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1. Introduction

Let Q C RY be a bounded domain with a C?-boundary 9. In this paper we study
the following nonlinear Dirichlet problem:

~Agu(z) — Au(z) = f(z,u(z) + (=) 2u(z) o,
ulon =0, 1<qg<p.

(1)
Given a € C%'(Q) (that is, a: Q — R is Lipschitz continuous) and 1 < r < oo, by
A? we denote the weighted r-Laplace differential operator defined by

A% = div(a(z)|Dul""2Du) for all u € W, (Q).

In problem (1) we have the sum of two such operators with different weights (a
weighted (p,q)-Laplace differential operator). Such an operator is not homogeneous
and this is a source of difficulties in the analysis of problem (1). Moreover, the fact
that the weights a1, as are in general different, precludes the use of the nonlinear
strong maximum principle of Pucci-Serrin [15, p.110]. In the reaction we have the
effects of two terms. One is a critical term (recall p* is the critical Sobolev exponent
corresponding to p defined by p* = NN—Z if p < N and +oc0 if p > N) and the
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other is a Carathéodory perturbation (that is, z — f(z,2) is measurable, while
x — f(z,z) is continuous). The distinguishing feature of this perturbation is that
f(z,-) is defined only locally near 0, that is, all conditions concerning f(z,-), are
imposed on an interval [—6y,00],00 > 0. The presence of the critical term leads to
an energy functional which dose not satisfy the necessary compactness condition to
use the minimax results of critical point theory. Using cut-off techniques, we are
able to overcome this difficultly, “neutralize” the critical term and produce nodal
solutions.

In fact assuming a local symmetry condition on f(z,-), namely that f(z,-)|_g, 0, is
odd and using a generalized version of the symmetric mountain pass theorem due
to Kajikiya [6], we produce a whole sequence {u,}nen € C3(2) of distinct nodal
solutions such that u, — 0 in C}(Q). By a “nodal solution”, we mean a solution
which changes sign, that is, it takes both positive and negative values in 2. We
point out that problem (1) is nonparametric. The presence of a parameter in the
equation facilitates the analysis of the equation, since by varying the parameter, we
can satisfy the geometric requirements of the theorems of critical point theory in
order to use them. In (1) there is no parameter in the reaction.

The first author to consider equations with a locally defined reaction, is Wang [16].
In [16] the equation is driven by the Dirichlet p-Laplacian and has a reaction of the
form u — f(z,u) + |[ul7?u with 1 < ¢ < p and f € C'(Q x (—6,0)) (§ > 0), odd
in the z € (—0,0) variable. Using cut-off techniques, Wang produced a sequence
{tn}nen € WyP(Q) of solutions of the problem such that [|u,|lc — 0. However,
these solutions are not nodal. Later Li-Wang [8], extended the work of [16] to
semilinear Schrodinger equations and produced nodal solutions.

More recently there have been such results for more general parametric nonli-
near elliptic equations. We refer to the works of Gasinski-Papageorgiou [3, 4] and
Papageorgiou-Radulescu-Repovs [11, 13]. In all these works, there is no critical term
in the reaction.

The main result of this paper is the following theorem. For the hypotheses Hy, Hy
on the data of the problem we refer to Section 2.

Theorem. If the hypotheses Hy and H; hold, then there exists a sequence
{tn}nen C C3(Q) of nodal solutions of (1) such that u, — 0 in C}(Q).

As we already mentioned earlier, to prove this theorem we use a generalized version
of the symmetric mountain pass theorem due to Kajikiya [6]. To do this we show
that the problem admits extremal constant sign solutions, that is, there exists a
smallest positive solution u, and a biggest negative solution v,. Then any nontrivial
solution in the order interval distinct from u, and v, necessarily is nodal.

2. Mathematical background-hypotheses

The main spaces used in the study of the problem, are the Sobolev space I/VO1 ()
and the Banach space C}(Q2) = {u € C'(Q) : ulpo = 0}. By || - || we denote the
norm of the Sobolev space W, (2). On account of the Poincaré inequality, we have

ul| = || Dul|, for all u € WEP(5).



Z. Liu, N. S. Papageorgiou / Nodal Solutions ... 561

The space CZ(Q) is an ordered Banach space with order (positive) cone
Cy={uecClQ):u(z) >0 forall z € Q}.
This cone has a nonempty interior given by
0
int Cy ={ueCy:u(z) >0 forall z € Q, a_u|8Q < 0},
n
with n(-) being the outward unit normal on 0f2.

By A\, (q) we denote the first eigenvalue of (—Ag32, Wy 9(Q)). We know that Xl(q) > 0,

is simple, isolated and all eigenfunctions corresponding to Xl (¢) have fixed sign. By
u1(q) we denote the positive, L%-normalized (that is, ||[u1(q)||, = 1) eigenfunction
corresponding to /):1 (¢). The nonlinear regularity theory and the nonlinear maximum
principle imply that @;(q) € int Cy (see[2]).
For a € C%1(Q), a(z) > 0 for all z € Q,a # 0 and r € (1,00), by
AL W (Q) = WN(Q) = W () (74 5 = 1)
we denote the nonlinear operator defined by
(At (u), h) = / a(2)|Du|""2(Du, Dh)gndz for all u, h € W, ().
Q
This operator is continuous, strictly monotone (thus maximal monotone too) and
of type (9)4, that is
If u, = win W, (Q) and limsup(A®(uy,), t, — u) <0,
then u, — u in Wy (Q).

If u,v: Q — R are two measurable functions such that u(z) < v(z) for a.a z € Q,
then we introduce the following order interval

[u,v] = {h € W, P(Q) : u(z) < h(z) < v(z) fora.a zeQ}.
If u € W, ?(Q), then u* = max{=+u,0}. We know that
ut e WyP(Q), u=u" —u”, |ju|=ut 4 u.

A set S C WyP(Q) is said to be downward directed (resp.upward directed), if given
ug, ug € S, we can find v € S such that v < ug,u < uy (resp. if vy, vy € S, we can
find v € S such that v; < v, vy <w).

The hypotheses on the data of (1) are the following:
Hy: ay,ay € C%H(Q) and ay(2), ax(z) > ¢ > 0 for all z € Q.

Hi: f:Qx[=0y,00] (6p > 0) is a Carathéodory function such that f(z,0) =0 for
a.a. z € {2 and

(i) there exists ag € L>(£2) such that
|f(z,2)| < a,(z) for a.a z € Q, all |z| < 6

and for a.a. z € Q, f(z,-) is odd;
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= +oo uniformly for a.a. z € Q and there exists 7 € (1,q)

such that lim f(z )
2—0 ‘;U|T*2x

= 0 uniformly for a.a. z € (2.

On account of hypothesis H (ii), given n > 0, we can find 6 = () € (0, min{%,1})
such that
f(z,x)x > nlz|? foraaze Q, all |z| <4, (2)

flz,z)z < |z|”! fora.aze€Q, all |z| <6. (3)
Since 7 < p* and § < 1, we have also
lz|P” < || for all |z| < 6. (4)
We consider an even cut-off function 8 € C}(R) such that

supp 5 C [~00,00), Bl oy o) =1 and 0<B<1 on (~fo,bp).  (5)

Using [3(-) we introduce the function g(z,x) defined by
g(z,2) = B(x)[f(z,2) + |z["" "22] + (1 — B(z))|z|"2x for all (z,2) € QA xR. (6)
This is a Carathéodory function, for a.a z € Q, g(z,-) is odd and
l9(z,2)| < c1[l + |z '] fora.a z € Q, all x € R, some ¢; > 0 (7)
(see (3),(4),(5),(6)). Then we consider the following nonlinear Dirichlet problem
—ANu(z) — APu(z) = g(z,u(z)) in Q,u|gq = 0. (8)

The idea is to work on problem (8) and, using the result of Kajikiya [6], generate
a sequence of solutions {u, }nen such that u, — 0 in C}(Q). To show that these
solutions are nodal, we show first that (8) has extremal constant solutions, that
is, u, € int Cy a smallest positive solution and v, € —int C, a biggest negative
solution. Then any nontrivial solution in the order interval [v,, u,] distinct from w,
and v, will be nodal. Moreover, on account of (5) and (6), we see that {u, }n>n, will
be also nodal solutions of (1).

So, in the next section we examine problem (8) and produce extremal constant sign
for this problem.

3. Constant sign solutions

In what follows by Sy (resp S_) we denote the set positive (resp. negative) solutions
of (8).

First we prove a Lemma, which results from Proposition 2.3 of Papageorgiou-Vetro-
Vetro [14]. We simply complete their proof, since now our hypothesis on u(-) is
stronger.

Lemma 3.1. If £ € L>(Q), g(z) >0 fora.a. z€Q and ue Cy\ {0} satisfies

~

— A8y — ALy +E(z)uP~ >0 in Q, then u € int C.
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Proof. From [14] (Proposition 2.4), we know that u(z) > 0 for all z € Q. Let
z1 € 02 and let zp = z; — 2pn with n = n(z;) being the outward unit normal at
21 € 0R2 . As in the proof of Proposition 2.4 of [14], for p > 0 small, we consider the
ring R={z € Q:p <|z—2| <2p}andlet y = min{u(z) : 2 € 0B,(22)} > 0 small.
From the proof in [14], we know that there exists a lower solution y € C'(R) (| C?(R)
of the equation —A%'v — A%y 4 £(2)|v|P~2v = 0 such that

y<u, y(z)=0, 2(z) <)<,

hence u € int C,. [

Proposition 3.2. If hypotheses Hy, H hold, then
p#S, Cint Cy and ¢ #S_ C —int C.

Proof. Let G(z,z) = [, g(z, s)ds and consider the C''-functional ¢ : W,P(Q) = R
defined by

1 1
o (u) = —/al(z)|Du|pdz+ —/ag(z)|Du|qdz - /G(z,u+)dz for all ue W, 7(Q).
D Ja qJa Q

On account of hypotheses Hy and (7) (recall that 7 < ¢ < p), we see that the
functional ¢ () is coercive. Also using the Sobolev embedding theorem, we see that
v+ (+) is sequentially weakly lower semicontinuous. So, by the Weierstrass-Tonelli
theorem, we can find ug € Wy*(Q) such that

(o) = minfp. (u) : w € Wy (Q)]. (9)

Since uy(q) € int Cy, we can choose t € (0,1) small so that 0 < tu;(q)(2) < 4 for
all z € Q. Then from (2) and (5) (recall 6 < 6y/2), we have

~ P ~ 19~ ~
Uy (tua(g)) < E||a1||oo||DU1(Q)||§ + g[)\l(Q) — ) (recall that [[uy(q)lly = 1).

Choosing n > Xl(q), we obtain
o (tur(q)) < cot? — c3t?  for some ¢y, c3 > 0.
Since g < p, choosing t € (0, 1) even smaller if necessary, we have

P+ (tu1(g)) <0 = pi(ug) <0=p4(0) (see (9)) = ug #0.
From (9) we have ¢, (ug) =0,
(A" (o), B + (A% (ug), h) = / gz u)hds for all h € WIP(Q).  (10)

In (10) we use the test function h = —ug; € W,?(Q) and obtain col| Dug [|5 <0, (see
hypotheses Hy and note that g(z,0) = 0 for all a.a z € ), hence uy > 0, ug # 0,
and therefore S, # ().
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From (10) we have
—Atug(z) — AfPu(z) = g(z,uo(2)) in ©Q, uglse = 0.
In consequence of Theorem 7.1, p.286, of Ladyzhenskaya-Uraltseva [7] we have

ug € L>®(Q). Then the nonlinear regularity theory of Lieberman [9] implies that

up € C \ {0}. From (7) we see that we can find £ > 0 such that g(z,z)z+&[z|P >0
for a.a. z € Q, all x € R. So, applying Lemma 3.1, we infer that ug € int C,.
Therefore we conclude that

In a similar way we show that ¢ # S_ C —int C. This time we use the C*'-
functional ¢_ : W, ?(Q) — R defined for all u € W, (Q) by

cp(u):%/ﬂal(zﬂDu\pdsz%/chg(z)]Du\qdz—/G(z, —u")dz. O

Q

We will show the existence of extremal constant sign solutions, that is, we will show
that there exist u, € Sy Cint Cy and v, € S_ C —int C; such that

U, <u forallue Sy, v<wv, forallves_.

To produce these extremal solutions, we need to have a nontrivial lower bound for
the set S, and a nontrivial upper bound for the set S_.

From (5),(7) and hypothesis H;(ii), we see that given n > Xl(q) > 0 and r € (p,p*),
we can find ¢5 > 0 such that

g(z,x)x > nlz|" — cs|z|” for a.a z € Q, all z € R. (11)

This unilateral growth condition on g(z, -), leads to the following auxiliary Dirichlet
problem

~ApuE)  Aule) = ) s e
ulgn =0, 1 < g <p.

Proposition 3.3. If hypotheses Hy hold, then problem (12) has a unique positive
solution u € int C'y and since the equation is odd v = —u € —int Cy is the unique
negative solution of (12).

Proof. First we prove the existence of a positive solution for problem (12). To this
end let ¢, : Wy ?(Q) — R be the C'-functional defined for all u € W, *(Q) by

vew =+ [ aDupdz+ [

Cy r n
as(2)| Dultdz + —|lu”[|; — = [Ju’[|3.
p Q r

Hypotheses Hy and the fact that ¢ < p < r, imply that ¢, (-) is coercive. Also it is
sequentially weakly lower semicontinuous. So, we can find @ € W, ?(Q) such that

Y4 () = min[ (u) : u € Wy(Q)]. (13)
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As before (see the proof of Proposition 3.2), since n > //\\l(q) >0and g <p <,
choosing t € (0, 1) small we have

Py (t1(q) < 0, = (@) < 0=, (0) (see (13)) = 0.

From (13) we have Yl (1) =0,

= (A% (@), h) + (A% (@), h) = /

n(@h)? hdz —/05(ﬂ+)”_1hdz for all he W, 7(Q).
Q

Q

Choosing h = —u~ € W, ?(Q2), we obtain
col|[Du”[|F <0, (see hypotheses Hy), = u >0, u#0,
= we WyP(Q) is a positive solution of (12).

As before (see the proof of Proposition 3.2), using the nonlinear regularity theory
and Lemma 1, we have that u € int C.

Next we show the uniqueness of this positive solution of problem (12). To this end,
let j: L'Y(Q) — R = RU {+oo} be the integral functional defined by

() %fg ay(2)| Du/|Pdz + % Joa2(2)|Dut/1)1dz if u>0, u/1 e WP (Q)
j(u) =
+00 otherwise.

Consider the function Go(z,t) = ‘”ng)tp + QQT(Z)tq for all ¢ > 0. Evidently for all

z €, @0(7;, +) is strictly increasing and strictly convex. We set @(2, y) = Go(z, [y|)
for all (z,y) € Q x RY. Also, let dom j = {u € L'(Q) : j(u) < +oo} (effective
domain j(-)). From Diaz-Saa [1] (Lemma 1), we know that j(-) is convex.

Suppose 7 € W, () is another positive solution of problem (12). Again we have
y € int C'y. On account of Proposition 4.1.22, p. 234, of [12], we have

€ LOO(Q)7

INERS

€ L>(9).

< <

So, if h = I — 77 € W, P(Q), then for |t| < 1 small we have @ + th € dom j and
v? +th € dom j.

Then the convexity of j(-) implies the Gateaux differentiability of j(-) at w? and ©?
in the direction h. From the chain rule and the nonlinear Green’s identity (see [12],
p.35), we have

yanm =1 [ SIS g = [y e - w0
qJo al™! q Jo ’ ,

U S S o

3@ (h) = —/ (@ — ) dz = / [ — sy (u? —y?)dz,
q.Jo Yy q.Ja

The convexity of j(-) implies the monotonicity of j'(-). Hence

0< / [ — T @ — ) dz <0 = T—7.
Q



566 Z. Liu, N. S. Papageorgiou / Nodal Solutions ...

We conclude that @ € int C is the unique positive solution of problem (12).

Finally since the equation is odd, v = —u € —int C is the unique negative solution

of (12). O
These solutions will be the bounds for S, and S_ respectively.

Proposition 3.4. If the hypotheses Hy, Hy hold, then uw < u for all uw € S, and
v <7D forallves_.

Proof. Let u € S, and consider the Carathéodory function k, (z, x) defined by

k() = { Nt -y e <u(e)

B ! if u(z) < . (14)

nu(z2)" = csu(z)™

Let Ki(z,2) = [ ki(z,s)ds and consider the C'-functional o : WyP(Q) — R
defined for all u € W, 7(Q) by

1
a+(u):—/al(z)\Du|pdz—|——/a2(2)|Du|qdz—/K+(z,u)dz.
P Ja q.Jo Q

From hypothesis Hy and (14) it follows that o, (-) is coercive. Also, it is sequentially
weakly lower semicontinuous. So, we can find % € W,?(Q) such that

o4 (W) = min[oy (u) : u € Wy P(Q)].

Let t € (0,1) be small so that tu;(q) < u (this is possible since u € int C). Then

since n > A (¢) and ¢ < p < r, taking t € (0,1) even smaller if necessary, we have
o4+ (tu1(q)) < 0 and so

oi(u) <0=0.(0), = u#0.

We have o' () =0,

= (A% (@), h) + (A% (@), h) = /Q ko (2, i)hd> for all h € WIP(Q).  (15)

In (15) we choose h = =t~ € WyP(Q). Then

co|Du” [P <0 = u>0, u#0.
Next in (15) we choose h = [ — u]* € W, (). Then
(Ap (@), (U —u) ™) + (AP (@), (@ — u)™)

= [l = e = e (see (14)

S/Qg(z,u)(ﬂ—u)J“dz (see (11))

= <A;1(u), (@ —u)™) + (AP (u), (w—u)") (since u € S,),

= u<u.
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So, we have proved that
u € [0,ul, uz#0. (16)

From (16),(14),(15) it follows that @ is a positive solution cf(12). So, by Proposition
3.3 we have

u=uecintCy, = u<u forallues,.

Similarly we show that v <o for all v € S_. ]

These bounds allow us to produce extremal constant sign solutions of problem (8).

Proposition 3.5. If the hypotheses Hy, Hy hold, then there exist u, € S, and
v, € S_ such that u, < u for allu e Sy and v < v, for allv e S_.

Proof. From Papageorgiou-Radulescu-Repovs [10] (see the proof of Proposition 7)
we have that S, is downward directed. Then Lemma 3.10, p. 178, of Hu-Papageor-
giou [5], implies that we can find {u, }nen € Sy decreasing such that

inf S, = inf w,.
neN
We have

(A% (un), h) + (A% (uy), h) = [ g(z,u,)hdz for all h € Wy?(Q), alln € N, (17)

S~

uw<u, <wu; forallnéeN. (18)

IN

In (17) we choose h = u,, € Wy (Q) and use (7), (18) and hypothesis Hy. We infer
that {u, }nen € Wy () is bounded. So, we may assume that

Up — u, in WyP(Q) and w, — u, in LP(Q) as n — oo. (19)

In (17) we choose h = u, — u, € Wy"(Q), pass to the limit as n — oo as use (19).
We obtain
lim [(AS! (un), Un — Ue) + (A (Un), Uy — ui)] = 0,

n—oo
= limsup[(AJ! (un), Un —us) + (A7 (us), up—us)] <0 (since Ag?(+) is monotone),
n—oo
= limsup(A;' (un), up — u.) <0,
n— o0
= u, = u, in WyP(Q). (20)

So, if in (17) we pass to the limit as n — oo and use (20), then
(A3 0+ (A (). ) = [ g(euhds for all € WHP(@), (21)
Q

u<wu, (see(18)). (22)
From (21) and (22) it follows that u, € S;, u, = inf S,.

Similarly we show that there exists v, € S_, v, = sup S_. Note that S_ is upward
directed. n
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4. Nodal solutions
We consider the energy functional ¢ : Wy () — R of problem (8) defined by

1 1
o(u) =~ / ai(z)|DulPdz + - / as(2)|Dul?dz — / G(z,u)dz for all u € W, P (Q)
D Ja q4.Ja Q

where G(z,x) = [ g(z, s)ds we know that ¢ € CY W,y (Q)).

Proposition 4.1. If hypotheses Hy, Hy hold, and V' C WyP(Q) is a finite dimen-
stonal subspace, then there exists pyy > 0 such that

suplp(u) : w € V) |Ju|| = py] < 0.

Proof. Let § > 0 be as in (2),(3),(4). Since V is finite dimensional, all norms are
equivalent. So, we can find py € (0, 1) such that

weV, |w|<py =|wz) <d foraa.ze. (23)
Recall that 6 < . So, from (5) it follows that S(w(z)) = 1 for a.a. z € Q. Hence
from (6) and (2), for all w € V', with ||w|| < py, we have

1 1
p(w) < —/al(Z)\Dw\pd2+—[/ az(z)|Dw|*dz — nl[w][7]
P Jo q Ja

< cel|w]]” — er[wl]
(since all norms on V' are equivalent and choosing n > 0 big).

But ¢ < p. So, choosing py € (0, 1) even smaller if necessary, we conclude that

sup[p(w) :w € V, |lw|| = pv] < 0. O
Now we are ready to produce a whole sequence of arbitrarily small nodal solutions.

Theorem 4.2. If the hypotheses Hy, Hy hold, then problem (1) has a whole sequence
{tn bney € CH(Q) of nodal solutions such that u, — 0 in CH(Q).

Proof. For hypotheses H;(i), (6) and (8), we see that ¢(-) is even and coercive.
Therefore ¢(-) is bounded below and satisfies the Palais-Smale condition (see [12],
Proposition 5.1.15, p.369). These facts and Proposition 4.1, permit the use of
Theorem 1 of Kajikiya [6]. So, we can find {u, }nex € Wy () such that

u, € K, foralln € N, |lu,| — 0. (24)

Then the nonlinear regularity theory implies that there exist a € (0,1) and ¢g > 0
such that

€ Cy*(Q) = () N Cl(Q), ||uanla @ < csforalln eN.

The compact embedding of Cy**(Q) into C}(Q) and (24) imply that

u, =0 in Cj(Q), = u, € [v.,u] for all n > ny.
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The extremality of w, and v, implies that {u, },>n, are nodal.

Taking ny € N even bigger if necessary, we can also have

[un(2)] < 6p/2 for all z € Q, all n > ny. (25)

Then (5),(6) and (25) imply that

{tn}n>n, are nodal solutions of (1). O

Remark 4.3. If for some dy € (0,6y) we have pF(z,z) < f(z,x)zx for a.a z € Q,
all |x| < &y, then we can also have that the nodal solutions {u, },en have negative
energy, that is ¢(u,) < 0 (see [6]).
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