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1. Introduction

It is well known that the smoothness of the boundary of a bounded open subset
of Rn can be characterized using the signed distance function (see for instance [9,
11, 12, 13]). This characterization is useful for several purposes, in particular it is
related to the Hamilton-Jacobi equations [6] and it can be used to face the mean
curvature flow of a one-codimensional family of smooth embedded hypersurfaces
without boundary [10].
For a compact smooth embedded manifold without boundary of arbitrary codimen-
sion, it turns out that the meaningful function to be considered is the square distance
function: in [7] De Giorgi conjectured1 that if E is a connected subset of an open
set Ω ⊆ Rn such that E ∩ Ω = E ∩ Ω and the 1

2
-square distance function from E,

ηE(x) :=
1

2
inf
y∈E

|x− y|2, x ∈ Rn,

is smooth in a neighborhood of E, then E is an embedded smooth manifold2 without
boundary in Ω of codimension equal to rank (∇2ηE). Such a conjecture has been
proven in [3, 4] (see also [15] and [9]) and can be considered as one of the motivations
of this paper.
1 If M is a compact smooth embedded manifold without boundary then the square distance func-

tion ηM is smooth in a suitable tubular neighborhood of M, see Theorem 2.2.
2 See Theorem 2.3.

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag



392 G. Bellettini, A. Elshorbagy / On the Square ...

Investigations on arbitrary codimensional mean curvature flow lead De Giorgi [8]
to further express the motion using the Laplacian of the gradient of the square
distance function from the evolving manifolds, and also to describe the flow passing
to a level set formulation: we refer to [3] for more details, and to [5, 16, 2] for further
applications.
In this paper we want to characterize a smooth arbitrary codimensional manifold
with boundary embedded in Rn, using the distance functions. We start our discussion
on the smoothness of the distance function from a manifold with boundary with a
simple observation. Let E be a smooth compact curve in Rn with two end points
(like the ones in Fig. 3.1 for n = 2 or in Fig. 4.1 for n = 3): then ηE turns out to
be smooth in a sufficiently small neighborhood of E, excluding portions of a smooth
hypersurface orthogonal to the boundary of E (the two dashed segments in Fig. 3.1,
and the two disks in Fig. 4.1)3. This suggests that we have to exclude the boundary
and possibly some portions of a hypersurface containing it, if we are hoping to get
some sort of regularity for the square distance function from a manifold M with
boundary. In fact, in Propositions 4.2(2) and 4.4(2) we show that, in general, ηM
is smooth in a neighborhood of M out of a suitable hypersurface containing the
boundary.
Supposing M = M is a smooth manifold with boundary, roughly speaking M is
the union of two sets: the relative interior M◦ (a relatively open subset of M) and
the boundary ∂M (a smooth submanifold of M of codimension one so that M lies
locally “on one side” of ∂M), joined smoothly; in particular M is contained in the
relative interior of a larger smooth manifold of the same dimension.
We want to mimic the above properties for a pair of subsets of Rn, making use
only of the distance functions and their regularity properties. Therefore, let E and
L be two subsets of Rn and Ω ⊆ Rn be an open set. We want to isolate a set of
necessary and sufficient conditions to be satisfied by the signed distance function
and the square distance function from E and from L so that E ∪ L is a smooth
manifold with boundary L in Ω. Our main Definition 3.2 reformulate the above
properties as follows. We say that E ∪L is a smooth manifold with boundary in the
sense of distance functions, and we write (E,L) ∈ DhB Ck(Ω) (where h stands for
the dimension of E and k for its smoothness degree), if:
• L ∩ Ω = L ∩ Ω and ηL is smooth in a neighborhood of L in Ω: this guarantees

the smoothness of L;
• E ∩ (Ω \ L) = E ∩ (Ω \ L) and ηE is smooth in a neighborhood of E in Ω \ L:

this guarantees the smoothness of E in Ω \ L;
• all points of L are limits of sequences of points of E \ L;
• there is a neighborhood B of E \ L in Ω, B ∩ L = ∅, such that the signed

distance function dB from B (negative in B) is smooth in a neighborhood A of
L: this guarantees the smoothness of the boundary of B in A. Such a boundary
is, roughly, represented by the two dashed segments in Fig. 3.1 and the two
disks in Fig. 4.1. Hence the set E \ L must lie on one side of L. In particular
points of L do not belong to the relative interior of E ∪ L, see Fig. 3.3;

3 We can even consider the case n = 1: take a bounded closed interval E = [a, b] ⊂ R. Then
ηE ∈ C1,1 but not C2 in any neighborhood of E in R; however, ηE is smooth in R \ {a, b}.
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• there exists a smooth extension η̂ of ηE in an open neighborhood of B ∩A such
that rank(∇2η̂(x)) = n− h on points x ∈ L: in particular this ensures that E
and L join smoothly.

The main results of this paper are Theorems 4.1 and 5.1, where we show that
Definition 3.2 is equivalent to the classical definition of smooth manifold embedded
in Rn with boundary. The results are valid in any codimension and localized in an
open set. We remark that localization of Definition 2.4 (on which Definition 3.2 is
based) in an open set is necessary: for instance, even in the simplest case Ω = Rn in
the above list, the regularity on ηE is required only in Rn \L, which is an open set.
The content of the paper is the following. In Section 2 we introduce the class
DhCk(Ω), of h-dimensional embedded Ck-manifolds without boundary in Ω in the
sense of distance functions (Definition 2.4). After quoting some known results,
we recall the correspondence between the classical definition of manifolds without
boundary and sets in DhCk(Ω) (Remark 2.5).
In Definition 3.2 we introduce the class DhB Ck(Ω); in Section 3 we illustrate the
motivations behind this definition through several observations (Remark 3.3) and
examples.
In Section 4 we prove our first main result (Theorem 4.1) showing that h-dimensional
embedded Ck-manifolds with boundary in Ω are elements of DhB Ck(Ω).
In Section 5 we prove our second main result4 (Theorem 5.1), showing that sets in
DhB Ck(Ω) are h-dimensional embedded Ck−1-manifolds with boundary.

Acknowledgements. The first author is grateful to Prof. Ennio De Giorgi who,
several years ago, drew attention to the problem discussed in this paper. The authors
are grateful to the referee for several useful comments and corrections, and for
pointing out reference [15]. The present paper benefits from the support of the
GNAMPA (Gruppo Nazionale per l’Analisi Matematica, la Probabilità e le loro
Applicazioni) of INdAM (Istituto Nazionale di Alta Matematica).

2. Manifolds without boundary and distance functions

In this section we recall the notion of smooth (resp. analytic) manifold without
boundary of arbitrary codimension, using the distance function, and the relation
with the classical definition of smooth manifold. In what follows N stands for the
set of positive natural numbers, and n ∈ N.
Given E ⊆ Rn, we set

dE(x) := dist(x,E)− dist(x,Rn \ E), x ∈ Rn,

and ηE(x) :=
1

2
(dist(x,E))2, x ∈ Rn,

where dist(x,E) := infy∈E |x − y| and by convention inf ∅ := +∞. Note that
dist(·, E) = dist(·, E), where E denotes the closure of E in Rn, and dE is a one-
Lipschitz function. If E has empty interior then dE(·) = dist(·, E).

4In the C∞ or analytic case, this is the converse of Theorem 4.1.
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If ρ > 0, we set E+
ρ := {ξ ∈ Rn : dist(ξ, E) < ρ}, and if ρ : E → (0,+∞] is a

function, we set
E+

ρ(·) :=
⋃
x∈E

{ξ ∈ Rn : |ξ − x| < ρ(x)}.

We denote by Cω(Ω) the class of real analytic functions in the open set Ω ⊆ Rn and
by Bρ(x) (resp. Bh

ρ (x)) the open ball of Rn (resp. of Rh, h < n) centered at x of
radius ρ > 0.
Let us recall the definition of the class of h-dimensional embedded Ck-manifolds5

without boundary in a nonempty open set Ω ⊂ Rn (see for instance [17, 7]).

Definition 2.1. (Smooth embedded manifold without boundary) Let us take some
k ∈ N ∪ {∞, ω} and h ∈ {1, . . . , n}. Let Ω ⊆ Rn be a nonempty open set. We say
that Γ ⊂ Rn is an h-dimensional embedded Ck-manifold without boundary in Ω if

Γ ∩ Ω = Γ ∩ Ω, (1)

and for all x ∈ Γ ∩ Ω there exist an open set R ⊂ Rn, an open set G ⊂ Rh, and
maps ϕ ∈ Ck(G;Rn), ψ ∈ Ck(R;Rh) such that

x ∈ R, ψ(ϕ(y)) = y ∀y ∈ G, and Γ ∩R = {ϕ(y) : y ∈ G}. (2)

Theorem 2.2. Let k ∈ N, k ≥ 2, or k ∈ {∞, ω} and h ∈ {1, . . . , n}. Let Γ ⊂ Rn

be a compact h-dimensional embedded Ck-manifold without boundary in Rn. Then
ηΓ is Ck in a tubular neighbourhood Γ+

ρ of Γ and ηΓ(x + p) = 1
2
|p|2 for any x ∈ Γ

and any p in the normal space to Γ at x, with x+ p ∈ Γ+
ρ . In particular the matrix

∇2ηΓ(x) represents the orthogonal projection on the normal space to Γ at x.
Proof. See [15, Section 1], [1, Theorem 2] and [9].

Theorem 2.2 is still valid if Γ is a h-dimensional embedded Ck-manifold without
boundary (not necessarily compact) in some open set Ω, provided that Γ+

ρ is replaced
by a neighborhood Γ+

ρ(·) ⊂ Ω of Γ ∩ Ω. Indeed, arguing as in the proof of Theorem
2.2 in [1], and using also [15, Section 1], it follows that that for any x ∈ Γ ∩ Ω
there exists ρ(x) > 0 such that Bρ(x)(x) ⊂ Ω, ηΓ ∈ Ck(Bρ(x)(x)), η(x + p) = 1

2
|p|2

for any p ∈ NxΓ such that x + p ∈ Bρ(x)(x), and rank(∇2ηΓ(x)) = n − h. Defining
Γ+
ρ(·) := ∪x∈ΓBρ(x)(x) we get the assertion.

Theorem 2.3. Let k∈N, k ≥ 2 or k∈{∞, ω}. Let A ⊆ Rn be an open set, E ⊂ Rn

a closed subset and suppose that ηE ∈ Ck(A). Then any connected component of
E ∩ A is an embedded Ck-manifold without boundary in A.
Proof. See [15, Section 3], [4, Theorem 2.4].

Note that if rank(∇2ηE(x)) = n− h for any x in a connected component of E ∩A,
then such a connected component must have dimension h. Furthermore it is suffi-
cient to have E closed in A to get the thesis of Theorem 2.3. Indeed it is enough to
apply Theorem 2.3 to E, hence any connected component of E ∩A (= E ∩A) is a
manifold without boundary.
5 k stands for a positive natural number. We also consider the cases k = +∞ or k = ω (analytic

manifolds), in these cases k − 1 = +∞ (resp. ω).
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The above results suggest to introduce the following class of sets (which we shall
consider as “the class of h-dimensional embedded Ck-manifolds without boundary
in Ω in the sense of distance functions”):

Definition 2.4. (The class DhCk(Ω)) Assume k ∈ N, k ≥ 2, or k ∈ {∞, ω} and
h ∈ {0, . . . , n}. Let Ω ⊆ Rn be a nonempty open set and E ⊂ Rn. We write
E ∈ DhCk(Ω) if
(i) E ∩ Ω = {x ∈ Ω : ηE(x) = 0};
(ii) there exists an open set A ⊆ Ω with E ∩ Ω ⊆ A such that ηE ∈ Ck(A);
(iii) rank(∇2ηE(x)) = n− h for any x ∈ E ∩ Ω.

Remark 2.5. (I) If E ∈ DhCk(Ω), k ≥ 2 or k ∈ {∞, ω} then E is closed in Ω and
E ∩ Ω is a h−dimensional embedded manifold of class Ck(Ω) without boundary in
Ω. Conversely, if k ≥ 2 or k ∈ {∞, ω} and Γ is a h−dimensional embedded manifold
of class Ck(Ω) without boundary in Ω then Γ ∈ DhCk(Ω).
(II) E = ∅ ∈ DhCk(Ω) for any h, k and any open set Ω.

3. Manifolds with boundary and distance functions

We start this section by defining what we mean by an embedded h-dimensional Ck-
manifold in an open set with boundary in the sense of distance functions. But first
we recall the classical definition (see for instance [17, 7]).

Definition 3.1. (Smooth embedded manifold with boundary) Let k ∈ N∪{∞, ω}
and h ∈ {1, . . . , n}. Let Ω ⊆ Rn be a nonempty open set. We say that M ⊆ Rn is
an h-dimensional embedded manifold of class Ck with boundary of class Ck in Ω (a
h-dimensional Ck-manifold in Ω with boundary, for short) if

M∩ Ω = M∩ Ω

and for all x ∈ M∩ Ω there exist an open set R ⊆ Rn, an open set G ⊆ Rh, maps
ϕ ∈ Ck(G;Rn), ψ ∈ Ck(R;Rh) and a point z ∈ Rh such that

x ∈ R, ψ(ϕ(y)) = y ∀y ∈ G, M∩R = {ϕ(y) : y ∈ G, ⟨y, z⟩ ≥ 0} . (3)
The boundary of M in Ω, denoted by ∂ΩM (∂M when Ω = Rn), is the set of all
points x ∈ M∩ Ω such that

x = ϕ(y), y ∈ G, ⟨y, z⟩ = 0, z ̸= 0.

We denote by M◦ = M\∂ΩM the relative interior of M and by TxM (resp. NxM)
the tangent (resp. normal) space to M at x ∈ M.
Our main definition of smooth manifold with boundary using the distance functions
reads as follows.
Definition 3.2. (The class DhBCk(Ω)) Let k ∈ N, k ≥ 2 or k ∈ {∞, ω} and
h ∈ {1, . . . , n}. Let Ω ⊆ Rn be a nonempty open set, and E,L ⊆ Rn. We write
(E,L) ∈ DhBCk(Ω) if:
(i) L ∈ Dh−1Ck(Ω) and E ∈ DhCk(Ω \ L);
(ii) dist(x, (E \ L) ∩ Ω) ≤ dist(x, L ∩ Ω) for any x ∈ Rn;
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(iii) if we define

B := {x ∈ Ω : dist(x, (E \ L) ∩ Ω) < dist(x, L ∩ Ω)}, (4)

then there exists an open set A ⊆ Ω with L∩Ω ⊂ A such that dB ∈ Ck−1(A);

(iv) there exist an open set Ĉ ⊃ {x ∈ A : dB(x) ≤ 0} and a function η̂ ∈ Ck(Ĉ)
such that η̂ = ηE on {x ∈ A : dB(x) ≤ 0}, and rank(∇2η̂) = n− h on E ∪ L;
in particular ηE ∈ Ck

(
{x ∈ A : dB(x) ≤ 0}

)
.

Since Definition 3.2 is crucial, some comments are in order. Informally the set L∩Ω
should be considered as the “boundary” of E ∪L in Ω, and by condition (i) it must
satisfy Definition 2.4, with h − 1 in place of h, while E must satisfy Definition 2.4
not in the whole of Ω, but only in the open set Ω \ L (remember that L is closed in
Ω by condition (i) in Definition 2.4), see Fig. 3.1 for an elementary example.

Figure 3.1: Ω = B1(0) is an open disk in R2, k = ∞, h = 1, E is the bold curve (including
the two endpoints), L consists of the two endpoints of E; dist(·, (E \L)∩Ω) = dist(·, E), B
contains the shaded region, A is the union of the two small disks containing L. In Section
4 it will also be useful to consider H := A ∩ ∂B, which in this example consists of two
dashed segments containing L and normal to E. Finally, {x ∈ A : dB(x) ≤ 0} consists of
the grey areas inside the two disks, including the dashed segments.

To understand condition (iii), which is a regularity requirement on ∂B, we refer
to Examples 3.5 and 3.8. We notice here that, if h = 1, then we can require
dB ∈ C∞(A).
Condition (iv) implies that E ∩ Ω is smooth up to L ∩ Ω. Note carefully that, in
general, ηE is not of class Ck in an open neighborhood of E ∪ L. For instance, if
n = 1 = h, E = [−1, 1] ⊂ R, L = {±1} then ηE is of class C1,1 but not of class C2

in a neighborhood of L.
Note that (E, ∅) ∈ DhB Ck(Ω) if and only if E ∈ DhCk(Ω). Moreover if E = E,
L = L, and E ∪ L ⊆ Ω then (E,L) ∈ DhB Ck(Ω) implies (E,L) ∈ DhB Ck(Ω′) for
every open set Ω′ ⊇ Ω.

Remark 3.3. Suppose k ∈ N, k ≥ 2 or k ∈ {∞, ω} and (E,L) ∈ DhB Ck(Ω).
(I) By Definition 3.2 (i) we have L ∈ Dh−1Ck(Ω) hence, recalling Remark 2.5, we
have that L is an embedded (h−1)-dimensional Ck-manifold without boundary in Ω.
Also, since E ∈ DhCk(Ω \L), E is an embedded h-dimensional Ck-manifold without
boundary in Ω \ L.
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(II) In Definition 3.2, we do not specify whether or not points of L belong to E.
However, condition (ii) says that, if L is nonempty, all points of L ∩ Ω are limits of
sequences of points of (E \ L) ∩ Ω. Indeed, if x ∈ L ∩ Ω then dist(x, L ∩ Ω) = 0,
hence (ii) implies

dist(x, (E \ L) ∩ Ω) ≤ 0, and so x ∈ (E \ L) ∩ Ω.

(III) We have (E ∪ L) ∩ Ω = (E ∪ L) ∩ Ω. Indeed, by Definition 3.2(i) we have

E ∪ L ∩ Ω = (E ∪ L) ∩ Ω = (E ∪ (Ω \ L)) ∪ (L ∩ Ω) = (E ∪ L) ∩ Ω.

(IV) By (II) and (III) it follows (E ∪ L) ∩ Ω = {x ∈ Ω : ηE(x) = 0}, i.e.,

E ∩ Ω = (E ∪ L) ∩ Ω. (5)

(V) Recalling (4), we have (E \ L) ∩ Ω ⊆ B. (6)

Indeed, let x ∈ (E \ L) ∩ Ω so that dist(x, (E \ L) ∩ Ω) = 0. Since L is closed in Ω
we have dist(x, L ∩ Ω) > 0 and therefore dist(x, (E \ L) ∩ Ω) < dist(x, L ∩ Ω).

(VI) We have L ∩ Ω ⊂ topological boundary of B. (7)

Indeed, from (II) and (III) it follows L ∩ Ω ⊆ B, and L ∩ Ω ∩B = ∅.
(VII) In a neighborhood of L ∩ Ω, the topological boundary of B is an embedded
hypersurface of class Ck−1. Indeed since B is an open set and there exists an open
set A ⊃ L ∩ Ω such that dB ∈ Ck−1(A), it follows from [15, Section 3], [9] that
in A the topological boundary of B is a Ck−1 hypersurface. Consistently with our
notation in Definition 3.1, we indicate by ∂AB the boundary of B in A.

(VIII) For h = n we have B = (E \ L) ∩ Ω. (8)

Indeed the inclusion (E \ L) ∩ Ω ⊆ B is in (6). To show the converse inclusion we
argue by contradiction. Assume that B ̸⊂ (E \ L) ∩ Ω. From (I) we know that
(E \ L) ∩ Ω is an open set and L ∩ Ω is a hypersurface, moreover L ∩ Ω is the
topological boundary of (E \L)∩Ω in Ω from (II) and (III). Hence the intersection
of B with the topological boundary of (E \ L) ∩ Ω is not empty; it follows L∩B ̸= ∅
which contradicts (7).

Example 3.4. We start from the simplest nontrivial case (Fig. 3.2, left): we take
n = 2, h = 1, k ∈ {∞, ω}, Ω = R2, L = {(±1, 0)}, and E = (−1, 1) × {0}
(E = (−1, 1]× {0} or E = [−1, 1)× {0} or E = [−1, 1]× {0} would not affect the
discussion). In this case it is immediate to verify that the set B in condition (iii)
equals B = (−1, 1)×R; the largest A fulfilling condition (iii) is A = R2 \ {x1 = 0},
and {(x1, x2) ∈ A : dB((x1, x2)) ≤ 0} = ([−1, 1]×R) \ {x1 = 0}. Finally, in order to
fulfill (iv), it is sufficient to take η̂ = η

Ê
, where Ê = (−1 − δ, 1 + δ) × {0}, for any

δ > 0 so that η̂ ∈ Ck([−1, 1]× R). Note that ηE is not of class C2 on {x = ±1}.
If we choose L to be only one point of the two points {(±1, 0)}, say L = {(1, 0)},
then E = (−1, 1) × {0} is no longer closed in Ω \ L hence it does not belong to
D1Ck(Ω \ L). On the other hand E = [−1, 1)× {0} is closed in Ω \ L but condition
(ii) of Definition 2.4 (with Ω replaced by Ω \ L) is not satisfied, hence E does not
belong to D1Ck(Ω \ L).
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Example 3.5. Take n = 2, h = 1, k ∈ {∞, ω}, E = {(cos θ, sin θ), θ ∈ (5π
4
, 7π

4
)},

Ω = R2, and L = {(±1√
2
, −1√

2
)}, see Fig. 3.2. We have

B ∩ (R× (−∞, 0)) = {(x1, x2) ∈ R2 : |x1| < |x2|, x2 < 0}.

A can be taken to be any open subset of R × (−∞, 0) containing L that does not
contain the origin. Finally, taking η̂ := η

Ê
where

Ê = {(cos θ, sin θ), θ ∈ (
5π

4
− δ,

7π

4
+ δ)}, 0 < δ <

π

4
,

condition (iv) is fulfilled. Note that ∂B is smooth close to L, but not necessarily far
from L (for instance at the origin).

Figure 3.2: Left: E is a segment in R2. Right: E is an arc of a circle in R2 and L its
two end points.

Figure 3.3: Example 3.8: L is the union of the two bold circles, one being included in
the larger open disk, B is the grey region. Dashed segments: graph of the signed distance
function dB along {y = 0}.

Example 3.6. Take n= h ≥ 1, k ∈{∞, ω}, E = B1(0), Ω = Rn, and L= ∂B1(0).
Note that ηE ∈ C1(B1+ϵ(0)) \ C2(B1+ϵ(0)) for any ϵ > 0.
We have B1(0) ∈ DnCk(Rn\∂B1(0)): indeed E is closed in Rn\∂B1(0), ηE|E = 0 thus
ηE ∈ Ck(E \L) and rank(∇2ηE(x)) = 0 for all x ∈ E \L. Moreover L ∈ Dn−1Ck(Rn)
from Remark 2.5 (I). Hence condition (i) is fulfilled.
Condition (ii) is immediate and we also have B = B1(0) and A = Rn \ {0}. Finally,
η̂ = 0 in Rn allows to check condition (iv).
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Example 3.7. Take n = 2, h = 1, k ∈ {∞, ω}, E = S1 the unit circle centered
at the origin, Ω = R2, and L = ∅. Then condition (i) is immediate. Notice that
dist(·, L) ≡ +∞ hence B = R2, and A = ∅ so that also condition (iv) is trivially
satisfied.

Example 3.8. Take n = h = 2, E = B2(0), Ω = R2, and L = ∂B1(0) ∪ ∂B2(0).
Then (i) and (ii) of Definition 3.2 are fulfilled. We have B = B2(0) \ L, moreover
there is no A ⊃ ∂B1(0) such that dB ∈ C1(A) hence (iii) is not satisfied (note that
ηE = 0 in B2(0), i.e., fulfilling (iv) also depends on the existence of A), see Fig. 3.3.

4. Smooth manifolds with boundary are in DhB Ck(Ω)

In this section we show that smooth manifolds with boundary in the classical sense
(Definition 3.1) are smooth manifolds with boundary in the sense of distance func-
tions (Definition 3.2), more precisely:

Theorem 4.1. Let k ∈ N, k ≥ 2 or k ∈ {∞, ω}, and h ∈ {1, . . . , n}. Let Ω ⊆ Rn

be a nonempty open set and M ⊂ Rn be an embedded Ck-manifold of dimension h
with nonempty boundary in Ω. Then (M, ∂ΩM) ∈ DhBCk(Ω).

First we need the following result.

Proposition 4.2. Let k ∈ N, k ≥ 2, or k ∈ {∞, ω}, and h ∈ {1, . . . , n}. Assume
that M ⊂ Rn is a compact embedded Ck-manifold of dimension h with nonempty
boundary in Rn. Then there exists ϵ > 0 such that, setting

Hϵ :=
⋃

x∈∂M

Bϵ(x) ∩NxM, (9)

the following properties hold:
(1) Hϵ is an embedded Ck−1-hypersurface without boundary in M+

ϵ , and
NxHϵ ⊆ TxM for any x ∈ ∂M;

(2) ηM ∈ Ck(M+
ϵ \Hϵ).

Proof. Since we can work separately on each connected component of M, from now
on we suppose that M is connected. Suppose first h = n. In this case the interior of
M is a nonempty open set with Ck-boundary, and [9, 12, 13] if ϵ > 0 is sufficiently
small, dM is of class Ck in the tubular neighborhood (∂M)+ϵ of ∂M. From (9) we
have Hϵ = ∂M, since NxM = {x}. Then (1) holds because TxM = {x} × Rn

for any x ∈ ∂M. Moreover dist(·,M) ∈ Ck(M+
ϵ \Hϵ), since dist(·,M) = 0 in the

interior of M and dist(·,M) = dM(·) in M+
ϵ \M, hence also (2) follows.

Now suppose h ∈ {1, . . . , n− 1}. We divide the proof into 3 steps.
Step 1. There exists ϵ1 > 0 such that

ηM ∈ Ck(Vϵ1), (10)

where Vϵ1 is the neighborhood of the relative interior M◦ of M defined as

Vϵ1 :=
⋃

x∈M◦

Bϵ1
(x) ∩NxM◦. (11)

The initial part of the proof of this step is rather standard, see for instance [1].
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Take any x◦ ∈ M◦. Since M is a smooth manifold embedded in Rn, there exists
ρ = ρ(x◦) > 0 such that

Bρ(x◦) ∩M = Bρ(x◦) ∩M◦, (12)

and there are smooth orthonormal vector fields ν1(x), . . . , νn−h(x) spanning NxM◦

for any x ∈ Bρ(x◦) ∩M◦. Consider the function

Φ̃ = Φ̃M◦ : (Bρ(x◦) ∩M◦)× Rn−h −→ Rn, Φ̃(x, α) := x+
n−h∑
i=1

αiν
i(x), (13)

where α = (α1, . . . , αn−h) ∈ Rn−h. Let G ⊂ Rh be an open set and assume that
f : G → Bρ(x◦) ∩ M◦ is a local parametrization of M◦ with f(y◦) = x◦, y◦ ∈ G.
Then Φ̃ in local coordinates becomes

Φ : G× Rn−h → Rn, Φ(y, α) := Φ̃(f(y), α) = f(y) +
n−h∑
i=1

αiν
i(f(y)).

Clearly Φ is Ck−1 and therefore dΦ(y◦,0) is represented by a matrix with columns

fy1(y◦), fy2(y◦), . . . , fyh(y◦), ν
1(f(y◦)), ν

2(f(y◦)), . . . , ν
n−h(f(y◦)),

where y = (y1, . . . , yh) and fyi = ∂
∂yi

. Since span{fy1(y◦), . . . , fyh(y◦)} = Tx◦M,
the columns of dΦ(y◦,0) are linearly independent. Hence, by the implicit function
theorem, Φ is locally invertible with inverse of class Ck−1. Let

O := (Br◦(x◦) ∩M◦)×Bn−h
r◦ (0),

where 0 < r◦ = r(x◦) ≤ ρ is so that the implicit function theorem holds, and let

Ψ : Φ̃(O) ⊂ Rn → O, Ψ(ξ) = (x(ξ), α(ξ)),

be the local inverse of Φ̃. Take δ◦ ∈ (0, r◦/2) and ξ ∈ Bδ◦(x◦) ⊂ Φ̃(O), and let
x ∈ M be so that dist(ξ,M) = |x− ξ| (recall that M is closed by Definition 3.1).
Since |x−ξ| ≤ |x◦−ξ| < δ◦ it follows that x ∈ Br◦(x◦)∩M◦ (recall (12) and r◦ ≤ ρ),
hence x = x(ξ)6 and dist(ξ,M) = |α(ξ)|. Thus,

ηM(ξ) =
1

2
|α(ξ)|2 = 1

2

n−h∑
i=1

(αi(ξ))
2 ∀ξ ∈ Bδ◦(x◦),

where α(ξ) = (α1(ξ) . . . αn−h(ξ)). Therefore ηM ∈ Ck−1(Bδ◦ (x◦)). Arguing as in [15,
Section 1], it turns out that ∇ηM ∈ (Ck−1(Bδ◦ (x◦)))

n, and hence ηM ∈ Ck(Bδ◦ (x◦)).
6 Indeed ξ is normal to M◦ at x, i.e., for any tangent vector ω to M at x we have < x− ξ, ω >= 0.
To prove that, consider a local chart f around x such that f(p) = x and dfp(τ) = ω. Since p
is a minimum point for the function |ξ − f(p + στ)|2 where |σ| is small enough, we then have
0 = d

dσ |ξ − f(p+ στ)|2|σ=0 =< ξ − x, ω >.
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Now we deal with points on ∂M. Since M is an embedded Ck-manifold with
boundary, it can be extended7 to a connected h-dimensional Ck-manifold N with
boundary such that ∂M ⊂ N ◦. Let x̄ ∈ ∂M ⊂ N and repeat the argument at
the beginning of this step with M replaced by N , to conclude that ηN is Ck in
Bδ(x̄) ⊂ Φ̃N ◦((Br(x̄) ∩ N ◦) × Bn−h

r (0)) for r > 0 sufficient small and δ ∈ (0, r
2
).

Consider the open set

W(x̄) := Bδ(x̄) ∩
(
Φ̃N ◦((Br(x̄) ∩M◦)×Bn−h

r (0))
)
.

We claim that ηM = ηN in W(x̄), (14)

and hence ηM ∈ Ck(W(x̄)). Indeed, take ξ ∈ W(x̄); then ξ ∈ Bδ(x̄) implies the
existence of a unique x(ξ) ∈ N such that dist(ξ,N ) = |x(ξ) − ξ| and ξ ∈ Nx(ξ)N .
Moreover ξ ∈ Φ̃N ◦

(
(Br(x̄) ∩M◦) × Bn−h

r (0)
)

implies x(ξ) ∈ M◦ by the definition
of Φ̃N ◦ , and claim (14) follows. In particular, any point of W(x̄) has a unique point
of minimal distance to N on Br(x̄) ∩M◦.

Figure 4.1: M is a curve (smooth up to the boundary) embedded in R3, N is a smooth
extension of M, and Hϵ consists of two open disks normal to M at the endpoints (the
boundary of M).

By the compactness of M, we can select ϵ1 > 0 such that:
• (10) holds;
• for any ξ ∈ Vϵ1 there exists a unique x(ξ) ∈ M◦ such that we have

dist(ξ,M) = |ξ − x(ξ)|, in particular

dist(·,M) < dist(·, ∂M) in Vϵ1 ; (15)

• by construction Vϵ1 ⊂ M+
ϵ1

and the topological boundary of Vϵ1 is K ∪ Hϵ1
,

where K ⊂ ∂(M+
ϵ1
) and Hϵ1

is defined in (9) with ϵ replaced by ϵ1. Hence the
closure of Vϵ1 in M+

ϵ1
is Hϵ1

(see Fig. 4.1);

• ηN ∈ Ck(M+
ϵ1
) and by (14)

ηN = ηM in Vϵ1 ∪Hϵ1
. (16)

Step 2. For ϵ2 > 0 small enough, Hϵ2
is a Ck−1 embedded hypersurface without

boundary in M+
ϵ2

.
7 This directly follows from Definition 3.1.
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The statement follows from the smooth embeddedness of ∂M in Rn and its com-
pactness; we write the details for convenience of the reader. Let x̄ ∈ ∂M, ρ > 0
and g : G′

x̄ ⊂ Rh−1 −→ Bρ(x̄) ∩ ∂M be a local chart on ∂M. Define

X(y′, α) = g(y′) +
n−h∑
i=1

αiν
i(g(y′)), y′ ∈ G′

x̄, α ∈ Bn−h
ϵ(x̄) (0), (17)

where {νi(g(y′))}i=1,...,n−h are orthonormal vector fields of class Ck−1 spanning the
normal space to M at g(y′) ∈ ∂M and ϵ(x̄) > 0 is sufficiently small. Clearly X is
Ck−1, dX(y′,0) is non singular and X is a local homeomorphism onto its image. Now,
we use the compactness of ∂M to get a finite subcovering

l⋃
i=1

gi(G
′
x̄i
) =

l⋃
i=1

Bρi(x̄i) ∩ ∂M = ∂M, x̄i ∈ ∂M,

and define

ϵ2 := min{ϵ(x̄i) : i = 1, . . . , l} > 0, so that Hϵ2
=

l⋃
i=1

X(G′
x̄i
×Bn−h

ϵ2
(0)). (18)

It remains to prove that, possibly reducing the value of ϵ2, any ζ ∈ Hϵ2
has an

open neighborhood V such that V ∩ Hϵ2
is exactly the image of one of the charts

X(G′
x̄i
×Bn−h

ϵ2
(0)) (that is, Hϵ2

has no self-intersections).

Assume that ϵ2 > 0 is small enough so that Hϵ2
⊂ (∂M)+ϵ2 , and

• for every ξ ∈ (∂M)+ϵ2 there exists unique xξ ∈ ∂M such that ξ ∈ Nxξ
∂M and

dist(ξ, ∂M) = |ξ − xξ|;
• the projection map P : (∂M)+ϵ2 → ∂M, P (ξ) := xξ, is Ck−1, see [14].

Now let ζ ∈ Hϵ2
and i ∈ {1, . . . , l} be such that xζ ∈ Bρi(x̄i) ∩ ∂M. Define

V := P−1(Bρi(x̄i) ∩ ∂M) which is an open neighborhood of ζ in Rn. We have

V ∩Hϵ2
= X(G′

x̄i
×Bn−h

ϵ2
(0)).

Indeed, if ξ ∈ V ∩ Hϵ2
then xξ ∈ Bρi(x̄i) ∩ ∂M, |ξ − xξ| < ϵ2 and ξ ∈ Nxξ

M,
i.e., ξ ∈ X(G′

x̄i
× Bn−h

ϵ2
(0)) by the definition of X in (17). On the other hand the

inclusion V ∩Hϵ2
⊇ X(G′

x̄i
×Bn−h

ϵ2
(0)) is immediate from (18).

Now assertion (1) follows from (9), with ϵ replaced by ϵ2.

Step 3. There exists ϵ ∈ (0,min(ϵ1, ϵ2)) such that

ηM ∈ Ck(M+
ϵ \Hϵ). (19)

From Theorem 2.2, we may assume that η∂M is Ck in a tubular neighborhood (∂M)+ϵ3
of ∂M of radius ϵ3 > 0. Define

ϵ := min{ϵ1, ϵ2, ϵ3}. (20)

If Vϵ is as in Step 1 (with ϵ replaced by ϵ1), we have Vϵ ⊂ M+
ϵ and, from Step 1, ηM

is Ck in Vϵ.
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We claim that ηM = η∂M in M+
ϵ \ Vϵ. (21)

Since ∂M ⊂ M, dist(·,M) ≤ dist(·, ∂M) hence ηM ≤ η∂M. Assume by contradic-
tion that there exists ξ ∈ M+

ϵ \ Vϵ such that dist(ξ,M) < dist(ξ, ∂M). Then there
exists x ∈ M \ ∂M such that |ξ − x| = dist(ξ,M) < ϵ which, by the definition of
Vϵ, implies ξ ∈ Vϵ, a contradiction.
Since the closure of Vϵ in M+

ϵ is Hϵ (see the end of Step 1) it follows directly that
M+

ϵ \ (Vϵ ∪Hϵ) is an open subset of (∂M)+ϵ3 in which ηM is Ck. Hence assertion (2)
is proven.

Now, we prove Theorem 4.1 when Ω = Rn and supposing that the manifold is
compact.

Theorem 4.3. Let k ∈ N, k ≥ 2 or k ∈ {∞, ω}, and h ∈ {1, . . . , n}. Let M ⊂ Rn

be an embedded compact Ck-manifold of dimension h with nonempty boundary ∂M
in Rn. Then

(M, ∂M) ∈ DhBCk(Rn).

Proof. We have to check conditions (i)–(iv) of Definition 3.2.
Suppose h = n. By Remark 2.5 (I) it follows ∂M ∈ Dn−1Ck(Rn). One also imme-
diately checks that M ∈ DnCk(Rn \ ∂M). Moreover dist(·,M) ≤ dist(·, ∂M) and
B = M\ ∂M, hence [13, 12, 1] the function dB is Ck in a tubular neighborhood of
∂M, which shows condition (iii). Clearly {x ∈ Rn : dB(x) ≤ 0} = M; thus η̂ ≡ 0
on Rn \M is a Ck(Rn) extension of ηM, so that condition (iv) is fulfilled.
Now suppose h < n. From Remark 2.5 (I) we have ∂M ∈ Dh−1Ck(Rn).

Moreover, since M is a Ck-manifold without boundary in Rn \ ∂M then, again by
Remark 2.5(I),

M ∈ DhCk(Rn \ ∂M),

which shows (i). We also have dist(·,M) ≤ dist(·, ∂M), which shows (ii).
Let B be defined as in (4) with Ω = Rn, and (E,L) := (M, ∂M). Then by (15)
and the last comments in Step 1 in Proposition 4.2 we have

B ∩M+
ϵ = Vϵ and M+

ϵ ∩ ∂B = Hϵ,

with ϵ, Vϵ and Hϵ as in (20), (11) and (9), respectively.
Since by Proposition 4.2 (1) Hϵ is an embedded hypersurface (without boundary) of
class Ck−1 in M+

ϵ , following the same argument in the comment after Theorem 2.2
and using [1, 12, 13], there exists an open neighborhood A ⊂ M+

ϵ of Hϵ such that
dB ∈ Ck−1(A). Hence condition (iii) is satisfied.
Finally, since {x ∈ A : dB(x) ≤ 0} ⊂ Vϵ ∪Hϵ, condition (iv) follows from (16).

Now we generalize Proposition 4.2: if we drop the compactness of M we can not
take tubular neighborhoods of constant width.

Proposition 4.4. Let k ∈ N, k ≥ 2 or k ∈ {∞, ω}, and h ∈ {1, . . . , n}. Let Ω ⊆ Rn

be a nonempty open set. Let M ⊂ Rn be an embedded Ck-manifold of dimension h
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with nonempty boundary in Ω. Then there exists a function ϵ : M∩ Ω → (0,+∞]
such that, setting

Hϵ(·) :=
⋃

x̄∈∂ΩM

Bϵ̄(x̄)(x̄) ∩Nx̄M (22)

where ϵ(x̄) := sup{ρ > 0 : Bρ(x̄) ∩Nx̄M ⊂ (M∩ Ω)+ϵ(·)}, we have

∂ΩM ⊆ Hϵ(·) ⊆
⋃

x̄∈∂ΩM

Nx̄M

and the following properties hold:
(1) Hϵ(·) is an embedded Ck−1-hypersurface without boundary in (M∩ Ω)+ϵ(·), and

Nx̄Hϵ(·) ⊆ Tx̄M for any x̄ ∈ ∂ΩM;
(2) ηM ∈ Ck((M∩ Ω)+ϵ(·) \Hϵ(·)).

Proof. The proof is similar to the proof of Proposition 4.2 with slight modifications.
We suppose that M∩Ω is connected. Let us write for simplicity ϵx = ϵ(x), ϵx = ϵ̄(x)
and so on.
Assume first h = n; then the interior of M ∩ Ω is a nonempty open set with Ck-
boundary in Ω, and for every x̄ ∈ ∂ΩM there exists ϵx̄ > 0 such that Bϵx̄(x̄) ⊂ Ω
and dM ∈ Ck(Bϵx̄(x̄)) [13, 12, 9], hence dM is of class Ck in (∂ΩM)+ϵ(·) ⊂ Ω.
Recall that from (22) we have Hϵ(·) = ∂ΩM. Then the assertions (1)–(2) follow as
in the proof of Proposition 4.2.
Now suppose h ∈ {1, . . . , n − 1}. As in Step 1 in the proof of Proposition 4.2 it
follows that:
• for every x◦ ∈ (M∩ Ω)◦ there exists ϵ1x◦ > 0 such that Bϵ1x◦

(x◦) ⊂ Ω,
Bϵ1x◦

(x◦) ∩ ∂ΩM = ∅ and ηM ∈ Ck(Bϵ1x◦
(x◦));

• if N ⊂ Ω is a connected embedded Ck-manifold of dimension h containing M
and so that ∂ΩM ⊂ N o then, for every x̄ ∈ ∂ΩM, there exists ϵx̄1 > 0 such
that Bϵx̄1

(x̄) ⊂ Ω and

Wϵx̄1
(x̄) : = {ξ ∈ Bϵx̄1

(x̄) : dist(ξ,N ) = |ξ − xξ|, xξ ∈ (M∩ Ω)◦}

=
⋃

y∈(M∩Ω)◦

Bϵx̄1
(x̄) ∩NyM

is an open subset of Ω, and

Wϵx̄1
(x̄) ∩Bϵx̄1

(x̄) = Wϵx̄1
(x̄) ∪

( ⋃
y∈∂ΩM

(Bϵx̄1
(x̄) ∩NyM)

)
;

• ηM = ηN in Wϵx̄1
(x̄), hence ηM ∈ Ck

(
Wϵx̄1

(x̄) ∩Bϵx̄1
(x̄)).

Define Ṽϵ1(·) :=
( ⋃
x◦∈(M∩Ω)◦

Bϵ1x◦
(x◦)

)
∪
( ⋃
x̄∈∂ΩM

Wϵx̄1
(x̄)

)
,

where ϵ1(x) = ϵx for any x ∈ M ∩ Ω. By construction Ṽϵ1(·) ⊂ (M ∩ Ω)+ϵ1(·)
and

the topological boundary of Ṽϵ1(·) splits as K ∪ Hϵ1(·), where K is a subset of the



G. Bellettini, A. Elshorbagy / On the Square ... 405

topological boundary of ((M∩Ω)+ϵ1(·)
) and Hϵ1(·) is as in (22) with ϵ̄ replaced by ϵ̄1.

Hence the topological boundary of Ṽϵ1(·) in (M ∩ Ω)+ϵ1(·)
is Hϵ1(·). Moreover we

have ηN ∈ Ck((M ∩ Ω)+ϵ1(·)
) and ηN = ηM in Ṽϵ1(·) ∪ Hϵ1(·). We conclude that

ηM ∈ Ck(Ṽϵ1(·)).
As in Steps 1, 2 in the proof of Proposition 4.2, for each x̄ ∈ ∂ΩM there exist ϵx̄2 > 0,
an open set G′

x̄ ⊂ Rh−1, an open set Bx̄ ⊂ Rn−h+1 and a Ck−1-diffeomorphism

X : G′
x̄ ×Bx̄ → Bϵx̄2

(x̄) ⊂ Rn, X(y′, α) := g(y′) +
n−h+1∑
i=1

αiν
i(g(y′)),

where the map g : G′
x̄ ⊂ Rh−1 −→ Bϵx̄2

(x̄) ∩ ∂ΩM is a local chart on ∂ΩM and
{νi(g(y′))}i=1,...,n−h+1 with νn−h+1(g(y′)) tangent to M at g(y′), are orthonormal
vector fields of class Ck−1 spanning the normal space to ∂ΩM at g(y′) ∈ ∂ΩM.

Thus (∂ΩM)+ϵ2(·) =
⋃

x̄∈∂ΩM

X(G′
x̄ ×Bx̄).

Let X : G′
x̄ ×Bn−h

x̄ → Bϵx̄2
(x̄), X(y′, α) := g(y′) +

n−h∑
i=1

αiν
i(g(y′)),

where Bn−h
x̄ := {(α1, · · · , αn−h+1) ∈ Bx̄ : αn−h+1 = 0} ⊂ Rn−h (note that X equals

the restriction of X in G′
x̄×Bn−h

x̄ , hence it is a Ck−1-diffeomorphism). Setting Hϵ2(·)
as in (22) with ϵ̄ replaced by ϵ̄2, we have

Hϵ2(·) =
⋃

x̄∈∂ΩM

X(G′
x̄ ×Bn−h

x̄ ).

Thus for each ζ ∈ Hϵ2(·) there exists x̄ ∈ ∂ΩM such that ζ ∈ X(G′
x̄×Bn−h

x̄ ). Letting
V := X(G′

x̄×Bx̄), following the argument in Step 2 of Proposition 4.2, we may show
that the maps X(G′

x̄ × Bn−h
x̄ ) are local charts covering Hϵ2(·). This completes the

proof of assertion (1).
To prove (2) we assume that η∂M is Ck in a neighborhood (∂ΩM)+ϵ3(·) of ∂ΩM, see the
comment after Theorem 2.2, and we define ϵ(x) := min{ϵx1 , ϵx2 , ϵx3}. Again following
Step 3 in the proof of Proposition 4.2 we have ηM ∈ Ck((M∩ Ω)+ϵ(·) \Hϵ(·)).

Conclusion of the proof of Theorem 4.1. It follows from Proposition 4.4 the
same way the proof of Theorem 4.3 follows from Proposition 4.2.

5. Sets in DhB Ck(Ω) are smooth manifolds with boundary

The goal of this section is to prove a sort of converse8 of Theorem 4.1. That is, we
want to show the following:

Theorem 5.1. Let k ∈ N, k ≥ 3 or k ∈ {∞, ω} and h ∈ {1, . . . , n}. Let Ω ⊆ Rn

be a nonempty open set, and let E,L ⊂ Rn be such that (E,L) ∈ DhB Ck(Ω). Then
(E ∪ L) ∩ Ω is a h-dimensional Ck−1-manifold in Ω with boundary L ∩ Ω.

8 In the C∞ or analytic case, it is the converse.
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Proof. Let us assume first Ω = Rn (which includes the converse of Theorem 4.3).
We can suppose L ̸= ∅, since if L = ∅ the result follows from Remark 2.5 (I) and
the comment above Remark 3.3.
Recall from Remark 3.3 (I) that L is an embedded Ck-manifold in Rn without bound-
ary of dimension h − 1, and E is an embedded Ck-manifold without boundary in
Rn \ L of dimension h. Let A,B,

C := {x ∈ A : dB(x) ≤ 0}, (23)

Ĉ and η̂ be as in Definition 3.2 (iii), (iv). We divide the proof of the theorem into
four steps.

Step 1. We have E ∩ C ⊆ {x ∈ Ĉ : ∇η̂(x) = 0}. (24)
From [4, Lemma 2.1], ηE is differentiable in E and E = {x ∈ Rn : ∇ηE(x) = 0}.
Hence, using (5),

E ∩ C = (E ∪ L) ∩ C = {x ∈ C : ∇ηE(x) = 0}. (25)

Let x ∈ (E \ L) ∩ C; then from (6) and (23) it follows

x ∈ B ∩ C = {x ∈ A : dB(x) < 0}. (26)

Hence x is an interior point of C, and since η̂ = ηE on C, from (25) we deduce
∇η̂(x) = 0. Now, let x ∈ L ∩ C; recall from Remark 3.3 (VII) that the topological
boundary of B is of class Ck−1 in a neighborhood of x.
Then x ∈ ∂AB = {x ∈ A : dB(x) = 0} from (7). We shall show that

∇η̂(x)ν = 0 ∀ν ∈ Rn \ {0}. (27)

Let n ≥ 2 (the case n = 1 being trivial); if ν ∈ Tx∂AB then there exist ϵ > 0 and
α : (−ϵ, ϵ) → ∂AB of class C1 such that α(0) = x, α′(0) = ν. Hence, using also that
η̂ = ηE on C,

∇η̂(x)ν =
d

dt
η̂(α(t))|t=0 =

d

dt
ηE(α(t))|t=0 = 0.

If ν ∈ Nx∂AB then we can select β : (−ϵ, ϵ) → Rn of class C1 such that β(0) = x,
β′(0) = ν and β((−ϵ, 0)) is contained in the interior of C. Hence, denoting by d

dt−
the left derivative, we have

∇η̂(x)ν =
d

dt
η̂(β(t))|t=0 =

d

dt−
η̂(β(t))|t=0 =

d

dt−
ηE(β(t))|t=0 =

d

dt
ηE(β(t))|t=0 = 0.

This concludes the proof of (27), and then (24) follows.

Step 2. There exists an embedded h-dimensional manifold N of class Ck−1, without
boundary in a sufficiently small neighborhood of E ∪ L, such that

E ∪ L ⊂ N .

For h = n, it is sufficient to take N = Rn. Hence, suppose h < n. Take x ∈ L
and, recalling that rank (∇2η̂) = n− h on (E ∪ L) ∩ C, let {ν1, ν2, . . . , νn−h} be an
orthonormal basis of Im

(
∇2η̂(x)

)
.
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Define Fi(x) := ⟨∇η̂(x), νi⟩, i = 1, . . . , n− h, x ∈ Ĉ, (28)

and set F : Ĉ −→ Rn−h, F := (F1, F2, . . . , Fn−h). (29)

From (5) and (25) we have

(E ∪ L) ∩ C = E ∩ C ⊆ {x ∈ Ĉ : ∇η̂(x) = 0} ⊆ {x ∈ Ĉ : F (x) = 0}. (30)

Moreover, F ∈ Ck−1(Ĉ;Rn−h) and if we denote by JF (x) the Jacobian of F at x,
then

JF (x) = QT∇2η̂(x), (31)
where QT is the transposed of the n × (n − h) matrix Q having as columns the
vectors (νi)i=1,...,n−h. By construction JF (x) has rank n − h. Since the rank is
lower semicontinuous and JF (x) has top rank, we can choose σ = σ(x) > 0 so that
rank(JF ) = n− h on Bσ(x). Let

Γx := Bσ(x) ∩ {x ∈ Ĉ : F (x) = 0}.

The implicit function theorem ensures that Γx is an embedded h−dimensional man-
ifold without boundary in Bσ(x), of class Ck−1.
Note that Bσ(x) ∩ ((E \ L) ∩ C), nonempty by (6) and (23), is a manifold without
boundary in Bσ(x) \L of dimension h (Remark 3.3 (I)) and it is contained in Γx by
(30). Hence Γx is an extension of (E \L)∩C in Bσ(x). It is then sufficient to define

N := E ∪
⋃
x∈L

Γx.

Step 3. E ∪ L is an embedded h-dimensional Ck−1-manifold in Rn with boundary.
We need to check that Definition 3.1 is satisfied. Recall from Remark 3.3 (III) that
E ∪ L = E ∪ L. If x ∈ E \ L, the assertion follows, since E \ L is an embedded
manifold without boundary in Rn \ L of dimension h (Remark 3.3 (I)).
Now, let x̄∈L. Since L is a Ck−1 embedded submanifold of N of codimension 1 (Step
1), there exist an open neighborhood R ⊂ Rn of x̄ and a Ck−1 local parametrization

ϕ : G := Bh
1 (0) → U := R ∩N ⊂ Rn (32)

such that R ∩ L = {ϕ(y) : y = (y1, . . . , yh) ∈ G, yh = 0}. (33)

Hence U ∩ L divides U into two relatively open connected components U+ and U−

defined as
U± := {ϕ(y) : y ∈ G, ⟨y,±eh⟩ > 0}, (34)

where eh := (0, . . . , 0, 1) ∈ Rh (note that (E \ L) ∩ (U \ L) ̸= ∅). Clearly

U+ ∩ L = U− ∩ L = ∅. (35)

Let us show:

U± ∩ (E \ L) ̸= ∅ =⇒ U± ∩ (E \ L) = U±. (36)
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Assume U+ ∩ (E \L) ̸= ∅ and suppose by contradiction that U+ \
(
U+ ∩ (E \L)

)
is

nonempty (the case for U− being similar). Recalling that U+ is connected and that
both sets E \ L and U+ are relatively open in N , we have

U+ ∩ (E \ L)  U+ ∩ (E \ L) ∩ U+. (37)

Thus

U+ ∩ (E \ L) ∩ U+ ⊆ U+ ∩ (E \ L) ⊆ (U+ ∩ (E \ L)) ∪ (L ∩ U+), (38)

since E \ L ⊆ E ∪ L = E ∪ L. From (37) and (38) we deduce

U+ ∩ (E \ L)  (U+ ∩ (E \ L)) ∪ (L ∩ U+).

Hence U+ ∩ L ̸= ∅, which contradicts (35).
We now conclude to verify Definition 3.1.
Case 1. U− ∩ (E \ L) = ∅. Then from (36) it follows U ∩ (E \ L) = U+, and (3)
(with M replaced by E ∪ L) is a consequence of (33) and (34).
Case 2. U+ ∩ (E \ L) = ∅. Similar to Case 1.
Case 3. U+ ∩ (E \ L) ̸= ∅ and U− ∩ (E \ L) ̸= ∅. Then from (36) it follows
U ∩ (E \ L) = U \ L, and (2) follows from (33) and (34).
In the next final step, we shall show that only one among the two sets U+ ∩ (E \L)
and U− ∩ (E \ L) is not empty, in particular, Case 3 above is impossible. This will
allow us to conclude that L is the boundary of E ∪ L.

Step 4. We have ∂(E ∪ L) = L.
Since E is a Ck−1-manifold without boundary in Rn \L of dimension h (Remark 3.3
(I)), we have

∂(E ∪ L) ⊆ L.

To prove the converse inclusion, recalling also the proof of Step 3 (see (32), (33)
and (36)), it is sufficient to show that for any x ∈ L there is no relatively open
neighborhood U of x in N such that U ∩ (E \ L) = U \ L. Once we prove this we
are either in case 1 or case 2 of the previous step; if, without loss of generality, we
assume to be in case 1 then we conclude

(E ∪ L) ∩ U = {ϕ(y) : y ∈ G, ⟨y, eh⟩ ≥ 0},

and L ∩ U = {ϕ(y) : y ∈ G, ⟨y, eh⟩ = 0}.

Let x ∈ L, and recall once more the definition of B in (4), and that L ⊂ ∂AB (see
(7) and Remark 3.3 (VII)). From condition (iii) of Definition 3.2 we know that dB
is of class Ck in a neighborhood of x. Hence there exist a neighborhhood R ⊂ Rn of
x, δ > 0, and a map ψ ∈ Ck(R;Rn) such that
ψ(R) = Bδ(0), ψ(R ∩B) = Bδ(0) ∩ {xn > 0} and ψ(R ∩ ∂B) = Bδ(0) ∩ {xn = 0}
(in particular B locally lies on one side of ∂B).
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If h = n, our assertion follows from the fact that B = E \ L by (8). Assume now
h < n. Suppose by contradiction that there exist x ∈ L and a neighborhood U of
x in N such that U ∩ (E \ L) = U \ L. Since B is locally on one side of ∂B and
x ∈ L ⊂ ∂AB, recalling also (6), we have

U \ L = U ∩ (E \ L) ⊂ E \ L ⊂ B.

Moreover since U is relatively open in N and L ⊂ ∂AB, we get

TxN = TxU ( Tx∂AB.

We are then allowed to take a non-zero ξ ∈ B \ N in the normal space to N at x
such that dist(ξ,N ) = |ξ − x|. By Remark 3.3 (II) and x̄ ∈ L, we have

dist(ξ, L) = dist(ξ, E \ L). (39)

Then (39) contradicts the inclusion ξ ∈ B = {z ∈ Rn : dist(z, E \ L) < dist(z, L)}.
This concludes the proof when Ω = Rn. The proof when Ω ⊂ Rn is a nonempty
open set follows by replacing E with E ∩ Ω, L with L ∩ Ω, and Rn with Ω in the
above arguments.

Remark 5.2. Inspecting the proof of Theorem 5.1, we observe that we do not
obtain the Ck-regularity of (E ∪ L) ∩ Ω because the map F defined in (28), (29) is
just Ck−1 and not Ck, and this is due to the Ck-regularity of the function η̂. If we
knew that η̂ were half of the square distance function from some Ck-manifold then,
using the results of [15, Section 3] we could get the Ck-regularity of (E ∪L)∩Ω. In
this direction, one could modify Definition 3.2 into a more rigid one, by assuming η̂
in Definition 3.2 (iv) to be half of the square distance function from an h-dimensional
embedded manifold Γ of class Ck, without boundary in Ĉ. Adopting this modified
definition:
(1) Theorem 4.1 holds by taking Γ = N and η̂ = ηN , where N is the Ck- manifold

defined in Step 1 of the proof of Proposition 4.2 and ηN (·) = 1
2
dist(·,N )2;

(2) Theorem 5.1 holds and one obtains an improved regularity, namely if we have
(E,L) ∈ DhB Ck(Ω) then (E ∪ L) ∩ Ω is an h-dimensional Ck-manifold in Ω
with boundary L∩Ω. Indeed Step 1 in the proof of Theorem 5.1 together with
[4, Lemma 2.1] and [15, Section 3], imply Step 2 in the proof of Theorem 5.1
with N = Γ of class Ck(Ω), hence following the same arguments in Steps 3–4,
we get that (E ∪ L) ∩ Ω is a Ck-manifold with boundary L ∩ Ω.
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