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Variational inequalities, formulated on unknown-dependent convex sets, are called quasi-variational
inequalities (QVI). This paper is concerned with an abstract approach to a class of parabolic
QVIs arising in many biochemical/mechanical problems. The approach is based on a compactness
theorem for parabolic variational inequalities shown previously by the authors [A new compactness
theorem for variational inequalities of parabolic type, Houston J. Math. 44 (2018) 319-350]. The
prototype of our model for QVIs of parabolic type is formulated in a reflexive Banach space as
the sum of the time-derivative operator under unknown convex constraints and a semimonotone
operator, including a feedback system which selects a convex constraint. The main objective of
this work is to specify a class of unknown-state dependent convex constraints and to give a precise
formulation of QVIs.
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1. Introduction

The theory of quasi-variational inequalities (QVI) has been attractive since its con-
cept was formulated in [3]. Its development can be found in [15, 21, 25, 29] for the
stationary case and in [17, 23, 28] for the evolution case. But there are still many
questions in the solvability of quasi-variational evolution inequalities, for instance,
the establishment of compactness method from both of theoretical and numerical
points of view. In this context, many mathematical models, arising in biochemi-
cal/mechanical problems (cf. [1, 2, 8, 11, 13, 14, 16, 19, 26, 27], have been discussed.

Our motivation for considering an abstract quasi-variational problem is as follows.
Let ug be some initial state: e.g., an initial magnetic field and/or electric current,
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or the velocity of a flowing liquid, evolving in time to some unknown wu(t). As a
function of space, uy and u(t) belong to some Hilbert space H. The evolution is
governed by some physical phenomenon that we describe by a system of equations,
like the Maxwell or the Navier-Stokes systems. Here, we consider two general points.

1. Feedback. Within the described physical phenomenon, the evolution may addi-
tionally depend on some parameter, that we call : e.g., the initial temperature,
which is evolving according to its own physical law (e.g., the heat equation),
but may be coupled to our unknown u (the temperature is strongly coupled to
the magnetic state or to the concentration of the substrate in the flow).

2. Constraint. The very nature of the physical phenomena that our variable is
undergoing may depend on space, on time, but also directly on the unknown
itself. In our examples, the magnetic material passes to the superconductive
state (zero or very low resistance) when the magnetic field, the electric current
and the temperature are low enough (actually, when some convex combination
of these is low enough [6]); the flow velocity may depend on obstacles appearing
due to accumulation of some substrate that the flow is transporting — a phe-
nomenon well known to cardiologists and their patients. In the mathematical
description, this means that the physical equations governing the evolution are
valid only in some subset of the space H, which is in general closed and convex.
This subset imposes a constraint on the initial datum and on the unknown. Let
us call this constraint set K(0;t).

We thus have a feedback operator for 6, which is taken from some metric space O:
0 = Ay, u, (1)

a family of convex sets K (6;t) in H, and we look for u(t) € K(6;t), which satisfies
some evolution equation. We formulate this last in an abstract way as

Loy (0;u) + A(us u) 3 f. (2)

Here, L,, is a time derivative operator including the constraint u(t) € K(6;t), and
A is a coercive semimonotone mapping, possibly multivalued.

Finally, the problem writes: given uy € H, find u(t) € H such that
L(O0)+ AQwu) 3 f, 0= Ayu 3)

We give the functional framework for these abstract equations and define precisely
the convex sets in Section 2, we define the operators L and A in Sections 3 and 4,
and we give two examples of these in Section 6. In particular, in Section 6.2 we
give the concrete setting for the superconductivity type II problem, in a description
inspired by [1, 2, 19, 27]. As for the description of the flow problem, see our previous
work [11, 12] and references therein.

The main objective of this paper is to use the time-derivative operator L,,(0;-), by
a systematic application of the semimonotone operator theory [22], to solve a class
of parabolic quasi-variational inequalities of the form (3).

In the authors’ knowledge, there are roughly two approaches to the solvability of
parabolic (QVTI).



M. Gokieli, N. Kenmochi, M. Niezgédka / Parabolic Quasi-Variational ... 533

(i) One is to consider (QVI) in a Hilbert or Banach lattice.

The construction of a solution of (QVI) is made by using the order property.
This method has been applied by many authors. Most of results on (QVI)
treated so far are based on this approach; see e.g.[23, 28, 29]. However, for
instance in (QVI) with gradient constraints, the constraint sets have no longer
lattice structure, so we need some other approach.

(ii) Another one is to make use of the compactness result, see e.g.[12, 13, 16, 27].

Conditions (A1), (A2), imposed on the feedback system A,, in Section 5,
are quite usual in this context, as they grant strong continuity of A,, from
LP(0,T; H) into O.

Let us note that the compactness method for the parabolic case and for the
elliptic case are quite different. In fact, in the elliptic case, the feedback system
A is given as a mapping from V into ©. Therefore, if A is weakly continuous
from V into O, then by the compactness of the embedding V' C H, it is auto-
matically strongly continuous from H into ©. However, in the parabolic case,

the situation is quite different, since LP(0,7’; H) is not compactly embedded in
LP(0,T;V).

The paper is organized as follows. Section 2 introduces mathematical notation that
we are going to use. In Section 2.2, we give the precise definition on the convex sets
K(0;t) and the assumptions on how they are related between them: we want some
continuity of these with respect to t and 6. The continuity that we need for the sequel
is given in Lemma 2.5, but we also give geometric conditions for this to occur: these
are assumptions (A1)—(A3). In Section 3, we give the definition of the operator
L,,(60;-), which is our "time derivative with constraint” operator. Fundamental
properties of L,,(0;-) are discussed. In particular, geometric conditions (A1)—(A3)
are shown to assure continuity of its graph (Theorem 3.8). Section 4 is devoted to
the operator A and to a parabolic variational inclusion, intermediate for (2):

Ly (0;u) + A(v;u) > f.

We prove existence and uniqueness of its solution, as well as its continuous depen-
dence upon the parameters # and v. These are Theorems 4.1 and 4.2. In Section 5,
the quasi-variational inequality (3) is formulated in detail and existence of solution
is proved. Theorem 5.4, stating existence of solution to (3), is the main theorem
of this paper. We show immediately below that uniqueness cannot be expected.
In Section 6 some applications, quasi-variational ordinary or partial differential in-
equalities, are given, showing that our main assumptions are not too much restrictive
nor complicated to check.

2. Basic tools
2.1. Duality, subdifferential

In general, for a (real) Banach space X, we denote by X* the dual space of X, by
| - |x and | - |x+ their norms and by (-, ) x+ x the duality between X* and X. In the
case when X is a Hilbert space, the inner product may be denoted by (-,+)x.
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For a proper, lower semicontinuous and convex (l.s.c.) function ¢ on X, its effective
domain D(y) and subdifferential Ox x+¢ : X — X* are respectively defined by

D(p) :=={z € X | ¢(z) < o0},
and Ox x-p(2) ={z* € X* | (z",w—2)x-x < p(w) —p(z2), Ywe X}, Vze X.
In the case when X is a Hilbert space Ox x-¢ may be denoted simply by 0.

Throughout this paper, let H be a (real) Hilbert space and V' be a (real) reflexive
Banach space such that V' is dense and compactly embedded in H. Then, identifying
H with the dual space H* of H, we have

V C HCV*® with dense and compact embeddings.

We suppose that V' and V* are uniformly convex; hence the duality mapping F' is
singlevalued, continuous and strictly monotone from V onto V*. Also, we write (-, -)
for (-, )y« . The positive numbers p, p’ and T are fixed so that

1 1
2<p<oo, —+5=1, 0<T <o0.
p D

In this paper, we use the duality mapping F' : V — V* associated with the gauge
function r — r?~1, r > 0, namely

FZEV*, ‘FZV*:‘ZK);l, <FZ,Z>I|Z’;€/, Vz e V.

2.2. Family of convex sets, weak and strong parameters

We are given here a complete metric space O, with metric dg(-,-), consisting of
parameters ¢, and a family {K(0;1)}oco e of closed and convex subsets of V
(see the previous section).

Definition 2.1. With the above assumptions, let

1 :
Ixon)(2) + 5|z|€/, if zeV,
0, if ze H-1V,

VH(0;2) =

for all ¢ € [0,7] and for all # € ©. This is proper, Ls.c. and convex on H and on
V. By the definition of subdifferential 9y (6; z) in H, for any z* € 0¢*(0; z) we see
that (z*,w —2)y < (Fz,w—z), Yw € K(0;t). O

We aim at the precise formulation of the time-derivative L, (6;-), 8 € ©. In this
aim, we first introduce a subset ©g of ©, which is the class of "strong parameters”.

Definition 2.2. ©g consists of all parameters §# € © such that {K(0;t)}o<i<r
satisfies:

(©g) for each positive number r there are real-valued functions ag, € WH(0,7)
and by, € W(0,T) having the following property that for any s, ¢ € [0, 7]
and any z € K(60;s) with |z|g < r there is Z € K(0;t) such that

ya
12 = 2l <lags(t) = aor(s)[(1+ |217),

and 217 — 1215 < {bor(t) = bo.r(s)[ (1 + [2[7,).
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Remark 2.3. It is well-known (cf. [18, 30]) that for a fixed 6 € Og condition (Og)
is sufficient for the Cauchy problem

W)+ OV (B u(t) 3 F() i H, te[0,T],  u(0) = uo, (4)

to have a unique solution u such that v € C([0,T]; H) N LP(0,T;V) satistying
Vitu' € L2(0,T; H) and t — |u(t)[}, is absolutely continuous on any compact interval

of (0,77 if ug € K(6;0), and f € L*(0,T; H); here 9¢'(6;-) is the subdifferential of
Y'(0;-) in H and the closure is taken in H. In particular, if ug € K(6;0), then the
solution u of (4) belongs to W2(0,T; H) and t — |u(t)]}, is absolutely continuous
on [0, 7). This shows that the set

Ko(0) :={nelP(0,T;V) | n'ELp/(O,T; V), n(t)e K(6;t), ae. te(0,T)}; (5)

which will be our class of test functions, is non-empty. [

In the rest of this paper, we assume that the strong class Og is non-empty in O.

For a wider application of our theory we introduce the weak class Oy :

Definition 2.4. Oy, the weak class of parameters, is the closure of g in ©. [

We now specify the dependence of K(6;t) on 6 € Oy for each t€[0,7T] by a family
{Rg(t) € BUH)NB(V) | 0, 0 € Ow, t €0, 7]}

of bounded linear invertible operators in H and V', where B(H) (resp. B(V')) stands
for the space of all bounded linear operators in H (resp. V), and by a family
{o05. € C([0,T);V) | o)y € L7 (0, T;V*), 6,6 € Oy, 0 < e < 1} as follows:

(A1) There is a positive constant Ry such that for all 6, 6 € Oy
|Rog—Iloqory:semy | Rog— Iloqor:sovy + | Rogl v 0 1.5y < Rode(8,0), (6)
where R/ ;(t) = 4 Ry5(t) in B(H). Moreover, for any 6, 6 € Oy we have
R;§<t) = Rg_él(t) = RO_H(t)v vev g € @Wa vt € [Oa T]v (7)
namely the adjoint R;;(t) of Rgs(t) coincides with the inverse of Rys(t) and
it is Rgy(t) in B(H).
(A2) There is a positive constant oy such that

|099’75|C([0,T];V) + |Jé§’€|Lp/(O7T;V*) < 0o(de(8, 9_) +¢), V0, fcOw, Vee (0, 1].

(A3) There is a continuous function ¢o(-) on [0, 1] with ¢o(0) = 0 satisfying the
following property:

Ve € (0,1], 30. € (0,¢) such that
2= Fg(t)z = (1+ cole)) Rop(t)z + 04g . (t) € K(0;1), (8)
Vz € K(6;t), V0, 6 € Oy with de(0,0) < 4.,Vt € [0,T).
For t € [0,T], 60,0 € O, (A3) says that K(0;t) is mapped into K(f;t) by the
operator zZ = JFpg.(t)z given by (8), which is a composition of rotation Rys(t),

contraction/expansion with modulus (1+cq(e)) close to 1 and parallel transformation
000,¢ (t) :
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This type of transformation (8) was earlier introduced in [7] and [20].

Rgalt)z

(1+CD(€))R9§(t)z

/‘

Geg'e(t)

Figure 2.1: An illustration for conditions (A1)-(A3): how K(6;t) may depend on
0 € Ow.

2.3. Test functions for weak parameters

As the class of test functions corresponding to parameter 6 € Oy, we employ
K(0):={ne LP0,T;V) | n(t) € K(0;t) ae. t € (0,7)} (9)

The more narrow class ICo(#) of test functions corresponding to parameter § € Og

is defined by (5). We see that Ky(#) is continuously embedded in C([0,T]; H).

The following lemma states that for the weak parameters, test functions from the
above set subject to our transformation Fy5_(t), converge to the original function
when ¢ tends to zero and 6 tends to 6. This is a condition for a kind of Mosco
convergence [24].

Lemma 2.5. Let §,0€Oy and € be any small positive number. For each n€K(6),

put Ngg(t) = Fog(t)n(t) for a.e. t €(0,T). Then, ngg. € K(0) and ngg. — n in
LP(0,T;V) as @ — 6 in © and € | 0, and moreover, if n € Ky(0), then

7709_,6 -0 imn O([OvT]7 H)7 7759’76 — 77, in Lp,<07 Ta V*)a (10)
as @ =6 in© ande | 0.

Proof. Let n € K(0). We see from (6)—(7) of (Al) and (A2) that 1y, (t) € K(0;t)
for a.e. t € (0,7") and

M0, () — ()| = |(Rog(t) — I)n(t) + cole) Rog(t)n(t) + 05 (t)|v
< (Rode(0,0) + |co(e)l| Ryglcqoryzoy) ()l + oo(de(6,0) + ) (11)
whence ngg. —n in LP(0,T;V) as § =60 in © and € ] 0.
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Next, let n € Ko(0). Then 1y5., n € C([0,T]; H) and in a similar way to (11)

05, (t) — n(t)| 1 < (Rode(0,0) + |co(e)||Roglcorysnin) In(t) | a + oo(de (8, 0) + )

which implies that 7yg . converges to n in H uniformly on [0, T'], namely in C([0, T; H)
as  — 0 in © and € — 0. As to the time derivative of 1y, for every z € V' we
observe that

& (Rua(0hn(t),2) = - (Raa(tn(t), 2)as = 5 (0(0). Rialt)2)
= 07(0), Ro(1)2) + (1), Ry (1)) (12)

for a.e. t € (0, 7). This shows that Rys(t)n(t) is (strongly) differentiable in ¢ a.e. on
(0,7, since the last term of (12) is the uniform limit of

Jim o {0t A1) — (), Rap(1)2) + (n(0), (Rt + A1) — Rag(0)) )}

with respect to z with |z|y < 1 at a.e. t € (0,T). Also, it follows from (12) that if
|z|y <1, then

d
’ERee(t)n(t) < lﬁugl {17 ®)lv+|Rao () 5oy 2lv + () | R (0) | 5y - ev|2]v }
1% ZlvS
< |0 (t)lv+|Rae(t)|B(v) + cvn(t) || Ry (t) | e

< 7' (t)|v- |R§0|C([0,T};B(V)) + CV’77|C([0,T:H)|R§9(t)|B(H),

where ¢y is a positive constant satisfying that |w|g < cy|w|y for all w € V. This
shows that %Rgg_ﬁ € LP(0,T7;V*) and hence Mg c (1 + co(e)) £ Rogn + Oy €

LP(0,T;V*). Besides, we see from (12) that

d

(G Rea()n(t) = n'(t), 2) = (i (1), (R (1) — I)z) + (1(t), Rgo(t)2)

which shows that

d

EReé(t)Tl(t)_nl(t) < 7' (t)lv+|Rgo—I|cqo,r:80vyytev 0l oo, | Rgg(t) | By (13)
V*

Since 15 (1) —1'(t) = %Ree(t>7}(t) —n'(t) + co(e)%R%(t)n(t) + 095 (1),

it results from (13) that n,; — 7’ in LP(0,T;V*) as @ — 0 in © and € | 0.
Thus (10) is obtained. O

3. Time-derivative operator L, (0;")

We are now ready to define our “time-derivative with constraint” operator. This con-
cept has been already used in our previous work [10], where it was used so as to set
formally a parabolic variational inequalities corresponding to a reaction-diffusion
system generated by semimonotone mappings, solutions of which were subjet to
a varying in time constraint, and the solvability is based on a new compactness
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method. However, related quasi-variational problems have not been treated. Our
constraint K (0;t) is typically a bound on the solution (its value or its gradient). The
parametrized time-derivative operator L, (0;u) is a weak variational formulation of
fl—? + 0Ik(g)(u), which is given in the following definition. This concept enables us
to discuss systematically a wide class of parabolic quasi-variational inequalities.

Definition 3.1. Let 6 € Oy and uy € K(0;0). We define the operator L,,(0;-) by:
g € Ly, (6;u) if and only if

ueK(0), g LP(0,T; V"),

T 1 (14)
| = gu= it < Sl = n(@fr, ¥ € Ka0),

0

where IC(0) and KCy(6) are the classes of test functions given by (9) and (5), respec-
tively. [

The fundamental properties of L, (0;-) as well as its characterization are derived
from the proposition stated below.

Proposition 3.2. Suppose that (©g) and (A1)—(A3) are fulfilled. Let ¢ be any
small positive number and 0; € Og, i = 1,2, such that dg(b,02) < . Also, let M
be any positive number, uy; € K(0;;0), and f; € L*(0,T; H), i = 1,2, such that

2
S {1 il oz + ol } < M. (15)

i=1
Then, for the strong solutions u; of
we have that for all s, t € [0,T] with s <t

1 9 t
310 = (O + [ (Pua(r) = Puar),a(r) = wa(r))ar

S%\ul(S)—W(S)I%ﬂL/ (f1(7) = fa(7), ua(7) = ua (7)) mdr + Co(M)Ci(e), (17)

where C§ (M) is a positive constant depending only on M > 0 and C{(e) is a positive
continuous function of € satisfying Ci(e) — 0 as e ] 0.

Under the same assumptions and same notation as in Proposition 3.2, as was noted
in Remark 2.3, problem (4) admits a unique solution u; € C([0,7]; H) satisfying
Vitu, € L20,T; H). Put ul(7) := fi(7) — ul(7) € 0™ (0;;ui(7)) for a.e. 7€ (0,T).
Since 7 (6;;-) is coercive, namely 7 (0;; z) > %|z|§’/ for all z € V, we note from the

usual energy estimate for problem (4) that
[uilcqorm + (il ey < Mii= M| fil b o riveys Twoila), i=1,2, (18)

where M;(,-) is a non-negative and non-decreasing function on R?.
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We take the inner product between the both sides of u|(7) + uj(7) = fi(7) and
u1(7) — Fop0, (T)ua(7) to obtain by the definition of the subdifferential of 0v7(6;; )

(w1 (7), ur(T) = Fonor o (T)ua(7)) i + (Fun(7), ur(7) = Fopo o (T)ua(7))

< (ful7),ua(7) = Foap, e (T)ua(7)) 1, ae. 7€ (0,T).

Here we observe that
(ui (1), ur(7) — ua(7))m + (Fun(7), ui () — ua(7))

. (19)
< (fl(T)v ul(T) - UQ(T))H + F91927€<T> + F91927E<T>

f9192,€(7) = (fl(T)v (I - R0291 (T))UQ(T) - CO<8)R9291 (T)u2(T) - 0-929178(7_))11
— (09,0, (T), w1 (7)) = (Fua(7), ua(7) — Fop0,,(T)ua(7)). (20)

Similarly, by exchanging parameters 6; and 6, we have

(usy(7), u2(7) — wa (7)) + (Fua(7), ua(7) — ua(7))
< (fa(r), uz(r) = (7)) + Tosor o(7) + Loga, o(7), (21)

Adding (19) and (21) yields

1 t
§|u1(t) —uy(t)[%4 +/ (Fuy — Fug, uy — ug)dr
0

<

N | —

t
|uor — uoal% +/ (fi — fo,u1 — ug)gdr
0
t ~ ~
+ / (To0,.6 + L1000 + Losor e + Loyo, c)dr, Yt € [0,T7.
0

Now, recall the rearrangement of I'g,g, ., f929176 and L'g,g, ., f91927€7 which can be
derived from the assumptions (A1), (A2) and (A3) on Ry4(t) and 04, together with
(20).

Lemma 3.3. ([20; Lemma 3.2]) We have for a.e. 7 € (0,T),

F91927E<T> + I‘929176 (T>

d

= E(UI (T)’ (R9291 (T) - I)u2 (T))H + Co (5)%(11’1 (T)7 R9291 (T)UQ(T))H

+ %{(ul(ﬂ, 0,01, (T)) 1 + (02(7), 00,0,,2(7)) 1 }
— (1+ co(e))(ua(7), Ry, (T)ua (7)) ar,
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|+ ’f9291,5(7)|
v-{ (M) lua(T)]v + [co(@)|uz(T) v + |o6,0,,6 (7)) v}
TG0, (T lve + [ur (T [ Foso, ()ua(r) — us(7)|v
7)|v (T) sy lua(T)]v + [eo(@)|ur (T) v + |06,0,,6(T)]v }
TG0, (D) |y + ua(T) [ For0, e (T)un (7)
Jur () [ Fonoy cua(T) = ua(7) v + [ua (7)Y | Foupn et (1) — wa (7)) v
< Jur (PR (1 = Rago, (7) [y [ua(T) v + [co(€) || Rase, (7)) lua(7) v
+ 10020, (7)) + [z (T (1 = Royo, (7)| 5y [ua (7)) v
+ [co(@)[| Royo. (T) [ 0 |ua (T) v + |06,0,,6(T)|v)-

Doy, (T
< |fi(7)
+ Jusr (7
+ [ f2
+ |us (T

—uy(7)|ly, and

Proof of Proposition 3.2. Let M and M; be the same constants as in (15) and
(18), and let € be any small positive number. Then, by using (A1)—(A3), we have
on account of Lemma 3.3 that for all s, ¢t € [0,7T], s <.

t
/ <F9291,6 + F9192,E)d7_
< 2M,Ms|I — Rg,0,|cqo,1):8(m)) + 2|co(€)| My My + 20 |06,40, | c(jo,11;0)

+2M>[00,0,, oo,y + (L + [co(e)) MiMoT™ | Ry g, | 1 0.7,y
S 2d@(91, 92) -+ 2|Co(€)|M1M2 + 2(M1 + MQ)CVo'0<d@(t91, 92) -+ 8)
+2M1M2T%Rode(01, 6>);

we used above | Ry,g, ()| gy =1 for all 7 and the inequality |z|z < cv|z|v forallzeV
with an embedding constant ¢y > 0 to obtain |og,, c|c(o,m;0) < v 000, .lco,m1:v)-
Similarly,

T

/O {IFssorel + [Forgy ol }er

< M(My + M)(I = Royo,lcqorizey + H — Rosoloorzy)
eo(@)|T¥ (My + M) + M(1ow0, clooiy) + |06,6,c o)
+Mi|og,e, |1 01+ T M2’Ué192,s|LP'(O,T;V*)
+(M15 + Mﬁ)ﬂf — Ro,0, lc(orB0v)) + 1 — Reye,|cqor;arv)) + 2]co(€)])
+M1§ |06, | L (0,1;v) + M; 100,60, 2| L (0,1

< M (M, + M) Rode (61, 05) + T7 (My + My)|co(e)| + 2Moo(de(0102) + €)
+(M; + Ma)oo(de(6,62) + ) + (M’ + My’ (2Rodo(01,05) + |eofe)))
+(M1§ + M2§)T%00(d@(91, 92) + 8).

By these estimates we can find some constant C§ (M) and function Cy () of € € (0, 1]
so that (17) holds, for instance,
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1 1
CS(M) = (Ml + Mg)(4CVO'0 + 2MRO + T + 20’0 + T?> + QR()(M{) + Mg)
+4(M{ + MP)(2Ry + Troo) + 2My M(1 + T# Ry) + 2

and Cf(g) := e + |co(e)]. O

Now, we investigate some fundamental properties of L, (6; -) which are derived from
Proposition 3.2.

/

Lemma 3.4. Let 6 € Oy, up € K(0;0) and f € L (0,T;V*), and let {0,} C Os,

{uon} C H and {f,} C L*(0,T; H) such that ug, € K(6,;0),
0, — 0 in ©, up, — ug in H, f — fin L (0,T;V*) (as n — c0). (22)
Then the strong solution u,, of
ul (1) + O (O un () D fult) in H, a.e. t € (0,T), u,(0) = ugn, (23)
converges in C([0,T]; H) N LP(0,T;V) to a solution u of
Ly (0:u) + Fus f in LF(0,T; V). (24)

Proof. Given any small ¢ > 0 and a constant M > 0 satisfying
|f|Lp/(0,T;V*) + |uglw +1 < %7

choose a positive integer N, such that de(6,,0) < 5 and |fn|Lp/(0’T;V*) + |uon|n <
for all n > N.. Then it follows from Proposition 3.2 with (22) that

M
2

1 t
5 un(£) — (1) + / (Fuy — Fiiny, ty — uyy)dr
0
1 t .
< Sl = vl [ (o = Fst = wndr + GGONCEE), (25)
0

for all t € [0,T1], for all n,m > N, which implies that v, — u in C([0,T]; H) as
n — oo and € — 0 for a certain function v € C([0,T]; H) N LP(0,T;V) and

T
lim (Fuy — Fg,, ty — Uy)dr = 0. (26)

n,m—oo [n

By the uniform convexity of V, it follows from (26) that u,, — v in L?(0,T; V). Since
for large n, small € > 0 and any n € Ky(0), with notation n, . (t) := Fgq, -(t)n(t) we
see from (23) that for any interval [s,¢] C [0, 7]

t t t
/ (u;wun - 7]11,5)Hd7— +/ <Fun7un - 7]n,5>d7— S / <fn7un - 7]n,€>d7—

from which we obtain by integration by parts
t 1 t
/ <n;1,s7un — Mn,e)dT + i‘un(t) - nn,s(t)ﬁ{ + / (Fup, tn — e )dT
s 0

t
< Lun(s) = (o) + / st — 1)
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Now, passing to the limit in this inequality as 6, — 6 in © and ¢ | 0 by using
Lemma 2.5, we conclude that

[ = r+ Pucu—ndr + Slu)-n(of < 5luts) = n(s)y, Vo€ Kofo). (27

This implies f — Fu € L,,(0;u). Thus (24) is obtained. O

Corollary 3.5. Let 6; € Oy, ug; € K(0;;0) and f; € LP(0,T;V*), i = 1,2, and let
u; be a solution of Ly, (6;;u;) + Fu; > fi in L (0,T;V*),i=1,2. Let M > 0 and
€ be any positive numbers such that

{1l @iy + ol | < M. do(61,62) <=,

2
=1

Then, for any s, t € [0,T], s <t,

310a(t) = (O + [ (Pur = Fua,ur = wir
< Sl = wf + [ (i~ fow - wdr + GONCIE),  (29)

where CF(M) and C§(e) are the same ones as in Proposition 3.2.

Proof. Just as in the proof of Lemma 3.4 choose approximate sequences {6; ,} C Og,

{fin} C L*(0,T; H) and {up;n} C H for i = 1,2, such that ug;, € K(6;,;0),
Oin — 0;in O, f, > f;in LPI(O,T; V*), woin — ue; in H, i =1,2, (as n — 00).
Denote by u;,, the strong solution of
Uy + OV (Oin; Win) 3 fir in(0) = gip-
Then, for any large n and small € > 0, it follows from (25) in the proof of Lemma 3.4

1 t
§|U17n(t) - uz,n(t)ﬁ{ + / <Fu1,n - FUQ,na Uyp — u2,n>d7_

1 t
< 3la(5) = wan($) i+ [ (i = Fam i = vy + GO ),

for all s,t € [0,7], s < t, for all n,m > N.. By Lemma 3.4, {u;,},i = 1,2,
converges in C([0,7]; H) N L*(0,7; V') to solutions u; of L, (0;;u;) + Fu; > f; as
n — oo. Hence, letting n — oo in the above inequality, we see that (28) holds. [

The following corollary is immediately obtained by letting € | 0 in (28) with f; = f3
and ujg = ugg.

Corollary 3.6. For every 0 € O, ug € K(0;0) and f € LV (0,T;V*), the solution
u of Ly, (0;u) + Fu > f is unique.
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Theorem 3.7. Assume (Og) and (A1)-(A3). Then we have:

(a) Let 0 € Ow. Then for any uy € K(6;0), L, (6;-) is a mazximal monotone
operator from D(Ly,(0;-)) € LP(0,T;V) into L (0,T;V*) and

w(0) = ug, w(t) € K(@;t)}

D(Lu,(0;°)) C {w € C([0,T]; H)n L0, T3 V) for a.e. te(0,T)

(b) Let 6 € Ow, f, f € LP'(0,T;V*), ug, o € K(0;0), f € Ly (0;u), f € Ly, (0;7).
Then, for any s,t € [0,T], s <t,

3100 = a0y < 5luts) = a0+ [ () = Fru(r) —atryir. (29)

(c) Letug € K(6;0) and f € Ly, (0;u). Then, for any s,t € [0,T], s <t,

b 1 1
/ (= fru=mydr + Slu(t) = n(6)[i < 5luls) =n(s)li, ¥n € Ko(6). (30)
Proof. First we prove (a) and (b). Let § € Ow, uo € K(6;0), f,f € L¥(0,T;V*).

Assume that f € Ly, (0;u) and f € Ly, (0;@). Then, since f 4+ Fu € Ly, (0;u) + Fu
and f 4+ Fu € L,,(0;u) + Fa, it follows from (28) by letting e — 0 that

1 s t ) )
g lu®) —a(®)ly + / (Fu(t) — Fa(r), u(t) — u(r))dr

< gl = a(s)fy + [ 1+ Futr) = F = Fatr).u(r) = a(r)ar,

which is just (29). By (29) with s =0,

3l = a0 < [ = fu—aar, vee.1)

This implies that L,,(6;-) is strictly monotone from LP(0,T;V) into L (0, T; V™).
Moreover, by Lemma 3.4, the range of L,,(6;-) + F is the whole of L? (0,T;V*), so
that Ly, (6;-) is maximal monotone from L?(0,T;V) into L¥ (0,T;V*) and

w(0) = uo, w(t)eK(Q;t)}

D(Ly,(0;-)) C {w € L', T: V) ne([0,T]; H) for a.e. t € (0,7

Thus (a) and (b) are obtained.

Next we show (c). Assume that f € L,,(0;u). Putting g := f + Fu, we observe
that g € L,,(6;u) + Fu. By (27) in the proof of Lemma 3.4, we have

[ =g Pucu= 4 Jute) = w0 < huts) ~n(s)fy V€ Ko(o)

Since g — Fu = f, we obtain (30). O
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Another important property of L, (;-) is stated in the following theorem.

Theorem 3.8. Assume (Og) and (A1)—-(A3). Let {0,} be a sequence in Oy such
that 0, — 6 in © and let {up,} be a sequence in H and uy € K(6;0) such that
uon € K(0,;0) for all n and ug, — up in H (as n — o). Then {Ly,, (0n;")}
converges to Ly, (0;-) in the graph sense; namely, if g € L,,(0;u), then there are
sequences {gn} and {u,} such that

Gn € Lug, (On; un), Y, gn — g in LP (0, T;V*), wu, — w in LP(0,T;V).  (31)

Proof. Assume that g € L, (6;u). We see that § := g+ Fu € Ly, (0;u) + Fu. Take
a sequence {g,} in L?(0,T; H) so that g, — g+ Fu in L” (0,T;V*), and consider
the sequence {u,} of strong solutions to

ul (t) + 0V (0 un(t)) 3 gu(t) in H, ae. t € (0,T), u,(0) = ugy,
or equivalently Gn € Luy, (Op: i) + Fu, in LP(0,T; V).
By virtue of Lemma 3.4 and its proof, we observe that u,, converges to the solution
w of Ly, (0;u) + Fu > § in LP(0,T;V*) in the sense that u, — wu in the space

C([0,T); H) N L?(0,T;V). Since §, — Fu, — § — Fu = g in L” (0,T;V*) and the
sequence {upn, g, } with g, := g, — Fu,, satisfies (31). ]

4. Parabolic variational inclusions

We begin with the precise assumptions on (multivalued) semimonotone operator
A = A(v;w). Let V4 be a closed convex subset of LP(0,7; V') such that

K®©w) = ] K(0) CVa. (32)
0eOw
Let A := A(v;u) be a mapping from V4 x LP(0,T;V) into L¥ (0, T; V*), satisfying
(BO) if vy, vg € V4 and wy, wy € LP(0,T;V) such that v; = ve in V and w; = we
in V a.e. on (0,t), t € [0,7T], then [A(vy; wq)](T) = [A(ve; we)](7) in V* for
a.e. T € (0,1).
(B1) (Boundedness) There are positive constants ay, as such that

sup 0" [ ey S @1l gy a2, Yo € Va, Yw € LP(0, T3 V).

a*eA(v,w) 0.1V

(B2) (Coerciveness) There are positive constants as, a4 such that
T
/0 (o, w)dt > as|w|], g 1.y — a1, YU € Vi, Vo' € A(v,w).

(B3) (Semimonotonicity) For each v € V4, w — A(v;w) is a (multivalued) max-
imal monotone mapping from D(A(v;-)) = LP(0,T;V) into L¥(0,T;V*).
Moreover, for any sequence {v,} C V4 with v, — v in LP(0,7;H) and
weakly in LP(0,7;V) (as n — 00), the maximal monotone mapping A(v,;-)
converges to A(v;-) in the graph sense, namely for any w € LP(0,7;V) and
any o € A(v;w) there exist sequences {w,} C LP(0,7;V) and {a}} with
al € A(v,; wy,) such that

w, —w in LP(0,T,V), a) — a" in Lp,(07T§V*)-
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For simplicity we use the following notation:
T
{{g,w)) =/ (g(t), w(t)dt, Vw e LP(0,T;V), Vg€ LV(0,T;V*);
0

namely ((-,-)) means the duality between L¥ (0, T;V*) and L?(0,T;V).
For each § € O, v € V4, f € LP(0,T;V*) and uy € K(6;0) we consider a
nonlinear inclusion of the form:

Luy(0;u) + A(v;u) 3 f in LP'(0,T; V), (33)
more precisely, there are u € D(L,,(0;-)), ¢* € L,,(0;u) and o € A(v;u) such that
C(t)+a*(t) = f(t) in V", ae te€(0,T),

which is written as

ue k@), o€ Alv;u),

!/ * 1
(' = f+a" u—n)) < Sluo—n(0)[3, Vi€ Ko(6).
2
We now prove:

Theorem 4.1. Assume (Og), (A1)—(A3) and (B0)—(B3). Then, for each v € Vq,

0 € Ow, f€LP0,T;V*) and ug € K(0;0), there is a unique solution u of (33).

Proof. By (a) of Theorem 3.7, L,,(#;-) is a maximal monotone operator from
LP(0,T;V) into LY (0,T;V*). Also, A(v;-) is everywhere defined on LP(0,T;V),
coercive and maximal monotone from LP(0,T;V) into L¥ (0,T;V*) by condition
(B0)—(B3). Therefore, it follows from the general theory on monotone operators (cf.
[5]) that the range of the sum L, (6;-) + A(v; -) is the whole of L” (0, T; V*); in other
words, for any f € L” (0,T;V*) problem (33) has a solution u, which is unique by
the strict monotonicity of L, (6;-). O

As to the continuous dependence of the solution u of (33) upon the parameters 6
and v, we have:

Theorem 4.2. Suppose that (Og), (A1)—(A3) and (BO)—(B3) are fulfilled. Let f €
Lp/(O,T; V*), 0 € Oy, v € Vs and uy € K(0;0). Assume that {0,} C Ow,

{vn} C V4 and {up,} C H such that ugy, € K(0,;0) for all n, {v,} is bounded in
LP(0,T;V) and

Uon — ug in H, 6, — 60 in ©, v, — v in LP(0,T; H) (as n — o00).
Then, the sequence {u,} of solutions of (33) with 6§ = 0,, v = v, and ug = ug,
converges to the solution u of (33) in C([0,T]; H) and weakly in LP(0,T;V).
By virtue of Theorem 4.1, for each n there is a unique solution u,, of

Lug, (00 un) + A(vasuy) 3 f in LP(0,T; V), (34)

namely

05 € Ly, (On;uy), o € A(vp;un), () +al(t)= f(t) in V* ae. te€(0,T).
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Lemma 4.3. The sequence {u,} of solutions to (34) is bounded in LP(0,T;V) and
C([0,T); H); in fact we have:

[n B0z + n 01y < No { | oy + 00l + 1}, ¥n,  (35)

where Ny is a positive constant independent of n.

Proof. By Lemma 2.5 there is a sequence {n,} with n, € Ky(6,) with a positive
constant V| such that

Maleeomvy + [l .2 + Il cqorym < No.

For each n we have by (c¢) of Theorem 3.7
t t 1 )
[t = dr+ [ = ) dr + Slualt) = mOF
0 0
t
1
< [t =) dr -+ Sl — m (OF. ¥ € 0.7)
0

From the above inequality with (B1) and (B2) we obtain the following estimate:

a ¢ 1 t ’
e \un\%dwjun(t)rzgzva'{ / rfr@*dw\uorifﬂ}, vt € [0,7],
0 0

where a3 is the same constant as in (B2), N/ is a positive constant independent of
t €10,7], n, and f; actually it depends only on NJ. Hence we have (35). O

On account of Lemma 4.3, we can find a subsequence {ny} of {n} such that
Uy, — u weakly in LP(0,T;V), «;, — a* weakly in LY (0,T;V*),
. =f—a, — [—a" =" weakly in Lp/(O,T; V*), as k — oo.

Lemma 4.4. liminf((a;, ,u,, —u)) >0 and limsup(({;, ,u,, —u)) <0.

k—o00 k—o0

Proof. We first observe from (34) that
(st = 0)) = (€t — 0)) + ({0 img — ), Voo € LP(0,T5V). (36)

ng’ k

By assumption (B3), for any a* € A(v;u) there are sequences {wy} in LP(0,7;V)
and {a;} with & € A(v,,; wy) such that

wy, — u in LP(0,T;V), & — & in LP (0, T; V*).
Now, taking wy as w in (36) and passing to the limit as k — oo, we have
0= lm ((f, un, —wg)) > limsup((€; ,u,, —wg)) + Iminf((a; ,u,, —wy)). (37)
k—o0 k—s00 k k—o0 k

Here, since , € A(vn,; Un,) and a; € A(v,,; wy), we note from the monotonicity

of A(vy,;-) that
(e tne —wi)) = {(aq, = af, n, — wk)) + ((AF, Uny, = Wk))

2 <<&Zﬂ Uny, — wk>>
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Therefore,
liminf({a; ,un, —wg)) > lim (a3, U, —wi)) = ((@",u —u)) =0,
k—o00 k—00
so that
lilggglf«a;k,unk —u)) = liggg}f«a;k, Up, — Wi + Wi, — Uu))
= liminf({ag,, un, —wy)) + lim ((ag,  wp —u))
and another inequality of the lemma follows similarly from (37). O

Proof of Theorem 4.2: First we shall show that
lim ((a) ,u,,)) = (@, u)) and o € A(v;u). (38)

k—o0 Tk
Let n be any function in Ky(6) and put n,,.(t) := Fpe, - (t)n(t); note from Lemma 2.5
that n,. — n in LP(0,T; V), n,. — 7' in L (0,T;V*) and n,. — n in C([0,T]; H)
as well, when n — oo and € | 0. Since f — ) € Ly, (0,; u,,), it follows that

. 1
<<n;z,€ — [ty = Nne)) < §|u0n - nn,a(o)ﬁb (39)
Now, let n = ni — oo and £ | 0 in (39) and note liminf, . ((a, u,)) > ((a*, u))
by Lemma 4.4, to see that

(0 = f + 0 u=n)) < o —nO)ff Vi € Kof®),

which implies by definition that f — a* € L,,(6;u).

Next we show that a* € A(v;u). In fact, since £* := f — a* € Ly, (0;u), it follows
from Theorem 3.8 that there exists a sequence {u,, £} such that

05 € Ly, (0 i), @y — win LP(0,T;V), € — 0 = f —a* in LP (0, T;V*). (40)
Using this sequence, we see that

> lim inf((gzk, Upy, — Tp,,)) + Hminf ({0 @, — u))

k—o0 k—o0

> lim (€, un, — Gy, )) + Hm (€ Gy, — u)) = 0.
k—o0

k—o0

*
ng’

Therefore, together with lim sup,_, . ((€} ,up, —u)) < 0in Lemma 4.4, we have that

im ((€,, , Un,, —w)) =0, ie. Lm (£  uy,)) = (5 u)).
k—o0 k—o0
Since (;, = f—a;, and o, — o weakly in LY (0,T;V*), it results from the above
equality that
lim {{a7,,, un,)) = ({0, ), (41)

k—o0

namely (38) holds.
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We are now in a position to show a* € A(v;u). Let w be any element in V' and
a;, be any element of A(v;w). Using (B3), choose a sequence {a, ,,wi} so that

@y, i € AUy wi), wp — w in LP(0,T; V) and o, , — ), in LP(0,T;V*) as k — oo.
Then, by the monotonicity of A(vy,;-), we have that

<<Oé:;k - O‘Z},k?unk - wk>> > 0.
Passing to the limit in & — oo, we obtain by (41)

<<Oz* - O‘;kuv

u—w)) >0, Vo, € A(v;w), Yw €V,

which implies that a* € A(v;u) by the maximal monotonicity of A(v;-): V — V*.

Finally we show that u,, — w in C([0,T]; H) as k — oco. From (b) of Theorem 3.7
it follows that for all ¢ € [0, T

k() w03, = 0%, =) < Fluon, = ol + G NCI(E), (42
for all large k and any small € > 0.

Here we show by the same idea as getting (41) under (40) that

t

lim [ () —a* u,, —u)dr =0. (43)

nk
k—o0 0

Indeed, take sequences {u,} and {a&} so that @, — w in LP(0,T;V), & — a* in
LP(0,T;V*) and &% € A(v; iiy,) for all n. Then, by putting

| 4, on|0,1), L _Joay  onl0,1),
Uni -= { Un,, on [t,T7, a”k(t> T oy, on [t,T7,

we see from condition (BO) that &), € A(vn,; Uy, ), and clearly u,, — win LP(0,T;V)

and a;, — a* in LY (0,T;V*) as k — oo. Hence we can obtain

¢
lim inf/ (o, — " Uy, —u)dr
0

k—o0

t
o e * % ~x % Y ~ .
= 11}£r_1>£f/0 (o, —an, +an, — " Uy, — Upy, + Uy, —u)dT

t
= lim inf/ (o, — @y, Uy, — Ty, )dT
0

k—o0

T
= liminf/ (ag, — @ Uy, — Uy, )dT > 0;
0

n ng’ N
k—o00 k k

the last equality follows from (B3). As k — oo and ¢ | 0 in (42), (43) is obtained
and u,, — uin C([0,77; H). O
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5. Parabolic quasi-variational inequalities

In this section we give the formulation of a class of parabolic quasi-variational in-
equalities and an abstract existence result.

Given an initial datum uy € H, we introduce a feedback system A,,, which is an
operator from V4 (cf. (32)) into Oy satisfying the following conditions:

(A1) Ay, maps V4 into Oy (ug) := {0 € Ow | up € K(6;0)}.
(A2) If {w,} C V4 and is bounded in LP(0,7;V) and w,, — w in LP(0,T; H), then
Ayw, = Ay,w in © as n — oo.

Definition 5.1. Given ug € H and f € L” (0, T; V*), we denote by QV I (Ay,; f, uo)
the problem to find a pair {0, u} € Oy (ug) x LP(0,7; V) such that

Ly (0;u) + A(usu) 3 f in LP(0,T; V™), (44)
0 = Ay,u in Op.
We need an additional technical set-up in order to establish the solvability of

QVI(Ayy; f,ug). Let W be a reflexive and separable Banach space which is densely
and continuously embedded in V; in this case, since V* C W*,

V C H C W* with compact embeddings. (45)
Moreover, we suppose that there is a positive number &y such that
doBw(0) C K(0;t), V0 € Ow(ug), Yt € [0,T], (46)
where By (0) is the unit closed ball around the origin in W.

Under the additional conditions (45), (46) and a given constant M* > 0, we consider
the set Z(dg, M*,up) in LP(0,7;V) N L>(0,T; H) given as:

( [u|rrorvy < M™, |u|peo 0y < M7,
3g € LP (0, T; V*) such that

ul  Ugw) <MY, gliomwe < M7, (47)
(G~ g.u—n)) < sluo— ()%, Vo€ (0, T;V)

\ with i’ € L” (0,T;V*) and n(t) € doBw(0), Vt € [0,T]

The compactness lemma stated below is one of important mathematical tools for
the solvability of QV I(Ay,; f, uo).

Lemma 5.2. ([10; Theorem 4.1]). For any do > 0, M* > 0 and ug € H the set
Z (09, M*,ug) is relatively compact in the space LP(0,T; H) and its convex closure
conv(Z (0o, M*, up)) (in LP(0,T;V)) is compact in LP(0,T; H).

Next, let A(v;u) be the same semimonotone operator as in the last section. Then
we note that there is a positive constant Ny such that

&0 + [lla0 ) < N0(|f|ipf(oj;v*) + JuolF) =: My, (48)

for all solutions u of L,,(0;u) + A(v;u) 3 f as long as 6 € O (up) and v € V4.
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In fact, by (c¢) of Theorem 3.7 we have

b . 1 1
/ (' = f+a% u—n)dr+Slu(t) =n(t)[5 < Sluo—=n(0)[, ¥n € Ko(6), ¥t € 0,71,
0

where o € A(v;u). By (46), we take 0 as n € Ky(6,,) to get

1 K ! 1
§|u(t)]fq+/(oz*,u>d7§/<f,u>d¢~|—§|uo|fq, vt € [0, 7).
0 0

By using conditions (B1) and (B2), it is easy to derive (48) for some constant Ny > 0
from this inequality.

Corollary 5.3. Let {0,} C Ow(ug) and {v,} C Va4 be sequences such that {v,} is
bounded in LP(0,7;V) and

0, =0 in©, v, —vin LP(0,T;H) (as n — o0).

Let {u,} be the sequence of solutions w, of Ly, (0n;un) + A(vp;un) 3 f. Then {u,}
is bounded in C([0,T]; H) N LP(0,T; V) and is relatively compact in LP(0,T; H).

We see by (c) of Theorem 3.7, together with (45)-(48), and Theorem 4.2 that
Uy, € Z(60, M*,ug) for a certain constant M* > 0. Hence this corollary is a di-
rect consequence of Lemma 5.2.

Now we formulate an existence result for QVI(Ay,; f, uo).

Theorem 5.4. Assume that (Og), (A1)—(A3), (B0)—(B3) and (45)—(46) are fulfilled.
Let ug € H be a given initial datum and A,, be a feedback system from Va into
Ow(ug) # 0, satisfying (A1) and (A2). Then, for each f € LP(0,T;V*), the
problem QV I(Ay,; f,uo) from Definition 5.1 admits at least one solution {0, u}.

Proof. By estimate (48), for a large constant M* we see that any solution u of
Ly (0;u) + A(v;u) > f belongs to Z (g, M*,ug), as long as 8 € Oy (up) and v € Va.
We put X (ug) := conv(Z(do; M*,ug)), which is compact and convex in LP(0,T; H)
by Lemma 5.2. Now, for each u € X(ug) N V4, we denote by @ a unique solution of
0 = Ayout, Ly (0;0) + A(u; @) > f in LP'(0,T; V™),
and define a mapping S: X (ug) N V4 — X (ug) N V4 by
u=Su (€ Z(g, M*,up) C X(ug) N Va).

We are going to prove that S is continuous in X' (ug)NV4 with respect to the topology
of LP(0,T; H). Let {u,} be any sequence in X(up) N V4 such that u, — wu in
LP(0,T; H). Then, by (A2), 0,, := Ay u, — Ay,u =: 6 in ©. Therefore, by Corollary
5.3, the solution @, of Ly, (0,;u,) + A(un;u,) S f converges to the solution u of
L, (0;u) + A(u;u) > f in the sense that @, — @ in C([0,7]; H) and weakly in
LP(0,7;V). This shows that @, = Su,, — Su=uin L?(0,T; H).

Now we are in a position to apply the Schauder’s fixed-point theorem for S in

X (up)NV4 in order to find a function u € X (ug) V4 such that v = Su. In this case,
the pair {0, u} with 6 = A, u satisfies (44) and u is a solution of QVI(Ay,; f,u). O



M. Gokieli, N. Kenmochi, M. Niezgédka / Parabolic Quasi-Variational ... 551
In general, the quasi-variational inequality (44) has multiple solutions as the follow-
ing simple example shows.

Example 5.5. (Non-uniqueness) We consider the case H = V = R. For a fixed
positive constant cy, put

Xo:={z€W"(0,T) | 0< 2 <¢yae on (0,T), 2(0) =1},
which is compact and convex in L*(0,T). Clearly
{2—e“|0<c<c}C X, (49)

As the space © of parameters we take X, with metric de (21, 22) = [21 — 22|¢(g), and
define for every z € O

K(z;t):={reR|r>=z(t)—2}, Vt €[0,T].

It is easy to check the conditions (©g) and (A1)-(A3). By the general results in
section 3, the time-derivative Li(z;-) is defined as well corresponding to the initial
value 1 and the constraint set K (z;t). Next we formulate A, with initial value 1,
as a feedback system from L?(0,T) into © as follows: for each v € L?(0,T), define
z:=MANwv €O by

|z — U’%Q(O,T) = fggg I¢ — U’%%O,T);
we note from (49) that

AM2—e N =2—e 0<Ve<c. (50)
Now, consider the quasi-variational inequality (44) with A(v;u) =0 and f = 0:
Li(z;u) 20 in L*(0,T), z= Au,

which can be written as
T
1
[t mt < S -nOP, Ve Koz), == A, 61)
0
where ICy(2) is the class of smooth test functions, namely

Ko(2) ={n € W'(0,T) | n(t) € K(z:t), vt € [0,T]}.

For instance, pay attention to the function u(t) := 2 — e~ for any constant ¢ with
0 < ¢ < ¢p. Then we see that u(0) = 1 and for any 7 € Ko(u)

g 1
|ttt < 1= o)
0

In fact, since u/(t) = ce™ > 0 and u(t) — n(t) <0, it follows that

| w=mar = [ == 5 = n()F - 51 - n(0)F

1
< p-ao)p
Besides, we have by (50) that Ayu = 2 — e™® = u. Thus u := 2 — e~ satisfies
(51) with z = u for all ¢ € [0, ¢o], which shows that problem (51) possesses infinitely

many solutions. [
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Remark 5.6. In Theorem 5.4 an existence result of QVI(A,,; f,up) was estab-
lished, based on a compactness property of L,,(6;-) (cf. Lemma 5.2). Of course,
there are a variety of existence results for QVI(A,,; f, up) without such a compact-
ness property, depending on the choice of feedback system A,,. For instance, see
Application 6.1 of the next section.

6. Applications
6.1. Quasi-variational ordinary differential inequality

In the first application we are going to treat a sweeping process with quasi-variational
structure in two dimensional space R2.

Let us consider the case of H =V = W = R? and
a € W2(0,T;R?), |a(t)] =1, ¥t € [0,T],
O:=1¢0:=[a,7,¢] | v€C(R?), . <v<y*onR, ,
¢ e C([0,T)R?)
where 2 < p < oo and 7,, 7* are positive constants with 7, < ~v*; Cy(R?) is the

space of all functions v in C'(R?) such that limy,. . (r) exists. Here the space ©
is a complete metric space with metric

de(0,0) :=|a — alwirorr2) + |7 — Vle,m2) + € — é|0([o,T];R2)>

for 0 := [a,7,¢], 0 := [a,7,¢] € ©. Also, given § := [a,v,¢] and 0 := [a, 7, (], we
define the rotation Rys(t) by

Rualt) = ( cosa(t) —sina(t) ) | (52)

sina(t)  cosa(t)
with the angle «(t) between the vectors
a(t) = (aV(t),a®(t)) and a(t) = (a" )(t) a?(t)).
It is easy to see from (52) that for any vector z := (z(V, 2(?)) € R?
Rys(t)z = (29 cos a(t) — 2@ sin a(t), 2V sin a(t) + 22 cos a(t)), (53)
with
sina(t) = aM(t)a? (t) —a® (H)aM (1), cosa(t) = aV()aV(t) +aP(t)a?(t). (54)
Also, as function o4 (t) we take
095 (t) :==eal(t), Ve e (0,1], Vt €[0,T7. (55)
Now, for each 6 := [a,, ] € ©, we put
K(0:t) ={z € R* | a(t)- (z—a(t)) =0, |z —a(t)] <7({(t)}, Ve [0,T]. (56)

(Verification of (Og)) Denote by O; the set of all parameters 6 := [a,~, ] € © of
C?class. Let 0 := [a,7,{] € O, and 0 =Ty < T} <Tp < -+ < Ty :=T be a
partition of [0, 7] such that

|7(C<S)) - V(C(t>>| < Vs VS, te [Tk*ka]? k= 1727 '7N'
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Given z € K(0;s), s, t € [T)_1,Ty], s <t, we put
2= (1= h(Ee) = 2] ) R (=  als) + a0,
where R(s,t) is the rotation operator with the angle between a(s) and a(t). Then
0l = (1= Zh(¢s) = ~(cO)1) 12 - als)
< (1= Zhiels) —2€w)l) (o)

(¢ (s)) - 7“7( ” 7(E(s)) — )] < 1(C),

. (1 - hle(s) - W(C(t))|) (= — a(s)) - als) = 0.

Hence z€ K (0;t). Besides, since |R(s,t)—I|pm2) < Cala(t)—a(s)| for all s,t€[0,T]
and for some constant C, > 0 depending only on a (cf. (52)—(54)), we see that

PR \(1 - hie(s) - ’V(C(t))!) R(s,1)(z — a(s)) + alt) - z
< [R(s.0)(2-a(s))~ (= — als)| + a(0)~a(s)| + - 1 (¢(s) —(¢(0)]]s—afs)

} dr.
1

1 ¢ d
ZlaP — 2|zl < 12—z < . / — .
p|z| p|z| < const.|Z2 — z| < const /S {|a ()] + 'dTv(C(T))‘} dr

< comst. [ {la)]+ | et

Similarly, for any p > 2,

For any s, ¢t € [0,T] we get the same type of estimates as above by repeating the
above procedure at most N-times. Thus we can see that ©; C Og, since y(¢) and a
are of C?. Hence ©; C Oy C O. Since O, is dense in ©, we conclude that Oy = O
and (Og) holds.

(Verification of (A1)—(A3)) For any parameters 6 := [a,~,(], 0 := [a,7,¢] € O, we
have by our assumption that a, @ € WP(0,T; R?), so that expression (52)—(54) of
Ryg shows that Rgz € W'P(0,T; B(R?)) and (A1) holds. Since a(t) = Ryg(t)a(t),
z:=(1—-¢)Rys.z+ca(t), 0 <e <1, we can write

z—a(t) = (1 - )Ry(z — a(t)).
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Hence,
(2 —af(t)) - a(t) = (1 —€)Res(t)(z — a(t)) - Ryp(t)z = (1 —€)(z —a(t)) - 2 = 0.
and if de(0,0) < &7., then

[z —a(t)] < (1—e)y(C1) <~(C(1) — e < (1))

and z € K(0;t). By (55) and (56), we see that (A2) and (A3) with J. = &7, are
fulfilled.

By virtue of Theorem 3.7, the time-derivative operator L,,(f;-) is defined as a
maximal monotone mapping from LP(0,T;R?) into L¥ (0,T;R?) associated with
{K(0;t)} given by (56) and an initial datum u, € K(#;0). By our assumption,
Upeo tepo,r1 K (0;t) is bounded in R?, namely there is a closed ball By, around the
origin of R? and with radius ky > 0 such that

U K@®¢) c B,
0€O,te(0,T]

(Feedback system A,,) We define a feedback system A,,, in the following way: Let
G = G(t,w,() be a globally bounded and continuous vector field from the set
[0, 7] x R? x R? into R? such that

|G(t,w,C)—G(t,ﬁ),€')\ < CG(’w_ﬂ)‘ + ‘C_é‘)v Vw, w, Ca & € R2> vt € [OaT]>
where Cg is a positive constant. Let Y be a closed convex set in R? such that 0 ¢ Y.

Now, given {, € Y and uw € U := {w € L?(0,T;R?) | w(t) € By,,a.e. t € (0,T)},
consider the evolution inclusion

o)+ 01 (¢() 3 6. [ Cw(P)dnC(D), ae.te (0.T), C0)=Co  (57)

By the general theory of nonlinear evolution equations (cf. [4]) (57) has a unique
solution in W12(0,T;R?) and for simplicity this solution is denoted by ¢(u) or

Clu;t).

Lemma 6.1. Let {u,} be a sequence in U such that w, — u weakly in LP(0,T; R?)
(as n — o), then the sequence {(w,) converges to the solution {(uw) of (57) in the
sense that

o= C(un) = ¢ = ¢(u) in C([0,T;R?), ¢, — ¢ in LP(0,T;R?).  (58)
Proof. Multiplying the both sides of (57) for ¢,, by ¢}, we get

d :

(O + 1Y (Ca(1) = Gu(t) - €, (1), ae. t€(0,T),

where G, (t) := G(t, f(f w,(7)dr, ¢, (t)). Since Iy(¢,,) = 0 on [0,7], we see that
IC!(t)] < |G,(t)] and hence {¢,} is bounded in W>(0,T;R?). Therefore there
exists a subsequence {¢,, } of {{,} such that

¢, — ¢ in C([0,T;R?), ¢, — ¢ weakly in LP(0,T; R?).
for some function ¢ € W*°(0, T; R?).
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Since G,, » G = G(t, fot udr, ) in C([0,T];R?), it follows that ¢, converges in
C([0,T]; R?) to the solution of (57) which is nothing but ¢ and consequently ¢, — ¢
in C'([0,T]; R?) without extracting any subsequence from {¢,,} by the uniqueness of
solution to (57). Besides we have for any s, t € [0,T], s <t,

¢ ¢ ¢ ¢
lim sup/ ¢! 2dT = lim / G- §pdr = / G-('dr = / ¢'[Pdr,
n—oo Js n—=oo Jo s s

so that ¢/, — ¢’ in L?*(0,T; R?) (hence in LP(0,T;R?)) as well as [{'(t)| < |G(t)| for
a.e. t € (0,7). Thus (58) has been obtained. O

Now, we define a mapping a(-) by putting
a(u;t) :=

for any w in U. It is easy to see that
a(u) € W0, T;R?), l|a(u;t) =1, Vt€[0,T], u € U.
Now our feedback system A, : U — © is given by
Ayyu = [a(u),v,{(u)], Yu € U.

We observe from Lemma 6.1 that A,, is a compact mapping from U into ©; in fact,
if u, € U and u,, — u weakly in L?(0,T;R?) (as n — o00), then {(u,) — ¢(u) in
Wh?(0,T;R?) and 6, := [a(u,),7,(u,)] — 0 := [a(u),,{(u)] in ©.

In the above set-up, given an initial datum wug, satisfying

¢ /
o ’C_Of’ ao - (ug — ag) =0, |ug — aol <7(¢y), and fe L (0, T;R?),
0
we formulate a quasi-variational ordinary differential inequality:

Lu,(f;u) > f in LP(0,T;R?), 6= A,u (59)

which can be written as

¢'(t) + 09Iy (C(t)) 2 G(t;/o u(r)dr, C(1)), t € (0,T), ¢(0)= ¢,

[ 0= 50 - (ult) = (0 < Sua =, Vi € Kofo)

The existence of a solution {0, u} of (59) is not covered by Theorem 5.4, because
condition (46) is not fulfilled. Hence the compactness result mentioned in Lemma
5.2 is not obtained. However the existence of a solution of (59) is directly proved
by the fixed point argument. In fact, let S be the mapping which assigns to each
function w € U the solution u of

0 = Ayyu, Ly, (0;u)> f.

Then it follows from the above observations that S is compact mapping from U into
itself in the topology of LP(0,T;R?), so that S has at least one fixed point, u = Su
in U. Clearly, the pair {6, u} with 6 := [a(u),, {(u)] is a solution of (59).
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Remark 6.2. For simplicity we treated above in R? . But similar problems are
formulated and solved in the 3d space or more generally infinite dimensional spaces,
too, although the computation is more technical for the verification of assumptions

(A1)-(A3) and (Og).

6.2. Quasi-variational partial differential inequality

In this application we treat a model arising in superconductivity. Let {2 be a smooth
bounded domain in RV, 1 < N < oo, and
=00, ¥:=1Ix(0,T), Q:=Qx(0,7T).
We put V := W, P(Q), H = L*(Q), W := Wy*(Q) with max{p, N} < ¢ < oo, and
hence W Cc V € H C V* C W* with dense and compact embeddings. We suppose
that
e a(z,t,v) is a function on @ x R, satisfying the Carathéodory condition, namely
for a.e. (z,t) € @, the function v — a(z,t,v) is continuous and for all v € R
the function (z,t) — a(x,t,v) is measurable on ). We assume that for some
positive constants a,, a*
a, < a(z,t,v) <a*, ae. (z,t) €Q, Yo eR.

e () € Cy(R), namely ~ is bounded and continuous on R such that lim, 1., v(r)
exists. Furthermore, suppose that, for a positive constant g, v({) > &9, VC€R.

e h(z,t,u) is a Lipschitz continuous function on @ x R.

Next, we put © := {0 :=[7,(] | v € C4(R),y > o on R, ¢ € C(Q)}, and define a
semimonotone mapping A(v;u) and a family {K(0;t)} of closed and convex subsets

of V' by: ' . ‘ , i}
A(v;u) = —div(a(z,t,v)|Vul[P"*Vu) in L (0,T;V7),

Yo € Vy = LP(0,T;V), Yu € LP(0,T;V),
K0;t):={2 €V | |Vz(z)| <~({(x,1)) a.e. x € Q},
vt e [0,T), V0 :=[y,¢] € ©.

Furthermore, for a given uy € H, a feedback system A, is defined by 0 := [, (] =
Ay, u if and only if w € LP(0,T;V) and ( is a unique solution of the following heat

equation
Ct - A( - h(I7t, U) in Q7
0 60
a_fl_’_nOg:O on 27 C(:O):CO n Qa ( )
where (o € H?(12), satisfying % +nplp =0 on I' and

up € K((p;0):={2 €V | |Vz]| <7() a.e. on Q}.
We know that problem (60) admits a unique solution

¢ € WH2(0,T; HY(Q)) N L=(0, T; H2(Q))

(cf. [7; Appendix]), which is compactly embedded in C(Q). It is verified that (Og)
holds under (45)-(46), © N (C%(R) x C%(Q)) C Og, O = O and conditions (A1)-
(A3) are satisfied by Ry = I, 0gg. = 0 and Fys. = (1 + co(e))1; see [7, 20] for the
verification of these facts. Also, it is easy to check conditions (B0)-(B3) from the
definition of A(v;u) as well as A,, satisfies (A1) — (A2).
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Therefore, by virtue of Theorem 5.4, for a given f € LPI(O,T; V*), the quasi-
variational inequality

Luy(0:u) + A(us;u) 3 f in LP(0,T; V"), 0= Ay,u,

has at least one solution {6, u}, which gives a solution of the following system:

¢ — A = h(z,t,u) in Q, %—i—mﬁzOonZ, ¢(+,0) = ¢p in Q,

we C([0,T]; H), u(t) e K(60;t), YVt €[0,T],

T
/ (n’,u—n)dt+/a(x,t,u)]VuF"_QVu-V(u—n)da:dt
0 Q
4 1
< [ 4=+ Sluo = w0 i € Kol6).
0

Remark 6.3. The above quasi-variational inequality arises from simplified models
of Type II superconductivity; we refer to [1, 2, 19, 27] for related works.

Remark 6.4. The similar approach is possible to quasi-variational Navier-Stokes
problems. In the general case the obstacle function ~(() is required to have three
phases, v(¢) = 0, 0 < ¥(¢) < oo and ¥({) = oo which are respectively the solid,
mussy and liquid parts in the fluid. Therefore, its mathematical treatment would
be much more complicated (cf. [9, 11, 12]).
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