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1. Introduction

Let f:R — R be a convex function. Suppose that ¢ minimizes f, i.e., f(x)> f(a)
for all z € R and that f(a) = 0. Then, intuitively, the antiderivative of the func-
tion f on [a,00) given by F(z) := [ f(x)dz is “more” convex than f on [a,c0).
For example, if f(z) = |z| then F(z) = 2?/2 is “more” convex than f on [0, 00).
Similarly, the antiderivative of F' is intuitively more convex than F', and so on. In
this paper we provide Jensen-type inequalities for F' and its antiderivatives. These
inequalities are tighter than the standard inequalities that hold for convex functions.
Importantly, these inequalities are simple and can be used in various applications.

We demonstrate the usefulness of our results in a variety of applications from dif-
ferent fields that are of independent interest. In our first application, we generalize
a well-known result by Pratt [20] that provides conditions that imply that one ex-
pected utility decision maker is more risk averse than another. We provide conditions
that quantify the relation ‘more risk averse’. In our second application, we provide
risk measures that are based on utility functions. In our third application we pro-
vide a novel Poisson approximation in terms of the Wasserstein distance. In our
fourth application, we provide bounds on the moment generating function of a ran-
dom variable that involve the random variable’s first p moments. We also provide
a bound on the expected value of a random variable that generalizes the AM-GM
inequality. In our fifth application, we provide lower bounds for the log-likelihood
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function in a standard statistical setting with hidden variables where directly max-
imizing the log-likelihood function is usually intractable. In the sixth application,
we derive novel Hermite-Hadamard type inequalities.

The rest of the paper is organized as follows. Section 2 introduces the (p,a,b)-
convex functions and provides inequalities that involve these functions. In Section
3 we use the results from Section 2 for various applications. In Section 4 we provide
a summary.

2. The family of (p,a,b)-convex functions

Throughout the paper we consider a fixed probability space (2, F,P). A random
variable X is a measurable real-valued function from €2 to R. We denote the expec-
tation of a random variable on the probability space (€2, F,P) by E. For 1 < p < oo
let LP := LP (Q, F,P) be the space of all random variables X : © — R such that
|X],, is finite, where

/p
|XH (/ | X (w) [P P( dw)) for 1<p<oo and |[X]_ = esssup|X(w).

We say X is a random variable on [a, b] for some a < b if P(X € [a,b]) = 1.

We write CP([a,b]) for the set of all p times continuously differentiable functions
f:la,b] = R. For k > 1, we denote by f%* the kth derivative of a function f and
for k = 0 we define f(©) := f. As usual, the derivatives at the extreme points f*)(a)
and f*)(b) are defined by taking the left-side and right-side limits, respectively.

For a non-negative integer p and real numbers a < b we define the following set of
functions:

J(p,a,b):={fcCP([a,b]): f? is convex and increasing, f*(a)=0Vk =1,...,p}.

For an integer p > 1 we say that a function f is (p,a,b)-convezr if f € J(p,a,b).
For p = 0 we say that a function f is (0, a,b)-convez if f is convex on [a, b]. For an
integer p > 1, a function f is a (p,a,b)-convex function if the pth derivative of f
is a convex and increasing function and f*)(a) = 0 for all k = 1,...,p. For every
positive integer p the set J(p,a,b) is a subset of the set of convex and increasing
functions. The class of functions J(p, —oo,00) is widely studied in the literature
(for an early reference see Williamson [22]) and plays an important rule in deriving
some concentration inequalities (see Pinelis [19]) and stochastic orders (see Fishburn
[11]). The class of (1,a,b)-convex functions is used by Light and Perlroth [14] to
study stochastic orders.

The antiderivative of a (p—1, a, b)-convex function g such that g(a) = 0 is a (p, a, b)-
convex function. More generally, suppose that g isa (p—1, a, b)-convex function. It is
casy to see that the function f(z) := [7(g(z) — g(a))dz is a (p, a, b)-convex function.
In particular, the functions that belong to the set J(1,a,b) can be identified as the
integrals of convex functions.

Functions that are (p, a, b)-convex arise naturally in many settings. The next simple
observation shows that we can construct a (p, a, b)-convex from the Taylor series of
a convex function. We will use this observation in Section 3.
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For a function f : [0,b] — R that belongs to C?[0,b], the remainder of the Taylor
series of order p at the point 0 is a (p, 0, b)-convex function whenever the function
f®) is convex and increasing.

Lemma 2.1. Let p > 1 be an integer and let f € CP[0,b], b > 0. If f® is convex
and increasing on [0,b] then Ry, is a (p,0,b)-convezr function where

Rpp(x) = f(z) = 320 fP(0)7 /5!
is the remainder of the Taylor series of order p at the point 0.

Proof. Differentiating yields R{)(0) = f®(0) — f®(0) = 0 for all k = 1,...,p.

In addition, RE}? ;(x) = f®)(x) — f®)(0) is convex and increasing because f®) is
convex and increasing. We conclude that Ry, is a (p, 0, b)-convex function. O

The next theorem provides a version of Jensen’s inequality for (p, a, b)-convex func-
tions. The proof is deferred to the Appendix.

Theorem 2.2. Let X be a random variable on [a,b] for some a < b. Let p > 1 be
an integer.

(i) For every (p,a,b)-convex function f we have
Ef(X) = f (a+ (EX —a)"") = fat+ X —alpe). (1)

(ii) Let f be a (p,a,b)-convez function and assume that f(a) = 0.
Let g(z) := f(x)/(x — a)P™'. Then g is increasing on (a,b).

Remark 2.3. (i) From a standard truncation argument Theorem 2.2 also holds for
a random variable X on [a, 00) such that X € LP*,

(ii) Let f be a (p,a,b)-convex function. For every integer p > 1 and every random
variable X € LP*! on [a, 00), we have a + | X — al| ,; > a + E(X — a) = E(X).
Combining the last inequality with the fact that f is an increasing function (note
that a (p, a,b)-convex function is increasing) yields

fla+ X —all,.,) > fEX)).

Thus, for all p > 1, Theorem 2.2 is tighter than Jensen’s inequality. That is, for
functions that belong to the set J(p, a,b) we have a tighter lower bound on Ef(X)
than the standard lower bound of f (E(X)). O

Using Theorem 2.2, we can also derive upper bounds on Ef(X) for a bounded
random variable X and for a function f € J(p, a, b) that are tighter than the standard
bound derived from Jensen’s inequality. These bounds depend on the first p moments
of the random variable X. The proof is deferred to the Appendix.

Corollary 2.4. Let X be a random variable on [a,b] for some a <b. Letp > 1 be
an integer. Then, for every (p,a,b)-convex function f we have

E(X — a)Pt! E(X — a)Pt!
(1 — W) fla) + Wf(b) >Ef(X)
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Theorem 2.2 and Corollary 2.4 hold for convex and increasing functions. We can
prove similar results for convex and decreasing functions.

For a non-negative integer and real numbers a < b we define the following set of
functions:

1) >0vE=1,...,p+2,
@(p,a,b)::{fecp+2([a,b]);( VI P }

fPo)y=0Vk=1,...,p

The proof of the following Proposition is similar to the proof of Theorem 2.2 and is
therefore omitted.

Proposition 2.5. Let X be a random variable on [a,b] for some a < b. Suppose
that f € ©(p,a,b) for some integer p > 1. Then

Ef(X) = f(b—=1b=Xllps1)- (2)

3. Applications
3.1. Risk aversion

Consider a setting in which a decision maker (DM) faces a lottery that is represented
by some random variable X on [0,00).! A realization of X, say x, represents a loss
of x dollars. A loss function [ : [0,00) — [0,00) is a strictly convex and strictly
increasing function. For a DM with a loss function [ the expected loss from a
risky lottery X is given by El(X). The convexity of the loss function represents
the decision maker’s risk aversion. Let f and [ be two loss functions on [0,00). A
question of interest is whether a DM with a loss function [ is more risk averse than a
DM with a loss function f. A standard definition (Pratt [20]) states that [ exhibits
more risk aversion than f if, for every number ¢ and every lottery X, whenever
[ prefers the lottery X to some sure amount ¢ then f also prefers the lottery X
to c. In this section we are interested in extending this definition to formalize the
following: To what degree does the loss function [ exhibit more risk aversion than
the loss function f? In the spirit of Pratt [20] we introduce the following definition:

Definition 3.1. Let [ and f be two loss functions and let p > 1 be an integer. We
say that [ is p-more risk averse than f if || f(X)]|, < f(¢) whenever El(X) < (c) for
every number ¢ > 0 and every random variable X on [0, 00).

Note that for p = 1 the binary relation 1-more risk averse reduces to the standard
more risk averse binary relation that we mentioned above (Pratt [20]). For p > 2,
because || f(X)|[, > ||f(X)|l1, we require a stronger condition. This stronger condi-
tion provides a natural way to quantify the relation “more risk averse”. Hence, the
relation p-more risk averse captures the degree to which [ is more risk averse than
f. When p is higher, the degree to which [ is more risk averse than f is higher.
The next Theorem shows that a simple characterization of p-more risk aversion can
be provided in terms of the (p,a,b)-convex functions. Note that Pratt [20] proves
Theorem 3.2 for the case that p = 1. As usual, for two functions f and g we write

(fog)(x):= f(g(z)).

L Our results can be generalized to any random variable Y on [a, —oco) that is bounded below by
considering the random variable X :=Y — a on [0, 00).
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Theorem 3.2. Let |l and f be two loss functions and let p > 1 be an integer. The
function Lo f~1 is (p — 1,0, 00)-convez if and only if | is p-more risk averse than f.

Proof. Let p > 1 be an integer. Suppose that [o f~!is (p—1,0, 00)-convex. Let X
be a random variable on [0, 00) and let ¢ > 0 be such that EI(X) < [(c). Note that

EI(X) < l(c) & E(lo f7)(f(X)) < (Lo f7)(f(0)).
Theorem 2.2 applied for the random variable Z = f(X) on [0, c0) implies that

(Lo 7O < Elo fH(f(X).

We conclude that (Lo f=1)([|F/(X)|l,) < (Io f71)(f(c)). Because [ and f are strictly
increasing we have || f(X)||, < f(¢). Thus, [ is p-more risk averse than f.

Now assume that [ is p-more risk averse than f. Assume in contradiction that [o f~1
is not (p — 1,0, 00)-convex. Then the function k(z) = (I o f~')(z'/?) is not convex
(see the proof of Theorem 2.2). Thus, there exists z1,22 > 0 and A € (0,1) such
that

(Lo £7) (a1 + (1= N2)P) > Ao )P + (1= N o £7)()

Let x1, %2, ¢ be such that ffl(zl-l/p) =uz; fori=1,2 and I(z1) + (1 — N)l(z2) = l(c).
We have

(Lo £7) (Ao + (1= 0)22)'"7) > Mo f)(F() + (L= N(Lo f7)(f(a2))
= N(x1) + (1 = N)l(z2) = l(c).

The fact that [ is strictly increasing implies
PO+ (1= 020" > e (M) + (1= N f@))? > f(e).

Thus, ||f(X)|, > f(c) and EI(X) = [(c) for the random variable X that yields z;
with probability A and zs with probability 1 — A which is a contradiction to the
statement [ is p-more risk averse than f. [

3.2. Risk measures

Consider the setting of Section 3.1, where a decision maker (DM) faces a possible
future loss that is represented by a random variable X on [0, 00). The DM wants to
measure the risk of the random variable X. A standard approach to measuring the
risk of X is to assume that the DM has some loss function [ but the DM does not
know the law of X. The DM considers some set () that consists of possible laws for
X. The risk of the random variable X is measured by sup,co E,/(X). That is, the
risk of X is given by the worst-case expected loss given that the law of X belongs
to Q. This approach is fundamental in the theory of risk measures (see Artzner et
al. [1]). A decision-theoretic axiomatization of this approach is provided by Gilboa
and Schmeidler [12].

Alternatively, a different approach to measuring the risk of X assumes that the DM
knows the law of X but does not know the loss function /. The DM considers some
set £ that consists of possible “very” risk averse loss functions (recall from Section
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3.1 that a loss function [ : [0,00) — [0,00) is a strictly increasing and strictly
convex function). For every loss function | € £ the DM computes the certainty
equivalent of X i.e., ["}(El(X)), and the risk of the random variable X is measured
by Re(X) = infjez 7Y (EI(X)). Intuitively, Rz(X) equals the highest number ¢
such that for every loss function in the set £ the expected loss is higher than or
equal to c. That is, ¢ is the highest number such that every agent in the set of very
risk averse agents L prefers ¢ to the lottery.? To practically use this approach one
needs to characterize the risk measure R, (X) for plausible sets of loss functions.
Using Theorem 2.2 we characterize R.(X) for a set of loss functions that we now
introduce.

For every integer p > 1 we consider the following sets of functions

1D(z)x > plY(z) Yz > 0,
p+2f

— p+2 .
b {ZEC' 0, 00 1M (2)>0Ve>0Vk=1,...
Suppose that [ € £1. The requirements [(V) > 0 and [ > 0 ensure that [ is a loss
function. The condition I® > 0 means that the DM exhibits downside risk aversion
which is a natural property in our setting (see Menezes et al. [16]). The condition
1@ (x)z > 1W(z) is a curvature condition that is widely analyzed and used in the
literature. Thus, the set £ is a plausible set of “very” risk averse loss functions. For
a higher p, the loss functions in £, exhibit higher-order risk aversion and a higher
lower bound on the Arrow-Pratt measure of relative risk aversion. The next theorem
characterizes R, for every integer p > 1. Thus, the loss functions in £, are more
risk averse when p is higher. Using Theorem 2.2 we show that R, (X) = || X||,+1
for every integer p > 1.

Theorem 3.3. Let p>1 be an integer. Suppose X € LP*'. Then Ry, (X)=|/X||pt1-

Proof. Assume p > 1. Suppose that | € £,. Define z(z) = I®(z)z — pl®¥(x) on
[0,00). Because | € £, we have z(x) > 0 for all x > 0. In particular we have
2(0) = —=IM(0)p > 0 which implies that [ (0) = 0. Thus, z(0) = 0. Note that
20 () = 194 (2 — 1 (z) (p — k)

forall k =0,...,p. Assume in contradiction that there exists some j = 2, ..., p such
that {¥)(0) > 0. Then there exists an integer 2 < m < p that satisfies {(™(0) > 0
and [M(0) =0forallk =1,...,m—1. We have 2¥(0) =0 forall k = 0,...,m — 2
and 2(™~Y(0) < 0 which is a contradiction to the fact that 29 (z) := z(x) > 0 for

all x > 0. We conclude that [®(0) = 0 for all k = 1,...,p. Because [ € L, the
function [ is convex and increasing. Thus, [ is a (p,0, 00)-convex function.

Using Theorem 2.4 we have
EIX) 2 L([Xlpr1) & U EUX)) = | X [|pr

for all I € £,. Thus, infieg, 17" (EI(X)) > || X][p+1. On the other hand, the function
m(x) = 2P satisfies

m? @)z = p(p+ 12>z = p(p+ )2 = pm (x)

2 A similar idea and a decision-theoretic axiomatization are provided by Cerreia-Vioglio et al. [5].
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for all z > 0 and m® > 0 forall k = 1,...,p, z > 0. Thus, m € L,. We have
m~H (Em(X)) = || X|[p+1. Hence, infiep, 17! (EI(X)) < || X|[p+1. We conclude that
infiep, 171 (EI(X)) = || X||p+1 which proves the Theorem. O

Remark 3.4. Theorems 3.2 and 3.3 can also be applied to concave and increasing
utility functions using Proposition 2.5.

3.3. Poisson approximation in the Wasserstein distance

The Poisson approximation of a sum of binary random variables has received exten-
sion attention in the literature (for example, see Barbour et al. [2]). In this section,
we leverage Theorem 2.2 to derive a simple Poisson approximation result for the sum
of independent binary random variables in terms of the Wasserstein distance. The
Wasserstein distance has many desirable properties and has been recently popular-
ized in statistics and machine learning. The Poisson approximation result presented
in this section is simple to derive and does not use the Stein-Chen method that is
typically employed to derive Poisson approximation results (Barbour and Xia [3]).
Our result improves a similar Poisson approximation result that is given in Boutsikas
and Koutras [4].

The Wasserstein distance between two random variables X and Y is given by
dw(Z(X),Z(Y)) =infE|U — V|

where the infimum is over all couplings (U,V) of Z(X) and Z(Y). We denote
by Po(z) the Poisson distribution with parameter x and by F(z) the cumula-
tive distribution function of the exponential distribution with parameter 1, that
is, F(z) =1 — exp(—x).

Theorem 3.5. Suppose that X1,...,X, are independent binary random variables
on {0,1} such that P(X; = 1) =p;. Let S, => " | X;. Then

dy <$(Sn),Po (ip)) <on <—V %ﬂ)g _F <—V %’%ﬂ)g)) G

Remark 3.6. Lemma 7 in Boutsikas and Koutras [4] shows that

dy (X(Sn),Po <Zpl>> < pr
i=1 i=1
Inequality (3) is tighter than the inequality above. To see this note that
2(x — (1 — exp(—z)) < 2°

for every positive z. Letting = = /> ., p7/n shows that

on (ﬁz;%p% e (W&ﬁ)) Sy

v v
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Proof. Define the function f(x) := exp(—z) — 1+ x — z%/2. Note that we have
fM(0) = —exp(—0) + 1 = 0. It is straightforward to check that f), ) and f©
are non-positive on [0, 1] so —f satisfies the conditions of Theorem 2.2. Consider
the random variable X that yields p; with probability 1/n. Using Theorem 2.2 with
the random variable X and the function f yields

nt (i (exp(—p,») —1+4+p; — %2)>

=1

n' Y v}

< ex
=~ exXp 5

Rearranging the last inequality yields

23 " (exp(—pi)—14p;) < —2n [1—exp
=1

Suppose that Y7, ..., Y, are independent random variables such that Z(Y;) = Po(p;).
We then have

=D D PX; <) - P <) =D IPX; > 4) = P(Y; > )

=1 j=0 i=1 j=0

=S (m — (1= exp(—pi) | + D P(Y; > j))

= Z (Ipi — (1 = exp(—p))| + E(Y;) = P(Y; > 0))
=Y (Ipi = (1= exp(=pi))| +pi — (1 = exp(—py)))

i=1

=2 i (exp(—pi) — 1 +p;)

=1

— o Z?ﬂp%_ > P
‘2< v F( v

which proves the Theorem. The first inequality follows from the subadditivity of
the Wasserstein distance. The second inequality follows from inequality (4). [
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3.4. Lower and upper bounds on the moment generating function

In this section we leverage Theorem 2.2 to provide bounds on the moment generating
function of a random variable.

For every integer p the exponential function exp(z) satisfies the conditions of Lemma
2.1, and hence, the Taylor remainder of the exponential function exp(z)— ?:o 27 /5!
is a (p,0,b)-convex function for all p > 2. We leverage this fact to provide lower
and upper bounds on the moment generating function of a random variable. We
first provide a lower bound on the moment generating function of a random variable
that is bounded from below. The bounds depend on the random variable’s first p

moments.>

Corollary 3.7. Let X € LP be a random variable on [0,00) where p is a positive
integer. For all s > 0 we have

L x| p—1 59 X
Bexp(sX) 2 exp (o X,) — 5 A (Z .X> )

!
j=0 j=0 J:

Proof. Fix s > 0. From Lemma 2.1 the function exp(x)—Zf;é z7/jlis (p—1,0, 00)-
convex. This implies that g(x) := exp(sz) — Z?;é(sx)j/j! is (p — 1,0, 00)-convex.
Applying Theorem 2.2 (see also Remark 1) for g and rearranging yield (5). O

Suppose that X is a random variable on [1,00). Then we can apply inequality (5)
to the positive random variable Y = In(X) and s = 1 (assuming that Y € L?) to
derive the following lower bound on the expected value of X:

I

EX > exp (|| In(X)]],) — Z ”mﬂ# tE (Z ln('X)]) .

=

When X is the random variable that yields z; > 0,7 = 1,...,n with probability 1/n
then inequality (6) generalizes the well-known AM-GM inequality which corresponds
top=1.

We now provide an upper bound on the moment generating function.

Corollary 3.8. Let X be a random variable on [0,b] for some b > 0 where p is a
positive integer. For all s > 0 we have

Eexp(sX) < ]E;p(p (exp sb) — Z—b]> (2_: Sij> : (7)

!
0 7! j=0 J:

Proof. Fix s > 0. From Lemma 2.1 the function g(z) := exp(sz) — Z?;(l)(sx)j/j!
s (p — 1,0,b)-convex. Applying Corollary 2.4 to g and noting that g(0) = 0 prove
the Corollary. O

Corollary 3.8 is also proved by Light [13] using a different approach and is funda-
mental in deriving Hoeffding type concentration inequalities.

3 Zhang and Zhou [23] show that lower bounds on the moment generating function can be used to
prove lower tail bounds for random variables.
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3.5. Lower bounds on the log-likelihood function

In the presence of hidden variables, lower bounds on the log-likelihood function
are important in computing the maximum likelihood estimator. For example, the
popular expectation maximization algorithm (Dempster et al. [8]) computes the
maximum likelihood parameters using a lower bound on the log-likelihood function.

Consider the following standard estimation problem. We have a training set x; € X,
latent (hidden) variables z;, some parameters # € ©, and a likelihood function
p(z, z|0) where ¢ = 1,...,n. We assume for simplicity that there is a finite number
of latent variables. The maximum likelihood estimate is determined by maximizing

1(0) = Zln (Zp(:vl,zﬂ@))

with respect to #. In many practical cases, this optimization problem is not tractable
and a lower bound for the log-likelihood function [ is essential for computing the
maximum likelihood estimate. The popular expectation maximization algorithm
uses the following lower bound derived from Jensen’s inequality:

Zln (ZP(%’, 2119)> 2 Z Zqz(zl) n <%)

for any probability mass functions ¢,...,q, on Z, ¢;(z;) > 0 for all z;, and
., Gi(zi)=1. Using Theorem 2.2 we provide a tighter bound for the log-likelihood
function.

Theorem 3.9. For any probability mass functions qu,...,q, on Z, qi(z;) > 0 for
all z;, and ). qi(z) = 1 we have

- — bi — ||bi — Xill2 — E(X;
> I (Zp(xi,zi\9)> >y (m (b — ||b; — X]|2) — | b»”2 ( ))
i=1 z i=1 ¢

> 3 E(X) 0

where X; is the random variable that assigns the value p(x;, z;|0)/q;(z;) with proba-
bility q;(z;) and b; = max,, p(x;, z;|0)/q;(z;) for alli=1,... n.

Proof. Consider the function f(z) := In(z) —x/bon (0,b], b > 0. Then fM)(b) =0,
fM >0, f& <0, and f& > 0. Thus, we can apply Proposition 2.5 to conclude
that Ef(X) < f(b— b — X]), ie.

E(X)

Eln(X) — ~ <In(b—||b— X|) — (b— b — X1la)

b

for every random variable X on (0,b]. Applying the last inequality for the random
variables X;’s defined in the statement of the Theorem and summing over @ yields
the right-hand-side of inequality (8).
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Using the monotonicity of the p-norm we have b—||b— X||s < b—||[b— X||; = EX for
every random variable X on (0, b]. In addition, because In(-) is a concave function,
for every numbers d, ¢ such that b > d > ¢ > 0 we have

(In(d) — In(c))/(d—¢) > 1/d > 1/b.

Thus, b(In(d) — In(c)) > d — c. Applying the last inequality for d = EX and
c=b—|b— X||5 yields

b(I(EX) —In(b — [|b — X)) = EX — (b — [|b— X]}2)

for every random variable X on (O b]. We have

- L xz,zzlﬁ)
=Y mEN) =Y (m (b~ = ;) — 2= il —E(X»)
i=1 i=1 i

which proves the left-hand-side of inequality (8). ]

3.6. Hermite-Hadamard inequalities

Hermite-Hadamard type inequalities have numerous applications in various fields
of mathematics (see Dragomir and Pearce [10]). The classical Hermite-Hadamard
inequality states that for a convex function f : [a,b] — R we have

f(“;b)sbia/fﬂ@dmsw. (9)

Generalizations and refinements of the Hermite-Hadamard inequality have received
a significant attention recently.*

We now provide we provide a generalization of Hermite-Hadamard inequality for
(p, a, b)-convex functions.

Theorem 3.10. Fiz an integer p > 1 and a < b. Let f be a (p — 1,a,b)-convex
function. Then

s g = s o= 2o

Proof. Let f be a (p—1,a,b)-convex function for some p > 1 and a < b. Let X be
the continuous uniform random variable on [a, b], i.e., P(X € [a,d]) = (d—a)/(b—a)
for all d € [a,b]. Then Theorem 2.2 implies that

i /abf(l“)dx >/ (a + (/b (z—a) (b— a)_ldx) ”p)

which proves the left-hand-side of inequality (10).

4 See for example Niculescu [17], de la Cal et al. [7], Sarikaya et al. [21], Maké and Hézy [15], Chen
and Katugampola [6], and Olbry$ [18].
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Consider the random variable that yields a with probability ¢ € (0,1) and b with
probability 1 —t. From Theorem 2.2 for all f € J(p — 1,a,b) we have

(1= 0)f(a) +£(5) >  (a+ (#(b— a)")'"") = Fla+1/7(b - a).
Let t = A/?. We conclude that

fO+ (1= Na) <N f(b) + (1= N) f(a)
for all 0 < A < 1. Integrating both sides of the last inequality implies

/1f()\a+(1—)\)b)d)\§f(b)/l)\pd)\Jrf(a)/l(l—)\p)d)\

b
e [ < s+ s

which proves the right-hand-side of inequality (10). O

Remark 3.11. For all p > 1, inequality (10) provides a tighter lower and an upper
bound on fab f(z)dz than inequality (9) because

fla)+f(b) _ p 1
> a)+ ——f(
2 () + =)
1 1 a+b

d —— ) l———-——)a>—. O

" et (1 Gemm) 25
Theorem 1 can be used for deriving inequalities for the Taylor reminder of some
functions of interest. From Lemma 2.1 the function 7,(z) := exp(x) — >°7_, 2/ / J!

is (p, 0, b)-convex. Applying Theorem 3.10 for the (p — 1,0, b)-convex functlon T,
and noting that 7,,_1(0) = 0 and fob Ty—1(x)dx = T,(b) yield the bounds:

1 ) 1
Ty (Wb>§ ) SmTp—l(b) (11)

for all b > 0 and every integer p > 1.

Many Hermite-Hadamard type inequalities that hold for convex functions can be
generalized for (p, a,b)-convex functions. We provide two examples. First, we gen-
eralize an inequality for differentiable convex mappings that was proved by Dragomir
and Agarwal [9] (see Theorem 3.12). Second, in Section 3.7 we provide inequalities
for fractional integrals (see Theorem 3.14).

Theorem 3.12. Suppose that f : [a,b] — R is differentiable on |a,b]. Suppose that
|f'| is a (p — 1, a,b)-convex function. Then the following inequality holds:

f();f b—a/f

< (b—a) [ 2(p + 0.57) 1 (a)] + (1 _ M) |f’(b)|] ,

4 [lp+1(p+2) (p+1)(p+2
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Proof. We have

o

< %a/o 11— 26) | f'(ta + (1 — £)b)| dt

‘b_“/ (1—2t)f (ta + (1 —t)b)dt‘

0

()| + (1= ")|f'(b)]] di

G- [ 2405) (1 2405)
=1 [<zo+1><p+2>'f”'+(1 <p+'1><p+2>>'f(b)‘]‘

The first equality follows from Lemma 2.1 in Dragomir and Agarwal [9]. The se-
cond inequality follows because f is a (p — 1, a, b)-convex function (see the proof of
Theorem 3.10). The last equality follows from noting that

0.5 +1 1 +1
0.5 0.5
/ (1—20)tP=——" _ and / 2 -1y = PO
0 (p+1)(p+2) 0.5 (p+1)(p+2)
Thus,

1 D

/|2t—1\tp=ﬂ /]215—1]1—#)_05— p+05
o (p+1)(p+2) (p+1)(p+2)

3.7. Inequalities for fractional integrals

We now state and prove Hermite-Hadamard inequalities that involve fractional in-
tegrals and (p, a, b)-convex functions.

Definition 3.13. Let f : [a,b] — R, 0 < a < b. The Riemann-Liouville integrals
I¢ f and Ij* f of order o > 0 are defined by

I f(x) == ﬁ /I(aj —)* L f(t)dt for x > a,

I .
and I f(z) = m/x (t —z)*  f(t)dt for x <D,
where I'(c) is the gamma function and 10, f(z) = I})_f(z) = f(x). O

Sarikaya et al. [21] prove the following Hermite-Hadamard inequality for fractional
integrals: Let f: [a,b] = R, 0 < a < b be a positive and convex function. We have

TGS = ORN 0 EE s S (E)

We now generalize the last inequality for the class of (p, a, b)-convex functions.
For p > 1 and a > 0, define
o Ma+1DI(p+1)

atp) T MatptD) (13)

v(p, a) ==
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Theorem 3.14. Let p > 1 be an integer and let f be a (p — 1, a,b)-convex function
where 0 < a < b. Then for every a > 0 we have

O+ (1= (.00 7)a) < 5 (12 £0) + 1 (o)
<7(p,a)f(b) + (1 =v(p,a)) f(a). (14)

Proof. Let p > 1 be an integer and let a > 0. Let X be a random variable on [a, 0]
whose probability density function g is given by

Q

g(z) = T ar (. —a)* "+ (b—2)*"") on [a,b].
Since fabg(:c)dx =1 and g(z) > 0 for all z€]a,b], g is a density function. We have

Ef(X) b—a / f(@) ((z —a)" +(b—x)a_1)dx

Fa+1)
Zm(% fla) + I3, f (D))

where we use the fact that al'(a) = I'(a 4+ 1). We also have
f <a+ (E(X — a)p)l/p>
. 1/p
a— a—1
20— a) x—a)p((x—a) + (b—x) )dx) )

+(awr
=fla+ (2 b—a) ( b; i);p i F(a>rf(fa++111<iz>a>a+p)>Up)
("

< (25 )

=1 (v(p. )P+ (1 = v(p,)"/?)a)

The second equality follows from

=fla+

/ (x —a)?(z —a)* tdr = (b—a)*"/(a +p)

b o C(@)l(p+1)(b — a)Pte
and / (x —a)?’(b—x)* 'dr = (@) F((p m oz(—{— D :
Hence, for a (p— 1, a,b)-convex function f we can use Theorem 2.2 to conclude that
Na+1) o
f (fy(p7 a)l/pb + (1 - 7<p7 a/>1/p>a) S ﬁ (IaJrf(b) + [bff<a’))

which proves the left-hand-side of inequality (14).
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Let f be a (p — 1,a,b)-convex function. From the proof of Theorem 2.2 we have
b+ (1 =Na) <X f(b) + (1= N) f(a)
and I =Xb+Aa) < (1 =X)PF(b) + (1= (1= X)) f(a)
for all 0 < A < 1. Adding the last two inequalities yields
FOb+ (1= Na)+ f((1—Nb+Aa) < F(B)YN + (1= NP) + f(a)(2— N — (1= M\)P).

Multiplying each side of the last inequality by A*~! and integrating with respect to
A over [0, 1] yield

/1 ATEFOD A+ (1 — N)a)d\ + /1 NTEF((1 = N)b + Aa)d)

< £(b) /01 ACTLOP + (1 — A)P)dA + f(a) /01 AU WP — (1= A)P)dh. (15)

Note that

/01 AT+ (1 — Na)d\ = /ab (2; : Z)a‘l g(_xldx = ja)ar(a)[z?—f(a)-

1
1
Similarly / AL = N)b+ Aa)dA =

0 (b _ a)ar(a)[g—l—f(b)‘

Using inequality (15) yields

o ([, 10+ [ s@)

1 Fa)'(p+1) 2 1 [(a)'(p+1)
a+p+F(a+p+1))+f(a>(__ >

< f(b) (

a a+p Tlat+p+1)

Multiplying each side of the last inequality by «/2 proves the right-hand-side of
inequality (14). O

For all o > 0 note that

v(1a) = a +F(a+1)1‘(2):%( a 1 ):1

20a+1) 2T(a+2) ot avl) 2
Thus, Theorem 3.14 reduces to inequality (12) for p = 1.

4. Summary

This paper studies inequalities for functions that are “very” convex. These inequal-
ities are simple and easy to apply. We demonstrate the usefulness of these inequali-
ties in a variety of applications from different fields. We foresee additional beneficial
applications of our results for studying settings that involve convex functions.



620 B. Light / New Jensen-Type Inequalities ...

5. Appendix

Proof of Theorem 2.2. (i) Let p > 1 be an integer and a < b. Suppose that f is
a (p, a, b)-convex function. We can assume that f® is differentiable.’

Define the function k,(y) = f(a +y"/®*1) on [0, (b — a)P*!]. We first show that k,
is a convex function on [0, (b — a)P*!].

k, is convex on [0, (b— a)?™!] if and only if EP (y) > 0 for all y in (0, (b—a)P*), ic.,

FO(a+ g/ ED)y o7 O (g 4y D)y > 0,
Defining z = a + y'/®*Y and rearranging yields

fO@) (@ —a) = pfW(z) > 0. (16)
Thus, k, is convex on [0, (b—a)P™'] if and only if inequality (16) holds for all z € [a, b].

Because f® is convex the derivative of f®) is increasing. Using the fact that
f®(a) = 0 we have

f(p)( f(p) /fp-H dt /fp—H
< / P @)dt = (x - a)F ) (@), (17)

Thus, if p = 1 then inequality (16) holds and &, is convex on [0, (b — a)?].

To prove that inequality (16) holds for p > 2, define z(z) = f®(z)(x —a) — pfM (x)

on [a,b]. Note that 2 (z) = f®)(z)(x —a) — f@(2)(p — 1), and more generally
2 (x) = fED (@) (@ — a) = [ (@) (p — k)

forall k=1,...,p— 1.

Because f*)(a) =0 for all k =1,...,p, we have 2z (a) =0 forall k=0,...,p— 1.

Inequality (17) yields 2?9 (x) > 0 for all € [a,b]. Thus, 2*~? is an increasing
function. Combining this with the fact that z=2)(a) = 0 implies that 2?2 (x) > 0
for all € [a,b]. Using the same argument as above it follows by induction that
2U)(z) > 0forallx € [a,b] and all j = 0,...,p—1. In particular, 2 (z) := z(x) >0
for all € [a,b]. We conclude that inequality (16) holds for all p > 2, i.e., the
function k, is convex on [0, (b — a)P!].

Let X be a random variable on [a,b]. From Jensen’s inequality (applied to the
random variable Y = (X — a)?*! on [0, (b — a)?™!]) we have

Ekp((X — a)’™) > ky(B(X —a)P™).
That is, Ef(X)> f (a + (B(X - a)p+1)1/(p+1>>
which proves part (i).

5 Because f(P) is convex and increasing there exists a sequence of continuously differentiable func-

tions fy (?) such that lim,, oo fr(f’ ) = f® (see Light and Perlroth [14]) and the proof follows from
an application of the dominated convergence theorem.
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(ii) From part (i) the function k,(y) = f(a + y*/ V) is convex on [0, (b — a)PT1].
Because k, is convex we have k,(0) > k,(y) +EM () (0= y) for all y € [0, (b—a)P+!].

yl/(p""l)
Thus, fla) > fla+y" @)y — fW (g 4 4/ H1) o
p
Using the fact that f(a) = 0 and defining z = a + y"/®*V yield
(p+ 1) f(x) < fO(x)(x - a).

O — )t (p+ D — a)f(2)
((z—apri)?

(@) (@ —a) > (p+1)f(2).

We conclude that g is increasing. [

Note that ¢™(z)

>0 if and only if

Proof of Corollary 2.4. Consider the random variable that yields a with proba-
bility ¢ € (0,1) and b with probability 1 —¢. From Theorem 2.2 for all f € J(p, a,b)
we have

(1 =t)f(a) +tf(0) = f (a+ (t(b —a) ) P) = fla+ /D (b~ a)).
For ((z —a)/(b— a))""" =t where z € [a, b] we have
(w—apt! i (z — )P }
(1- 5205 ) )+ G0 > )

Let X be a random variable on [a, b]. Taking expectations in both sides of the last
inequality yields

E(X —a)"™! E(X — a)t!
L= — e f(b) > Ef(X
which proves the Corollary. O
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