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1. Introduction

Let (X, ||| x) be a real Banach space and B(X) (S(X)) be the closed unit ball (the
unit sphere) of X, respectively. Denote by N the set of positive integers and by R
the set of reals.

In [4] we studied A-points and A-property in generalized Orlicz spaces. In this
paper, we study the criteria for uniform A-property in generalized Orlicz function
space equipped with the Orlicz norm. Before we start with our results, we need to
recall some notions.

A point z € S(X) is said to be an ezxtreme point of B(X) if x cannot be written as the
arithmetic mean §(y + z) of two distinct points y, z € S(X). The set of all extreme
points of B (X) is denoted by extB (X). When every point of the unit sphere is
an extreme point than we say that Banach space is strictly convex. The notion of
strictly convex spaces was introduced by J. A. Clarkson in [10]. The notion of an
extreme point play an important role in some branches of mathematics. For example,
the Krein-Milman theorem, Choquet integral representation theorem, Rainwater
theorem on convergence in the weak topology, Bessaga Pelczynski theorem and
Elton test for unconditional convergence are strongly connected with this notion.
All these theorems we can find in [13], chapter IX.

Define a so called A-function A : B(X) — [0, 1] by the formula
Az)=sup{re[0,1]]:z=Xe+ (1 =Ny, ecextB(X), ye B(X)}
if extB (X) # @, and A(z) = 0 otherwise.
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A point x € B(X) is said to be a A-point of B(X) if A(x) > 0. The space X is said
to have the A-property if every x € B(X) is a A\-point. Moreover, if A-characteristic
of X

Ax =inf{A(z): 2z € S(X)} >0,

then X is said to have the uniform A-property. Orlicz spaces equipped with the
Orlicz norm possessing the A-property are described in [4].

The A-property was introduced by Aron and Lohman [1, 17]. This notion is strictly
connected with so called Krein-Milman property (KMP in short). A Banach space
X is said to have KMP if every closed bounded convex set of it is a closed convex
hull of its extreme points. Aron and Lohman proved that for Banach spaces with the
A-property we have that B(X) = co (extB (X)), so X satisfies a restricted version
of KMP. However, in [1] we may additionally find, that the converse is false. It was
shown in the same paper that in finite-dimensional space z € extB (X) if and only
if A(z) = 1 and consequently, in this case X is rotund if and only if A(z) =1 for all
x € S(z). In [17] we may find that in infinite-dimensional Banach space situation
is different. In such spaces a point # € S(x) can be found such that A(z) = 1 and
x ¢ extB(X).

Additionally, spaces with the A-property have geometric feature which is very useful
in applications. In such spaces every real-valued convex function on B(X) may
attains its maximum value only at points x € extB (X).

Moreover, Aron, Lohman and Granero proved in [2] that a Banach space X has the
A-property if and only if it has the convex series representation property, i.e. for
each x € B (X), there is a sequence (ey) of extreme points of B (X) and a sequence
of non-negative real numbers (\;) such that > ;- Ay =1 and x = > 7 Apey. It
has been also shown in [2] that the uniform A-property of a Banach space X is
equivalent to the uniform conver series representation property of X, i.e. convex
series representation property in which the sequence (A) does not depend on z.

Moreover it is known that A(0) = 3 and

@) = max {5 (1= el A (5 ) el 0

[l x

for any x € B(X) whenever extB (X) # & (see Proposition 2.12 in [6]). It implies
that any interior point of B(X) is a A-point whenever extB (X) # @. Hence the
definition of the A-property in X can be restricted to the unit sphere S(X). Namely,
a Banach space X has the A-property if and only if extB (X) # @ and A(z) > 0 for
any z € S(X).

Let (T, %, 1) be a measure space with a o-finite non-atomic and complete measure p
and Ly = Lo(T, %, 1) be the set of all p-equivalence classes of real and Y-measurable
functions defined on T.

By a Banach function space (or a Kdthe space) (E., ||| z) we mean a subspace of Ly
which is an ideal in Ly that is, if z € Lo (T, X, 1), y € E and |z ()| < |y (t)] p-a.e.
T, then x € E and ||z||; < ||yl as well as there exists z € E such that z () > 0
forany t € T.
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The set £, = {x € E : x > 0} is called the positive cone of E. For any subset
AC E define Ay =ANE,.
For x € Ly we denote its distribution function by
do(n) = p{s €T |z (s) >n},  n=0,
and its decreasing rearrangement by
" (t) =inf{n >0:d, (n) <t}, tel0,ul).

Two functions z,y € Ly are called equimeasurable (x ~ y for short) if d, = d,,. We
say that a Banach function space (E, ||-||g) is rearrangement invariant or symmetric
if whenever x € Ly and y € F with x ~ y, then x € E and ||z||g = ||y||g. For basic
properties and some applications of symmetric spaces we refer to [3, 8, 9].

The following simple fact will be useful for our considerations.

Proposition 1.1. (see [4], Proposition 2.1) Let E be a Kothe space. Then
(@) A(z) = A(|z|) for any x € S(E);
(b) A(z) = Ay (2) for any x€ S (E),,

A (z)=sup{Ae[0,1]:z=Xe+ (1 —-Ny, ecextB(X),, ye B(X)}.

where N\, is defined on S(E) by the formula

A map ®:R — [0, 00| is said to be an Orlicz function if it is even, convex, left con-
tinuous on the whole R, ®(0) = 0 and ¢ is not identically equal to zero. Since ®
is even, without loss of generality we often consider ® with the domain restricted to
the interval [0, 00). It follows that every Orlicz function ® is non-decreasing on R,

We say that a point w is a point of strict convezity of ® (and we write w e SC(P)) if

B (w) < %(@(u) +&(v))

for every u,v € R such that v # v and w = £ (u+ v). The set AF(®) := R~ SC(®)
is called the set of all structural affine intervals of ®, or simply, SAI of ®.

For any Orlicz function ® we define
ag :=sup{u>0:P(u) =0}, bg :=sup{u>0:P(u) < oo},
ugp :=sup{u > agp : u € SC(P)}, wve =sup{a>0:P(u) is affine on [0, ]} .
Obviously, any Orlicz function ® is strictly increasing on the interval [ag, bg) -

Denote by p the right hand side derivative of ® with the domain restricted to the
interval [0, c0) . For any Orlicz function ® we define function ¥ by the formula

U (u) = sup{|u|v — @ (v): v > 0}.

The function WV is called complementary to ® in the sense of Young. We write ¢ for
the right hand side derivative of W.

For any Orlicz function ® we define on Ly the modular I by

Io(z) = / @ (2(t)) dp.
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By the Orlicz function space Lo we mean the set of all = € Ly such that Ig(cz) < 0o
for some ¢ > 0. The space Lg is equipped with the so called Orlicz norm that can
be expressed by the following Amemiya formula

o1
[z]le = ,}};g z (14 Ip(kx))

(see [16]). We refer to [11] for some basic geometric properties in Orlicz spaces with
more general p-Amemiya norm. The set of all £ > 0 at which the infimum in the
Amemiya formula for ||z||4 is attained (for fixed z € Lg) will be denoted by K (x).
Moreover, for any x € Lg \ {0}, we define

E*(z) =inf{k >0: Iy (pok|x|) > 1},
k™ (x) =sup{k >0: Iy (poklz|) <1}.
Obviously, k* (z) < k™ (z) for any x € Lg \ {0} . It is well known that

%) if k*(z) =00
E* (z),k** (z)] if k™ (z) < o0

K@) =1 |
[k* (z), 00) if k*(x) <ooand k™ (z) = 0o

(see [6]). Orlicz spaces are important examples of Kothe spaces. For more details
on Orlicz spaces and their applications we refer to [6, 18, 19].

The Orlicz spaces generated by arbitrary Orlicz function (that is Orlicz functions
which vanish outside zero and which attain infinite values to the right of some
point u > 0) share many properties with the usual Orlicz spaces generated by
finitely valued and vanishing only at zero N-functions (i.e. Orlicz functions satisfying
lim, o ®(u) /u = 0 and lim, o, ®(u) /u = c0), but in many aspects they are very
different. The class of Orlicz spaces generated by N-functions does not contain
spaces such as L' and L* or classic interpolation spaces like L' N L> and L' + L*°.
If the Orlicz space is generated by finitely valued and vanishing only at zero -
functions in the case of both (the Luxemburg and the Orlicz) norms, then it has the
A-property [7, 15, 20]. A characterization of A-points in such kind of Orlicz spaces
does not have sense, because every point of B(Lg) is a A-point. The situation
becomes more interesting, when Orlicz spaces are generated by arbitrary Orlicz
functions. Then the Orlicz space need not have the A-property. In the case of the
Luxemburg norm, the A\-property in Orlicz spaces generated by finitely valued Orlicz
functions has been characterized by Granero [15]. The A-property in Orlicz spaces
equipped with the Orlicz norm was described in [4]. The uniform A-property in such
Orlicz spaces generated by arbitrary Orlicz functions were not considered till now
except some particular cases e.g. L' N L™ (see [5]). In this note we describe Orlicz
spaces will close the gap.

We will use the following criterion for extreme points of the unit ball in Orlicz spaces
equipped with the Orlicz norm.

Proposition 1.2. (see [12], Theorem 1) Let (T, %, p) be a non-atomic and complete
measure space and ® be an arbitrary Orlicz function. Then x € S (L) is an extreme
point of B (Lg) if and only if:

(a) the set K () is a singleton in (0, 00),

(b) kz (t) € SC(®) for p-a.e. t € T, where {k} = K (z).



A. Bohonos, R. Pluciennik / Uniform \-Property ... 587
Moreover, we will use the following characterization of Orlicz function spaces Lg
without extreme points on its unit sphere.
Proposition 1.3. (see [14], Theorem 1) The set extB(Lg) is empty if and only if
Iy (pousxr) < 1.

The above characterization works under the convention oo - 0 = 0. Moreover, if
up = 00, then p(ug) = lim, 0 p(u).
Finally we use the following characterization of Orlicz spaces with A-property.

Corollary 1.4. (see [4], Corollary 3.1) The following conditions are equivalent:
(a)  The space Lo has the A-property;

s

2(w)
R(u) = Alu| — &(u) and A = lim,_,., 24,

u !

(c)  The space Ly does not contain an order isometric copy of I'.

(b)  Either hmuﬁooy = 00 or lim, o < o0 and sup, R(u) = oo, where

In this result we can observe that the conditions

either limy,_ o @ =00 or lim, # < o0 and sup, R(u) = oo

are necessary for the A-property of Lg. Therefore we will always assume them
without loss of generality. It follows by Proposition 2.2 in [4] that k(x) # @ for any
x € LCD-

Throughout the paper we will use the following construction. For any Orlicz function
® define

T

AF(®), = [0,a¢) U (U (ai,bi)> U (ug, 00) (2)

i=1
where r € N or r = oo and a;,b; € SC(®). If ap = 0 (up = 00), then we assume
that [0,a¢) = @ ((ue,0) = &), respectively. For any = € S(Lg) define

Tf:{tET:ai<k30x(t)§ai;bi}, (3)

Divide the set T into five disjoint subsets 11, T5, T3, Ty, T5 such that
T=T, Th=JT3, Ts={teT ka(t)<as}, Ty = {teT : kox(t)>us} (5)
i=1 i=1

and T5 = T U?lej. If apg =0 (up = 00), then T3 = & (1), = @), respectively.
Based on the function x € S(Lg) we construct e € extB (Lg), . To this end define
((poai if teTiand1<i<r,
=b;, if teTiand 1<i<r

e(t) = kioaq) if teTs, and €= i €|| (6)
e
tug if teTy, ®

L z(t) if teTs
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Clearly, € defined in this way is an extreme point of the unit ball of Lg (see [4]).

Lemma 1.5. For any x € S(Lg) we have \(z) > % and pu(supp e) > 0.
Proof. The result follows immediately from the proof of Proposition 2.3 in [4]. [

2. Results

Lemma 2.1. Let (T,%, 1) be a non-atomic and complete measure space and let @
be an Orlicz function such that 0 < ag < bg < 0.

(a) If x€ LY\ {0} and ke K(x), then

ap <k< by

where |||, = supess|z(t)].
teT

[E41 i1

(b) 55 < lxrlls < ;-

(c) If either u(T) = oo or plag) >0 and p(T) > , then ||xrl|le =

aqﬂ’(a

Proof. (a) Let x € Lg \ {0}. Then there is ¢ > 0 such that
Ip(cx) = / O (ca(t))dp < oo
T

and consequently ||z|| = supess|z(t)| < 22 < co. Take k > E ” . Define
teT

Ty ={teT:klx(t)] > bo}.

Obviously, u(Ty) > 0 and p_(k|x(t)|) = oo a.e. in T;. Consequently,

To(p_ o klal) = / W (p_ (k| (6)])) dp = o0

for any k > ||z|| < bs, whence

b

k™ () = sup{k > 0: Iy(p- o k[z|) <1} < e

Moreover p(k|z(t)]) = 0 a.e. in T for any k < ||z||las. Hence

T(p o klz]) = / W (p(k|(8)])) dpe = 0.

Consequently, k*(z) = inf{k > 0: Iy(poklx|]) > 1} >

H:UH

Thus K(z) = [k*(x), k**(2)] C [||z||<las, ||7|| bs], whence the desired inequality
follows immediately.

(b) By the proof of (a), the set K(xr) # @ and ag < k < bg for any k € K(xr).
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If k € K(xr), then

which finishes the proof of (b).
(c) First suppose that u(7) = co. Then

B 0 for 0<k<ae
/Tcp(k)du—{oo for  k>ap
H = inf ! 1 ®(k)d = inf ! = !
ence Ixrlle = 0<1,?§%E + . (k) du ) = o<11?§aq>E T ag

Now suppose that p(ag) > 0 and pu(T) > —2 7- It is easy to prove that we have

agp(as

U(u) > ag|u| for any u € R. For any k > ag we have

oo () = [ W (plaa) di > asplaa)n(T) > 1.
whence k™ (xr) = sup{k > 0: Iy(p_(k)) <1} < aq.

Hence K(xr) # @ and k < ag for any k € K(xr). On the other hand, by (a),
agp < k for any k € K(xr). Hence K(xr) = {ae}. Therefore

1 1
—— (1 d(ap)dn ) = —
X7l aq)( +/T (as) u) ot

which finishes the proof of the lemma. [

Lemma 2.2. Lety,z € S(Le) besuch that K(y) # @ and K(z2) # @. Ifv € S(Lo)
and = Xz + (1 — N)y for some X € (0,1), then

(a) K(x)# @ and k, = % € K(z), where k, € K(y), k. € K(2),

(b) either k,|z(t)| = ky|y(t)| = ks|2(t)] or ki|z(t)|, ky|y(t)|, and k.|z(t)| are on
the same SAI of ® for a.e. t €T,
(¢) ifag =0, then signz(t) = signy(t) = sign z(t) for a.e. t € T.

Proof. (a) Since K(y) # @ and K(z) # @, there are k, and k, such that

1 1
19lle = o (1 + La(kyy)) and [lz]lg = - (1 + Ta(k:2)).
Yy z
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By the definition of Orlicz norm and convexity of the modular, we have

(1= Nk, + Mk, kyk.
pu— < _—
1= |z]lp < s 1+ 1p TES\ESYS (=X y+X\2)

(1= Nk, + Ak, (1—A\) k. Ak,
= 147 J: k.
kyk. e (1= Nk + Mk, 2 (1= Nk, + Mk, =

(1— Nk, + M, (1-\) k. Ak,
= k I3 (k.
ke = k. + @ R+ g o, T (62)
(1—=Nk,+ Xk, (1—=X) A
= Iy (K —Ig (k.
kykz + ky q)( yy)+kz (D< Z)
(1-)) A
= A 1y () + 2 (U T (k2) = (= W)l + Al < 1
Y z
Hence k, = % € K(x), which finishes the proof of (a).

(b) By the above inequalities, we conclude

(1— N\ k. Ak,
To(kyz) = I k k
o(het) = Io ((1 TS Ve L SR N iR
1— Ak, Ak
( ) Iq;. (k?yy) + Y Icp (k’ZZ) .

T (1= Nk, + Ak, (1= Nk, + Ak,

It follows from the convexity of ® that

VAN Ak,
2 (herlf)) = ((1 ~ k- + kYO TR T, kzz(t))
(1= )k, A,

= kyy(t D (k,z(t
= ks + 3, 2 RO+ o =, @ (Re=(0)
for a.e. t € T'. Consequently, either k,|z(t)| = k,|y(t)| = k.|2(t)] or ky|x(t)], kyly(t)]
and k.|z(t)| are on the same SAI of ® for a.e. €T, completing the proof of (b).
(¢) Suppose that ag = 0. Then the Orlicz space Lg is strictly monotone. Since
L= [lzfle < J[(1 =Nyl + Alzllle < (1= Nllylle + Allzlle <1,

by the strict monotonicity of L¢, we conclude

(1= Ny(t) + A2()] = (1 = My(D)] + Al=(1)]
for a.e. t € T. Hence signz(t) = signy(t) = sign z(¢) for a.e. t € T. O

Lemma 2.3. Let (T,%, 1) be a non-atomic and complete measure space and let @
be an Orlicz function with 0 < ve < bg < 00 and P(u) = au for ue|0,vs]. Then

(a) Ly = L'NL>® and for any x € Ly :
1 1
allzfl, + =l < llzlle < allelly + = llllo
@ Vo
() s < l2lle <o for any x € S(Leo);

(c) K(z)C (1, balaborlMED | for gny x € S(Lg).

Ve



A. Bohonos, R. Pluciennik / Uniform \-Property ... 591

Proof. (a) For x = 0 the inequality is trivial. Let x € Lg \ {0}. Then there is
¢ > 0 such that

Ip(cx) = /TCD (cx(t)) du < oo

and consequently ||z|| = Supgss lz(t)] < %‘) < o0o. Since ®(u) = au for u € [0, ve],

we have

e [ Jat0ld < [ @ (ex(v)d <,

i.e. x € L'. Consequently, Ly = L' N L>® because L' N L is the smallest symmetric
function space.

For any k > ||z|| ' b define Ty, = {t € T : k|x(t)| > by}. Then u(T}) > 0 and

P (15 [otatoran) = ¢ (1+ [ otwpn) -

for any k > ||| bg. Moreover, we have

1 1
nf L (1+ / @(kx(t))du) — it L (1+ak / ]x(t)|d,u>
0<k<|z|2tve K T 0<k<||z]| ve K T

Izl + o]
=allx — ||| ..
1 Vo o]
Therefore, by the definition of Orlicz norm, we conclude that

1
2]l < allzll, + — [lzflo
Vo

for any x € Lg. On the other hand we have for any x € Lg :
Jello = f 7 (14 [ ®(ka(t)a
e = 20k oo A

1
= inf — (1+/<I>(k::v(t))du)
2| 2t ve <k<|el| be K T

1 1
> (e [ leOla) 2 alel, + o el
k? T b‘b

-1 —1
2]l ve <k<|lzll 5 ba

(b) Let z € S(Lg). By the proof of (a),
1 1
alzll, + =zl < llzlle =1 < allzfl, + — |zl -
P Vo

Consequently, 0 < a||z||; <1 and
ve (1 —affzll) <zl - (7)

Notice that the largest possible value of a||z||; is in the case, when the function =
is of the form z = cyr.
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Moreover, there is a number d, € [vg, bg] such that

1
t=allell + g el = acn(T) + -

d,
whence ¢ = m. Therefore
1 1

>
ad,,(T) +1 ~ abeu(T) + 1

L—afzlly =1 —allzl, =

for any x € S (Lg) . Hence, by the inequality (7), we get

< |l
—_— €T .
abeu(T)+1 — 7 7'

If be < oo, then K(z) # @ for any © € S (Lg) . Then there is ky > 0 such that
L= ol = - (L+ (ko) > o
ko ko
whence kg > 1 and koz(t) < bg, which implies that ||z]| < bs.
(c) By the proof of (b) it follows that 1 < k < 22— for any k € K (z). Taking into

I/l

account the lower estimation of ||z||_ given in Lemma 2.3(a), we have

bq> < bq> (abq,,u(T) + 1)

[/ Ve

whence the desired inclusion follows immediately. 0

Theorem 2.4. Let ® be an Orlicz function such that 0 < ve < bp < 00 and
®(u) = au for u € [0,ve] and a > 0. If u(T') < oo then the space (Le, ||-||5) has the
uniform \-property.

Proof. By Corollary 3.1 in [4], the space (Lg, ||-||5) has the A-property.

Suppose that u(7T) < co. Let z € S (Le) \ ExtS (Lg) . By Proposition 1.1, without
loss of generality, we can assume that x(t) > 0 for p-a.e t € T. Since by < 00, we
have that K(x) # @ for any « € Lg. Then there is kg > 0 such that

1 1
1= lelly = 5= O+ To(kor) > -

whence ko > 1 and koz(t) < bg. We have
AF(CD)-F = (U (awbl)) )
i=1

where €N or r = oo and a;, b; € SC(®) for any ¢ € N. Obviously, (a1,b1) = (0,vs).
Since x is not an extreme point of B(Lg), it follows from Theorem 1 in [12] that

p{t € T kox(t) € AF(®),} > 0.
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Let Th = U;_, T{, T» = U;_, T3, where the sets T{ and Tj (1 <14 < r) are defined
by (3) and (4), respectively. Define T3 = T' ~\ (177 U T5) and

éai if teTiand1<i<r,
et)=q b if teTjand1<i<r

First we claim that p(suppe) > 0. Suppose for the contrary that p(suppe) = 0.
Then 0 < koz(t) < %U@ for p-a.e. t € T. Take ky = %ko. Hence 0 < kyjz(t) < %

and by the linearity of ® on (0, vs), we have

k:l (1+ Ip(ki2)) = k‘il + /T:L‘(t)d,u < ki + /T:E(t)du = klo (1+ Ip (ko) ,

1 0

whence ko ¢ K(x). A contradiction.

It will now be shown that A(z) > HGQH‘P. Obviously, e € Lg and K(e) # @&. Choose

€ (0,1). Clearly, e(t) > x(t) for t € T\ Ty, whence

Iy [p (1 +¢€) koe) xrmy] > 1w [p <<1 + Z) k‘0$> XT\Tl] : (8)

If t € Ty, then either (1+¢)a; < b; or (1+¢)a; > b; for any i € N. If the first
inequality is satisfied, then

(145 et < (145) 252 < 5 (145) (12 + 0 ) = Sl <

Suppose that (14 ¢)a; > b;. We have

(14 Yoty < (14 5) 2B < UFICHD 14y,

Since p is constant on each (a;, b;), we conclude that

p((1+¢)koe) xr, > p ((1 + Z) k’o$> Xy - (9)

in both considered cases. Combining (8) with (9), we get

T [p (L4 hoe)] = 1o [p (14 7) how) | = 1, (10)
whence, ko > k**(e). Analogously, by e(t) < z(t) for t € T \. Ty, we have
p((1—¢)koe) xror, <p (( — —> kox> XTTy- (11)
Now, assume that ¢t € T5. Then either
(1—¢)bj>a; or (1—¢)b; <a,.
If (1 —¢)b; > a;, then

(=9t (=) 5 3 1-9) (1 ve) - U5 -
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When the second inequality holds, we get

(1= ) koatt) > (1-2) %2 b (= 5)8(2 =~ (1— )b

Therefore, taking into account both cases, we obtain
€
p((1—¢)koe) xr, <p <<1 — Z> k0x> XTs- (12)
The inequalities (11) and (12) imply that
€
— < - = <
Lolp((1 =) koe)) < o [p (1= 7) hor) | <1, (13)

whence ko < k*(e). It follows from the definition of the set K (e) that K(e) = {ko}.
Define e = —5—. Then

llelle "
K@ =K (5 ) = lelloho} = (R}

lelle

Moreover, koe(t) = koe(t) € SC(®) for p-ae. t € T. Hence, by Theorem 1 in [12],
€ is an extreme point of B (Lg).

Let y=2xr —eand y = ”;qu). Then

eXTy = YX13 = TX13:  GiXTy = Koexry < Koxxry < Koyxri < bixry,
and aixt, < koyxn, < koxxr, < koexr, = bixn,

for i = 1,2,...,r. Since koe differs from koy only on AF(®), it follows that

o () >kt

2

) — %cp (koe(t)) + %<I> (koy(t))

for all t € T. Hence

1 1 e+y 1
_ — > = = — (1 I
5 lelle 5 ylle = || — . [E4[P /€0< + Ip (ko))
1 e+y 1 1
= — (141 | kg—= =— (1+1p (k — (1+1s (K
o (10 (W55Y) ) = g (T )+ 5 (1o )
1 1
=5 lellg + T (14 Is (koy))

1 .1
and consequently % (1+ I (koy)) < |lyllg = ]1€r>1£ T (14 I (ky)).

1
Therefore |ly||y = = (14 Ip (koy)), and ko € K(y). Moreover,
0

1 1
L=zl = 5 llelle + 5 [1¥lle-
2 2
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Taking A = £ |le[| , we have

~ ~ 1 e 1 Yy 1 1
AN+ (1=Nj== — 4 (1-= = et -y=
€+( )y 2 ||€H<I> H6H<b + ( 2 H€||<I>) Hqu> 26+ 2?/ Z,

whence A(z) > 1 ||| as desired.

Since p(suppe) > 0 and kope(t) € SC(®P) for p-a.e. t € T, the inequality koe(t) > ve
holds for p-a.e. t € suppe. Hence, by Lemma 2.3(a) and (c), we have

2

1 1 Vo Yo
Mz) = S llelle > o llellc = =
@L_Hﬂ@_%JMu_z%%—g@m%mﬂ+U

for any x € S(Lg). Therefore the space (Lo, ||-||) has the uniform A-property. [

Theorem 2.5. Let u(T) = oo. If ® is defined by the formula
D(u) = { alu|  for |u] <b

oo for |ul>b
fora >0 and b > 0, then the Orlicz space Ly has no uniform A-property.

Proof. It is easy to see from Lemma 2.3 a) that for such ® we have

1
1Ml = 31l lloe +all - [l

By the divergence of harmonic series, for any n € N the smallest number h(n) € N
can be chosen such that

b 1
Define Tn = — Z gXTi(n)y (14)

where (Ti(n)) is a sequence such that for any n € N the sets TZ-(”) (i=1,2,....h(n))
are pairwise disjoint and u (Ti(")> = ﬁ Hence

h(n) h(n)
1b b 1 1 1 1
ol = 50 o D (vgm ) = 5+ 5205

for any n € N. It follows from the definition of h(n), that
1
1< fally <14

for any n € N. For each n € N define

~ Tn
Ty = .
T lzalle
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Since the space Lg has the A-property (see Corollary 3.1 in [4]), there are A, € (0, 1),
yn € S(Lg) and e,, € extB(Lg) such that

Tp = Anen + (1 — \)un (15)
for any n € N. By the definition of the norm ||-||, and Lemma 2.2 b),
ke,en(t) € [0,0] and ky,y,(t) € [0,0]

for p-a.e. t € T, any n € N and k., € K(e,) and k,, € K(y,). Since for any n € N
we have e, € extB (Lg), it follows from Corollary 6 in [12] that e, (n = 1,2,...) is
in the following form: k., e,(t) =0 or ke, e,(t) =b. Moreover,

1 10
1= llenlls = Hllealloe + allenlls = 12 +a / ealdu

b bk,
supp en
1 b 1
= tap—p(suppen) = -— (1 + abu (suppen)),

for any n € N, whence k., =1+ abu (suppe,) and

ba
1 + aby (supp e,

en(t) = )Xsupp en

for any n € N. It follows from (14) and (15) that

Z XT(n) k‘ (t) + k—kynyn(t) > k;_eansuppen (t)

for p-a.e. t € T and any n € N. Consequently,

Z PRGN

/\nXsupp en S

||95n| o b
(16)
1 + abu(supp e,)
R Z i
h(n) (supp en)
By Lemma 2.2, supp e, C supp &, whence p(suppe,) < =3 and at least [“ s W
h(n)
sets of the collection {Ti(") } has a non-empty intersection with supp e,,, where [ -]
i=1

denotes the ceiling function. Let jo be the smallest integer such that j, > %

and p (T " supp en> # @. Then, by the inequality (16), we have

AnX () A L+ abp(supp ) : b : .lx ()
o Nsupp en, b Hxn”q) n Jo TJO Nsupp en,
1 + abu(supp ey,) 1
njo [|Znl ¢ " p(suppen) XT( )Nsuppen”

ab
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By the definition of the A-characteristic of Lg, we have
A, =inf{A(z): 2z € S(Ls)} < A(zp,) = 0 as n — oo,

whence A, = 0. Thus the space L¢ fails to have the uniform A-property whenever
w(T) = oc. O

Theorem 2.6. Let ® be an Orlicz function for which by = oo and let x7 € Lg.

Then L has the uniform \-property if and only if sup {%} < 0o and one of the
a; 0 v
following conditions holds g

(a) lim @ = 00;
U—r 00

(b) lim @ < 0o and sup R(u) = oco.

u— m

Proof. If R(u) is upper bounded, then, by Corollary 1.4, Lg fails A-property. Con-
sequently, it also fails uniform A-property. Assume now that R(u) is not upper
bounded. Tt follows from Proposition 2.2 in [4] that for any x € Lg we have
K(x) # @.

Sufficiency. Assume that sup {Z—l} < oo and define o = 5———. If u(T) < oo or

. 2lIxrlle "
w(T)=o00 and ag >0, thenalizinma 2.1 assures that 0 <||xr||s <o0. Take z€S(Lg).
Without loss of the generality we may assume that z(t) > 0 for p-a.e. t € T.
Define £ ={te T :xz(t) > a}. Then
oxrelly < lloxrelly < s lrlls = 5,
Ix7!|e 2

Hence, by the triangle inequality,

1
||xXE||<1> = Hx - xXT\Ech 2 ||x||¢ - H$XT\EH<I> > 9 (17)
Let e(t) be defined by the formula (6). By Lemma 1.5,

2

Define 8 = 1+ sup {%} Observe that e(t) > x(t) for p-a.e. t € T\ (T3 UTy).

=

The assumption sup {—2} < 00, assures that ug = oo, whence T, = @. Moreover

T3 = @ because by = 0o. By the formula (3), we have

Cli—i—bi

a; < k’ol‘(t) < 5 "

2 2 .
whence a; > 1k(f§’f> > Ek‘ox(t) for p-a.e. t € T7 (1 <i <r). Hence
1 12 2
e(t) = —a; > ——=kox(t) = =x(t 19
(1) = 3,0 2 ¢ ghov(t) = Za(t) (19)
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for p-a.e. t € T} (1 < i < r). Combining (17), (18) and (19) we have

HeHcp H€XE||<1> 1
A > > E >0
(x) 2 2 25 HiUX H‘I’ 26

for any = € S(Lg). Hence

A, = Inf{\(z): 2z € S(Le)} > % > 0,

which proves that Le has uniform A-property.

Necessity. Suppose for the contrary that sup {Z—} = 0. Passing to a subsequence
Z- T

if necessary, we may assume that b, > n3a, and ¥(p(a,))u(T) > 1. Take disjoint
A,, B,, C, CT for n € N such that

W(pla) i Ar) = Tp(b)u(B,) = 5 (20)
and W(pla,)(Co) =1~ - 1)
Clearly w(A,) — 0 and p(B,) — 0 (22)

as n — oo. Bvery set C,, (n € N) decompose into disjoints sets (C?)”_| such that
p(CL) = L (Cy,) for any i < n. Define 21 = aixa, + bixp, and

- 1 1
= b 1— b | v
Tp = @1XA, +01XB, +; [( z’lnn) p + Ton ] Xcs.

for every n > 1. Then z,,(t) € AF(®), for any n € N and p-a.e. t € supp z,(t).

For any k£ < 1 and n € N we get the following implications

for p-a.e. t € C,, (kxy(t) < b,) = p(kz,(t)) <p
for p-a.e. t € B, (kx,(t) < b)) = p(kz,(t)) < plar),
for p-ae. t € A, (kx,(t) < a1) = p(kxn(t)) <p

It follows, by (20) and (21), that

/wwmmmW—/wwmmmw+/wwmmmw+/wwmmmw

< U(p(an)pu(Cp) + ¥(p(ar)u(Bn) + ¥ (plar)pu(An) <1

for any n € N. On the other hand for any £ > 1 and n € N we get
for p-a.e. t € Cp, (kx,(t) > a,) = p (kz,(t)) > plan),

for p-a.e. t € B, (kxp(t) > b)) = p(kx,(t)) > p
for p-a.e. t € A, (kx,(t) > a1) = p (kx,(t)) > p(al)
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By (20) and (21), it follows that

/ (ke (1) )yt = / U (p (ke (£)) dp + / U (p (ko (£)) dp + / W (p (ko (£)) dp

T Cn By An

> U(p(an)u(Cn) + W (p(b1)u(Bn) + ¥ (p(ar)u(An) = 1
for any n € N. It follows from the definition of £* and £** that k*(x,,) = k**(x,) = 1.
Hence K (z,) = {1} for any n € N.
Now, let A, € (0,1), y, € B(Ls), e, € extB (Lg) be such that
x
—— = Al + (1= \p) Yn.
2 lg

for any n € N. By the definition of the Orlicz norm we conclude that

1

The next point in the order of business is to show that A\, — 0 as n — oco. By
Proposition 2.2 in [4] we have K(e,) # @ and K(y,) # @. Take k., € K (e,) and
ky, € K(y,). Then we obtain

Tn

TR < % (14 I (k Mnen + (1= X0) wn))) (23)

P

for any k > 0.

1
ke,

1
1= ||€an> = (14 Iy (kenen)) , and 12> HynH@ = 5 (1+To (kynyn)) (24)
Yn

for any n € N. Hence, by Lemma 2.2, we get
ke, Ky, c K( Tn >
(1= An) ke, + Anky, [P

for any n > 1. It is easy to see that if k € K (z,,), then k ||z, || € K (
K (z,) = {1}, we have

> . Since

H$n||q>

[oally = enhin
Frlle = ) ke, + Mk,

1 1—-X A

for any n € N. Then = - > - for any n € N, whence
||In ||(I> kyn ken ken
ke
Ap < — (25)
[P

for any n € N. By Lemma 2.2, we get

ke, €n(t) € [an,b,] for t € Cp,
ky, yn(t) € [an, by for t € C,, (26)
ke,en(t) = ky,yn(t) = z(t) for t € A, U B,,.

for any n € N.
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Since e, € extB (Lg), it follows from Theorem 1 in [12] that either

ke, en(t) = a, or k., e,(t)

Combining the inequalities

by,.

q)(p(an>> > (bn - an)p(an>
and U (p(an)) = anp (an) — @ (an) < anp (an)
with the equality (21), we get
® (by) 1 (Cr) > nTJp&;ZZS ~)
b_n _ p(an) an . l
> (1) S (-3)
()6

For any n € N define the set H,

i(n) = max

Jour

enn () +

1

(e

Th
o )Ilnn

_ Mzl
TnTnle g,
ke,

={teC,:kee,(t)=0,} and the

{ign:u(C’éﬂHn)>0}.

1

bn
)Inn

Ty, (t)

1_ n
( ) HI ||<I> kyn Yn (t) >
ky

ke,

n

n
for p-a.e t € C! N H,. But > % > Inn, so we may observe that

i=1

[nlle =14 Lo ()

An ”InH@b

(27)

)

positive integer

(28)

:1+/A @(xn(t))dqu/ @(xn(t))du+/ O (2, (1)) dp

>/Cn¢(xn(t))d,u:

o
i (zlnn

@ (bn)

(bn) (O’:L)

n

Z/ B (2, (1)) dp

n

n

bn)dp Z;@(“m ) (ci)
1 u () Z‘

Inn n
(bn) (sz) :

(Ch) =

1
Inn=-o
n
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Additionally, by (24) and (26), we have
ken = 1 —+ I<I> (kenen)

:1+/"q>(k€nen (t))d,qu/n(b(kenen (t))du+/cn<1>(kenen (1)) du
:1+/An@(al)du—l—/n®(bl)du+/n®(l~cenen(t))du
<1+/A <I>(a1)dM+/n<I>(b1)d,u+/n@(an)du—k

Ly (30)
Z<’(”)C;mHn
< 1+<I>(a1)M(A )+ @ (b1) 1 (By) + @ (an) u (Cr) +
+ Z C” NnH )
i<i(n)

<1+ @ (ar) p(An) + @ (01) p (Bn) + @ (an) pu (Cr) +

+ %z (n) @ (by) 1 (Cy) -

Consider two cases:

(a) Let i(n) = 0. We know that ®(b,) > ®(na,) > n3® (a,), so combining
inequality (25) with inequalities (27), (29), (30) and (22), we have

A Ay < o
< i (L4 002
oo %(I) (bn> 1% (Cn>
L0 (an) 1 (C) + i (n) @ (by) o (Cn))

%CI) (bn) 1 (Cr)

— lim 1+ o (a1> 1% (An) +@ (bl) 1% (Bn) + @ (an> 1% (Cn)

oo 20 (bn) 1 (Cy)
< lim (14 @ (a) (A + @ () (B) +

I
=

(b) Now let 7 (n) > 0. Combining conditions (28), (29), (30) with the fact that
i(n) <nand $ < X5, we conclude

1 1 k
A 1— - wt - by =
) (( ) )
_ i(n)lnn -1\ a, N 1 ke,
i(n)lnn by i(n)lnn) ||z,
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nlnn+n® ke,

i(n)ndlnn ||z,

o nlant o’ (n<1+¢>(a1)u<An +<I>(b1)u<3n>)+%+z’(n)>

i(n)n?lnn

_ nlnn + n3 (n(l—i—@(al)u(/ln + @ (by) 1 (Bn)) i)—i—

i(n)n3lnn (n®—1)(1-2) n?
LI
n? Inn.
Thus lim A, = 0, whence Lg fails the uniform A\-property. [

n—oo

Theorem 2.7. Let ® be an Orlicz function such that be < oco. If u(T) < oo or
w(T) = oo with ag > 0, then LY has the uniform \-property.

Proof. Let x € S(Lg). Without loss of generality, we can assume that x(t) > 0 for
p-a.e t € T. Define

1

o=
2Ixzlle

and E={teT:z(t)>a}.

Repeating the same arguments as at the beginning of the proof of Theorem 2.6, we
obtain

1
loxrlly 2 5 (31)

Define the function e(t) by the formula (6). Then, by Lemma 1.5, we have

|lellg
Aa) = T, (32)

Consider two cases.

Case 1. Assume that the function ® is affine on [0, b;]. Then ap = a; = 0. Similarly
as in the proof of sufficiency of Theorem 2.5 in [4] we observe that there is a set H
of positive measure such that koz(t) > % for p-a.e. t € H. Then e(t) = Z—é for p-a.e.
t € H. Hence, by Lemma 2.1, it follows that

by by |||

lelly - llexulla
\z) > > = — > 00
1
i il N S
=T T ],
by

> ——— > (.
4b<2b HXTH«D

Case 2. Suppose that a; # 0. Define

b;
b= 1+sup{—}.
i Q;
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Similarly as in the proof of sufficiency of Theorem 2.6, we have

oy > elo 5 llexelly o 12
2 2 23

1
> — > 0.
laxelly > 55 >

Combining both cases, by the inequality (1), we conclude that

1
)\(Lg) > min{— L} > 0.

45" 8bg [ xrlle

Hence Lg has the uniform A-property. 0
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