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1. Introduction

It is well known that the smoothness of the boundary of a bounded open subset
of R™ can be characterized using the signed distance function (see for instance [9,
11, 12, 13]). This characterization is useful for several purposes, in particular it is
related to the Hamilton-Jacobi equations [6] and it can be used to face the mean
curvature flow of a one-codimensional family of smooth embedded hypersurfaces
without boundary [10].

For a compact smooth embedded manifold without boundary of arbitrary codimen-
sion, it turns out that the meaningful function to be considered is the square distance
function: in [7] De Giorgi conjectured® that if £ is a connected subset of an open
set 2 C R™ such that ENQ = ENQ and the %—square distance function from FE,

1 : 2 n
np(e) =g inf e —yl’, 2 €RY
is smooth in a neighborhood of F, then E is an embedded smooth manifold? without
boundary in € of codimension equal to rank (V?n;). Such a conjecture has been
proven in [3, 4] (see also [15] and [9]) and can be considered as one of the motivations
of this paper.

LIf M is a compact smooth embedded manifold without boundary then the square distance func-
tion 71, is smooth in a suitable tubular neighborhood of M, see Theorem 2.2.
2 See Theorem 2.3.
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Investigations on arbitrary codimensional mean curvature flow lead De Giorgi [8]
to further express the motion using the Laplacian of the gradient of the square
distance function from the evolving manifolds, and also to describe the flow passing
to a level set formulation: we refer to [3] for more details, and to [5, 16, 2] for further
applications.

In this paper we want to characterize a smooth arbitrary codimensional manifold
with boundary embedded in R™, using the distance functions. We start our discussion
on the smoothness of the distance function from a manifold with boundary with a
simple observation. Let E be a smooth compact curve in R"™ with two end points
(like the ones in Fig. 3.1 for n = 2 or in Fig. 4.1 for n = 3): then 7 turns out to
be smooth in a sufficiently small neighborhood of E, excluding portions of a smooth
hypersurface orthogonal to the boundary of E (the two dashed segments in Fig. 3.1,
and the two disks in Fig. 4.1)3. This suggests that we have to exclude the boundary
and possibly some portions of a hypersurface containing it, if we are hoping to get
some sort of regularity for the square distance function from a manifold M with
boundary. In fact, in Propositions 4.2(2) and 4.4(2) we show that, in general, n,,
is smooth in a neighborhood of M out of a suitable hypersurface containing the
boundary.

Supposing M = M is a smooth manifold with boundary, roughly speaking M is
the union of two sets: the relative interior M° (a relatively open subset of M) and
the boundary OM (a smooth submanifold of M of codimension one so that M lies
locally “on one side” of M), joined smoothly; in particular M is contained in the
relative interior of a larger smooth manifold of the same dimension.

We want to mimic the above properties for a pair of subsets of R"”, making use
only of the distance functions and their regularity properties. Therefore, let £ and
L be two subsets of R" and {2 C R™ be an open set. We want to isolate a set of
necessary and sufficient conditions to be satisfied by the signed distance function
and the square distance function from E and from L so that E U L is a smooth
manifold with boundary L in €. Our main Definition 3.2 reformulate the above
properties as follows. We say that £'U L is a smooth manifold with boundary in the
sense of distance functions, and we write (E, L) € D, BC*(Q) (where h stands for
the dimension of £ and k for its smoothness degree), if:

e LNQ=LNQandn, is smooth in a neighborhood of L in Q: this guarantees
the smoothness of L;

e EN(Q\L)=FEN(Q\L)and g is smooth in a neighborhood of E in Q\ L:
this guarantees the smoothness of F in Q\ L;

e all points of L are limits of sequences of points of E'\ L;

e there is a neighborhood B of E\ L in Q, BN L = (), such that the signed
distance function dg from B (negative in B) is smooth in a neighborhood A of
L: this guarantees the smoothness of the boundary of B in A. Such a boundary
is, roughly, represented by the two dashed segments in Fig. 3.1 and the two
disks in Fig. 4.1. Hence the set E'\ L must lie on one side of L. In particular
points of L do not belong to the relative interior of £'U L, see Fig. 3.3;

3 We can even consider the case n = 1: take a bounded closed interval E = [a,b] C R. Then
ng € CH1 but not C? in any neighborhood of E in R; however, 1y is smooth in R\ {a, b}.
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e there exists a smooth extension 7 of 7, in an open neighborhood of BN A such
that rank(V?7(z)) = n — h on points x € L: in particular this ensures that £
and L join smoothly.

The main results of this paper are Theorems 4.1 and 5.1, where we show that
Definition 3.2 is equivalent to the classical definition of smooth manifold embedded
in R™ with boundary. The results are valid in any codimension and localized in an
open set. We remark that localization of Definition 2.4 (on which Definition 3.2 is
based) in an open set is necessary: for instance, even in the simplest case {2 = R" in
the above list, the regularity on 7 is required only in R™ \ L, which is an open set.

The content of the paper is the following. In Section 2 we introduce the class
DC*(Q), of h-dimensional embedded C*-manifolds without boundary in Q in the
sense of distance functions (Definition 2.4). After quoting some known results,
we recall the correspondence between the classical definition of manifolds without
boundary and sets in D,C*(2) (Remark 2.5).

In Definition 3.2 we introduce the class D;, BC*(Q); in Section 3 we illustrate the
motivations behind this definition through several observations (Remark 3.3) and
examples.

In Section 4 we prove our first main result (Theorem 4.1) showing that h-dimensional
embedded C*-manifolds with boundary in Q are elements of Dy, B C*(2).

In Section 5 we prove our second main result* (Theorem 5.1), showing that sets in
Dy, B Ck(Q) are h-dimensional embedded C*~!-manifolds with boundary.

Acknowledgements. The first author is grateful to Prof. Ennio De Giorgi who,
several years ago, drew attention to the problem discussed in this paper. The authors
are grateful to the referee for several useful comments and corrections, and for
pointing out reference [15]. The present paper benefits from the support of the
GNAMPA (Gruppo Nazionale per 1’Analisi Matematica, la Probabilita e le loro
Applicazioni) of INAAM (Istituto Nazionale di Alta Matematica).

2. Manifolds without boundary and distance functions

In this section we recall the notion of smooth (resp. analytic) manifold without
boundary of arbitrary codimension, using the distance function, and the relation
with the classical definition of smooth manifold. In what follows N stands for the
set of positive natural numbers, and n € N.

Given E C R", we set
dp(x) = dist(z, F) — dist(z, R" \ F), z e R",

1
and ne(T) = §(dist(a:,E))2, x e R",

where dist(z, ) := infyep |z — y| and by convention inf() := +oco. Note that
dist(+, F) = dist(+, F), where E denotes the closure of E in R", and dg is a one-
Lipschitz function. If £ has empty interior then dg(-) = dist(-, E).

4In the C™ or analytic case, this is the converse of Theorem 4.1.
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If p>0, weset Ef:={{e€R":dist(§, F) < p}, andif p: B — (0,+00] is a
function, we set

Ef = J{EeR ¢ — 1| < p()}.

zelR

We denote by C¥(2) the class of real analytic functions in the open set 2 C R" and
by B,(x) (resp. Bj(x)) the open ball of R" (resp. of R", h < n) centered at z of
radius p > 0.

Let us recall the definition of the class of h-dimensional embedded C*-manifolds®
without boundary in a nonempty open set 2 C R” (see for instance [17, 7]).

Definition 2.1. (Smooth embedded manifold without boundary) Let us take some
k€ NU{oo,w} and h € {1,...,n}. Let @ C R" be a nonempty open set. We say
that I' C R" is an h-dimensional embedded C*-manifold without boundary in € if

rnQ=rnq, (1)

and for all z € I' N Q) there exist an open set R C R”, an open set G C R", and
maps ¢ € C*(G;R"), ¢ € C*(R;R") such that

reR, Pdy) =y VyeG and I'NR={¢(y):ye€ G} (2)

Theorem 2.2. Letk € N, k> 2, ork € {oo,w} and h € {1,...,n}. Let ' C R"
be a compact h-dimensional embedded C*-manifold without boundary in R™. Then
np is C* in a tubular neighbourhood T} of T' and np(x + p) = Ip|? for any x € T
and any p in the normal space to I' at x, with x +p € F;L. In particular the matriz
V2np(x) represents the orthogonal projection on the normal space to T at x.

Proof. See [15, Section 1], [1, Theorem 2| and [9]. O

Theorem 2.2 is still valid if I' is a h-dimensional embedded C*-manifold without
boundary (not necessarily compact) in some open set €2, provided that Fj is replaced
by a neighborhood I ;“(_) C Q of 'N Q. Indeed, arguing as in the proof of Theorem

2.2 in [1], and using also [15, Section 1], it follows that that for any x € I' N Q
there exists p(z) > 0 such that By (z) C Q, np € C*(Byw(2)), n(z + p) = 3|p|?
for any p € N,T such that x4+ p € B, (z), and rank(V?np(z)) = n — h. Defining
') 1= User By() (z) we get the assertion.

Theorem 2.3. Let keN, k> 2 orke{oo,w}. Let A CR" be an open set, E C R™
a closed subset and suppose that n, € CF(A). Then any connected component of
EN A is an embedded C*-manifold without boundary in A.

Proof. See [15, Section 3], [4, Theorem 2.4]. O

Note that if rank(V?ng(z)) = n — h for any z in a connected component of EN A,
then such a connected component must have dimension A. Furthermore it is suffi-
cient to have E closed in A to get the thesis of Theorem 2.3. Indeed it is enough to
apply Theorem 2.3 to E, hence any connected component of ENA (= ENA)is a
manifold without boundary.

® k stands for a positive natural number. We also consider the cases k = +o00 or k = w (analytic
manifolds), in these cases k — 1 = +o00 (resp. w).



G. Bellettini, A. Elshorbagy / On the Square ... 395

The above results suggest to introduce the following class of sets (which we shall
consider as “the class of h-dimensional embedded C*¥-manifolds without boundary
in  in the sense of distance functions”):

Definition 2.4. (The class D,C*(2)) Assume k € N, k > 2, or k € {oo,w} and
h € {0,...,n}. Let Q C R™ be a nonempty open set and F C R". We write
E € D,Ck(Q) if

(i) ENQ={ze€Q:ngy(x)=0}

(ii) there exists an open set A C Q with £ N Q C A such that n, € CF(A);

(iii) rank(V?ng(z)) =n —h for any z € ENQ.

Remark 2.5. (I) If £ € D,C*(Q), k > 2 or k € {oo,w} then E is closed in Q and
ENQ is a h—dimensional embedded manifold of class C*(€2) without boundary in
Q). Conversely, if £ > 2 or k € {oo,w} and I is a h—dimensional embedded manifold
of class C*(Q) without boundary in 2 then I' € D,C*(Q).

(I) E =0 € D,C*(Q) for any h, k and any open set Q.

3. Manifolds with boundary and distance functions

We start this section by defining what we mean by an embedded h-dimensional C*-
manifold in an open set with boundary in the sense of distance functions. But first
we recall the classical definition (see for instance [17, 7]).

Definition 3.1. (Smooth embedded manifold with boundary) Let k € NU{oo,w}
and h € {1,...,n}. Let Q@ C R" be a nonempty open set. We say that M C R" is
an h-dimensional embedded manifold of class C* with boundary of class C* in Q (a
h-dimensional C*-manifold in Q with boundary, for short) if

MNQ=MnNQ
and for all z € M N there exist an open set R C R™, an open set G C R", maps
¢ € C*(G;R"), ¢ € C*(R;R") and a point z € R" such that
r€R, Y(py) =y YyelG, MNR={é(y):yeqG (y,z)>0}. (3

The boundary of M in Q, denoted by doM (OM when Q = R™), is the set of all
points T € M N such that

f:(é(g)v yedq, <y72>:072%0'

We denote by M° = M\ 0qM the relative interior of M and by T, M (resp. N, M)
the tangent (resp. normal) space to M at = € M.

Our main definition of smooth manifold with boundary using the distance functions
reads as follows.

Definition 3.2. (The class D, BC*(Q2)) Let k € N, k > 2 or k € {oo,w} and
h € {1,...,n}. Let Q@ C R" be a nonempty open set, and E, L C R". We write
(E, L) € D,BC*(Q) if:

(i) L€ Dy 1C*) and E € D,C*(Q\ L);

(i) dist(z, (E\ L) N Q) < dist(z, LN Q) for any x € R™;
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(iii) if we define
B :={z € Q:dist(z,(E\ L)NQ) < dist(x, LN N)}, (4)
then there exists an open set A C Q with LN Q C A such that dg € CF1(A);

(iv) there exist an open set C' D {z € A : dg(x) < 0} and a function 77 € C*(C)
such that = ng on {z € A : dg(z) < 0}, and rank(V?n) =n —h on EU L;
in particular n, € C*({z € A : dp(z) < 0}).

Since Definition 3.2 is crucial, some comments are in order. Informally the set LN{2
should be considered as the “boundary” of EU L in €2, and by condition (i) it must
satisfy Definition 2.4, with h — 1 in place of h, while £ must satisfy Definition 2.4
not in the whole of Q, but only in the open set Q\ L (remember that L is closed in
Q2 by condition (i) in Definition 2.4), see Fig. 3.1 for an elementary example.

Figure 3.1: Q = B;(0) is an open disk in R?, k = oo, h = 1, E is the bold curve (including
the two endpoints), L consists of the two endpoints of E; dist(-, (E'\ L)N) = dist(-, E), B
contains the shaded region, A is the union of the two small disks containing L. In Section
4 it will also be useful to consider H := A N B, which in this example consists of two
dashed segments containing L and normal to E. Finally, {x € A : dg(z) < 0} consists of
the grey areas inside the two disks, including the dashed segments.

To understand condition (iii), which is a regularity requirement on dB, we refer
to Examples 3.5 and 3.8. We notice here that, if ~ = 1, then we can require
dp € COO(A)

Condition (iv) implies that £ N is smooth up to L N 2. Note carefully that, in
general, 7, is not of class C* in an open neighborhood of E U L. For instance, if
n=1=h, E=[-1,1] CR, L = {£1} then 5y is of class C"! but not of class C?
in a neighborhood of L.

Note that (E,0) € D,BC*Q) if and only if E € D,C*(2). Moreover if £ = E,
L=L,and EUL C Q then (E,L) € D,BC*() implies (E, L) € D, BC*(') for
every open set €)' D Q.

Remark 3.3. Suppose k € N, k > 2 or k € {oo,w} and (E, L) € D, BC*(Q).

(I) By Definition 3.2 (i) we have L € D;,_1C*(€2) hence, recalling Remark 2.5, we
have that L is an embedded (h—1)-dimensional C¥-manifold without boundary in €.
Also, since E € DC*(Q\ L), E is an embedded h-dimensional C¥-manifold without
boundary in Q \ L.
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(IT) In Definition 3.2, we do not specify whether or not points of L belong to E.
However, condition (ii) says that, if L is nonempty, all points of L N are limits of
sequences of points of (E\ L) N Q. Indeed, if z € L N then dist(z, L N Q) = 0,
hence (ii) implies

dist(z, (E\ L)NN) <0, andso z€ (E\L)NQ.

(III) We have (EUL)NQ = (EFUL)NQ. Indeed, by Definition 3.2(i) we have
EULNQ=(EUL)NQ=(EUQ\L)U(LNN) =(EUL)N.
(IV) By (II) and (III) it follows (EUL)NQ = {x € Q: ng(zx) =0}, ie,
ENQ=(EUL)NQ. (5)
(V) Recalling (4), we have (E\L)NnQ C B. (6)

Indeed, let z € (E'\ L) N Q so that dist(z, (E'\ L) N Q) = 0. Since L is closed in 2
we have dist(z, L N Q) > 0 and therefore dist(z, (£ \ L) N Q) < dist(z, L N Q).

(VI) We have LN Q C topological boundary of B. (7)

Indeed, from (IT) and (III) it follows LN C B, and LN QN B = 0.

(VII) In a neighborhood of L N €2, the topological boundary of B is an embedded
hypersurface of class C¥~!. Indeed since B is an open set and there exists an open
set A D LN Q such that dg € C*1(A), it follows from [15, Section 3], [9] that
in A the topological boundary of B is a C¥~! hypersurface. Consistently with our
notation in Definition 3.1, we indicate by d4B the boundary of B in A.

(VIII) For h =n we have B=(E\L)NQ. (8)

Indeed the inclusion (E'\ L) N Q C B is in (6). To show the converse inclusion we
argue by contradiction. Assume that B ¢ (E\ L) N Q. From (I) we know that
(E\ L)NQ is an open set and L N Q is a hypersurface, moreover L N Q) is the
topological boundary of (E'\ L)NQ in € from (II) and (III). Hence the intersection
of B with the topological boundary of (£ \ L) N is not empty; it follows LN B # ()
which contradicts (7).

Example 3.4. We start from the simplest nontrivial case (Fig. 3.2, left): we take
n=2h=1 k€ {oow}, Q =R L = {(+1,0)}, and £ = (—1,1) x {0}
(E=(-1,1] x {0} or E =[-1,1) x {0} or £ = [—1,1] x {0} would not affect the
discussion). In this case it is immediate to verify that the set B in condition (iii)
equals B = (—1,1) x R; the largest A fulfilling condition (iii) is A = R?\ {z; = 0},
and {(x1,22) € A:dp((z1,22)) <0} = ([-1,1] x R) \ {z; = 0}. Finally, in order to
fulfill (iv), it is sufficient to take i) = 1, where E=(=1-261+6)x {0}, for any
§ > 0 so that i € C¥([—1,1] x R). Note that 7 is not of class C? on {z = +1}.

If we choose L to be only one point of the two points {(£+1,0)}, say L = {(1,0)},
then £ = (—1,1) x {0} is no longer closed in Q \ L hence it does not belong to
DyC*(Q\ L). On the other hand E = [—1,1) x {0} is closed in Q\ L but condition
(ii) of Definition 2.4 (with Q replaced by Q \ L) is not satisfied, hence E does not
belong to D;C*(Q\ L).
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Example 3.5. Take n = 2, h = 1, k € {oo,w}, E = {(cosb,sinf),f € (2, )},
Q=R? and L = {(%, \_/—%)}, see Fig. 3.2. We have
BN (R x (—00,0)) = {(z1,22) € R*: |21| < |22, 72 < 0}.

A can be taken to be any open subset of R x (—o0,0) containing L that does not
contain the origin. Finally, taking 7 := Mg where

~ 5 7
E ={(cosb,sinb), 6 (—7T — 0, il +9)}, 0<0 < z,
4 4 4
condition (iv) is fulfilled. Note that 0B is smooth close to L, but not necessarily far

from L (for instance at the origin).

Figure 3.2: Left: E is a segment in R?. Right: E is an arc of a circle in R? and L its
two end points.

Figure 3.3: Example 3.8: L is the union of the two bold circles, one being included in
the larger open disk, B is the grey region. Dashed segments: graph of the signed distance
function dp along {y = 0}.

Example 3.6. Take n=h > 1, k€ {oo,w}, £ = B1(0), Q@ = R", and L=0B5,(0).
Note that 5 € C*(B14.(0)) \ C*(B14(0)) for any e > 0.

We have B;(0) € D,,C*(R™\dB;(0)): indeed E is closed in R*\0B;(0), nz|r = 0 thus
ng € CH(E\ L) and rank(V?ng(z)) = 0 for all z € F'\ L. Moreover L € D,,_,C*(R")
from Remark 2.5 (I). Hence condition (i) is fulfilled.

Condition (ii) is immediate and we also have B = B;(0) and A = R"\ {0}. Finally,
7 =0 in R™ allows to check condition (iv).
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Example 3.7. Take n = 2, h = 1, k € {oco,w}, E = S! the unit circle centered
at the origin, Q = R? and L = (). Then condition (i) is immediate. Notice that
dist(+, L) = 400 hence B = R? and A = () so that also condition (iv) is trivially
satisfied.

Example 3.8. Take n = h = 2, E = By(0), Q@ = R? and L = 9B;(0) U dB3(0).
Then (i) and (ii) of Definition 3.2 are fulfilled. We have B = By(0) \ L, moreover
there is no A D 9B;(0) such that dp € C'(A) hence (iii) is not satisfied (note that
ng = 0 in By(0), i.e., fulfilling (iv) also depends on the existence of A), see Fig. 3.3.

4. Smooth manifolds with boundary are in D, BC*(Q)

In this section we show that smooth manifolds with boundary in the classical sense
(Definition 3.1) are smooth manifolds with boundary in the sense of distance func-
tions (Definition 3.2), more precisely:

Theorem 4.1. Let k € N, k> 2 or k € {oo,w}, and h € {1,...,n}. Let Q CR"
be a nonempty open set and M C R"™ be an embedded C*-manifold of dimension h
with nonempty boundary in Q. Then (M, 0qM) € D, BCK(Q).

First we need the following result.

Proposition 4.2. Let k € N, k > 2, or k € {oo,w}, and h € {1,...,n}. Assume
that M C R™ is a compact embedded C*-manifold of dimension h with nonempty
boundary in R™. Then there exists ¢ > 0 such that, setting

He:= | ] Be(z) NN M, (9)

z€EOM
the following properties hold:

* and

€ )

(1)  H. is an embedded C*~1-hypersurface without boundary in M
N.H. CT, M for any x € OM;

(2) My € CHME N\ HL).

Proof. Since we can work separately on each connected component of M, from now
on we suppose that M is connected. Suppose first h = n. In this case the interior of
M is a nonempty open set with C*-boundary, and [9, 12, 13] if € > 0 is sufficiently
small, dy is of class C* in the tubular neighborhood (OM)F of OM. From (9) we
have H. = OM, since N,M = {z}. Then (1) holds because T,M = {z} x R"
for any x € OM. Moreover dist(-, M) € C*(M}F \ H,), since dist(-, M) = 0 in the
interior of M and dist(-, M) = dy(-) in M\ M, hence also (2) follows.

Now suppose h € {1,...,n — 1}. We divide the proof into 3 steps.
Step 1. There exists €; > 0 such that
77/\/1 € Ck(‘/el)7 (10)
where V¢ is the neighborhood of the relative interior M® of M defined as
Ve, = U B (z) N N, M. (11)
reMe

The initial part of the proof of this step is rather standard, see for instance [1].
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Take any z, € M°. Since M is a smooth manifold embedded in R", there exists
p = p(z,) > 0 such that

B,(xo) "M = B,(z,) N M°, (12)

and there are smooth orthonormal vector fields v'(z), ..., " "*(x) spanning N, M°
for any x € B,(x,) N M?°. Consider the function

n—nh
O =Dupet (By(ao) WM xR — R", O(z,0) =2+ api(z), (13)
=1

where a = (ay,...,q,_4) € R"™" Let G C R" be an open set and assume that
f G — By(x,) N M° is a local parametrization of M° with f(y.) = z., yo € G.

Then & in local coordinates becomes
O:GXR™" SR, B(y,a) = 0(f(y).a) = fy) + Y (f(y)).

Clearly ® is C*~! and therefore d®,, o) is represented by a matrix with columns

For@Wo)s fua(Wo)s -y fun(o)s V(o)) V2 (f(wo))s -y V" " (f(wo)),

where y = (y1,...,yn) and f,, = 6%2-' Since span{ fy, (Yo), - - fu, (Yo)} = Tu M,
the columns of d®(,, o) are linearly independent. Hence, by the implicit function

theorem, ® is locally invertible with inverse of class C¥~1. Let
O 1= (By, (z) N M°) x BI7(0),
where 0 < 7, = 7(z,) < p is so that the implicit function theorem holds, and let
U B0) CR" =0, W(E) = (x(¢), a()),
be the local inverse of ®. Take 8, € (0,7/2) and £ € B, (x,) C ®(0), and let

x € M be so that dist(&, M) = |z — ]| (recall that M is closed by Definition 3.1).

Since |z —¢| < |z, —&] < d, it follows that x € B, (z,)NM?® (recall (12) and r, < p),
hence z = z(£)% and dist(&, M) = |«(€)|. Thus,

n—h

1€ = 5P = 3 S (@@ Ve € By (ze),

i=1

where a(€) = (a1 (€) . .. a—p(€)). Therefore n,, € C*~(Bs, (x,)). Arguing as in [15,
Section 1], it turns out that Vn,, € (C*'(B;, (2.)))", and hence n,, € C*(Bs, (x.)).

6 Indeed ¢ is normal to M° at z, i.e., for any tangent vector w to M at x we have < . — &, w >= 0.
To prove that, consider a local chart f around x such that f(p) = « and df,(7) = w. Since p
is a minimum point for the function |¢ — f(p + o7)|?> where |o| is small enough, we then have
0=~ fo+om)Plomo =< —m0>.
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Now we deal with points on M. Since M is an embedded C*-manifold with
boundary, it can be extended” to a connected h-dimensional C*-manifold A/ with
boundary such that OM C N°. Let T € OM C N and repeat the argument at
the beginning of this step with M replaced by N, to conclude that n, is C* in

B;s(Z) C ®pe((B(z) NN°) x B*"(0)) for 7 > 0 sufficient small and § € (0, z)-
Consider the open set

W(z) := Bs(z) N <<§No((BT(i) nM®) x B;}—h(()))) .
We claim that Ny =10y in W(Z), (14)

and hence n,, € C*(W(z)). Indeed, take £ € W(Z); then & € Bs(¥) implies the
existence of a unique z(¢§) € N such that dist(§, V) = [2(§) — &] and £ € NyeN.
Moreover & € Oy ((B,(z) N M°) x Br="(0)) implies z(€) € M° by the definition

of @y, and claim (14) follows. In particular, any point of W(Z) has a unique point
of minimal distance to N on B,.(Z) N M°.

Figure 4.1: M is a curve (smooth up to the boundary) embedded in R, A/ is a smooth
extension of M, and H, consists of two open disks normal to M at the endpoints (the
boundary of M).

By the compactness of M, we can select ¢; > 0 such that:
. (10) holds;
. for any £ € V,, there exists a unique x(£) € M° such that we have
dist(§, M) = |€ — z(&)], in particular
dist(-, M) < dist(-,OM) in Vi ; (15)

. by construction Vi C ./\/lj1 and the topological boundary of V; is K U H,
where K C (M) and H, is defined in (9) with e replaced by €,. Hence the
closure of Ve in M is H, (see Fig. 4.1);

. Ny € Ck(./\/ljl) and by (14)

v =0ym i Ve UH . (16)

Step 2. For €, > 0 small enough, H, is a C*=1 embedded hypersurface without

boundary in /\/lj;

7 This directly follows from Definition 3.1.
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The statement follows from the smooth embeddedness of OM in R"™ and its com-
pactness; we write the details for convenience of the reader. Let £ € OM, p > 0
and ¢ : G- C R"™' — B,(Z) N OM be a local chart on M. Define

n—h
X, o) =g(/)+ Y a'(g(y), ¢ €} acB0), (17)
=1

where {v*(g(v')) }i=1...n_n are orthonormal vector fields of class C*~! spanning the
normal space to M at g(y') € OM and €(z) > 0 is sufficiently small. Clearly X is
Ck1 dX (y,0) 1s non singular and X is a local homeomorphism onto its image. Now,
we use the compactness of OM to get a finite subcovering

l

l
Jai(GL) = By (2:) N OM = 0M, 7, € OM,
=1 i

=1

and define

l
€y = min{e(z;) :i =1,...,1} > 0, so that H, = | JX(G}, x BL"(0)).  (18)

i=1

It remains to prove that, possibly reducing the value of €,, any ¢ € H,, has an
open neighborhood V such that V N H is exactly the image of one of the charts
X(G%, x B?Q‘h(())) (that is, H., has no self-intersections).

Assume that €, > 0 is small enough so that H., C (OM)f, and

. for every £ € (8/\/1);’2 there exists unique x¢ € OM such that § € N, M and
dist(§, OM) = [§ — wel;
. the projection map P : (OM)L — OM, P(£) := x¢, is CF1, see [14].

Now let ¢ € H., and i € {1,...,I} be such that z. € B, (Z;) N OM. Define
V := P7Y(B,,(x;) N 9OM) which is an open neighborhood of ¢ in R™. We have

VN H, = X(G;, x BL"(0)).

Indeed, if £ € VN H, then x¢ € B, (7;) N OM, |§ — z¢| < €y and § € N, M,
i.e., & € X(Gf, X B?Q_h(())) by the definition of X in (17). On the other hand the

inclusion VN He, 2 X(G7, X B?;h(())) is immediate from (18).
Now assertion (1) follows from (9), with € replaced by e,.
Step 3. There exists € € (0, min(e,, €,)) such that
e € CHME\ H). (19)

From Theorem 2.2, we may assume that 7, is C* in a tubular neighborhood (6./\/1);;
of OM of radius €; > 0. Define

€ := min{e;, €y, €5} (20)

If V. is as in Step 1 (with e replaced by €;), we have V. C M} and, from Step 1, 7,
is C* in V..
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We claim that v = Nopm i MI\ VL (21)

Since OM C M, dist(-, M) < dist(-,0M) hence 1,, < 1y, Assume by contradic-
tion that there exists £ € M} \ V. such that dist(¢, M) < dist(£, dM). Then there
exists * € M \ OM such that € — z| = dist(§, M) < € which, by the definition of
V., implies & € V., a contradiction.

Since the closure of V, in M is H, (see the end of Step 1) it follows directly that
M\ (Ve U He) is an open subset of (M) in which 7, is C*. Hence assertion (2)
is proven. [

Now, we prove Theorem 4.1 when €2 = R™ and supposing that the manifold is
compact.

Theorem 4.3. Let k € N, k> 2 or k € {oo,w}, and h € {1,...,n}. Let M C R"
be an embedded compact C*-manifold of dimension h with nonempty boundary OM
in R™. Then

(M,0M) € D, BCFR™).

Proof. We have to check conditions (i)-(iv) of Definition 3.2.

Suppose h = n. By Remark 2.5 (I) it follows OM € D,,_1C*(R™). One also imme-
diately checks that M € D,C*(R" \ OM). Moreover dist(-, M) < dist(-,0M) and
B = M\ OM, hence [13, 12, 1] the function dp is C* in a tubular neighborhood of
OM, which shows condition (iii). Clearly {z € R" : dg(z) < 0} = M; thus 7 =0
on R"\ M is a C¥(R") extension of 7,,, so that condition (iv) is fulfilled.

Now suppose h < n. From Remark 2.5 (I) we have dM € D;_1C*(R").

Moreover, since M is a C*-manifold without boundary in R™ \ M then, again by
Remark 2.5(I),

M € DyCHR™\ OM),
which shows (i). We also have dist(-, M) < dist(-, M), which shows (ii).
Let B be defined as in (4) with @ = R", and (E, L) := (M,0M). Then by (15)
and the last comments in Step 1 in Proposition 4.2 we have

BNnM! =1V, and MInoB=H,

with €, V; and H, as in (20), (11) and (9), respectively.

Since by Proposition 4.2 (1) H, is an embedded hypersurface (without boundary) of
class C*~! in M7, following the same argument in the comment after Theorem 2.2
and using [1, 12, 13|, there exists an open neighborhood A C M7 of H, such that
dp € C*1(A). Hence condition (iii) is satisfied.

Finally, since {x € A : dg(z) <0} C V. U H,, condition (iv) follows from (16). [
Now we generalize Proposition 4.2: if we drop the compactness of M we can not
take tubular neighborhoods of constant width.

Proposition 4.4. Letk € N, k> 2 ork € {oo,w}, andh € {1,...,n}. LetQ C R"
be a nonempty open set. Let M C R™ be an embedded C*-manifold of dimension h
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with nonempty boundary in Q. Then there exists a function e : M N Q — (0, 4+00]
such that, setting
= |J Bw@nNM (22)
TEIQM

where €(Z) :==sup{p > 0: B,(Z )ﬂNMC(MﬂQ) )}, we have

oM C Hoy C | NaM
TEOQM
and the following properties hold:

(1)  Hg is an embedded C*~'-hypersurface without boundary in (M N Q)j(.), and
NzHey €Tz M for any T € OgM;

(2) 77M€C’“((/\/WQ) \ He).

Proof. The proof is similar to the proof of Proposition 4.2 with slight modifications.
We suppose that M N is connected. Let us write for simplicity € = e(z), € = é(x)
and so on.

Assume first A = n; then the interior of M N ) is a nonempty open set with C*-
boundary in 2, and for every & € 0gM there exists € > 0 such that B (z) C Q
and dy; € C*(Be (7)) [13, 12, 9], hence d 4 is of class C* in (89./\/1) (y C

Recall that from (22) we have He.y = 0oM. Then the assertions (1)—(2) follow as
in the proof of Proposition 4.2.

Now suppose h € {1,...,n —1}. As in Step 1 in the proof of Proposition 4.2 it
follows that:

. for every z, € (M N Q)° there exists ¢; > 0 such that Ba_(v.) C Q,
Ba (o) N oM = and n,, € C*(Ba_(1,));

. if N C Q is a connected embedded C*¥-manifold of dimension h containing M
and so that dpM C N° then, for every T € 0oM, there exists €] > 0 such
that Ber(7) C 2 and

Wer(T) : = {€ € By (T) : dist(&,N) = |€ — z¢, 7 € (MNQ)°}
= U B (z) N NyM

e(MnNQ)°

is an open subset of €2, and

Wa (@) N By (@) = Wa@u (| Bs@nNM));

yEdoM

Define ‘751(-) ::( U B€1 :UO U W :i‘
o E(MNQN)° ZEIQM

where €;(x) = €” for any x € M N Q. By construction ‘751(-) C (Mn Q)jl(_) and
the topological boundary of 1761(.) splits as K U He (), where K is a subset of the
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topological boundary of ((M N Q):(.)) and He () is as in (22) with € replaced by é;.
Hence the topological boundary of 1761(.) in (MnN Q):(.) is He (). Moreover we
have 7, € C*((M N Q>€+1(~)) and 7, = Ny, in ‘751(.) U He (). We conclude that

Nm € Ck(VEl(.)).
As in Steps 1, 2 in the proof of Proposition 4.2, for each Z € Jo M there exist €& > 0,
an open set G% C R"71 an open set By C R" " and a C*~!-diffeomorphism

n—h+1
X :GLx By = Bg(z) CR", Xy, @) :=g()+ Y a'(9y)),

i=1
where the map g : G5 C R"' — Bz (&) N doM is a local chart on dpM and

.....

vector fields of class C¥~! spanning the normal space to oM at g(y') € O M.

Thus OaM)) = | X(G}x Ba).
TEIQM
n—h
Let X Gy x By = Bg(), X(y,a):=g(y) +)_a'(9(y)),
i=1
where B2 := {(@y1, ,@n_ny1) € Bz : @p_pns1 = 0} C R*" (note that X equals

the restriction of X in G’ x B2™" hence it is a C*~!-diffeomorphism). Setting Heyy
as in (22) with € replaced by €, we have
Heyo= |J X(Gox BEh).

T€EIOM
Thus for each ¢ € He, () there exists € doM such that ¢ € X (G x B2, Letting
V = X(G% x B;), following the argument in Step 2 of Proposition 4.2, we may show
that the maps X (G, x B2 ") are local charts covering He,(). This completes the
proof of assertion (1).
To prove (2) we assume that 7, ,, is C* in a neighborhood (GQM):;(.) of 0 M, see the

comment after Theorem 2.2, and we define e(z) := min{¢7, €3, €} }. Again following
Step 3 in the proof of Proposition 4.2 we have n,, € CF((M N Q)j() \ He(). O

Conclusion of the proof of Theorem 4.1. It follows from Proposition 4.4 the
same way the proof of Theorem 4.3 follows from Proposition 4.2. [

5. Sets in D, BC*(Q) are smooth manifolds with boundary

The goal of this section is to prove a sort of converse® of Theorem 4.1. That is, we
want to show the following:

Theorem 5.1. Let k € N, k>3 ork € {oo,w} and h € {1,...,n}. Let Q CR"
be a nonempty open set, and let E, L C R™ be such that (E,L) € D,BC*(2). Then
(EUL)NQ is a h-dimensional C*~*-manifold in Q with boundary L N .

8 In the C> or analytic case, it is the converse.
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Proof. Let us assume first 2 = R” (which includes the converse of Theorem 4.3).
We can suppose L # (), since if L = ) the result follows from Remark 2.5 (I) and
the comment above Remark 3.3.

Recall from Remark 3.3 (I) that L is an embedded C*-manifold in R™ without bound-
ary of dimension h — 1, and E is an embedded C*-manifold without boundary in
R™\ L of dimension h. Let A, B,

C = {z€A:dg(z) <0}, (23)

C and 7 be as in Definition 3.2 (iii), (iv). We divide the proof of the theorem into
four steps.

Step 1. We have ENCC{zeC: Vi) =0} (24)
From [4, Lemma 2.1], i, is differentiable in £ and £ = {z € R" : Vn,(z) = 0}.
Hence, using (5),
ENC=(BEULNC={xecC:Vny(z)=0}). (25)
Let z € (E'\ L) N C; then from (6) and (23) it follows
reBNC ={zx e A:dg(z) <0} (26)

Hence z is an interior point of C, and since 7 = 1y on C, from (25) we deduce
Vn(xz) = 0. Now, let x € L N C; recall from Remark 3.3 (VII) that the topological
boundary of B is of class C*¥~! in a neighborhood of z.

Then z € 04B = {x € A: dg(x) =0} from (7). We shall show that
Vilz)yr =0 Vv eR"\ {0} (27)
Let n > 2 (the case n = 1 being trivial); if v € T,04B then there exist ¢ > 0 and
a: (—€,€) = 0aB of class C! such that «(0) = x, o/(0) = v. Hence, using also that
1 =ngonC,
Vi) = a(0)lo = (@(0)lmo =0
UIV—dtUOé t:o—dtﬁEa t=0 = U.

If v € N,0sB then we can select 3 : (—¢,¢) — R™ of class C! such that 5(0) = z,
B'(0) = v and B((—¢,0)) is contained in the interior of C. Hence, denoting by -
the left derivative, we have

Vi) = S0 = 50 o = 2 (BO)im0 = Le(BE)]ico =0

This concludes the proof of (27), and then (24) follows.

Step 2. There exists an embedded h-dimensional manifold A of class C*~!, without
boundary in a sufficiently small neighborhood of E U L, such that

FEULCWN.

For h = n, it is sufficient to take A" = R™. Hence, suppose h < n. Take T € L
and, recalling that rank (V?%) =n —hon (EUL)NC, let {74, 7%,...,7" "} be an
orthonormal basis of Im(V?7(T)).



G. Bellettini, A. Elshorbagy / On the Square ... 407
Define Fi(z) = (Vi(x),7"), i=1,...,n—h, zeC, (28)
and set F:C—R"™ Fi=(F,Fy,...,Fhp). (29)

From (5) and (25) we have
(EULYNC=ENCC{zeC:Vija)=0yC{zecC:F(x)=0}.  (30)

Moreover, F € C*1(C;R" ") and if we denote by JF(Z) the Jacobian of F at T,
then
JF(@) = Q@) (31)

where Q7 is the transposed of the n x (n — h) matrix @ having as columns the
vectors (7')i=1.. n_n. By construction JF(Z) has rank n — h. Since the rank is

.....

lower semicontinuous and JF'(Z) has top rank, we can choose 0 = (%) > 0 so that
rank(JF) =n — h on B,(T). Let

;= B,(T)N{z e C: F(z)=0}.
The implicit function theorem ensures that I'z is an embedded h—dimensional man-

ifold without boundary in B, (%), of class CF~1.

Note that B,(Z) N ((E'\ L) N C), nonempty by (6) and (23), is a manifold without
boundary in B,(Z) \ L of dimension h (Remark 3.3 (I)) and it is contained in I'z by
(30). Hence I'z is an extension of (E'\ L)NC in B,(Z). It is then sufficient to define

N:=EU|JT=
zEL
Step 3. £'U L is an embedded h-dimensional C¥~'-manifold in R" with boundary.

We need to check that Definition 3.1 is satisfied. Recall from Remark 3.3 (III) that
FUL =FEUL. If x € E'\ L, the assertion follows, since £ \ L is an embedded
manifold without boundary in R™ \ L of dimension h (Remark 3.3 (I)).

Now, let 7€ L. Since L is a C¥~! embedded submanifold of N of codimension 1 (Step
1), there exist an open neighborhood R C R™ of 7 and a C*~! local parametrization

¢:G:=B"0)—=U:=RNN CR" (32)
such that RNL=A¢y):y=(y1,...,yn) € G,yn = 0}. (33)

Hence U N L divides U into two relatively open connected components Ut and U~
defined as

U™ :={o(y) 1y € G, (y,+en) >0}, (34)
where e, := (0,...,0,1) € R" (note that (E\ L) N (U \ L) # 0). Clearly

UrNL=U"NnL=10. (35)
Let us show:

UEN(E\L)#0 = UN(E\ L) =U=*, (36)
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Assume UT N (E\ L) # () and suppose by contradiction that U+ \ (Ut N (E\ L)) is
nonempty (the case for U~ being similar). Recalling that U™ is connected and that
both sets F'\ L and U™ are relatively open in A/, we have

UtN(E\L) CUN(E\L)NU". (37)

Thus

UtN(E\L)NUTCU"N(E\L)C(U"N(E\L)U(LNU"), (38)
since E\LC FEFUL=FUL. From (37) and (38) we deduce

Ut N(E\L) G (U N(E\L)U(LNU").

Hence U N L # ), which contradicts (35).
We now conclude to verify Definition 3.1.

Case 1. U"N(E\ L) = (. Then from (36) it follows U N (E \ L) = U™, and (3)
(with M replaced by E U L) is a consequence of (33) and (34).

Case 2. Ut N (E\ L) = 0. Similar to Case 1.

Case 3. UtN(E\L) # 0 and U N(E\L) # (. Then from (36) it follows
UN(E\L)=U\L, and (2) follows from (33) and (34).

In the next final step, we shall show that only one among the two sets UT N (E\ L)
and U~ N (E '\ L) is not empty, in particular, Case 3 above is impossible. This will
allow us to conclude that L is the boundary of £ U L.

Step 4. We have 0(EUL) = L.

Since F is a C*~'-manifold without boundary in R™\ L of dimension h (Remark 3.3
(I)), we have
J(FUL)CL.

To prove the converse inclusion, recalling also the proof of Step 3 (see (32), (33)
and (36)), it is sufficient to show that for any T € L there is no relatively open
neighborhood U of T in A such that U N (E \ L) = U \ L. Once we prove this we
are either in case 1 or case 2 of the previous step; if, without loss of generality, we
assume to be in case 1 then we conclude

(BEUL)NU ={o(y):y € G, {y,en) 2 0},
and LNU={¢(y) :yeqG, (y,en) =0}.

Let T € L, and recall once more the definition of B in (4), and that L C 94B (see
(7) and Remark 3.3 (VII)). From condition (iii) of Definition 3.2 we know that dp
is of class C* in a neighborhood of Z. Hence there exist a neighborhhood R C R™ of
Z, 6 > 0, and a map ¢ € C*(R;R") such that

W(R) = B5(0), (RN B) = Bs(0) N {an > 0} and »(RNIB) = Bs(0) N {a, = 0}

(in particular B locally lies on one side of 0B).
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If h = n, our assertion follows from the fact that B = E'\ L by (8). Assume now
h < n. Suppose by contradiction that there exist * € L and a neighborhood U of
Z in M such that UN(E\ L) = U\ L. Since B is locally on one side of 9B and
T € L C 04B, recalling also (6), we have

U\L=UNn(E\L)CFE\LCB.
Moreover since U is relatively open in N and L C 04 B, we get

We are then allowed to take a non-zero £ € B \ N in the normal space to N at T
such that dist(§, N) = |¢ — T|. By Remark 3.3 (II) and Z € L, we have

dist(, L) = dist(¢, B\ L). (39)

Then (39) contradicts the inclusion £ € B = {z € R" : dist(z, £\ L) < dist(z, L)}.

This concludes the proof when 2 = R™. The proof when 2 C R" is a nonempty
open set follows by replacing E with £ N, L with L N €2, and R® with € in the
above arguments. O

Remark 5.2. Inspecting the proof of Theorem 5.1, we observe that we do not
obtain the C*-regularity of (£ U L) N because the map F' defined in (28), (29) is
just C¥~! and not C*, and this is due to the C¥-regularity of the function 7. If we
knew that 7 were half of the square distance function from some C*-manifold then,
using the results of [15, Section 3] we could get the C*-regularity of (FU L) N Q. In
this direction, one could modify Definition 3.2 into a more rigid one, by assuming 7
in Definition 3.2 (iv) to be half of the square distance function from an h-dimensional
embedded manifold I' of class C*, without boundary in C. Adopting this modified
definition:

(1)  Theorem 4.1 holds by taking I' = N and 7 = iy, where A is the C*- manifold

defined in Step 1 of the proof of Proposition 4.2 and n(-) = 1dist(-, N')?;

(2)  Theorem 5.1 holds and one obtains an improved regularity, namely if we have
(E,L) € D,BC*() then (KU L)NQ is an h-dimensional C*-manifold in
with boundary LN€). Indeed Step 1 in the proof of Theorem 5.1 together with
[4, Lemma 2.1] and [15, Section 3], imply Step 2 in the proof of Theorem 5.1
with A" = T of class C*(Q), hence following the same arguments in Steps 34,
we get that (F'U L) N is a C*manifold with boundary L N €.
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