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We study the boundedness of critical points obtained by the symmetric mountain pass lemma. We
construct three types of functionals, which have an unbounded sequence of critical values. For the
first one, the set of all critical points is bounded although the set of critical values is unbounded.
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1. Introduction

We study the boundedness or unboundedness of critical points obtained by the
symmetric mountain pass lemma. This lemma gives a divergent sequence of critical
values for a Lagrangian functional and is applicable to superlinear elliptic equations.
Let X be an infinite dimensional real Banach space and let 7 : X — R be a C*
functional in the sense of Fréchet derivative. A point u € X is called a critical point
of I if I'(u) = 0. A number ¢ € R is called a critical value if there exists a u € X
such that I’(u) = 0 and I(u) = ¢. We state the symmetric mountain pass lemma
due to Ambrosetti and Rabinowitz [1].

Assumption 1.1. Let X be an infinite dimensional real Banach space. Suppose
that X =V @& W, where V is finite dimensional and V' & W denotes a direct sum.
Assume that I : X — R is a C! functional which satisfies the following conditions.

(I;) I is even (ie., I(—u) = I(u) for v € X), I(0) = 0 and I(u) satisfies the
Palais-Smale condition (PS),

(PS) any sequence {uy} in X such that {I(ug)} is bounded and I'(uy) — 0 in X*
as k — oo has a convergent subsequence.

(I3)  There exist constants a, p > 0 such that
I(u) >« if|jul| =pand ue W.
(I3) There exist two sequences {X;}72, and {Ry}32, such that X} is a closed
linear subspace of X, dim Xy, =k, X C Xp1, R > 0 for £ > 1 and
I(u) <0 ifue Xgand ||u|| > Ry.
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Remark 1.2. In [1], [8] or [9], instead of (I3), they assumed the next assumption.

(I3)" For any finite dimensional subspace Y of X, there exists an R > 0 such that
I(u) <0ifueY and [Jul]| > R.

The assumption (/3) is weaker than (I3)’. In [1], it is mentioned that (/3) is enough

for the symmetric mountain pass lemma. Indeed, the proof of the theorem is still
valid for (I3).

We here note that (I3) is more useful than (I3)" for the application to elliptic equa-
tions. Indeed, some equations satisfy (I3) but do not satisfy (I3). We give an
example of such an equation. Consider the semilinear elliptic equation,

—Au = a(z)|ul'u  in Q, u=0 on 09,

where ) is a bounded domain in RY with smooth boundary 99, a(x) is a continuous
function on 2,1 <p < cowhen N =1,2and 1 < p < (N+2)/(N —2) when N > 3.
Denote a ball in RY centered at x with radius r > 0 by B(z,r). We assume that
there exist two balls B(x;,¢) with ¢ = 0,1 in € such that they are disjoint and
a(x) =0 in B(xg,¢) and a(x) > a in B(x1,¢) with a constant ag > 0. Define I by

1 1
I(u) :== /Q (§|Vu|2 rn 1a(x)|u|p+1) dx for u € H(Q).

Then [ satisfies (I3) but does not satisfy (/3)’. We shall show this claim. Let Y
be a finite dimensional linear subspace of X = H}(€) whose each element has its
support in B(xg,¢). For example, we consider the eigenvalue problem,

—Au = Au in B(xzg,¢), u=0 on JdB(xg,e). (1)
Let A\x be the k-th eigenvalue and u; be the corresponding eigenfunction. Extend

ux(z) by putting ug(x) := 0 for z € Q\ B(zo,e). Put Y := span{uy, us, ..., u}.
Here span stands for the linear span. Since a(z) =0 in B(xg,¢), we have

1
1) = /Q Vultdz >0 forue Y\ {0},

Hence I does not satisfy (I3)". Let vy be the k-th eigenfunction of (1) with B(xg, ¢)
replaced by B(zy,¢). Extend vy by vg(z) := 0 for z € Q\ B(xy,¢). Define X :=
span{vy, vg, ..., U }. Since a(x) > ag in B(xq,¢) and each u € X}, has its support in
B(z1,¢€), we have

1 1
I(u) < / (—|Vu\2 - a0|u|p+1> dx <0,
B(z1,e) 2 p+ 1

when u € X}, and |[ul|gg > Ry with a large Ry,. Thus I satisfies (13). Therefore it is
important to assume (/3). O

To state the symmetric mountain pass lemma, we define the Krasnoselskii genus.
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Definition 1.3. We call a subset A of X symmetric if u € A implies —u € A. Let
& denote the family of sets A such that A is a closed symmetric subset of X and
does not contain the origin. For A € £, we define a genus y(A) of A by the smallest
integer n such that there exists an odd continuous mapping from A to R" \ {0}.
If there does not exist such a finite n, we define v(A) = co. Furthermore, we put

(@) = 0. O

For the properties of the genus, we refer the readers to [8] or [9]. Following [8] and
9], we define a sequence of critical values under Assumption 1.1. Let X} and Ry be
given by (I3). We define

Dk = {U S ka HUH < Rk’}7 aDk = {u € Xk’ HUH - Rk}

Gr:={9€ C(Dy,X):gisodd, g(u) =u on dD},
where C'(Dy, X) denotes the set of continuous mappings from Dy to X. We define

Hy, = {g(Dn \ A) : g € Gy m >k, A€E, y(A) <m —k},
where £ and y(A) are given by Definition 1.3. We define two sequences

ay = glentk gé%}: I(g(w)), bg:= Alélbffk max I(u). (2)

Theorem 1.4. ([1] Symmetric mountain pass lemma) Impose Assumption 1.1.
Then, for k > dim V', it holds that ar > b > a > 0, ai and by are critical values of
I and limy_,o ap = limy_,oo by = 00. Here «v is given by (I3). If by = byyy = -+ =
bprp =b and k> dim V', then v(K,) > p+ 1. Here K, is defined by

Ky:={ue X: I'(u) =0, I(u) =b}. (3)
Therefore I has a sequence of critical values which diverges to infinity.

Proof. In [8, Propositions 9.29, 9.30, 9.33], it is proved that when k£ > dimV,
br > «, by is a critical value diverging to infinity as k — oo and y(Kj) > p+ 1. The
same method as above is valid for a also (see [9, Theorem 6.5]).

For any g € G}, we take A = () in the definition of Hy. Then g(D},) € Hy. Therefore

bp < max I(v) for g€ Gy,
v€G(Dy)

which shows that b, < ai. The proof is complete. Il

We consider two conditions.
(14) For any C' > 0, supj, < I (u) < 0.
(1) If up € X and I(ug) — o0 as k — oo, then ||uy|| — oo.

It is easy to verify that the above two conditions are equivalent. When X is finite
dimensional, the condition (1) (hence (I;)" also) holds. Indeed, the set of points
u satisfying ||u]] < C'is compact if dim X < co. However, when X is infinite, (14)
(and (1)) does not necessarily hold. For a critical value ¢ of I, we say that u is
a critical point corresponding to ¢ if I'(u) = 0 and I(u) = c. If (1) (hence (1))
holds, then any critical point corresponding to a; or b, must diverge to infinity in
X as k — oo. If (1) does not hold, the above result may not be necessarily valid.
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Problem 1.5. We suppose Assumption 1.1 without (1;) and consider two problems.
(i) Does any critical point corresponding to ay or by diverge to infinity as k — oo ?

(ii)  Does there ezist a functional I which satisfies Assumption 1.1 but the set of
all the critical points for I is bounded in X ¢

The purpose of the present paper is to solve the problem above. We shall explain
the reason why we consider this problem. To this end, we introduce another type
of the symmetric mountain pass lemma.

Assumption 1.6. Let X be an infinite dimensional real Banach space and assume

that I € C'(X,R) satisfies (A1) and (A2) below.

(A1) I(u)iseven, bounded from below, I(0) = 0 and I (u) satisfies the Palais-Smale
condition (PS).

(A2) For each k € N, there exists an Ay, € 'y such that sup, 4, [(u) < 0, where

Iy ={Aec&:v(A) >k}
Under Assumption 1.6, we define ¢ by

Cp = Algrfk 31615) I(u). (4)

We state the symmetric mountain pass lemma due to Clark [2].

Theorem 1.7. ([2] symmetric mountain pass lemma) Suppose that Assumption
1.6 holds. Then each ¢y is a critical value of I(u), ¢ < cxy1 < 0 for k € N and
limy_,oo cx = 0. Moreover, if ¢y = Cpp1 = -+ = Cpp = ¢, then y(K.) > p+ 1. Here
K., is defined by (3).

For the proof of the theorem above, we refer the readers to [1], [2], [8] or [9]. The
convergence of ¢, to zero is proved in [5]. Theorem 1.7 gives us a sequence of critical
values, which converges to 0. We give another type of the symmetric mountain pass
lemma, which was proved in our paper [5].

Theorem 1.8. ([5]) Under Assumption 1.6, either (i) or (ii) below holds.

(i)  There exists a sequence {uy} such that I'(ux) = 0, I(ux) < 0 and {ux} con-
verges to zero.

(ii)  There exist two sequences {uy} and {vy} such that I'(ug) = 0, I(ux) = 0,
up # 0, limg oo ur, = 0, I'(vg) = 0, I(vg) <0, limg_oo [(vx) = 0, and {vi}
converges to a non-zero limit.

In any case (i) or (ii), there exists a sequence {uy} of critical points such that
I'(ug) =0, I(ug) <0, up # 0 and limy_, ugp = 0.

A similar result to Theorem 1.8 was proved in [4] and [7] also. It seems that wuy given
by Theorem 1.8 can be obtained as a critical point corresponding to ¢, defined by
(4). We consider this problem in the following remark.

Remark 1.9. We shall explain the difference between Theorems 1.7 and 1.8. The-
orem 1.7 guarantees the existence of a sequence of critical values converging to zero
in R. On the other hand, Theorem 1.8 ensures the existence of a sequence of crit-
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ical points converging to zero in X. There is a question whether a critical point
corresponding to ¢, converges to zero in X. This is true under the condition:

if I(u)=0 and I'(u) =0, then u=0. (5)

Indeed, the condition above with the Palais-Smale condition (PS) ensures that any
critical point corresponding to ¢ must converge to zero in X. However, if (5) does
not hold, then a critical point corresponding to ¢; does not necessarily converge to
zero. Indeed, we constructed an example of a functional I and a Hilbert space X
in [5] such that I is defined on X and it satisfies Assumption 1.6, but ||u|| > ¢ > 0
whenever I(u) = ¢ and I'(u) = 0, where ¢ is independent of k. Therefore no critical
point corresponding to ¢, converges to zero. The similar example was obtained in

4] also. O

Theorem 1.4 is applicable to superlinear elliptic equations and Theorems 1.7 and
1.8 are applicable to sublinear elliptic equations. We compare Assumptions 1.1
with 1.6. The former gives us a sequence of critical values diverging to infinity
and the latter provides a sequence of critical values converging to zero. If (5) is
assumed, then any critical point corresponding to ¢; converges to zero. Even if (5)
is not assumed, Theorem 1.8 ensures that there exists a sequence of critical points
converging to zero. Therefore, we guess that Assumption 1.1 only (without (1))
guarantees the existence of a sequence of critical points diverging to infinity. This
is a reason why we consider Problem 1.5. We give a complete answer to Problem
1.5 (i) and provide an almost complete answer to (ii). In fact, we shall construct a
functional I which satisfies Assumption 1.1 without (PS) but the set of all critical
points for I is bounded. We shall state this result in Theorem 2.1.

Moreover, we shall construct a functional J, which satisfies Assumption 1.1 and the
condition below: The set of critical values for J consists only of nonnegative integers
and there exists two sequences {u,} and {v,} such that

J (up) =J(v,) =0, J(u,)=J(v,) =n, lm |u,|| =00, sup|v,] < .
n—oo TLEN

Thus a sequence {n} of critical values diverges to infinity, however a sequence {u, }
of critical points is unbounded and another sequence {v,} is bounded. We shall
state this result in Theorem 2.2.

Furthermore, we shall construct a functional K which satisfies Assumption 1.1 such
that the set of critical points for K is countably infinite and unbounded. This result
will be stated in Theorem 2.3.

The present paper is organized in five sections. In Section 2, we state the main
theorems. In Section 3, 4 and 5, we prove Theorems 2.3, 2.1 and 2.2, respectively.
2. Main results

In this section, we state the main theorems.

Theorem 2.1. Let X be a separable infinite dimensional real Hilbert space. Then
there exists a functional I : X — R such that I satisfies Assumption 1.1 without

(PS), the set of all critical values for I is unbounded and the set of all critical points
for I is bounded., i.e.,

sup{I(u) : I'(u) = 0} = o0, sup{]ul| : I'(u) =0} < occ.
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Since the functional I in Theorem 2.1 does not satisfy (PS) (see Remark 4.3), we do
not know whether a; and by given by (2) are critical values and diverge to infinity
as k — oo. Thus our theorem is not a complete answer to Problem 1.5 (ii), however
it ensures the existence of a functional I such that the set of critical values for I is
unbounded and the set of critical points is bounded. In the next theorem, we give
a different functional from [ in Theorem 2.1.

Theorem 2.2. Let X be a separable infinite dimensional real Hilbert space. Then
there exists a functional J : X — R such that J satisfies Assumption 1.1 and the
following condition: The set of critical values for J consists only of nonnegative
integers and there exist two sequences {u,} and {v,} such that

J (up) = J'(v,) =0, J(u,) = J(v,) =, ILm lun]| = 0o, sup||v.| < oo. (6)

n—0co neN

Since the functional J in Theorem 2.2 satisfies Assumption 1.1, a; and by are well
defined by (2) with I replaced by J and they are critical values of .J. Since we have
ap > b, > a > 0, a; and b, are positive integers by Theorem 2.2. Let u, and v,
be defined by Theorem 2.2. Substitute n = a;, in u,, and v,, and put U := u,, and
Vi := v,,. Substituting n = a;, in (6), we have

J/(Uk) = J/(Vk) = 0, J(Uk) = J(Vk) = Q.

Therefore there exist two sequences of critical points corresponding to ay such that
one diverges to infinity and another is bounded in X. The result above is valid for
by, also.

In the next theorem, we give an example of a functional such that the set of critical
points is unbounded.

Theorem 2.3. Let X be a separable infinite dimensional real Hilbert space. Then
there exists a functional K : X — R such that K satisfies Assumption 1.1 and
the following condition: The set of all critical points for K is a countably infinite
set {up}2, and limg_,o |Jug|| = 0o. In particular, any sequence of critical points
corresponding to ay (or by ) must diverge to infinity, i.e., If K(vg) = ay (or by) and
K'(v) =0, then limy_, ||vg]| = oc0.

Theorems 2.2 and 2.3 give an answer to Problem 1.5 (i).

3. Proof of Theorem 2.3

The proof of Theorem 2.3 is easiest in all the proofs of the theorems. Therefore we
shall prove it in this section. We first show that it is enough to prove Theorem 2.1
(2.2 or 2.3) for a certain Hilbert space.

Lemma 3.1. Let X andY be any separable infinite dimensional real Hilbert spaces.
If Theorem 2.1 (2.2 or 2.3) is valid for X, then it holds for'Y also.

Proof. Let X and Y be separable infinite dimensional real Hilbert spaces. Then
there exists a linear isometric isomorphism 7" : Y — X i.e., T'is bijective, linear

and ITullx = |lully, (Tu,Tv)x = (u,v)y foru,v €Y, (7)

where || - ||z and (-, )z are norms and inner products for Z = X, Y.
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In what follows, we write || - || instead || - ||x and || - ||y. Let I : X — R satisfy
Theorem 2.1. Define J := I oT. Then J is a real valued functional defined on Y.
We shall show that J satisfies Theorem 2.1 with X replaced by Y. It is well known
that T is of C'*° class. Indeed, differentiating the relation

T(x+ty)=Tx+tTy forteR,

with respect to ¢t at t = 0, we have T"(z)y = T'y. Hence T"(x)[y,2] = 0. Thus T
is of C* class. Since I € C'(X,R), J belongs to C*(Y,R). We shall show that J
satisfies Assumption 1.1. Since [ is even and T is linear, J is even. It is clear that
J(0) = I(T(0)) = 0. We shall confirm (PS) for J. Since J'(u)v = I'(Tu)Tv, it
holds that ||J'(u)|| = ||[I'(Tuw)T||. We shall show that the right hand side is equal to
| I'(Tw)||. Indeed, for v € Y, we put w = Tw. Using (7), we obtain

I(Tw)T|| = sup |I'(Tu)Tv]| = sup [[I'(Tu)w] = [[I'(Tu)].

[lv]|=1 lw]=1
Accordingly, [T (w)|| = [ T'(Tu)]|. (8)
Suppose that a sequence {u,} C Y satisfies
lim ||J'(u,)|| =0, sup|J(u,)| < oc.
n—oo

By (8), we have lim ||I'(Tu,)|| =0, sup|l(Tu,)| < .
n—oo n

Put v, := T'u,,. By (PS) for I, {v,} has a convergent subsequence (denoted by {v,}
again) and we denote the limit by v,. Then u, = T 'v, — T 'vy. Therefore J
satisfies (PS).

Since X =V & W, it holds that Y = T7'X =TV @ T~'W. Then J satisfies (I5)
with W replaced by T—'W. Similarly, J satisfies (I3) with X}, replaced by T—1Xj,.

Let {ux} be a sequence in Y. Put vy := Tu,. Then J(ux) = [(vg). It follows
from (8) that wy is a critical point of J if and only if v, is a critical point of 1.

Since ||lug|| = [|vg]|, we find that sup,ey |Juk| < oo if and only if sup,y [|vg]| < oo;
limy o0 ||ug|| = oo if and only if limy . ||vk|| = 0o. These assertions prove that
Theorem 2.1 (2.2 or 2.3) for X implies that for Y. The proof is complete. O

We shall show Theorem 2.3. Define X := H}(0, 1), which is a usual Sobolev space.
Because of the Poincaré inequality, we can define the H}(0,1)-norm by

lull g = ( / luwdm)

We consider the one-dimensional Emden-Fowler equation,

u’ + [ufPfu=0 in (0,1), u(0)=u(l)=0, (9)

1/2

where 1 < p < 0o. We extract the first equation from (9) and consider
u” + |ulPru = 0. (10)
The next lemma is well known (for example, see [3] or [6, Lemma 3.1]).

Lemma 3.2. Let u be a nontrivial solution of (10). Then u(z) is a periodic solution
having zeros. For any A > 0, A2~y (A\z) is also a solution of (10).
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Using the lemma above, we obtain the next one.

Lemma 3.3. For each positive integer n, (9) has a unique solution u which has
exactly n — 1 zeros in (0,1) and uv'(0) > 0. Denote it by u,(x). Then the set of all
solutions for (9) consists only of £u,(x) withn € N and the zero solution. Moreover,
lmy, o0 [|tn]| gy = oo

Proof. Denote a unique solution of (10) satisfying u(0) = 0 and «/(0) = 1 by ¢(x).
Let T' > 0 be the first zero of ¢(x) in (0,00). Then ¢p(nT) = 0 for any n € N.
Define u,(r) := (nT)¥®V¢(nTz). By Lemma 3.2, it is a solution of (9) which
has exactly n — 1 zeros in (0,1) and satisfies u},(0) > 0. If v(x) is a solution of (9)
which has exactly n — 1 zeros in (0,1) and v/(0) > 0, then v(z) = AP~Y/2¢(\z) with
some A > 0. Indeed, put w(z) := AP~1D/2¢(\z). Here we choose A which satisfies
v'(0) = w'(0). Since v(0) = w(0) = 0 and v'(0) = w’(0), v(z) is identically equal to
w(x). Hence v(x) = AP~D/2¢(\zx). Since v(1) = 0 and v(x) has exactly n — 1 zeros
in (0,1), A =nT and so v(z) = u,(z). Therefore the set +u,(x) with n € N covers
all the nontrivial solutions of (9).

Using the change of variables nT'z = ¢, we compute
1 T
lunllZy = ()20 /-0 / o (nT)2d = n2e+D/ =D+ (=1 / & (1) 2dt.
0 0

Therefore the H}(0,1) norm of u, diverges to infinity as n — co. O

We define a functional

e 1
K(u) := / (—u'(x)2 - |u(93)|p+1) dr foru € X = Hy(0,1).
0 p+1
Then u is a critical point of K if and only if it satisfies (9). Therefore

{ue X : K'(u) =0} = {£u,(z) : n € N} U {0}, (11)

where u,, is given by Lemma 3.3.

Proof of Theorem 2.3. K defined above satisfies Assumption 1.1 (see [8] or [9]).
By (11), the set of critical points for K is countably infinite. By Lemma 3.3,
[tnllgg — o0 as n — oo. The proof is complete. O

4. Proof of Theorem 2.1

In this section, we shall prove Theorem 2.1. We shall construct a functional I in
X := (2, which is defined by

oo
? = {x = (v1,79,73,...): 7; ER, fo < 00}
i—1

This is a Hilbert space equipped with the inner product and the norm,

0o 00 1/2
(@, y)2 = in?/ia [zl2 == (Z 'Izz) , (12)
=1 =1

for x = (z1,29,...) and y = (y1,¥2, - . .).
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We choose a C* function h(t) such that 0 < h(t) <1 in [0, 00) and
h(t) =0 in[0,1/4], h(t)=1 in[1/2,00), A'(t)>0 in [0,00). (13)
For a positive integer k, we define gy (t) := (k — 1)th(t) + t. Then g, (¢) satisfies

gr(t) =t forte[0,1/4], gre(t) =kt fort>1/2, (14)
t<gi(t) <kt, 1<gL(t)<Ck fort>0, (15)

with some C' > 0 independent of k. Put X := /2 and define
I(x) := (ng(xi)) (2—||z[3) for z = (z1,2s,...) € X, (16)
k=1

where ||z, is defined by (12). We shall show that I is well defined in X = ¢2. In
what follows, for a point x in X, we denote its k-th coordinate by x;. Let z € X
be any point. Since limy o, 2 = 0, we have 22 < 1/4 for k > kq with some k. By
(14), > ptp, gk(x3) = 2202, o < 00, Thus I(z) is well defined.

Lemma 4.1. [ defined by (16) is a C* functional. Its Fréchet derivative is given by
row=2( 3 skt )2~ lel}) ~ 2( X ontad) ) (Z y> )
k=1 k=1 n=1
Proof. We put G(z) = ng($i)7 H(x) :=2— ||z|)3. (18)
k=1

Then I(x) = G(x)H(z). We shall compute the derivatives of G and H. It is well
known that

H'(a:)y = _2($’y>2 = _Qzajnym
n=1

where (x,7), is the inner product defined by (12). We shall show that G is a C!
functional and

G'(x)y =2 gla)erys. (19)

k=1

Once this relation would be proved, (17) follows. For any z € X, there exists a
positive integer ky such that z2 < 1/4 for k > ko. By (14), g,(22) = 1 for k > ko,
and hence the right hand side of (19) converges.

We compute the Gateaux derivative of G. Fix x,y € X arbitrarily.

For t € R, we define ¢(t) := G(z + ty), ¢r(t) := ge((xr + tyr)?).

Then ¢(t) =Y 7, éx(t). Choose ko € R such that 2% + y7 < 1/8 for k > k.
For |t| <1, we have

(zx + tyr)® < 2(zj +yp) < 1/4 for k > ko,

and so, ¢x(t) = (x) + tyr)? for k > ky. Since 0 < ¢y (t) < 2(z7 + y7) and x,y € (%
Y re x(t) uniformly converges on [—1,1].
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Since g (t) =1 for |t| < 1/4, we have

¢1.(t) = 29, ((zr, + tye)*) (xr + tye)ye = 2(zx + tye)yx  for k > k.

Thus >~ | ¢}.(t) uniformly converges on [—1, 1]. Therefore we have

L0+ ty) = 1) = 23 gl + 1)) s+ o
k=1

d (o.9]
Substituting ¢t = 0, we obtain EG@ + ty) |0 = 2 Zg%(mi)xkyk
k=1

This is a Gateaux derivative of G. Denote the right hand side by F(y), i.e.,

F(y) =2 gh(2})rys-
k=1

We shall show that F' is a bounded linear functional on X. We fix z and vary y.
Choose k; such that z2 < 1/4 for k > k. Since gj(z3) = 1 for k¥ > k; and
1 < g,(t) < Ck by (15), we have

klfl e}
[F)| <2 Chlzgllyel +2> lzallyel < C[lallylla-
k=1 k=k1

Thus F' is bounded linear. Since the Gateaux derivative is a bounded linear func-
tional, it coincides with the Fréchet derivative and we have

G'x)y =2 gilai)arye

k=1

We shall show the continuity of G'(z). We denote the operator norm of G'(z) by
|G'(x)||. For z,y € X, we have

o0

IG" () = G WP =4 (gr(aD)zn — gr D)’ -

Fix y € X. We shall show that ||G'(x) — G'(y)||* — 0 as * — y in X. Choose a
positive integer ko such that |yz| < 1/4 for k& > ko. Let ||z — y|l» < 1/4. Hence
|2k —yx| < 1/4 for all k. In particular, |z| < 1/2 and 27 < 1/4 for k > ky. Therefore
gi.(x2) = g1.(y2) = 1 for k > kg, and so

ko—1 00
2
IG"(2) = G WP =4 (grlaD)ar — giwDu)” +4D (we —w)* =0,
k=1 k=Fko
as ||z — y|la — 0. Consequently, G is a C'' functional and so is I. O

Observing (17), we define zx(z) and z(z) by

an(x) = 20 gi (@) (2 — ||2l2) — G(@)},  2(z) = (a1(2), 22(2),...) € 2. (20)
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Then (17) can be rewritten as
I'@)y = ((a),v) for o,y € 2. (21)

By the Riesz representation theorem, any bounded linear functional is written as an
inner product. The relation (21) is exactly this representation.

We shall show that [ satisfies (I3) and (I3) with V = {0} and W = X.
Lemma 4.2. [ satisfies (Iy) with o =1 and W = X and fulfills (I3).

Proof. Since I(u) < 0 for ||z|j2 > v/2, (I3) holds. Let G(x) be given by (18). Since
G(x) > ||=]|2 by (15), we have

I(z) = G(2)(2 = [l2[3) > =]5(2 = [l=[l2) = 1,

provided that ||z||2 = 1. Thus (I3) holds with p = o = 1. The proof is complete. [

Remark 4.3. I does not satisfy (PS). Indeed, we define
2= (1/2,1/2,1/2,0,...,0,1/2,0,0,...),

where the first three and the n-th coordinates of z, are 1/2 and the others are
0. Then ||z, = 1, G(z,) = 1, I(z,) = 1 and I'(x,) = 0, however {z,} has no
subsequence converging.

Proof of Theorem 2.1. It is clear that I is even, [(0) = 0 and [ fulfills (1) and
(I3) by Lemma 4.2.

Let e, be a point in X whose n-th coordinate is 1 and the others are 0, i,e.,
en=1(0,...,0,1,0,0,...) € X. (22)

Since g/, (1) = n and G(e,) = g,(1) = n, it holds that zx(e,) = 0 for all k and n.

Therefore I'(e,) = 0. Moreover I(e,) = n, I'(0) = 0 and 1(0) = 0. Consequently,
all nonnegative integers are critical values and hence the set of critical values is
unbounded.

We shall show that the set of all critical points for I(x) is bounded. Let = be any
point satisfying ||z||s > v/2. Suppose that I’(x) = 0. Let z(z) be given by (20).
Then z(z) = 0 for all k. Since x # 0, x # 0 at some k. Then

k(@) (2 — [[2])3) — G(z) =0.

However the left hand side is negative because G(z) > 0 and ¢'(z%) > 1. A contra-
diction occurs. Therefore I'(x) # 0. Consequently, we have

{x:I'(z) =0} C {z: ||lz]]s < V2}.

The proof is complete. ]
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5. Proof of Theorem 2.2

In this section, we prove Theorem 2.2 for X := 2. Let h(t) satisfy (13). For each
positive integer k, we define

fe(t) = kt*(2 — t*)h(t) +t*(1 — h(t)) fort > 0.
By (13), we have
fe®) =1* in[0,1/4], fu(t) =Kkt*(2—1#*) in [1/2,00). (23)

We shall show that

filt)>0 i (0.1), fit) <0 in(Loo), fi(0)=f(1)=0.  (24)
By (23), f{(0) = f{(1) = 0 and

fL) >0 in (0,1/4U[1/2,1), fi(t) <0 in (1,00).

Differentiating fi(t), we have

fo(t) = 4kt(1 — *)h(t) + [k(2 — t2) — 1]t/ (t) + 2t(1 — h(t)) > 0,

for t € [1/4,1/2]. Thus (24) holds. We extend the function fi(t) as an even function
by putting fi(—t) := fr(t). We define

J(x) = ifk(a:k) for v = (21,29, 3,...) € X = (% (25)
k=1

Let z € X. Then |zg| < 1/4 for k > ko with some ky. Therefore
D Jilw) = i < oo
k’:ko k=k0

and J is well-defined. We shall verify (I3) and (/3).

Lemma 5.1. J given by (25) satisfies (I2) and (I3).

Proof. Let 0 < p < 1/4 and let ||z||y = p. Since |zi| < ||z|l2 < 1/4, fu(xy) = 23 for
all k and we have J(z) = ||z||3 = p?. This proves (I5).

Let n be a positive integer. We define
X, :=span{ey,es,...,e,} = {(z1,22,...,2,,0,0,...): z; € R},
where e, is defined by (22). Let R € (y/n,o0) be so large that
n(n+1)
2

We shall show that .J satisfies (I3). Let « € X,, and ||z||s > R. Then > ;_, 27 > R?
and hence |z;] > R/+/n with a certain . Since |z;] > R/y/n > 1, it holds that
h(z;) = 1 and fi(x;) = ia?(2 — z2). By (24), fi(t) attains its maximum at ¢ = 1.
Accordingly, fi(t) < fx(1) = k for all t € R. Using (26), we obtain

+t3(2—1*) <0 for [t| > R//n. (26)

+iz3(2 — 27) < 0.

1

HW= Y e+ e < "D

k#i,1<k<n

Consequently, J satisfies (I3). The proof is complete. ]
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In the same way as in the proof of Lemma 4.1, we can prove the next lemma.

Lemma 5.2. J is a C' functional and it holds that

Ty = fileye. N @)IF = filar)® forz,y e X. (27)
k=1 k=1

Lemma 5.3. J satisfies the Palais-Smale condition.

Proof. Let {z,,}°°, be a sequence in X satisfying

lim [|J'(z,)|| =0, supl|J(z,)] <C, (28)
neN

n—oo

with some C' > 0. We use the notation x,, = (z51, Zn2, Tn3, .- .). Choose a positive
integer ng satisfying
| (x,)]| <1 for n > ng. (29)

By (27), we have lfr(znp)| < || (xn)|| for n, k € N. (30)
We fix a positive integer kg grater than 2C, where C' is given by (28). We show that

nh_r}olO Tnp =0 for k> k. (31)
We choose § € (0,1/4) so small that
P2~ )> 5 when |t~ 1] <dor|t+1] <5
which implies that

k
fr(t) > B when [t — 1] <d or [t + 1| < 6. (32)

Give € € (0,9) arbitrarily. We denote an e-neighborhood of t = 0,1, —1 by A(e) and
its complement by B(e);

Ale) = (—e,e)U(l—¢g,1+e)U(-1—¢,—-14¢), B(e):=R\ A(e).

We put c¢y(e) := inf{|f.(t)| : t € B(e), k € N}. Then () > 0.
Choose ni(e) € N so large that ||J'(x,,)]| < co(e) for n > ny(e). By (30), we have

| fi(@n i)l < 1 (zn) ]| < cole)  for n > ma(e).

The inequality above with the definition of ¢o(¢) implies that x,j belongs to A(e)
for n > ny(e) and k € N. That is, for n > ny(¢) and k € N, z,,, satisfies one of the
following inequalities:

|Tnik| <&, Jxnr—1|<e, |zap+1]<e. (33)
These inequalities imply that

fr(xng) >0 forn>ny(e), k€N, (34)
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We shall show that
|zp e — 1] > e forn > ny(e), k> ko, (35)

where ky has already been defined before (31). Let n > ny(e) and k > ky. Suppose
to the contrary that |z, — 1| < e. By (28), (34) and (32), we have

C>J(x,) = ij(ffn,j) > fe(zng) >

Jj=1

ks ko
2= 2

This contradicts the choice of ky. Therefore (35) holds. In the same way, we have
|z + 1] > e forn > ni(e), k> k. (36)
By (33), (35) and (36), we conclude that
|zp k| < e forn>mny(e), k> k. (37)

This shows (31).

By (29) and (30), we have |fi(2,x)| < 1for k > 1 and n > ng. If |z, ;] > 2 with
some k and n > ng, then |fi(z, )| = 4k|z, k(1 — xik)\ > 24 and a contradiction
occurs. Therefore

|zpk| <2 for k> 1 and n > ny.

Since x, is bounded, we choose a subsequence (denoted by {z,} again) of {z,}
such that for each 1 < k < ky — 1, x,,, converges to a limit z,,; as n — oo. Put
ZTook = 0 for k > ky and define zo := (1, Too2; Too3, - - -). Then z, belongs to
X. It follows from (31) that

lim 2, = 2ex for ke N. (38)

n—oo

Since € < § < 1/4, it follows from (37) that f(z,x) = 22, for n > ny(e) and
k > kg. Then we have

A a2 = flaar) < T (@)]P =0 asn— oo (39)

k=ko k=ko

Since T = 0 for k > ko, (38) and (39) show that

ko—1 o)
|Zn — Tool|3 = Z(mnk — Toop)® + Z xi’k —0 asn— oc.
k=1 k=ko
Thus J satisfies (PS). The proof is complete. O

To prove Theorem 2.2, we investigate the critical points and the critical values of J.
We denote the set of all critical points for J by C'P and the set of all critical values
for J by CV, ie.,

CP:={u:J'(u)=0}, CV:={J(u):J(u)=0}.
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Lemma 5.4. We have
CP ={zx = (v1,29,...) € X : each z; =0,1, or —1}, (40)
CV =NU{0}. (41)

By (40), we mean that any coordinate of z in C'P is equal to 0, 1 or —1. This says
that x, = 0 for k > ky with some ky because x € ¢2.

Proof of Lemma 5.4. J'(z) = 0 if and only if f,(x;x) = 0 for all k. Since f/(?)
vanishes at ¢ = 0, £1 only, we find that J'(z) = 0 is equivalent to z; = 0,1 or —1
for all k. This proves (40).

Since e, is a critical point by (40), J(e,) = n is a critical value. Moreover f(0) =0
is also a critical value. Therefore we have NU {0} C C'V. Let x be in CP. By (40),
we have

r = (21,22, ..., Tk-1,0,0,...)

with some kg and each x; = 0,1 or —1. Since fx(+1) = k and f;(0) = 0, we conclude
that J(z) = S5, fi(x1) is a nonnegative integer. Hence CV € NU {0} and (41)
follows. The proof is complete. [

Theorem 2.2 ensures that there exists an unbounded sequence of critical points. To
obtain such a sequence, we prove the following lemma.

Lemma 5.5. For any integer n > 3, there exists a point u, € X such that

T(un) =0, J(up) =n, |uallz > (n/2)"%. (42)
Proof. Let n > 3 be any integer. We choose the largest integer m € N satisfying
m(m +1)/2 < n. We divide the proof into two cases.
Case 1. n=m(m+ 1)/2. Then we define

u:=e +e+---+en,=(1,1,...,1,0,0,...),

where e, is defined by (22). We find that J’(u) = 0 by (40) and

=SS A =162 = PO

2
k=1

Moreover, |[ully = (1414---+1)"2 = \/m > n'/4 because n = m(m+1)/2 < m?2.
Therefore u satisfies (42).

Case 2. n > m(m+ 1)/2. We choose the largest positive integer p € N satisfying

n>@+p. (43)

Such an integer p exists because n > 3. Put ¢ :=n — p(p + 1)/2. Note that p < q.
We define w:=e;+es+---+e,+¢,=(1,1,...,1,0,...,0,1,0,...).
Then J'(u) =0and J(u)=14+2+---+p+qg=n.
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Since p is the largest integer satisfying (43), we have

(p+1)(p+2)

5 +p+1>n,

which shows that 4(p+1)? > (p+1)(p+4) > 2n. Using this inequality, we compute
Jullo = (1+ 14+ 12 = (p+1)Y2 > (n/2)".

The proof is complete. [

We conclude this paper by proving Theorem 2.2.

Proof of Theorem 2.2. By Lemmas 5.1, 5.2 and 5.3, J defined by (25) satisfies
Assumption 1.1. By Lemma 5.4, the set of critical values for J consists only of
nonnegative integers. We define v,, := e,, which is given by (22). Put u; := e; and
ug = eg. When n > 3, we define u,, by Lemma 5.5. By (42), we have

J (up) =J(v,) =0, J(up,)=J(w,) =n, lLm |uy|lz =00, [va]2=1.

n—oo

The proof is complete. O
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