int (DS) ̸= ∅. If φT+S(x, x

∗) ≥ ⟨x∗, x⟩ for all (x, x∗) ∈ X ×X∗ then T + S is
maximal.

Notation. If x ∈ X and D ⊂ X we shall denote by Kx,D the cone with vertex x
and base D, i.e. Kx,D = {z ∈ X : z = (1 − t)x + ty, 0 ≤ t ≤ 1, y ∈ D}. Let also
K∗

x,D = Kx,D \ {x}.

3. Preliminary results

Lemma 3.1. Assume that T and S are monotone operators with DT and RS both
bounded and DT ⊆ DS. Then π1(domφT+S) = π1(domφT ).

Proof. Choose M ≥ diam(DT ), diam(RS). Let x ∈ X, x∗ ∈ X∗, y ∈ DT ,
y∗ ∈ T (y), z∗ ∈ S(y). Since

−M2 ≤ −∥z∗∥∥x− y∥ ≤ ⟨z∗, x− y⟩ ≤ ∥z∗∥∥x− y∥ ≤ M2

it follows that

⟨y∗ − x∗, x− y⟩+ ⟨x∗, x⟩ −M2 ≤ ⟨y∗ + z∗ − x∗, x− y⟩+ ⟨x∗, x⟩
≤ ⟨y∗ − x∗, x− y⟩+ ⟨x∗, x⟩+M2

and therefore φT (x, x
∗)−M2 ≤ φT+S(x, x

∗) ≤ φT (x, x
∗) +M2.

Thus φT+S(x, x
∗) is finite if and only if φT (x, x

∗) is finite, proving the lemma.

Lemma 3.2. Assume that T and S are monotone operators such that
DT ∩ int (DS) ̸= ∅, T +NDS

is of type FPV, and S is maximally monotone.
Then φT+S(x, x

∗) ≥ ⟨x, x∗⟩ for any (x, x∗) ∈ DT ×X∗.
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Proof. Since we have T + S = T + S +NDS
= T +NDS

+ S we can replace T with
T + NDS

and assume that T is of type FPV and DT ⊆ DS. First we shall prove
that φT+S(tx, tx

∗) ≥ ⟨tx, tx∗⟩ for any t ∈ (0, 1). We can assume that 0 ∈ DT ∩DS.
Since DT and DS are convex, tx ∈ DT ∩ int (DS) for any t ∈ (0, 1). If tx ∈ DT , then
φT+S(tx, tx

∗) ≥ ⟨tx, tx∗⟩ from the definition of φT+S. Assume now that tx /∈ DT .
Since tx ∈ int (DS), there is an open ball B = B(tx, r) ⊂ DS and a positive number
M such that ∥y∗∥ < M for any y ∈ DS ∩ B and y∗ ∈ S(y). Let n be a positive
integer larger than r. Since tx /∈ DT , B(tx, r/n) ∩ DT ̸= ∅ and T is of type FPV
there exists yn ∈ DT ∩B(tx, r/n) and y∗n ∈ T (yn) such that ⟨y∗n − tx∗, tx− yn⟩ > 0.
Using this, for any z∗ ∈ S(yn) and the fact tat ∥y∗∥ ≤ M , we have

φT+S(tx, tx
∗) ≥ ⟨y∗n + z∗ − tx∗, tx− yn⟩+ ⟨tx∗, tx⟩

= ⟨y∗n − tx∗, tx− yn⟩+ ⟨z∗, tx− yn⟩+ ⟨tx∗, tx⟩
≥ 0−M∥tx− yn∥+ ⟨tx∗, tx⟩.

Since yn converges to tx, this proves that φT+S(tx, tx
∗) ≥ ⟨tx, tx∗⟩ for any element

t ∈ (0, 1). From the convexity of φT+S it follows that

tφT+S(x, x
∗) ≥ φT+S(tx, tx

∗) ≥ ⟨tx, tx∗⟩ = t2⟨x∗, x⟩ for any t ∈ (0, 1).

Letting t → 1 we obtain that φT+S(x, x
∗) ≥ ⟨x, x∗⟩.

Remark 3.3. The above proof is the second part of the proof of a more general
result ([see [1] Proposition 3.1; see also our Proposition 3.12 below).

Lemma 3.4. Assume that T and S are maximally monotone operators such that
DT and RS are bounded, DT ∩ int (DS) ̸= ∅, DT ⊆ DS and T is of type FPV. Then
φT+S(x, x

∗) ≥ ⟨x∗, x⟩ for all x ∈ X, x∗ ∈ X∗.

Proof. Clearly DT = DT+S and DT = DT+S. We shall consider two cases.
Case 1: x /∈ DT = DT+S. Then, following Theorem 2.6 and Lemma 3.1, we have
x /∈ π1(domφT ) = π1(domφT+S) and the assertion follows.
Case 2: x ∈ DT . Since T = T +NDS

, the assertion follows from Lemma 3.2.

Corollary 3.5. Assume that T is a maximally monotone operator of type FPV with
DT bounded and S is a maximally monotone operator with RS bounded and DS = X.
Then T + S is maximally monotone.

Proof. This is a straightforward consequence of Lemma 3.4 and Theorem 2.7.

Remark 3.6. As a matter of fact the assumption that DS = X is not necessary; it
follows from [3].

Lemma 3.7. For any r > 0 let Br be the closed ball in X centered at 0 and with
radius r. Let T be a monotone operator and assume that T + NBr is maximally
monotone for any r sufficiently large. Then T is maximally monotone.

Proof. Assume that (x, x∗) is monotonically related to T and choose r > ∥x∥ large
enough such that T + NBr is maximally monotone. It is straightforward to check
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that (x, x∗) is monotonically related to T +NBr and thus x∗ ∈ (T +NBr)(x). Since
NBr(x) = {0}, the lemma is proved.

Proposition 3.8. Assume that T is a C0-maximally monotone operator and S is
a maximally monotone operator with RS bounded and DS = X. Then T + S is
maximally monotone.

Proof. In view of Lemma 3.7 it is enough to prove that T +S +NBr is maximally
monotone for any r sufficiently large. Let r > 0 be such that DT intersects the
interior of Br. Then T + S +NBr = (T +NBr) + S. Since T +NBr is C0-maximally
monotone (thus of type FPV) and has bounded domain it follows from Corollary
3.5 that T + S + NBr = T + NBr + S is maximally monotone. Lemma 3.7 implies
now that T + S is maximally monotone.

Lemma 3.9. Assume that S : X→→X∗ is maximally monotone and int (DS) ̸= ∅.
Then for any s0 ∈ int (DS) there exist ρ,M > 0 such that for any x ∈ X we have

⟨s∗, s− x⟩ ≤ M∥s− x∥, for any s ∈ DS ∩Kx,B(s0,ρ), s∗ ∈ S(s).

Proof. Let s0 ∈ int (DT ). It is well known (see for example [6] or [8, Theorem
26.1] and the references therein) that T is locally bounded at such a point and thus
there exists ρ > 0 and M > 0 such that B[s0, ρ] ⊂ DS and for any u ∈ B(s0, ρ) and
u∗ ∈ S(u) we have ∥u∗∥ ≤ M .
Let x ∈ X, s ∈ Kx,B(s0,ρ) ∩DS, s ̸= x and s∗ ∈ S(s).
Then there exists u ∈ B(s0, ρ) and ε ∈ (0, 1] such that s = (1 − ε)x + εu. If s = u
then ∥s∗∥ ≤ M and ⟨s∗, s−x⟩ ≤ M∥s−x∥. If s ̸= u then ε ̸= 1. Choose u∗ ∈ S(u).
An easy computation shows that s− x =

ε

1− ε
(u− s) and therefore

⟨s∗, s− x⟩
∥s− x∥

=
⟨s∗, u− s⟩
∥u− s∥

=
⟨s∗ − u∗, u− s⟩

∥u− s∥
+

⟨u∗, u− s⟩
∥u− s∥

≤ 0 +M

proving the lemma.

Proposition 3.10. Any C0-maximally monotone operator is regular.

Proof. Let T be a C0-maximally monotone operator, x ∈ X, x∗ ∈ X∗ and assume
that λ = L(x, x∗, T ) is finite. We have to show that x ∈ DT .
First, consider the function gλ,x(y) = λ∥x − y∥, y ∈ X. It is known (and easy to
check) that

∂gλ,x(y) = {z∗ ∈ X∗; ∥z∗∥ ≤ λ and ⟨z∗, y − x⟩ = λ∥y − x∥} .

Notice that

L(x, x∗, T + ∂gλ,x)

= max

{
0, sup

{
⟨y∗ + z∗ − x∗, x− y⟩

∥x− y∥
, y∗ ∈ T (y), z∗ ∈ ∂gλ,x(y), y ̸= x

}}
= max

{
0, sup

{
⟨y∗ − x∗, x− y⟩

∥x− y∥
− λ, y∗ ∈ T (y), y ̸= x

}}
= L(x, x∗, T )− λ = 0
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This means that (x, x∗) is monotonically related to T + ∂gλ,x which is maximal by
Proposition 3.8. Thus x ∈ DT .
Assume now that S :X→→X∗ is a maximally monotone operator such that we have
0 ∈ int (DS). Then S is locally bounded at 0 and therefore there exists positive
numbers r and M such that B = B[0, r] ⊆ int (DS) and ∥s∗∥ ≤ M for any s∗ ∈ S(s)
and s ∈ B. For x ∈ X let K = Kx,B.

Lemma 3.11. Let S be as above and let T : X→→X∗ be a maximally monotone
operators such that 0 ∈ DT ∩ int (DS) and T +NDS

is C0-maximal. Assume that for
some (x, x∗) ∈ X ×X∗ we have φT+S(x, x

∗) ≤ ⟨x, x∗⟩ (i.e. (x, x∗) is monotonically
related to T + S) and DT ∩K∗

x,B ⊆ DS. Then x ∈ DT and φT+S(x, x
∗) = ⟨x, x∗⟩.

Proof. Let K∗ = K \ {x}. Let y ∈ DT ∩ K∗ ⊆ DS, y∗ ∈ T (y), i∗ ∈ NDS
(y),

j∗ ∈ NK(y) and s∗ ∈ S(y). Then u∗ = s∗ + i∗ ∈ S(y), ⟨j∗, x − y⟩ ≤ 0 and, from
Lemma 3.9, ⟨u∗, y − x⟩ ≤ M∥x− y∥. It follows that

⟨y∗ + i∗ + j∗ − x∗, x− y⟩ = ⟨y∗ + u∗ − x∗, x− y⟩+ ⟨j∗, x− y⟩+ ⟨s∗, y − x⟩
≤ M∥x− y∥

and therefore L(x, x∗, T + NDS
+ NK) ≤ M . Since T + NDS

+ NK is C0-maximal
(Lemma 2.2) it is regular (Proposition 3.10) and this shows that x ∈ DT ∩DS ∩K
and thus x ∈ DT . From Lemma 3.2 we obtain that φT+S(x, x

∗) = ⟨x, x∗⟩.

Proposition 3.12. Assume that T and S are maximally monotone operators such
that DT ∩ int (DS) ̸= ∅ and T +NDS

is C0-maximally monotone.
Then φT+S(x, x

∗) ≥ ⟨x, x∗⟩ for any (x, x∗) ∈ DS ×X∗.

Proof. By contradiction, assume that we have φT+S(x, x
∗) < ⟨x, x∗⟩ for some

(x, x∗) ∈ DS × X∗. Since x ∈ DS, with the notation in Lemma 3.11, it follows
that DT ∩ K∗

x,B ⊆ DS and Lemma 3.11 shows that φT+S(x, x
∗) = ⟨x, x∗⟩. This

contradiction proves the Proposition.

Lemma 3.13. (see [1, Fact 4.1]) Assume that S : X→→X∗ is monotone, (s, s∗) ∈
X ×X∗ is monotonically related to S and 0 ∈ int (DS). Then there exist ρ > 0 and
M > 0 such that

⟨s∗, s⟩ ≥ ρ∥s∗∥ −M(∥s∥+ ρ).

Proof. Since 0 ∈ int (DS), it is well known that there exit ρ > 0 and M > 0 such
that B[0, ρ] ⊂ DS and ∥y∗∥ ≤ M for any y ∈ B[0, ρ] and y∗ ∈ S(y). Let (y, y∗) be
as before. We have:

⟨s∗, s⟩ = ⟨s∗ − y∗, s− y⟩+ ⟨s∗, y⟩+ ⟨y∗, s− y⟩ ≥ 0 + ⟨s∗, y⟩+ ⟨y∗, s− y⟩
≥ ⟨s∗, y⟩ − ∥y∗∥ ∥s− y∥ ≥ ⟨s∗, y⟩ − ∥y∗∥(∥s∥+ ∥y∥)
≥ ⟨s∗, y⟩ −M(∥s∥+ ρ)

Since this is true for any y ∈ B[0, ρ] the lemma is proved.
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4. Main result

Theorem 4.1. Let T and S be a maximally monotone operators such that we have
DT ∩intDS ̸= ∅ and (T+NDS

) is C0-maximal. Then T+S is a maximally monotone
operator. In particular, if T is C0-maximally monotone then T + S is maximally
monotone, in fact C0-maximally monotone.

Proof. We can and will assume that 0 ∈ DT ∩ int (DS) and 0 ∈ T (0). Thus

⟨t∗, t⟩ ≥ 0 for any t∗ ∈ T (t), t ∈ DT . (1)

Since T + S = T + (S + NDS
) = (T + NDS

) + S we can replace T with T + NDS

and assume that DT ⊆ DS and T is C0-maximally monotone. Assume that T +S is
not maximally monotone. This means that there exists (x, x∗) ∈ X ×X∗ such that
φT+S(x, x

∗) < ⟨x, x∗⟩. From Proposition 3.12 it follows that x /∈ DS.
Let ρ > 0 and M > 0 be such that B1 = B[0, ρ] ⊆ DS and ∥s∗∥ ≤ M for all
s∗ ∈ S(s) and s ∈ B1. Set Bn = B[0, ρ/n] and let Kn = Kx,Bn be the cone with
vertex x and base Bn. Since φT+S(x, x

∗) < ⟨x, x∗⟩, from Lemma 3.11

there exists zn ∈ (DT ∩Kn) \DS ⊆ (DT ∩Kn) \ int (DS) (2)

with zn = (1− γn)bn + γnx, 0 ≤ γn ≤ 1. By replacing {γn} with a subsequence we
may assume that it converges to γ ∈ [0, 1] and thus zn converges to a point

x0 = γx ∈ [0, x] ∩ (DT \ int (DS)).

Clearly x0 /∈ int (DS) and Proposition 3.12 implies that x /∈ DS. Thus 0 < γ < 1.
Choose n such that ∥γx−zn∥ < ρ(1−γ)/8 = λ and let z = zn. Choose now z∗∈T (z)
and let

M0 = ∥z∗∥(2 + 2d+M)/γ, where d = diamK1. (3)

Since z ∈ DS \DS it is known that

lim
n→∞

inf{∥s∗∥ : s∗ ∈ S(s), s ∈ B(z, 1/n)} = ∞

(see for example [14, Fact 2.16]). Choose 0 < ε < λ such that

∥s∗∥ ≥ 3Md− γM0 − γd∥x∗∥
(1− γ)ρ

for any s ∈ B(z, ε) ∩DS and s∗ ∈ S(s). (4)

Clearly either 2z ̸= x0 or 3z ̸= x0. Assume 2z ̸= x0, the other case being similar.
Choose 0 < β < max{1/3, λ, ε/∥2z − x0∥} and let α = 1− 2β. Let

v = αz + βx0 = αz + βx0 + β0 (of course v ∈ intDS). (5)

Then

z − v = (1− α)z − βx0 = 2βz − βx0 = β(2z − x0) and v ∈ B(z, ε). (6)
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Our aim is to show that there exist u ∈ DT ∩DS ∩B(z, ε) and u∗ ∈ T (u) such that

⟨u∗, u− x⟩ ≤ M0. (7)

Notice that for any z1, z2 ∈ K1 we have

∥z1 − z2∥ ≤ d = diamK1. (8)

We consider now two cases.
Case 1: z∗ ∈ T (v). Set u = v and u∗ = z∗. We have

⟨u∗, u− x⟩ = ⟨z∗, v − x⟩ ≤ ∥z∗∥ ∥v − x∥ ≤ d∥z∗∥ ≤ M0

proving (7) in this case.
Case 2: z∗ /∈ T (v). Choose 0 < δ < β such that B(v, δ) ⊂ B(z, ε) ∩DS.
Since 0, z, x0 ∈ DT , which is convex it follows that we have v ∈ DT and therefore
B(v, δ) ∩DT ̸= ∅. Since T is FPV and z∗ /∈ T (v), there exist u ∈ DT ∩ B(v, δ) and
u∗ ∈ T (u) such that

⟨u∗ − z∗, v − u⟩ > 0 or ⟨u∗, u− v⟩ < ⟨z∗, u− v⟩.

Since v = αz + βx0 and x0 = γx we have

⟨u∗, u− x⟩ = ⟨u∗, u− v⟩+ ⟨u∗, v − x⟩
≤ ⟨z∗, u− v⟩+ ⟨u∗, αz + βγx− x⟩
= ⟨z∗, u− v⟩+ ⟨u∗, αz − αu⟩+ ⟨u∗, αu⟩+ ⟨u∗, (βγ − 1)x⟩
= ⟨z∗, u− v⟩+ ⟨u∗, αz−αu⟩+ (α + βγ − 1)⟨u∗, u⟩+ (1−βγ)⟨u∗, u−x⟩
= ⟨z∗, u− v⟩+ α⟨u∗, z − u⟩+ β(γ − 2)⟨u∗, u⟩+ (1− βγ)⟨u∗, u− x⟩

and thus

βγ⟨u∗, u− x⟩ ≤ ⟨z∗, u− v⟩+ α⟨u∗, z − u⟩+ β(γ − 2)⟨u∗, u⟩ (use ⟨u∗, u⟩ ≥ 0)
≤ ∥z∗∥∥u− v∥+ α⟨z∗, u− z⟩+ 0

= ∥z∗∥∥u− v∥+ α(⟨z∗, u− v⟩+ ⟨z∗, v − z⟩)
≤ ∥z∗∥ ∥u− v∥+ α∥z∗∥(∥u− v∥+ ∥v − z∥)

(use u ∈ B(v, δ) and (6) and next δ ≤ β)
≤ δ∥z∗∥+ α∥z∗∥(δ + β∥2z − x0∥)
≤ β∥z∗∥+ α∥z∗∥(β + 2dβ) ≤ β∥z∗∥((2 + 2d)

It follows that
⟨u∗, u− x⟩ ≤ ∥z∗∥((2 + 2d)/γ ≤ M0

and thus (7) is true.
To prove the theorem (by contradiction) it is enough to show that

⟨s∗ + u∗ − x∗, x− u⟩ > 0 for some s∗ ∈ S∗(u).
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First, from the choices of z = zn, ε, δ, v and u, we have

∥γx− u∥ ≤ ∥γx− z∥+ ∥z − v∥+ ∥v − u∥ ≤ λ+ ε+ δ ≤ 3λ ≤ ρ(1− γ)/2.

Therefore, for s∗ ∈ S(u), we have (by Lemma 3.13)

⟨s∗, x− u⟩ = (1− γ)⟨s∗, u⟩
γ

+
⟨s∗, γx− u⟩

γ

≥ (1− γ)(ρ∥s∗∥ −M(∥u∥+ ρ))

γ
− ∥s∗∥ρ(1− γ)

2γ

=
(1− γ)

2γ

(
ρ∥s∗∥ − 4Md

)
.

Also, by (7),
⟨u∗ − x∗, x− u⟩ ≥ −M0 − d∥x∗∥.

By combining the last two results and using the choice of ε we obtain

⟨s∗ + u∗ − x∗, x− u⟩ ≥ (1− γ)(ρ∥s∗∥ − 4Md)

γ
−M0 − d∥x∗∥ > 0

thus proving the theorem.

Remark 4.2. The choice of u and u∗ in the proof above was inspired by [14].
However, our computations and other arguments are considerably shorter.
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